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Abstract

The notion of coincidence point and common fixed point were extended in generalized partially ordered fuzzy metric
spaces. Under some conditions, some coincidence point and common fixed point theorems were established in generalized
partially fuzzy metric spaces using weakly compatible mappings. These results improve some theorems in corresponding
literature. (©2017 All rights reserved.
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1. Introduction

In 1987, Guo and Lakshmikantham [7] introduced the notion of coupled fixed point. Recently, Gnana-
Bhaskar and Lakshmikantham [5] established some coupled fixed point theorems in partially ordered
metric space. Sedghi et al. [18] studied coupled fixed point in fuzzy metric space. After that, common
coupled fixed point results for compatible mappings in partially ordered fuzzy metric spaces were estab-
lished by Hu [8] and Hu et al. [9]. Very recently, coupled coincidence point and fixed point results for
compatible mappings was established in partially ordered fuzzy metric spaces by Chouldhury et al. [1].
And, Roldan et al. [15] obtained multidimensional coincidence point theorems for nonlinear mappings
in any number of variables in partially ordered fuzzy metric spaces. Later, Wang [20] obtained some
common fixed point and coincidence point results for weakly compatible mappings in partially ordered
fuzzy metric spaces.

Ciri¢ [2] introduced the condition:

(@) ¢(0) =0, ¢(t) < tand liminf,_,+ d(t) < tforall t > 0.
Later, Jachymski [10] presented the condition:
(b) 0 < d(t) < tand limp 00 d™(t) =0 forall t > 0.
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Fang [3] introduced the condition:

(c) for each t > 0 there exists r > t such that limy o, $™(r) = 0 in the context of Menger probabilistic
metric spaces and fuzzy metric spaces.

Recently, Jin et al. [11] introduced the condition:
(d) for each t > 0 there exist r >t and N € IN such that $™(r) < t for all n > IN.

In this paper, we extend the notion of Y-coincidence point, coincidence and common fixed point and
etc. Under the condition (d), we present some multidimensional coincidence point and common fixed
point results for weakly compatible mappings in generalized partially ordered fuzzy metric spaces.

2. Preliminaries

In order to state our main results, we recall the following notions. Let n € IN, X be a non-empty

set and X™ be the Cartesian product of n copies of X. For brevity, (y1,y2,---,yn), (yln,y?n,- L Ym),

(zL, 22, ,2%), (z1,22, - ,zn), (V1, V2, ,vn) and (x(l), x%, -+ ,xp) will be denoted by Y, Yy, Zim, Z, V

and Xy, respectively.
Throughout this paper, let {A, B} be a partition of the set A, = (1,2,---,n), ie, AUB = A, and
ANB=0.Letoy, 02,01 : Ay — Ay be n mappings from A, into itself. We denote

Qap ={0:An = Anlo(A) C Aand o(B) C B},

Qg ={0:An = Anlo(A) C B and o(B) C A},

N ={0,1---,n,---}, Nt ={1,2,--- ,n,---}, Rt =[0,00), and I = [0,1]. If (X, <) is a partially or-
dered metric space, it is easy to know that (X™, <) is a partially ordered metric space when a; < b; for
(a;,---,an), (b, -+ ,bn) € X and i € {1,2,--- ,n}. We use the following notation from [14], for y,v € X

and i€ A,
y=xv, ifieA,
yive s
y>v, ifieB.

Consider on X™ the next natural k-partial order: for Y,V € X™

Y 21 VE (Yikttr s Yiktk) i1 (Viksts -, Vikek) © Yikts it Vikes, (2.1)

fori € {0,---,1-1},se€{l,--- ,kfandl = - € N. If Y <y Vor Y = V, then two points Y and V are
comparable (denoted by Y =< V). It has been considered by Wang [19] for k = 1.

Definition 2.1. Let (X™, =) be a k-partially ordered set for k = T € IN, and T, G are self-mappings of X™.
It is said that T is a Gi-isotone mapping, if for any Y7, Y, € X™,

G(Y1) =1 G(Y2) = T(Y1) =1 T(Y2).
Definition 2.1 is equivalent to [19, Definition 3.2] for k = 1.

Definition 2.2. Let (X™, <) be a partially ordered space, and F : X™ — X* and G : X* — X* are two
mappings. We say that F has the mixed gyx-monotone property, if F is gx-monotone non-decreasing in
arguments of A and gix-monotone non-increasing in arguments of B, i.e., for xq,%2, -+, Xn, Y1, -+ , Yk,
z1,--,zx € Xand 1 € {0, -, 1 -1} where l = ¢,

9(1—]1/' o /Uk) j Q(le' o le) = F(le' Xk Y1 Yk, Xik+k+17 00 /Xn)

ji+1 F(Xlr o, Xiks 21,0t s 2k Xik+k+1r 0 /Xn)'

Definition 2.2 is equivalent to [14, Definition 5] for k = 1.
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Definition 2.3 ([19]). An element Y € X™ is called a coincidence point of the mappings T : X™ — X™ and
G : X™ — X™if T(Y) = G(Y). Furthermore, if T(Y) = G(Y) =Y, then we say that Y is a common fixed
point of T and G.

Definition 2.4. Let F : X™ — X¥ and g : X* — X¥ be two mappings where | = % € IN. A point
(x1,%2,- -+ ,xn) € X™ is a Yy-coincidence point of F and g, if

F(Xo, (1) Xoi(2)7 " rXay(n)) = 9(Xik1, Xikt2, " s Xikik)s
forie{0,1,---,1—1}
Definition 2.4 is equivalent to [12, Definition 5] for k = 1.

Definition 2.5. A triple (X*, Tpx, <) is called a partially ordered topological space, if Ty« is a Hausdorff
topology on X* and < is partial order on X*. g is a self-mapping on X*. A partially ordered topological
space (X¥,Tyx, <) is said to have the sequential gx-monotone property, if it verifies:

Q) IF{(x}, -, xk)lisa non-decreasing sequence and (L, xk} = (x1,---,xx), then

Q(X%/X%n/' o /XE"L) j g(xll' o /Xk)/ for me N+

(ii) If {y}n,- o, yklisa non-increasing sequence and {y}n,- -~ yk = (yy,--+ ,yx), then
IUm Y - Ym) = 9(yr, -+ ,yx), forme N*.

If g is the identity mapping, then X* is said to have the sequential monotone property. It is easy to see
that Definition 2.5 is equivalent to [20, Definition 2.7] for k = 1.

Definition 2.6 ([17]). A triangular norm is a map * : I x I — I that is associative, commutative, non-
decreasing in both arguments and has 1 as identity. A t-norm is continuous if it is continuous in I? as
mapping. If aj, ap,---, am €1, then

kit 0 = A7k A * -+ -k Oy

For each a € [0,1], the sequence {x™a}$; is defined inductively by *!a = a and +™la = (*™a) x a
forall m > 1.

Definition 2.7 ([13]). Let (X, M, x) be a fuzzy metric spaces (for short, FMS), if X is an arbitrary non-empty
set, * is a continuous t-norm, M : X x X xR = I, where M : X x X x RT — I is a fuzzy set, satisfying for
x,Yy,z€ Xand t,s >0,

(FM —1) M(x,y,0) =0 and M(x,y,t) > 0;

(FM —2) M(x,y,t) =1, if and only if x =y;

(FM—3) M(x,y,t) = M(y, x, t);

(FM—4) M(x,z,t+s) > M(x,y,t) * M(y, z,s);

(FM —5) M(x,y,-) : R* — T is left continuous fori=1,--- ,n.

Definition 2.8. Let (X™, M™, %, <{) be a k-partially ordered fuzzy metric spaces (for short, k-poFMYS), if
X is an arbitrary non-empty set, * is a continuous t-norm, M™ : X™ x X™ x R — I is a mapping defined
by M™ = «I* ;M(xq,yi,t) where M : X x X x R" — T is a fuzzy set, and =< is a k-partial order on X",
satisfying for x = (x1,- -+ ,xn),y = (Y1,- - ,Yn), 2= (21, - ,zn) € X" and t,s > 0,
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(POF—1) M™(x,y,0) =0 and M™(x,y,t) > 0;

(POF—-2) M™(x,y,t) =1, if and only if x =y;

(POF—3) M™(x,y,t) = M™(y,x, t);

(POF—4) M™(x,z,t+s) > M™(x,y,t) « M™(y, z,s);

(POF—5) M™(x,y,-) : R™ — T is left continuous fori=1,--- ,n.
Definition 2.8 is equivalent to [4, Definition 2.15], for n = 1.

Definition 2.9. Let (X™, M™, %, <{) be a k-poFMS for 1 = . A sequence {(xL,, - ,x™)}in X™ is said to be
convergent to (xq,--- ,xn) € X, if limm o0 *1* {M(X], Xn,t) = 1 for t > 0. A sequence {(x}n, <X )b in
X™ is said to a Cauchy sequence, if for € € (0,1) and t > 0, there exists ng € IN, such that *{‘ZlM(x]iD, x'}], t) >
1—¢ for p,q > np. A k-poFMS is called complete, if every Cauchy sequence is convergent in X™.

Definition 2.10. Let (X™, M™%, =) be a k-poFMS for 1 = . A mapping G : X™ — X¥ is said to
be continuous at a point Yy € X", if for any sequence {Ym}m>0 in X™ converging to Yy, the sequence
{G(Ym)}m>0 converges to G(Yp). If G is continuous at each Yy € X™, then G is said continuous on X™.

Definition 2.10 is equivalent to [15, Definition 2.16] for k = 1.

Definition 2.11. Let (X™, M™, %, <) be k-poFMS for | = € N. The mappings T, G : X* — X* are said to
be J-compatible if for t > 0,
lim M*(GT(Xn), TG(Xn),t) =1,

n—oo

for (X} € XX, such that limn 00 T(Xn) = limn 00 G(Xn) = X for X € XX,
Remark 2.12. Definition 2.11 is equivalent to [20, Definition 2.18] for n = 1.

Definition 2.13. Let (X™,M™, %, <) be a k-poFMS for k = ¢+ € N. Let ® = (01,02,---,01) be an 1-
tuple of mappings from A, into itself. Two mappings F : X™ — X* and g : X¥ — XX are said to

be ®-compatible, if {g(xk,, -+, XX ) mzo0, -+, {g(xHt, o xiFR o (xR L X ) s are

monotone for sequences {x}n}m>0, {X%n}m>0,' <, X m>0 C X and

3 lim F(xg{“(l),---,xg{“(n)) = lim g

(xHetl oo xiktky e Xk forie {0, ,1—1},
m—00 mM—s00

we have

11{11)1’100 Mk(gF(X?—T{JA(UI T /X’?’;li+1 (n))/F(g(X’?&+l (1)/ T /Xg{Jrl(k))/ Tty Q(X?niﬂ (n_k+l)/ T /XS]—{JA (n)))/t) - 1/

forall t > 0.
It is easy to know that Definition 2.13 is equivalent to [20, Definition 2.18] for k = 1.

Definition 2.14. We will say that the maps f, g are weakly compatible, if fg(xi,---,xx) = gf(x1, -+, xx)
for (x1,---,xx) € X* such that f(x1,---,xi) = g(x1,--- ,xi) for f, g : X* = Xk,

Definition 2.14 is equivalent to a Definition in [4].

Lemma 2.15 ([11]). Let ¢ € @y be given. Then for each t; > 0 and T = {tmItmi1 = Nt )(tém)), tém) €
L¢,., m € N}, we have infpyjer{tol imm o0 tm = to} = 0.

Lemma 2.16 ([11]). Let ¢ € @y be a function. For any t > 0 and each v € Ly, there exists N'(r) € IN™ such that
N M) <t < @V M) and @™ (v) <t for n = N/(v).
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3. Main results
In this section, we give the main results of this paper.

Lemma 3.1. If (X™, M™, %, =) is a k-poFMS under some t-norm and x,y € X", then M™(x,y,-) is a non-
decreasing function on (0, co).

Proof. Since 1 a > a, by (POF —4), we obtain

M™(x,y,t+s) "(x,y,t) «M™(y,y,s)

>M
> M"(x,y,t) 1 =M"(x,y,t),
for t,s > 0, which implies that M™ is a non-decreasing function. O

Lemma 3.2. If (X™, M™, x, <) is a k-poFMS with M™(x,y,-) : R"™ — 1 is continuous, then M™ is a continuous
mapping on X™ x X™ x (0, 00).

Proof. Let x,y € X™ and t > 0 be given. Let {(x},, Y}, tin)} be a sequence in X™ x X™ x (0, 00) such
that converges to (x,y,t). Since {M™(x}, s, i)} is a sequence in (0,1], there exists a subsequence
{(xm, Ym, tm)} of {(x}, Yin, tin )} converges to some point of [0, 1].

For o > 0 such that ¢ < %, there is ng € IN such that [t — t;,| < o for m > ngy. Hence,

Mn(xm/ym/tm) > Mn(XmIXI %) * Mn(X/y/t_ZU) * Mn(y;ym/ g)/

and
M™ (%Y, t420) > M" (xm, %, 5) * M™ (o Yy ) * M (Y1, b, 5,

for m > ny. By taking limit when m — oo, we obtain

Iim M™(Xm, Ym, tm) = 1+ M™(x,y,t —20) x1 = M"(x,y,t—20),

m—o00
and
M™(x,y,t+20) > 1% lim M"™ (X1, Ym, tm) *1 = lim M"™ (X, Ym, tm).

m—00 m—o0

Since M™(x, y, t) is continuous on t € (0, c0), we immediately deduce that M™(x,y, t) = limn ;00 M™ (X,
Ym, tm). Therefore M™ is continuous on X™ x X™ x (0, o). O

Lemma 3.3. Let (X™, M™, %, <1) be a k-poFMS such that x is a continuous t-norm. Let M™ : X™ x X™ x RT — 1
be defined by
Mm™ (A, B, t) = *{L:lM(ai/ bi/ t),

for A =(aj,az,,an),B=(by,by,---,bn) € X", and t > 0. Then the following properties hold:
(i) (X™, M™, %, =y) is also FMS.

(i) Let {Am = (al,a%, -, al)} be a sequence on X™ and A = (aj,az,--,an) € X" be given. Then
{Am} — A, ifand only if {a' .} — a; fori € {1,2,--- ,n}.

(iii) If (X, M, %) is complete, then (X™, M™, x) is complete.
Proof. The proof of Lemma 3.3 is similar to [16, Lemma 13], by Definition 2.7. O

Lemma 3.4. If X <1 Y for T € N, we have (Xg(1)," " ,Xgm)) 21 (Yo(1)," " s Yom)) for 0 € Qas,

(Xo(1), * »Xom)) =t Yo), s Yo(n)) for 0 € Qxp.

Proof. Letk = Fandi€{0,1,---,1—1}be given. Fix 0 € Qap. Then, fori+1 € A, we have o(i+1) € A,
and Xg(ik+j) Ro(i+1) Yo(ik+j) implies that Xg(ix1j) = Yo(iksj), which means that X (ik15) Sit1 Yo(ikri)
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forj=1,2,--- k.

For i+1 € B, we have o(i+1) € B, and Xg(ix+j) Zo(i+1) Yo(ik+j) implies that Xg(ix45) = Yo(iktj)s
which means that X (ik+j) Si+1 Yo(iksj) forji=12,---, k.

In any case, if 0 € Qap, then X (ik+j) Ri+1 Yo(iktj) fori €{0,1,---,1—1} It follows that

(xc(l)r' o /XG(n)) = (yd(l)l' o ry(r(n))-

Now, fix 0 € Q5. For i+1 € A, then o(i+1) € B, and Xg(ik+j) Zo(i+1) Yo(ik+j) implies that
Xo(ik+j) = Yo(ik+j), Which means that X (ik4j) =i+1 Yo(ik+j)- For i € B, we have o(i+1) € A. And

Xo(ik+j) Do(i+1) Yo(ik+j) iIMplies Xg(ik+j) = Yo(ik+j), Which means that X (ik4j) Zit1 Yo(ik+j)-
In any case, if 0 € Qs 5, then X (ik1) Ji+1 Yo(ik+j) for i €{0,1,---,1—1} It follows that

(Xc(l)/' o /Xcr(n)) =1 (ycr(l)r‘ o /yo(n))-
O

Lemma 3.5. Let (X™, M™, %, <1) be a k-poFMS such that x is a t-norm of H-type. Let {X;,} C X™ be a sequence
in (X™, M™, x, <1). If there exists a function ¢ € Oy satisfying

(i) @(t) >O0fort>0;
(i) M™(Xi, X, @(t)) = M™(Xi_q, Xj_1,t) fori,j € N and t > 0;
(iii) limg_oo M™(Xo, X1, t) =1,
then {X} is a Cauchy sequence.

Proof. By Lemma 3.3, it is easy to know that (X™, M™, %, ) is a FMS. Next, we proceed with the following
steps:

Step 1. We claim that for any t > 0,
M™ (X, Ximg1,t) = 1 as m — oco. (3.1)

By (iii), for any ¢ € (0, 1), there exists t; > 0 such that M™(Xp, X1,t1) > 1—¢. For t; > 0, since ¢ € Oy
and Lemma 2.15, we have infy _jer{to|limm o tm = to} = 0 for

(m)
T = {tm)ltmsr = @V (™), 1™ e Ly, me N*).

For each t > 0, there exists {x;,} € T such that lim;, o Xm < t. So, there exists ng € IN such that t > x;,
for each m > ny. Since M™(X, Y, -) is non-decreasing and satisfies (ii), we obtain

1—e < M™(Xo, Xy, t1) < M™(Xq, X, @(t)")) < -+ < M™ (X, Xy 41, @™ (£]1)

< M™ Xy, Xy 11, 887) <0 S M™ (X gy Xy g1, @2 (852)))

< Mn(XTL1~-~+nn0+i/ Xn1+-~~+nn0+i+1r (pnn0+i(t(()n0))) < Mn(er Xm+1/t)/

form=n;+---+n,,+i, i€ N,and n; > N(t(()j)), j €{l,--- ,nn,}, which implies that (3.1) holds.
Step 2. We claim that for any t > 0,
M™ (X, X5, 1) = 9 MM (X, Xigg, t— N (1), forj>i+1, (3.2)

where 1 > t. Since ¢ € Oy, for any t > 0, there exist r > t and N’(r) € IN such that eV (1) < ¢, by
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Lemma 3.1. By (POF —4), (ii) and the monotonicity of x, we get

)

(r) )+

M™(Xi, Xj41,t) = M™(Xq, Xy, t— @ (1) + oM
> M™ (X, Xig1, t— @™ (1)« M™(X 1+1,xj+1,<pN’“J(r))
> M™(Xq, X1, t— o™ (1)« MM (X, X5, N 71 (1)
> M™(Xg, Xigr, t— @™ (1)« M™ (X, X5, 1)
> M™(Xq, X1, t— @™ (1) s (69 7M™ (X, X, t— N T (1))

= DM (X, Xiyg, t— N ().

Thus, we prove that if (3.2) holds for j > i+ 1, then it also holds for j + 1.
Step 3. We claim that {Xy,} is a Cauchy sequence. As * is equi-continuous at a = 1, for ¢ € (0,1) there
exists 1 € (0,1) such that

ifae (1—n,1], then x"a>1—¢, forneNN. (3.3)

It follows from (3.1) that there exists n; € IN such that M™ (X, Xini1, t — (1)) > 1 —n for m > ny. So,
by (3.3), we have

S TEMM (X, Xign, t— (1) > 1, (34)
forj > i+1. By (3.2) and (3.4), we get foreach t > 0 and ¢ € (0,1), M™ (X}, Xj,t) >1—¢eforj >i+1>mny,
which implies that {Xy,} is a Cauchy sequence. O

Theorem 3.6. Let (XX, MX, %, <) be a complete k-poFMS such that x is a continuous t-norm of H-type. Let
T: Xk — X*and G : XX — X¥ be two mappings such that T is a Gy-isotone mapping and T(X*) C G(X¥).
Assume that there exists @ € @y such that, for t > 0 and (y1,--- ,yx), (v1,- -+, V) € X* with G(y1, - ,yx) =

G(vi, -+, Vi),

MX(T(y1, -, yi), TV, -, vi), 0(4) = M*(Glyr, -+, yx), Gvi, -+, vi), 1), (3.5)
Also suppose that either
(C1) T and G are continuous and J-compatible and M*(X,Y,-) : R* — 1 is continuous; or
(C2) (X*, tpx, =) has the sequential monotone property and G(X¥) is closed.

If there exists (y}),- .- ,y]g) e X* such that G(g(l),y%, N ,yé‘) =1 T(y(l),y(z), e ,ylg) and

hm Mk(G(U(lJ/y%/ o /yg)/T(U(l)zy%/ o ly(])<)/t) = 1/

t—o0

then T and G have a coincidence point.

Proof. Since (X*, MK, x, <) is a complete k-poFMS such that x is a continuous t-norm of H-type. Let
Yo = (y}),y%,--- ,ylo‘) e X¥ such that G(Yy) =1 T(Yp) and lim¢_,.o M¥(G(Yp), T(Yp),t) = 1. Since T(X¥) C
G(X¥), there exists Y; = (y%, e ,ylf) € X¥ such that G(Y;) = T(Yp). Recursively, we see that, for every
m € N, there exists Y11 = (y}n+1,~-- ,thl) € X¥ such that G(Ymy1) = T(Ym). Set Zg = G(Yp) and
Zmi1 = G(Ymi1) = T(Ym) for every m € IN.

Since G(Yp) =1 T(Yp), we suppose that G(Yy) =1 T(Yp), i.e.,, Zg =1 Z;. Assume that Z,, 1 =<1 Z, for
some m € Ny, that is, G(Yim—1) <1 G(Ym ). Since T is a Gi-isotone mapping, we get Z,y, = T(Ym—1) =1
T(Ym) = Zmy1. This actually means that the sequence {Z,,} is non-decreasing. Using (3.5) and mono-
tonicity of {Z,,}, we get

M (Zn, Zim, 9(t) = M*(T(Yn 1), T(Ym-1), @(1))
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= Mk(G(YTlfl)r G(mel)/ t)
= Mk(znfll Z‘m.fl/ t)/

for m,n € N and t > 0. Obviously, the inequality (3.5) implies that ¢(t) > 0 for t > 0. Indeed, if there
exists some tg > 0 such that @(ty) = 0, then it follows from (3.5) that

0=M¥T(Y), T(Y), 0(to)) = M*(G(Y), G(Y), t0) =1,

which is a contradiction. Since lim¢_ oo M*(G(Yp), T(Yp),t) = 1, we have lim¢_,oc M¥(Zo, Z1,t) = 1. By
Lemma 3.5, {Z,} is a Cauchy sequence.
Now suppose that the condition (C1) holds. Since (X*, MK, %, <1) is complete, there exists Z € X¥ such
that limm o Zm = Z, that is,
lim T(Ym) = lim G(Ym)=Z. (3.6)

m—0o0 m—0o0

Since T and G are J-compatible, we have

im M*(G(G(Ym11)), T(G(Ym)), t) = lim MM(G(T(Yi)), T(G(Ym)), t) =1, (3.7)

m—o00 m—o0

for t > 0. As G is continuous, we have

lim G(G(Ym)) = G(2). (3.8)
m—00
Using Lemma 3.2, we find that M* is a continuous mapping on X* x X* x (0, o). By the continuity of M¥
and (3.6), (3.7), (3.8), we have 1 = limm_y00 M¥(G(G (Y1), T(G(Yin)), t) = M*(G(Z),T(2),t) for t > 0,
which implies G(Z) =T(2),ie., Zis a coincidence point of T and G.

Now, suppose that the condition (C2) holds. Since (X*, MK, %, <1) is complete and G(X¥) is closed,
there exists Z € X* such that limm 0o T(Ym) = limm 0o G(Ym) = G(Z). Since (X*,Tpx, =) has the
sequential monotone property, we have G(Yy,) =1 G(Z) for m € INyp. Since ¢ € @y, for each t > 0
there exist 1 > t and N(r) € IN such that ¢™(r) < t, for n > N(r), by Lemma 2.16. So, by (3.5) and the
monotonicity of MX(X,Y,-), we have

MK (T (Yin), T(Z),t) = M(T(Ym), T(Z), @™ (1)
> M*(G(Ym), G(Z), N1 (7))
2 Mk(G(Ym)/ G(Z), t)/

for t > 0 and m € INp. Letting m — oo in the above inequality, we get T(Y,,) — T(Z). By the uniqueness
of the limit, we conclude that G(Z) = T(Z), i.e., Z is a coincidence point of T and G. O

Theorem 3.7. In addition to the hypotheses of Theorem 3.6, let G be weakly compatible with T if assumption (C2)
holds. Suppose that for all coincidence points Y,V € X* of mappings T and G, there exists U € X* such that

(C3) G(U) is comparable to G(Y) and G(V);
(C4) im0 M¥(G(U), G(Y), 1) = limi—oo MH(G(U), G(V), 1) = 1.
Then T and G have a unique common fixed point.

Proof. Let Uy = U and define a sequence {G(U,)} by G(Um41) = T(Uym) for m € IN. We assume that
G(Y) =1 G(Up). Since T is a Gg-isotone mapping, we have G(Y) = T(Y) =<1 T(Up) = G(U;). By induction
we obtain G(Y) =1 G(Uy,) for m € N. Owing to lim¢_,o, M*(G(Up), G(Y),t) = 1, for any ¢ € (0,1),
there exists t; > 0 such that M¥(G(Up), G(Y),t;) > 1 —e. For each t; > 0, by Lemma 2.15, we obtain

inf, yer{tollimm o0 tm = to} = 0 for T = {{tylltmsr = @N&™ (™), ™ e L, m € N*}. For each
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t > 0, there exist {t;,} € T and N(t(()mo)) € N such that (p“(t(()m(’)) <tforn> N(t(()mO)). So, by (3.5) and
the monotonicity of MK(X,Y,-), we get

1— ¢ < M¥(G(Ug), G(Y), t1) < MX(G(Ug), G(Y), 1) < M¥(T(Up), T(Y), p(t{"))
< MM(G(Uy), GY), o(t)) < --- < MM(G(U G(Y), N (g5

(mg)

G(Y), 157) <+ < MF(G(Up), G(Y), @00 " (™))
< Mk(G(um)/G(Y)/t)/
form = N(tél)) 44+ N(ty™) +iand i € N. Since ¢,t > 0 are arbitrary, we deduce that
M¥(G(Um), G(Y),t) = 1 as m — oo.

This shows that limm o G(Um) = G(Y). Similarly, we find that lim, ;0 G(U ) = G(V). The uniqueness
of the limit proves that lim;, 0 G(Um) = G(Y) = G(V).

Denote W = T(Y) = G(Y). Since T and G are weakly compatible mappings, we have T(W) = TG(Y) =
GT(Y) = G(W). So, W is also a coincidence point of T and G. Therefore, G(W) = G(Y) =W and Wis a
common fixed point of T and G. In order to prove the uniqueness, assume that W* is another common
fixed point of T and G. Then we have W* = G(W*) = G(W) = W. This completes the proof. O

Definition 3.8. Let F : X™ — X* and g : X* — X* be two mappings, where | = € N. A point
(x1,%2,- -+ ,Xn) € X™ is a common fixed point of F and g if

F(Xoi (1) X002 1 Xoia(n)) = 9%kt -+ o Xikak) = Xkt 0o+ o Xiksk), for 1€{0,1,---,1—1}

Definition 3.9. Given n > 2, the mappings F : X™ — X¥ and g : X* — X* are weakly compatible for
l=7 eN,if
k 4

F(Xoi (1) 7 X000 () = 9(Xik+1, -+, Xiksk), forief{0,1,---,1-1} =
IF (Ko1)o ) = FO Koy (1) X)) 9 Xey (k)
X01+1(jk+k))" o ’9(X6i+1(n—k+1)" o 'X01+1(T1))’ forie{0,1,---,1-1}

Theorem 3.10. Let (X™, M™, %, =) be a complete k-poFMS with continuous t-norm * of H-type for 3+ and
n,k € IN. Let ® = (01,02,---,01) be an 1-tuple of mappings from Ay into itself verifying oi+1 € QaB,
ifi+1 € Aand o111 € Q)g, ifi+1 € B. Suppose that F : X™ — X* and g : X* — X¥ are two mappings,
satisfying that F has the mixed gy-monotone property on X* and F(X™) C g(X¥). Assume that there exists @ € Oy
such that

MK(F(x1, -, xn), Flyn, -+ yn), @(t) = v+ oM (g(xikr1, -+ Xikak), 9(Yik+1, -+, Yikak), 1), (3.9)
fort>0and xq, - ,Xn, Y1, ,Yn € X with
g(Xik+1, 7 Xikrk) i1 9(Yik+1 o0, Yikek) for 1€{0,1,---, 11},
where 7y : [0,1] — [0, 1] is a mapping such that *'y(a) > a for a € [0,1]. Suppose that
Y(*};(%Mk(g(xam(ikﬂ)/"' rx(rHl(ikJrk))/g(ycj+1(ik+l)r' e /ycj+1(ik+k))rt))
> Y+ IM*(g(xikt1, -+ o Xikak), 9(Yikrts -, Yikek) t), (3.10)
forje{0,1,---,1—=1}and x1,%X2,- -+ ,Xn, Y1, Y2, - ,Yn € X, with
g(Xik+1, 7 Xiktk) Rie1 9(Yik+1, -, Yiksk), for i€{0,1,---,1—-1}

Suppose that either
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(C5) Fand g are continuous and ®-compatible and MX(X,Y, ) : Rt — 1 is continuous; or
(C6) (X*, Tarx, =1) has the sequential monotone property and g(X*) is closed.

If there exist x}, %3, ,x}t € X such that

gl(x 6k+1"" ’X(i)k+k) <1 Flx 1+1(1), ngl( J)’
and
th_g}o Mk(g( lk+1 . 6k+k) F(Xgi-u(l) X(‘)Tu—l( )),t) — 1, (311)

forie{0,1,---,1—1}, then F and g have, at least one Y.-coincidence point.
Furthermore, assume that for all pairs of Yi.-coincidence points (x1,X2,- -+ ,Xn), (U1,Y2, -+ ,Yn) € X" of Fand g,
there exists (ug, Uy, - -+ ,Un) € X™ such that

(C7) (glug,up, -+ ,uk), -+, g(Un—x41, -, un)) is comparable to (g(x1,---,xx), -, 9(Xn—k+1," " ,Xn))
and (9(y1,- -, Yx)r- -, 9 Yn—k+1,- - ,Yn));

(C8) hm%oo Mk(g(u1k+1/ . u1k+k) g(Xikt1, s Xikak), t) = Himeyoo MR(g(Wing1, -+, Wiktk), 9(Yikt1,
L Yik+k), —1for16{0 1,---,1—1}

Also, assume that F is weakly compatible with g if assumption (C6) holds. Then F and g have a unique common
fixed point.

Proof. Let T: X™ — X™ and G : X™ — X™ be two mappings defined by

T(Y) = (F(ycrl(l)/‘ o /ycrl(n))/' o /F(ycl(l)/' o /Ucr[(n)))/ (312)

and
G(Y) = (g(yll e /Uk)/ Tty g(yn—k—l—l/ e ,Un))/ (3~13)
for Y € X™. It follows from F(X") C g(X¥) that T(X™) € G(X™). By (3.11), definition of M™ and the
continuity of *, there exists Yy such that G(Xp) =<1 T(xp) and lim_,.c M™(G(xp), T(xo),t) = 1. Suppose
that {Yim}m>0 C X™ such that {G(Ym)}m>0 is monotone and the following limit exists
Iim T(Ym) = lim G(Yy) € X™.
m—00 m—00
From (3.12) and (3. 13) we see that, for sequences {ym}m>o, {ym}m>o, -, {yrdm>0 € X such that

{g(yte, - Y% Vmso, -+, {g(y¥tt, - udk R 0,0, {g(y™ k., -, y™ ) hms0 are monotone and the
following limit exists:

lim F(yn{H ,y?nwl 2), ’yg{ﬂ )) — lim g(y1k+1,y}111<+2,” /Uﬂiij) EXk,

m—00 m—o00

forie{0,1,---,1—1}. Since F and g are ®-compatible, we have

lim M™(GT(Yin), TG(Ym), 1) = lim +ZJM*(gF(ysi™, .. ygint™),

m—0o0 m—0o0

Flglygrntt) oo gy ,g(yﬂi“(“_k“),- oy ) gy =1,

Therefore, T and G are compatible.

Now, we show that T is a Gi-isotone mapping. Suppose that G(Y) <1 G(V) for Y,V € X™. By (2.1) and
(3.13), we have g(yji+1, -, Yjkik) = g(Vjk+1,- -, Vikrk) when j+1 € A and g(Yjri1, -, Yjeik) =
g(Vji41,- -+, Vjk+k) when j+1 € B. For each i+1 € A, we have oi,1 € Qap. So, for fixed i+
1 € A, we have g(Yo,,,(jk+1), """ /Yo (Gk+k)) = 9Voi (k1) Vo, (jkik)) when j+1 € A and
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9(Yoi (k1) 1Yo (ki) = 9Voi (k4117 /Yo (jkik)) when j+1 € B. Thus, by the mixed gy-
monotone property of F, for fixed i+1 € A, we have
FlYoii(1)r Mo () Yora (k1) 1Yo (Gk+k)r Yo (Gktk+1), 1Yoy ()

2 FlYoia (1) 1 You (1) Vo (Gk1)r "+ Vor (ikk)r Yo (Gk+k+1), Yo (), (3.14)

for j+1 € A. Similarly, if j + 1 € B, then inequality (3.14) holds for fixed i+ 1 € A. So, for fixedi+1 € A,
inequality (3.14) holds for all j € {0,1,--- ,1 —1}. From this, we have

F(yoi+l(1)’yci+l (2)r 7" ’yci+l(n)) = F(v01+1(1] " Vo (k) Yo (k1) ’in+1(ﬂ])
S FVeia (1) s Vora (k) Yora (2k+1)r 1 Yora(n) (3.15)
=
2 FVe ) Vo)),
for i+1 € A. Similarly, we have
FlYoi (1) Yo () 1 Yora(m) = FVern (1) Vo 2) Vo () (3.16)

for i+ 1 € B. Thus, by (3.12), (3.15), and (3.16), we deduce that T is a Gy-isotone mapping.
The conditions (C7) and (C8) imply that (C3) and (C4) hold. It is easy to deduce that T and G are
weakly compatible if assumption (C2) holds. If F and g are continuous, then T and G are continuous.
Given G(Y) =1 G(V), by Lemma 3.4, (9(Yo,,, (1) s Yor(0))* »9Yor (1k+1), "/ Youu (1ktk))) and
(Vo (1) Vo)) 1 9Vor (n—k+1), " * + Vo, (n))) are comparable by =<;. Therefore, (3.9) and
(3.10) can be applied to these points, and it follows that for t > 0,

Mn(T(Y)/T(V)/ (P(t)) = *1;(1)Mk(]:(y(71 (1) sYoi(n )/F(Vci(l)r' e /vo-l(n))/ (p(t))
> *%;(1)1’(*)1 (%Mk(g(yol (Gk+1)7 " Yo (k+k) ) I Vo (k1) Voi (Gk+k)) )
= *1;(1)’}/(*)1 éMk(g(ka+l/ to /Ujk+k)/ g(vjk+1/ te /ij+k)/t))
1
oY (

Next we shall prove that the condition (C2) holds. Since g(X¥) is closed, so is G(X™). Suppose that
{Zm} is non-decreasing sequence in X™ such that Z,, — Z as m — oo. Using Lemma 3.3, we have
ZikHs o ZikHs(m 5 o0) fori+1 € Ay and s € {1,2,---,s}. Since Z;, <1 Zm41 for all m € Ny, then
(zikH1, ... ZikHKk) N, 1S @ non-decreasing sequence when i+1 € A and (zik*!,... zIk+K) o is a
non-decreasing sequence when i+1 € B. If i+1 € A, as (Xk, Tpmk, =) has the sequential monotone
property, then we have zI™s < zt*S for all m € Np and s € {1,---,k}. Similarly, if i+ 1 € B, then
(2t L giktk) o (giRAL L TR for all m € Np. That is, Zy, =y Z for every m € INy. The other
case is treated similarly.

Therefore, all conditions of Theorems 3.6 and 3.7 hold. Theorem 3.6 implies that T and G have a
coincidence point, which is a Y -coincidence point of F and g. Moreover, it follows from Theorem 3.7 that
T and G have a unique common fixed point, which is a unique common fixed point of F and g. O

4. An example

Example 4.1. Let (X, <) be the partially ordered set with X = [0, 1] and the natural ordering < of the real
numbers as the partially ordering <. Define M : X x X x R — I by

0, t=0,
My, t) =<

et , t>0.
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Then M(x,y,-) : RT — T is continuous. Let x *y = min{x, y} for x,y € X. Then (X, M, %) is complete FMS,
which have been proved in [20]. By the same way, we define (x1,%x2) < (y1,y2) if and only if x; < y; and

X2 = Y. Then we have (X2, <) is a partially ordered set. Consider t,g : X — X defined by t(x) = %2 + %
and g(x) = x. Let T, G : X? — X2 define by T(x1,%2) = (t(x1),t(x2)) and G(x1,%2) = (g(x1), g(x2))-
It is easy to verify the following statements.

(i) T(X?) C G(X?) and T is a Gp-isotone mapping.
(ii) The condition (C1) holds.
(iii) There exists (y1,y2) = (0,0) such that G(y1,y2) = (0,0) < (%, %) =T(Yp).

Let (y1,Y2), (vi,v2) € X? such that G(y1,y2) < G(v,v2), thatis, y1 < vi and yo < vy
Next, we show that the inequality (3.5) is satisfied with ¢(t) = ‘Z—t for t > 0. If (3.5) does not hold, then
there exists t > 0 such that

3t
MZ(T(ULUZ)/T(VLVZ)/ Z) < MZ(G(ULUZ), G(V1/V2)/t)1
that is,
‘J% "% 3t ‘J% "% 3t
min{e*|7*7|/7’ ef‘Tle/T} < min{e*ml*\’ﬂ/t, e‘yZ*VZ‘/t},

ie.,

T T T S .

mm{§ly1 —vil, §Iyz —val} > min{ly; —v1l, [y2 — val}-
Since y,v € [0,1],
4 5
|U*V|<§|y Vi = Iy*VI(y+V) Iy Vi,

which is impossible. Hence (3.5) holds. By Theorem 3.6, T and G have a unique common fixed point,
whichis Z = (1,1).

Example 4.2. Let X ={0,0.25,0.5,1.5,1.75,2} and M : X x X x R* — T as follows:

11 |X_U| < t/
M(X/U/t) = { t (41)

eyt x—yl>t

As Gregori et al. have pointed out in [6], any FMS (X, M) is equivalent to Menger space in the sense that
M(x,y,t) = Fyy(t) forall x,y € X and t > 0. Thus, (X, M) is a complete FMS under * = min.
Endow X with the following partial order:

x,yeX, x2y&sx=yor (x,y) €{0,0.5),(0,0.25)}
Endow X? with the following partial order:
(x1,%2), (y1,y2) € X* or (x1,y1), (x2,y2) € {(0,0.5), (0,0.25)}.
Let ¢ : RT — R™ be defined by

t

oe 0<t<y,
ety =4 —-1+3 1<t<2

t—3, 2 <t<oo.

It is easy to see that ¢(t) > 15. Consider f,g : X — X defined by

) = 0, x €{0,0.25,0.5,1.75, 2},
1025 x=15.



J. M. Jin, C. X. Zhu, Z. Q. Wu, H. C. Wu, J. Nonlinear Sci. Appl., 10 (2017), 2052-2065 2064

0, x €{0,0.5},
gx) =405 x=15,
0.25, x €{0.25,1.75,2}.
T(x1,%2) = (t(x1),t(x2)) and G(y1,Y2) = (g(y1), g(yz2)). It is not difficult to prove the following statements.
(i) T(X?) € G(X?).
(ii) The condition (C2) holds (Since T,z is the discrete topology on X?).

(iii) There exists (y1,y2) = (0,0) such that G(yi,y2) = (g(y1),9(y2)) =< (tly1), tly2)) = T(y1,y2) and
limtﬁoo MZ(G(ULUZ),T(ULUZ)/U =1

(iv) All conditions of Theorem 3.7 hold.

In fact, (0,0), (0.5,0.5), (0,0.5) and (0.5,0) are all coincidence points of T and G. Since T(G(y1,y2)) =
GT((y1,92)), where y; € {0,0.5}, y> € {0,0.5}, by Definition 2.11, G is weakly compatible with T. In
addition, there exists (uy,uy) = (1.5,1.5) such that G(yy,y2) < G(ug,up) and G(y7/,y2’) < G(u,up). It
follows from (4.1) and (C4) holds.

(v) T is a Gp-isotone mapping. Indeed, let (yi,y2),(vi,v2) € X2 such that G(y1,y2) = G(vy,v), ie.,
9(y1) = g(v1) and g(y2) = g(v2).

(@) If g(y) = g(v) theny = v or y,v € {0.25,1.75,2}, {0,0.5}. Thus t(y) = t(v). If (g(y), g(v)) = (0,0.25),
then y € {0,0.5}, v € {0.25,1.75,2}. Thus t(y) = t(v).

(b) If (g(y),g(v)) = (0,0.25), then y € {0,0.5} and v € {0.25,1.75,2}. Thus t(y) = t(v).
(c) If (g(y),g(v)) = (0,0.5), then, y € {0,0.5} and v = 1.5. Thus (t(y),t(v)) = (0,0.25), i.e., t(y) < t(v).

Next, we shall prove that (3.5) holds. Let (yi,y2), (vi,v2) € X2 such that G(y1,y2) < G(vi,v2), ie.,
g(y1) = g(v1) and g(yz2) < g(v2). Wang [20] have proved that if g(y) < g(v) holds, we obtain

M(t(y), t(v), o(t)) = M(g(y), g(v), t).

By * = min, for G(y1,y2) = G(v1,v2), we obtain

MZ(T(HLUZ)/T(VLVZ)/ (p(t)) P MZ(G(ULUZ)I G(Vl,\)z),t),

which implies (3.5) holds.
By Theorem 3.7, T and G have a unique common fixed point, which is Z = (0, 0).
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