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Abstract

In this paper, we present some new generalizations of Hu-type inequalities, and then we obtain some new generalizations
and refinements of Holder’s inequality. (©2017 All rights reserved.
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1. Introduction

The classical Holder’s inequality states that if ax > 0, by > 0 (k =1,2,---,n), p >0, g > 0 and

+1_
5 1, then

'd\»—'

1, qn 1

Zakbk <Z E>p<Zbg>q. (1.1)
k=1 k=1

The inequality (1.1) is reversed for p <1 (p # 0); (For p < 1, we assume that ay, by > 0).

Holder’s inequality plays a very important role in both theory and applications. This classical inequal-
ity has been widely studied by many authors, and it has motivated a large number of research papers
involving different proofs, various generalizations, variations and applications (see e.g., [1, 6-14, 16-18]
and the references therein).

Among various refinements of (1.1) Hu in [4] established the following interesting theorems.

Theorem 1.1. Letp q >0, ——i— =1, let Ay, By 2 0(k =1,2,---,n), and let 1 —e. +es > 0
(r,s=1,2,---,n). Then

kilAkBk< (;Bg)é;{KiB )(iA )]2
[(E ) (E ) () (B e}

Email addresses: tianjf@ncepu.edu.cn (Jingfeng Tian), yzhkm@163. com (Zhen-Hang Yang)
doi:10.22436 /jnsa.010.04.55

(1.2)

Received 2016-10-27


http://dx.doi.org/10.22436/jnsa.010.04.55

J. E. Tian, Z.-H. Yang, J. Nonlinear Sci. Appl., 10 (2017), 1971-1985 1972

The integral form is as follows:

Theorem 1.2. Let f(x), g(x), e(x) be integrable functions defined on [a, b] and f(x), g(x) > 0,1—e(x)+e(y) =0
forall x,y € [a,b],and letp > q >0, % —1—% =1. Then

1

b b G P/ (b b 2
J f(x)g(x)dx < (J gq(x)dx> {(J fp(x)dxj gq(x)dx)

b b b b 2
—(J fp(x)e(x)de' gq(x)dx—J' fp(x)de g‘ﬂx)e(x)dx)}

a a a a

(1.3)

1
2p

Later, Tian in [7] gave the reversed versions of Hu's inequalities (1.2) and (1.3).

Theorem 1.3. Let p < 0, q > 0, %—l—% =1,let Ax >0,Bx >0 (k=1,2,---,n),andlet 1 —e. +es >0
(r,s=1,2,---,n). Then

;Aksk > <;Bg>é_é{{<;w) (iAE)]Z
(X o) () - () (Zaed)] )"

k=1 k=1 k=1

(1.4)

The integral form is as follows:

Theorem 1.4. Let f(x), g(x), e(x) be integrable functions defined on [a,b] and f(x) > 0, g(x) > 0, 1 —e(x) +
e(y) > 0forall x,y € [a,b],and let p <0, q >0, % +% =1. Then

b b it b b 2
J f(x)g(x)dx > (J gq(x)dx> KJ fp(x)de' gq(x)dx)

b b b b 2
—<J fp(x)e(x)dxj gq(x)dx—J fp(x)de g%x)e(x)dx)}

a a a a

hel

N (1.5)
2p
In 2007, Wu [16] presented the generalizations of Hu's results, as follows:

Theorem 1.5. Let A, >0, B, >0(r=1,2,--- ,n), letl—e,+es >20(r,s=1,2,---,n),and letp > q >
0, u:min{%—l—%,l}. Then

z( gggﬁ{[( > us) (3 ar)]
N = N r=1 N r=1 . i % (1.6)
(S mme ) (Sar) - (o) ()}

Theorem 1.6. Let f(x), g(x), e(x) be integrable functions defined on [a,b] and f(x) > 0, g(x) >0, 1—e(x) +
e(y) = 0forall x,y € [a,b],and letp > q >0, % +% < 1. Then

b 11 b %7% b b 2
J f(x)g(x)dxg(b—a)lvq<J gq(x)dx) [(J gq(x)de fp(x)dx)

a a a a

(1.7)

b b b b 2712
—<J gq(x)e(x)dxj fp(x)dx—J gq(x)dxj fp(x)e(x)dx>] )

a a a a

In 2012, Tian [8] proved the following reversed versions of inequalities (1.6) and (1.7).

Theorem 1.7. Let A, > 0, B, >0 (r=1,2,---,n), let1—e +es >0 (r,s =1,2,---,n), and let q <
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0, >0, u= max{ —|— S1H A :max{%,—l}. Then

= o b e 4 n n 212
P q Z " A.B.e Z - BYe 2

E A:B <n1“(g Ap> (E Bq> [1-( r=17YPrer =1 rr)] ‘

S =) \g7 ¢ AB,  yor Bf

Theorem 1.8. Let f(x), g(x),e(x) be integrable functions defined on [a,b] and f(x) > 0, g(x) > 0, 1 —e(x) +
e(y) = 0forall x,y € [a,bl], and let q < 0, %—i— % > 1, A = max{—1, %}. Then

b 11 b % b %
J f(x)g(x)dx}(b—a)lvq(J fp(x)dx> <J gq(x)dx>

[ o )

Later, in 2013, Tian and Hu [13] presented another reversed versions of inequalities (1.6) and (1.7).

Theorem 1.9. Let A, >0, B, >0(r=1,2,--- ,n), letl—e.+es>0(r,s=1,2,--- ,n),and let ¢ <0, p >
0, p:max{%—i-%,l}. Then

+ 1>
q

'U\H

n

3o woe($ ) (S a)(Se)]

r=1 r=1 r=1 r=1

_ K;A er> (ZBﬂ) (ZAE) (Zque)r}

Theorem 1.10. Let f(x), g(x), e(x) be integrable functions defined on [a, b] and f(x), g(x) >0, 1—e(x) +e(y) >
0 for all x,y € [a,b], and let q < 0, % —I—% > 1. Then

b 1 1 b %7% b b 2
J f(x)g(x)dx}(b—a)lvq<J fp(x)dx> KJ fp(x)dxj gq(x)dx>

b b b b 27 94
—(J fp(x)e(x)dXJ gq(x)dx—J fp(x)de g‘ﬂx)e(x)dx)} )

a a a a

(1.8)

(1.9)

In 2011, Tian in [7] gave the following generalizations of inequalities (1.2) and (1.3).
Theorem 1.11. Let An; >0, ) AN < o G=12,--,k), M1 =A== A >0, Z};] )\% =1, and let

n‘nj
l—en+em =0, ), len]l < oo. Ifkis even number, then

ZHAnJ H{(ZAMEJ 1>A2)é[((;Af&;1)><;A§(jzj‘)>>

(o) (£ )£ (i () ]

If k is odd number, then

2

(1.10)

2
A

k % )\2.271_%2].
> [Taw < (T 4%) H{(ZAf(’le))
n j= j= n
[ o

PONTIONN
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Theorem 1.12. Let Ay >0, Ay; >0, (j=1,2,---,m,k=1,2,---,n), Z]:l%zl and let 1 —e, +eg >
0(r,s=1,2---,mn). If\ >0,A; <0, (j =2,3,---,m), then

> [laz ()" T2 an) (2 0)]

G E)- () )

The classic Holder inequality is an important cornerstone in different branches of modern mathematics
such as classical real and complex analysis, probability and statistics, numerical analysis, qualitative
theory of differential equations. It is also a bridge to help solve problems into depth. The Hu’s inequality
(1.2), which was put forward by Hu in [4], improves the Holder inequality exquisitely. The mathematical
reviews [5] calls it “an extraordinary, outstanding and new inequality”. The classic Holder inequality is
playing a basic role in mathematics and can be applied in a wide range of areas, while the function of the
Hu'’s inequality is the same.

The purpose of this work is to give some new generalizations of the above Hu-type inequalities (1.2),
(1.3), (1.4), (1.5), (1.6), (1.7) and (1.8), (1.9), (1.10), (1.11), (1.12). Moreover, the obtained results will be
applied to improve Holder’s inequality and Popoviciu-type inequality which is due to Wu and Debnath.

(1.12)

2. Main results
We begin this section with some lemmas, which will be used in the sequel.

Lemma 2.1 ([2]). If x > =1, « > 1 or « <0, then
(1+%x)*>1+ ax.

The inequality is reversed for 0 < oc < 1.
Lemma 2.2 ([3]). Ifx; >20,A; >0,i=1,2,---,m,0<p <1, then

n n 1-p n P
> Aad < < > 7\1> < > ?\ixi> . 2.1)
i=1 i=1 i=1

The inequality is reversed for p > 1 or p < 0.
Lemma 2.3 (Generalized Holder’s inequality [15]).

(@ Let Ay >20(i=1,2,---,m,j=1,2,--- ,m), and let \; >0wzch‘1 )\%21. Then
n m m n )\i
)
> 117y <H<ZAu) : (2.2)
i=1j=1 j=1 Vi=1
(b) Let A;; >0(1=1,2,---,n,j=1,2,--- ,m),and let \y >0,\; <0 (j =2,3,---,m) with Z]”;“\% <1
Then
n m m )\]—]
> ITAs= H(Z%) : (2.3)
i=1j=1 j=1

() Let Ay; >0(i=1,2,---,n,j=12,--- ,m),andlet \; <0 (j =1,2,--- ,m). Then

(5

]:1 i=1

>“,A

M3
:]s

,_.
Il

-
NI
I

-
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Next, we generalize the inequalities (1.2), (1.3), (1.6), (1.7), (1.10) and (1.11) as follows.

Theorem 2.4. Let Ay >0, (r=1,2,--- ,n,j=12,--- kK, M >N =2 N >0, letp= mm{z] Ehv L1,
andlet1l—e,+es >0, (s=1,2,---,n). If k is even, then

1

znn{<z L) () (B0 >>2

r=1j=1

0 1 (2.4)
Aoy 7\2) Aoy 7\2] 2
ZA (2j—1) ZA ZA (2j—1) ZA :
If k is odd, then
n n )\] kA n . 1 _%
£ Lo (Ean) TS )™
r=1j= T= j=
J((Ermn)(Exm)) - (Erme)(Sam) e
r=1 r=1
- (ZArfgln) (ZAr?JZj)eTD ] }
r=1 r=1
Proof. Preforming some simple computations, we have
n k n
Z (HATj> Z (HASi>(1_er+es)
r=1 “j=1 s=1 “i=1
J n o n k k n n k k
=33 (T (1) =2 3 (T (1A
r=1s=1 “j=1 i=1 r=1s=1 “j=1 i=1
n n k k (26)
£ (1) 1)
r=1s= j= i=
n k 2
-(211)
r=1j=1
Casel. Let A1 > Ay > -+ > A > 0.
Subcase (1): When k is even, and Z}‘ )\% 1. From Lemma 2.2, we have
n k n ko1
Y (I1a0) 3 (A )a-eovea™
=1 “j=1 s=1 “i=1
n o n k k P
=3 3 (TTA9) (TTAa )0 - er e ™
r=1s=1 “j=1 i=1
n n k k 1_2;‘:1 i n n k Z}‘ 1 )\L
> 123 (1) (TT2s)] 35 (TTa)(TTAa)aevea] )
r=1s=1 “j=1 i=1 r=1s=1 “j=1 i=1
n n k k 1—21‘_17\17 non k k Z] 1>\L
S Z (I (1)) ™ [ 2 (100 (1T
r=1s= j= i= r=1s= j= i=
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-2 3 (I14) (1)

=1s=1

=

Moreover, in view of Z) 1 }\i 1, from inequality (2.2), we deduce
n k n k 1
P
> () X (TTA e e ™
r=1 “j=1 s=1 “i=1
n k n )
=3 (ITA0) ZITA e rent
r=1 “j=1 s=11i=1
n k k n 7\%
<Z<HAU) H(ZAii(l—erﬂs)) ] (2.8)
r=1 “j=1 i=1 “s=1
. : 7\2 A2j 7\21'17*1_L ?\2 A2 ?‘17)
:Z H ( ]2) 1) ZA ]2] 1) er+e$)> < ]2] 1) ZA D er+es)>
r=1 {j=1

n 1
Ao Aj-1) A2j
X (Ar(]zj) E As(z’j_l)(l—erﬁ—es)) ]}

Hence, according to (—] — —) + )\2 + )\2 + (A3 %4) + 7%4 + 7%4 +o (Akl — 7\%) + )%k )\i 1, applying
inequality (2.2) on the right side of (2.8), we have

1

k k
Z (HAU> Z (HAsi)(l—erJres)Zi”j
=1 i=1

k 1 1

= A1 A2j 1 Roj—1 Ay
H ZA (2j—1) ZA 25-1)(1—er+es)

j=1 r=1

n 1 n 1
A A A2j A A A2j
(A X A% 1—er+es) (LA E A ) ]
r=1 =1
i }\2] }\2]1 )\2J )\2)
D A Y A AN (e ey
1 T

=1 r=1s=1

><<Z At ALty 1)(1—er+es))]“} 29)

|
v

—.

r=1s=1

(5 (s

Il
-
Il XS
— :

_ Z AM]z; per Z AM} ) T Z AM]Z) 1 Z A)\Z] >
1
(ZAM ZAAZJZJ | ZAM] eTZAAzlz) 1 +ZA7‘2) ZAA”Z) 1) ﬂ A2 }
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g gz
((Emmie) () - (Exws) (Eame)) |7}

Combining inequalities (2.7) and (2.9) yields inequality (2.4).
Subcase (2): When k is even, and Z;;l 7\% < 1. Let Z;;l 7%] =B (0 < B < 1), which implies that

Z};l B%\J = 1. From inequality (2.2) we find

’:] i

j= s=1 “i=1
n k k X
:Z<HAU>ZHA51 —er +eg)PN
r=1 s=11i=1
n k k n N BLM
< <HAr]-> 11 (ZAfii(l—er—l—es)) ] (2.10)
=1 \j=1 i=1 Ns=1

1 1
AP By 1 A1 P
< T(2j—1) Z A s(2j—1) —erteg)

1
A A 2y A A BA2j
<ABZ§] 1) z AB 2J —ertes ) ](AB ) z Aﬁ 2? 1) er+es)> )] }

P 1 1 1 1 1 1 1 1 1 1 1
Conseq“e“ﬂym“ew"f(ﬁ—m)+m+m+(m—m)+m+m+”'+(m—m)+m+
ﬁ =1, and applying inequality (2.2) on the right side of (2.10), we have

Z <HAU);<HASI> (1—er ey

5 1
A A BAzj—1  BAy
<H[<ZABZ§11 ZABZZ;Jl(l_erJFeS)) |
s=1

j=1 L Nr=1
- |3)\2 BAg; BA2;
> AL § A 1—er+es)> (2.11)

1

n T S
7\ A BA2;
> AR L AL (e o)

r=1

H(E
gons

Additionally, applying Lemma 2.2 on the right side of (2.11), we find

X

7N

:w«
i I\’]: I I\/]F*

j
1

A A 2
[52? 1AB 2]( er+es)>

n
A A B>‘2]71 137\2]
ZAB; ! Aﬁ;; - er—i—es))

1 1
A A BAy—1  BAy
H[(zz/\ﬁ;l A a—erren)

r=1s=1
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n n _1
A A2j 25 A A BA2j
(ZZAB;1Af’(2§3(1—er+es) ’(ZZAB ZJABZZ)J 1(1—er+es)> ]]

r=1s=1 r=1s=1
5 n on (1=8) (g oy, )
<II|(XXa-eren)
j=1 r=1s=1
S A2j—1 A2j—1 ﬁii
x ZZAr(ijl)As(ijl)(l_eT+e$)
r=1s=1
n o n [15%2[3] n n . 7\2J }\17]
(LY erren) ™ (L AN AN e ey
r=1s=1 r=1s=1
n o n [13%2[3] n o n . . )\17)
x (D) (1—ertes) ZZAT(Zj)As&jfl)(l_eT+eS)
r=1s=1 r=1s=1
n n 17[3% n o n A A AZjlli%zj
2j—1 2j—1 -
(XX a-ered) I [(zzmj1)As(;mu—er+es))
r=1s=1 j=1 r=1s=1
n o n N A ﬁ n n N N i
2j—1 2j ) 2j 2j—1 j
(T3 A A ee) T (S A a-e )] e
r=1s=1 r=1s=1
% A A1 7\;‘
- T (XA
)—
j=1
-y A AN N M A Aoy
j i
KZZAzlzJ yAL (1 —er e ) (03 Al AN (e e }
r=1s=1 r=1s=1

#_L
S T ()™ (S S A,
ol r=1
ZA)\ZJZJ | e, ZA)\ZJ +ZA?\232) N ZA)\ZJ )
1
<Z A)\ZJ Z A)\ZJZJ . Z A>\2] er Z A}\ZJZ) 1 + Z A}\Z) Z A}\Z)Z] 1) >:| A2j }

[ (It
(Eee)Ers) (s Ene)])

Combining inequalities (2.6), (2.11), and (2.12) leads to inequality (2.4) immediately.
Subcase (3): When k is odd, and Z}( 1 )\% > 1. By the same method as in the above Subcase (1), we

have the inequality (2.5).
Subcase (4): When k is odd, and Z};l )\% < 1. By the same method as in the above Subcase (2), we

have the inequality (2.5).

Case 2. When A\; > Ay > --- > A > 0, at least one of the equalities holds. By the same way as in Case 1,
we can obtain the desired results. The proof of Theorem 2.4 is completed. O
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From Theorem 2.4 and Lemma 2.1, we obtain the generalizations and refinements of the generalized
Holder’s inequality (2.2) as follows.

Corollary 2.5. Let Ay, A, e be as in Theorem 2.4, let p = mm{Z] 1 }\ Y, and let Y 4 i\; # 0. If k is even,
then

A2j—1

A.
[1_ ! <ZT Avgn® LAy ?’z])erﬂ (2.13)
LETAND I 1A)\2]2J 1) > 1A)\ZJ

=~

> )

e N

[y

e (ER)

)=

_,
-

-
Il
-

)

If k is odd, then

k—1 A
= 5 2 1 /Xr 1A (2j—1) Zn 1AL R 2
_ = T r(2))°
S IJAs <! p[H(Zm) ’HH[1— < A] = )] . (214)
r=1j=1 j=1 : j=1 LT S Ar(Z)zjfl) S ALY

Proof. We only need to prove the inequality (2.13). The proof of inequality (2.14) is similar. From inequality
(2.4), we obtain

k

iﬁ%“ﬁ "[H(ZAU) H]i[[l—(zr A fj} e Lo 1Al ) rl“}. (2.15)

?\2]
r=1j=1 j=1 ZT 1A T(2j—1) ZT‘ 1A

Furthermore, preforming some simple computations, we have

A A

‘Zr 1A 2]2] 1)6 Zr lA 2)
A 7\
Zr:l AT(Z)zj_U Zr 1A ZJ

Consequently, from Lemma 2.1 and the inequalities (2.15) and (2.16), we have the desired inequality (2.13).
The proof of Corollary 2.5 is complete. O

<1 (2.16)

Theorem 2.6. Let Ay > Ay > -+ = A > 0, Z;;l )\% < 1, let F(x), e(x) be nonnegative integrable functions
defined on [a,b], and let 1 — e(x) + e(y) > 0. If k is even, then

k

b K gk 2 b e [ b b 2
J [1Fdx < (o—a) = H{(J F?f]‘:f(x)dx) [(J Fo s (x)dx J F;?"(x)dx)
- = 2.17)
b b b b 27 22y
(L Fa 7 (x)e(x)dx L Fa;’ (x)dx L Fp 7 (x)d L Fo) (x)e(x)dx)
If k is odd, then
b _k vk 1 b %
J I_IF)'(><)c1x<(b—a)1 2 <J Fﬁk(x)dx> ¢
a j=1 a
5t b 7\ #7%2,- b b 2
XH{(J Fo’ T (x )dx) [(J szz’f(x)de FZ;J(x)dx> (2.18)
j=1 a a a
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Proof. For any positive integer n, we choose an equidistant partition of [a, b] as

a
a<a+——<----<a+
n

bi
ar<--~<a+Ta(n—1)<b,

b_ar, AxT:b_a, r=12,---,n
n

Xr =a+

Case (a). When k is even, by the inequality (2.4) we have

n K . 117% n ‘ n ‘ 2
S Thi < T4 ] { <ZF?? )" [(<ZF?§]“"”> (2w ("”>)

r=1j=1 j=1 r=1

((Erive) (S re0) - (£ o) (S ) ) )

Hence, we have

(2.19)

(E ) (S0 )

In view of the hypotheses that Fj(x), e(x) are positive Riemann integrable functions on [a,b], we

conclude that F (%), Fj}\] (x)e(x) are also integrable on [a, b]. Passing the limit as n — oo in both sides of
inequality (2. 19) we obtain inequality (2.17).

Case (b). When k is odd, by the same method as in the above Case (a), we have the inequality (2.18). The
proof of Theorem 2.6 is completed.
O

From Theorem 2.6 we obtain the following generalizations and refinements of the generalized Holder’s
inequality.

Corollary 2.7. Let Fj(x), A, e(x) be as in Theorem 2.6, and let fz F?j (x)dx # 0. If k is even, then

b K ]—Z!< 1 K b )\ )\L
J [[Fxdx < (b—a) T [H <J (x )dX> ]
ajq

j=1

1 (B _ e
X — .
Pl 2A2; Ib F;‘JZJ 1 (x)d fb F)\2J (x)d

[N

If k is odd, then
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ﬁ [1 <Ib o Pt (Delddx o Byl (x)e(x )dx)z]
X — :
i1 2)y5 fz F;\jZLl (x)dx fb F)\ZJ (x)dx

Now, we present the following generalizations of inequalities (1.4), (1.5), (1.8), (1.9) and (1.12).

Theorem 2.8. LetATj >0, (r=12,---,n,j=1,2,--- ,m),\y >0, A, <0(1=2,3,--- ,m),andzjnll%j >
0, letT—max{Z] S L 1}, and lfzi,Ll—(aT—i-eS >0(s=1,2,---,m). Then

n m n 7\1—172;12% m n n N 2

S fire(E0) T RE ) E)

r=1j=1 r=1 j=2 r=1 r=1

. N " ) ﬁ (2.20)
() () - (Z ) (Z e}
r=1 r=1 r=1 r=1

Proof. We first consider the case (I) 3 ;" )\% > 1. Let 3 ;%4 }\% =t (t = 1), which implies %, t%\) =1
Preforming some simple computations, we have

n k

Z <HATJ'> i <ﬁAsi)(l—€r+€5)

r=1 “j=1

(2.21)

r=1s=1 “j=1 i=1
n k 2

~ (X 1170)
r=1j=1

n m n m
Z (HA51> Z (HAT]>(1_er+es)
s=1 “i=1 r=1 “j=1
n m n o m 1
=5 (I1As) ZITAs e v e
s=1 Vi=1 r=1j=1
n m m n N =
tA; )
>Z<HA51> H(ZATj](l_ef+eS)> ] (2.22)
s=1 \i=1 j=1 =1
1 m 1 1
= thr = A Wiz]ﬂﬁ s tA tA 5
:Z A81 ZATl (1_er+es) H ASl ZA]J(1_6T+68)
s=1 r=1 j=2 r=1
A = &
X [H(A;iZA';{“(l—emLes)) ’]}
j=2 r=1

- 1 1 1 1 1 -
Consequently, in view of (t—}\l—zjrlzt—}\j)+t—7\2+t—}\3+--'+m+m+ﬁ3+---+m =1, applying

inequality (2.3) on the right side of (2.22), we find
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m

];[Asi> ; (HAT]‘>(1 —er +es)
- th t?\l B ﬁiz’lzﬁ LAy LA A At g 1)’
ZZA AL (1 —er +eg) T2 D ATA (1—er+e) (2.23)

s=1r=1 j=2 “s=1r=1

2 (

s=1

m 1

{H(ZZA AR e te) |

j=2 Ms=1r=1

Moreover, using Lemma 2.2 together with t > 1, we find

A A t}l‘ilizjrlzw e UL A1 A A ﬁ
<ZZAt1At11—eT~|—es)> [H(ZZAzllAﬂ.’(l—er—i—es)) ]

s=1r=1 j=2 “s=1r=1
m n n %
(I(ZAsada-ere)”]
j=2 “s=lr=1
n n (1*”(%*23‘12%1.) n on N ;37*2}12%)
> (22(1—er+es)> (ZZAS;AT;(1—eT+eS)>
s=1r=1 s=1r=1
m n n 1t;t n n \ %
j j
X [H(ZZ(ler+es)> <ZZA2‘{Ar;(1er+es)> }
j=2 “s=1r=1 s=1r=1
m n n }:7‘[ n n N %
x [H(ZZ(l—er—i—es)) J(ZZASJ?Ai‘i(l er—i—es)) :
j=2 Ns=1r=1 s=11=1
n n 1—t n n X Z] 2}\17]
:(ZZ(l—emLes)) (ZZAZ‘%AM(l—eH—eS))
s=1r=1 s=1r=1
m n n N i
X[H(ZZASAT;U er+es> HH(ZZA]AMl—eHLeSO ]
j=2 “s=1r=1 = s=1r=1
n %—Z]"lz}\z m n on N (2.24)
j
ZA?;) {HKZZAQ;AU)M eT+es))
r=1 j=2 s=1r=1
n N )\L
D AJANQ er—i-es))] ]}
r=1
2

=1 r= —
n A n \ n N n N )\L]
x (ZAS > AN - ZAS]ZAr;eTJrZAS)eSZAr;ﬂ }

s=1 r=1 r=1 r=1
2-2t = A %_2}12% Aq . A i
w23 A I ((Za)(ZAy)
r=1 j=2 r=1 r=1

_ ((ifﬁ) <iA:‘;er> <iAﬂeT) <iAﬁ;>>2r}.



J. E. Tian, Z.-H. Yang, J. Nonlinear Sci. Appl., 10 (2017), 1971-1985

1983

Combining inequalities (2.21), (2.23) and (2.24) leads to inequality (2.20) immediately.

m 1

Nextly, we consider the case (II) 0 < 3 ;% A S 1. On the one hand, by the inequality (2.1), we have

s=lr=1 “i=1 j=1 s=1r=1 j=1
n o on m m A
+ZZ<HASI> HAr5>€5] :
s=1r=1 “i=1 j=1
n on m m -, % non m m PR )\i)
S22 () (TI)] ™ [ 2 (T (T10)
i j=1 s=lr=1 “i=1 j=1

s=1r=1 “i=1 j=1
n m 2
-[Z (1)
r=1 “j=1
On the other hand, by the inequality (2.3), we obtain
Z (HA31> Z (HAH> (1—er+es)77 0
s=1 “i=1 r=1 “j=1
n m n m 1
= (HASi> > JTAn(—erteq™
s=1 “i=1 r=1j=1
n m m n N }\17
>Z( Am) H(ZAr;(l er+es)) ]
s=1 “i=1 j=1 “r=1
n n 7\11 - Lrm n _ +
=y { (Ag > AM(l—e+ es)> ] {H (Ag Y AYA—e —i—es)) ’}
s=1 T j=2 r=1

(2.25)

(2.26)



J. E. Tian, Z.-H. Yang, J. Nonlinear Sci. Appl., 10 (2017), 1971-1985 1984

Consequently, according to (% Z;“z A )+ )\2 + )\3 +--+ ﬁ + )\% + %3 +- ﬁ < 1, by using the

inequality (2.3) on the right side of (2.26), we observe that

1

Z(nAsyz(HAr,) et

s=1 r=1
n n ﬂ_z) 2)\ m n n N %
> (Z Ai‘iAi‘{(l—er—i—es)) [H(ZZASAT)?(l—ervLeS)) }
s=1r=1 j=2 “s=1r=1
m n n <
X [H(ZZAQJAM(l—emLes)) ]}
j=2 Ns=1r=1
LN R A
— <ZA&> {H KZZA 1A er—l—es))
r=1 j=2 s=1r=1
n n N <
X (ZZAS;Ai‘ll(l—er+es)>} J} (2.27)
s=1r=1
n %*Z}nzxz m A
— (ZA¢;> {HKZA ZA” ZA ZATJeT+ZA51eSZArJ?>
r=1 =1

n

HOREIREE ZAQ;ZAﬂew;A?;es;AS)F}
_Zm{ﬁK(iA )(;&;))2 |
_<<2A¢i>(rz:A:\;er> (ZAﬂer><;Ai;>>r}.

Combining inequalities (2.25) and (2.27) leads to inequality (2.20) immediately. The proof of Theorem 2.8

is completed.
O

From Theorem 2.8 and Lemma 2.1, we obtain the following generalizations and refinements of gener-
alized Holder’s inequality (2.3).

Corollary 2.9. Let A+j, Aj, e be as in Theorem 2.8, let T = max{z) 1 )\ 1}, and let 74 A 7é 0. Then
AA
- T | TT (5 M e 1/, Arl er 2 Avjer ?
> ITAv=n " TT( DAY 11 1- o U .
r=1j=1 j=1 j=2 ) Zr:l r1 2 v Arj

Theorem 2.10. Let Fj(x), e(x) be integrable functions defined on [a, b] and F;(x) > 0, 1 —e(x) +e(y) > 0 for all
X,y € la,bl, and let 3" Ai >1.IfAM >0,A<0(=23,---,m), then

b _m m 1 b )\%*Zjiz ~ . m b b 2
F(x)dx > (b—a) D% M (x)dx : M (x)dx | FY(x)dx
j 1 1 j
— a 2

j: a a

(2.28)

1

b b b b 29 o
—<J F?l(x)e(x)dxj F?j(x)dx—J Fi‘l(x)dxj F?i(x)e(x)dx” .

a a a
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Proof. Making similar method as in the proof of Theorem 2.6 by using inequality (2.20), we have the
desired inequality (2.28). O

Corollary 2.11. Let Fj(x), Aj, e(x) be as in Theorem 2.10, and let IZ F?j (x)dx # 0. Then, we have the following
generalization and refinement of generalized Holder’s inequality (1.9).

I <Jb F (x)dx) Aj] (2.29)

b m 1-ym, L
J H Fi(x)dx > (b—a) “7'N

j=1 2@
m 1 /[P e)dx [oF (xe(x)dx 2
ST (e R eIy |
j=2 ) Ja it (x)dx Ja F7 (x)dx

Proof. Making similar arguments as in the proof of Corollary 2.5, we have the desired inequality (2.29). [
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