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Abstract

The purpose of this paper is to introduce a new contractive condition. We prove the existence and uniqueness of a fixed
point of self-mapping under this new contractive condition. Moreover, we observe analog of these results for the mappings that
satisfy the property P. An application on integral equations is presented to illustrate the main result. Our results extend and
generalize well-known results in the literature. (©2017 All rights reserved.

Keywords: Contractive mapping, fixed point, partial metric space, property P, integral equations.
2010 MSC: 46T99, 47H10, 54H25.

1. Introduction and mathematical preliminaries

The notion of non-zero self-distance was initiated by Matthews [38] to solve the existing problems
in the research area of the denotational semantics of dataflow network. By the help of that concept,
the author extended the notion of metric, by introducing the notion of partial metric, to use the analog
of well-known the Banach contraction mapping principle for his purpose, in particular, for program
verification/termination.

Partial metric spaces become more useful research field after the contribution of Romaguera [44] to
this theory, namely, the notions of 0-completeness. Recently, a number of authors have focused on the
fixed point results in partial metric spaces, see e.g. [1-18, 20-36, 41-45] and references therein.

The aim of this paper is to prove some fixed point results for self-mappings in partial metric space
satisfying a new contractive condition, also we show that the mapping satisfies the property P. We give
also an example to illustrate the main result. Moreover, we propose an application of integral equations
that supports the presented results.

First, we recollect some basics notions and facts. Throughout the paper, let N, Q, R denote the natural,
rational and real numbers, respectively. First, we recall the notion of a partial metric:
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Definition 1.1 ([38]). A partial metric on a nonempty set X is a function p : X x X — [0, 00) such that

(P1) plx,x) = p(x,
(P2) plx,x) < plx,
(P3) plx,y) = ply,x
(P4) p(x,y) < p(x,2) +p(z,y) —p(z2),

hold for all x,y,z € X. Here, we denote partial metric space by a pair (X, p).

y) =p(y,y) if and only if x = y;
y);
);

It is straightforward to see that the function d, : X x X — [0, 00) given by

dp(x,y) =2p(x,y) = p(x,x) = P(y, y),
forms a standard (usual) metric on X.
Definition 1.2 ([38, 42]). Let (X, p) be a partial metric space. Then
(1) A sequence {x,}in (X,p) converges to a point x € X if and only if p(x,x) = TL1i_r>réop(xn,x).
(2) A sequence {xn}in (X, p) is called a Cauchy sequence if THlTllrE oop(xn, Xm ) exists and finite.

(3) (X,p) is said to be complete if every Cauchy sequence {x,, } in X converges with respect to its topology
Tp to a point x € X such that p(x,x) = ling P(Xn, Xm)-
n,m—oo

(4) A sequence {xn}in (X, p) is called a 0-Cauchy sequence if lim; m—y00 P(Xn, Xm) = 0. The space (X, p)
is said to be 0-complete if every 0-Cauchy sequence in X converges with respect to 1, to a point
x € X such that p(x,x) = 0.

Lemma 1.3 ([38, 42]). Let (X, p) be a partial metric space and {xn } be any sequence in X. Then
(i) {xn} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space (X, dp ).
(ii) The space (X,p) is complete if and only if the metric space (X, dy,) is complete.
(iii) Every 0-Cauchy sequence in (X,p) is Cauchy in (X, dp).

iv) If (X, p) is complete, then it is 0-complete.
The converse assertions of (iii) and (iv) do not hold as the following easy example shows.

Example 1.4 ([44]). The space X = Q N [0, oo) with the partial metric p(x,y) = max{x, y} is 0-complete but
it is not complete (since dp(x,y) = [x —y| and (X, dp) is not complete). Moreover, the sequence {x,} with
xn = 1 for each n € N is a Cauchy sequence in (X, p), but it is not a 0-Cauchy sequence.

Notice also that every closed subset of a 0-complete partial metric space is 0-complete.

Lemma 1.5 ([1, 42]). Assume {xn} — z as n — oo in a partial metric space (X, p) such that p(z,z) = 0. Then
Jim p(xn,y) =plz,y) forally € X.

Lemma 1.6 ([1, 23]). Suppose that (X, p) is a partial metric space. Then

(1) If p(x,y) =0, then x =y.
(2) Ifx #y, then p(x,y) > 0.

Definition 1.7 ([37]). A function { : [0, c0) — [0, 00) is called an altering distance function if it satisfies the
following conditions:

1. 1 is continuous and nondecreasing;
2. P(t) =0if and only if t = 0.

We denote V¥ the set of all altering distance functions.
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Definition 1.8. The function ¢ : [0,00) — [0, 00) is called a strong-altering distance function, if the follow-
ing conditions hold.

1. ¢ is continuous;
2. @(t) #0when t #£0.

We denote by O the set of all strong-altering distance functions.

Lemma 1.9 ([40]). Let (X, p) be a partial metric space and let {xn } be a sequence in X such that li_r>n P(Xn, Xnt+1) =
n o0
0. If {xon } is not a Cauchy sequence in (X, p), then there exist ¢ > 0 and two sequences {m(k)} and {n(k)} of positive

integers such that n(k) > m(k) > k and the following four sequences tend to ¢ > 0, when k — oo.
PXamk) Xon(k)+1), PXomk) Xon(k))r P(Xam(k)—1, X2n(k)+1),  PXom (k)—1, X2n (k))-
The following lemmas will play crucial roles in the sequel.
Lemma 1.10 ([39]). Let (X, p) be a partial metric space and {xn} be a sequence such that li_r)n P(Xn,Xnt1) =0,
n—oo
then the sequence {xn} is a Cauchy sequence if and only if {xon } is a Cauchy subsequence.

Lemma 1.11 ([39]). Let (X,p) be a complete partial metric space and {xn} be a Cauchy sequence such that
lgn P(Xn,xn) = 0, then the sequence {xn} is a 0-Cauchy sequence. Further, if {xn} converges to x, then
n o

Jim p(xn,x) =0.

Lemma 1.12 ([39]). Let (X,p) be a complete partial metric space and {xn} be a Cauchy sequence such that
li_{n P(Xn, Xn+1) = 0. Then the sequence {xy} is a 0-Cauchy sequence.
n—,oo

We should underline the fact that the limit of a sequence in partial metric space is not necessarily

1
unique. For instance, the limit of the sequence {n?’—i-l} in the partial metric space, (X, p) defined by
nelN

p(x,y) = max{x,y} for all x,y € X = [0, c0),

is not unique. More precisely, we have

p(1,1) :r}g%op(l'r—l—l) and p(2,2) :J%P(Z;m

).

On the other hand, under the certain restriction, the uniqueness of a limit of a given sequence can be
guaranteed. The following lemma is one of the example of how the uniqueness criteria can be provided.

Lemma 1.13 (See e.g. [34]). Let (X, p) be a partial metric space and let {xn}nen be a sequence in X such that
Xn — x and xn = y. If
lim p(xn,xn) =p(x,x) =ply,y),

n—oo

then x = y.

2. Main results
We start this section with the following crucial lemma.

Lemma 2.1. Let (X, p) be a partial metric space and let {xn } be a sequence in X such that li_I)n P(Xn, Xny1) =0. If
n o0

{X2n} is not a Cauchy sequence in (X, p), then there exist an ¢ > 0 and two sequences {m(k)} and {n(k)} of positive
integers such that n(k) > m(k) > k and

lim , 1) =¢.
k_mP(sz(k) Xon (k)—1)
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Proof. By Lemma 1.9 there exist ¢ > 0 and two sequences {m(k)} and {n(k)} of positive integers such that
n(k) > m(k) > k and
kﬁm P(Xon (k) X2m (k) = €.
— 00

From (P4), we have
P(Xom (k) X2n(k)—1) < P(Xam(k) Xon(k)) TP Xon (k) X2n (k)—1) — P (Xan k), X2n (k) )- (2.1)

By taking the limit of (2.1) as k — oo and using Lemma 1.9 we get

Lim p(Xom k), Xon (k)—1) < & (2.2)
k—o0
and also
P(Xom (k) Xan (k) < PXom (k) Xon (k)—1) T P(Xon (k)—1, Xon (k) — P(Xan (k) =1, X2m (k) —1)- (2.3)

By letting k — oo in (2.3) and regarding Lemma 1.9 we get

€ < ]Qli_rgoP(XZm(k),in(k)fll (2.4)
Therefore, from (2.2) and (2.4) we get that klim P(Xom (k) X2n(k)—1) = €. O
—00

The following is the main result of this paper.

Theorem 2.2. Let (X, p) be a complete partial metric space and T : X — X be a self-mapping satisfying:

Y(p?(Tx, Ty)) < V(M(x,y)) — @(M(x,y)), YxyeX, (2.5)
where @ € O, € VY and

2 Pl
P YY) T T
P2 (y,Ty)

2O Ty)p(y, TX)), £ 9055 }

M(x,y) = max {

Then T has a unique fixed point, say u, in X and 1i_r>n T™(x0) = u for any arbitrary xg € X.
n—oo

Proof. Let xg € X be an arbitrary point and define the sequence x, = T™"xg = Txn_1. Suppose that

Xn = Xn41 for some n € N, then X, = xn 41 = Txn, 50 Xy, is a fixed point. From now on, we assume that
Xn 7# Xn41 for each n € N. By using (2.5) for x = xn_1 and y = xn, we get that

V(P2 (xn, Xn11)) = WP*(Txn-1, Txn))

P (2.6)
SYPYM(xn—1,%n)) — @(M(xn_1,%n)),

where

2 P(Xn—1,%Xn).P(Xn,Xni1)
1% (Xn—1,%n), THp2 (Xn_1,%n) ’ }

2
2 [p(xn—1,%n+1)-p(xn, xn)l, mi;::::))

[uy

M(Xn—1,%Xn) = maX{

If p(xnflrxn) < p(xn/ Xn+1)/ then

P (Xn-1,%Xn).P(Xn,Xn+1) pz(xn/xn+l) 2
1+p2(xﬂ.71/Xn) = 1+p2(xn71/Xn) < p (Xn, Xn+1).
Also, if p(xn,Xni1) < p(Xn_1,%n), then

P(Xn—1,%n)P (Xn,Xn1) P2 (Xn_1,Xn)
1+p2(xnfllxn) = l+p2(xn71/xn

7 <P (Xn—1,%n)-
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Thus, we obtain
P (anlr Xn)~p (Xn/ Xn+1)
1+ P2 (anl/ Xn)

On the other hand, from (P4) and (P2) we have

< max{pZ (Xn, Xn+1), Pz (Xn—1,Xn)} (2.7)

1 1
E[p(xn_l,xnﬂ)p(xn, xn)] < E[p(xn_l,xn)-p(xn,xn) + P (X, Xn 1) P (X, Xn ) — P2 (Xn, Xn )]
1
< E[pz(xnfll Xn) +p2(xn/ Xn+1) - pz(xnl Xn)] (28)
1, 2
< 2[19 (Xn—1,%n) + P (%n, Xn11)]
< max{p?(xn_1,%n), P*(Xn, Xn41)}-
Combining the observed results in (2.7) and (2.8), we find that
M(anlz Xn) < maX{PZ(Xn—lz Xn)/ pz(xnl Xn+1)}- (29)

Therefore, by the help of (2.9), inequality (2.6) becomes,

1|)(P2 (Xn/ Xn+1 )) =1 (Pz (Txn—lz Txn))
< Y(max{p?(xn—1,%n), P*(Xn, Xn+1)}) (2.10)

— @(max{p®(xn—1,%n), P> (Xn, Xn+1)}),

which implies that
P (pZ (Xn/ Xn+1 ) ) < (maX{P2 (anlf Xn )/ pZ (Xn/ Xn+1 )}) . (211)

If max{p*(xn—1,%n), P*(Xn, Xn+1)} = P?(Xn, Xn+1), then we have
w(PZ(Xn, Xn—l—l)) < w(PZ(Xn, Xn+1))/

a contradiction. Hence, the inequality (2.11) yields that

lb(pz (Xn, Xn+1)) < (pz(xnfl, Xn)).

Since 1 is non-decreasing, the inequality above turns into

P2 (Xn/ Xn+1) < PZ (anlr Xn)/

that is
P(Xn, Xn+1) < P(Xn—1,%Xn).

Therefore, the sequence {p(xn, xn+1)} is decreasing sequence and bounded below by 0. So,

lim p(xn, xn4+1) =712 0.
n—oo

Now we show that r = 0. Assume 1 > 0. Taking limit as n — oo for (2.10) we get

P(r?) < b(max{r?, 1)) — @(max{r?, 1))

<P(r?),
a contradiction. Thus, we conclude that r = 0 and so,

lim p(xn,Xxns1) =0. (2.12)

n—oo



Z. Mustafa, M. M. M. Jaradat, E. Karapmar, J. Nonlinear Sci. Appl., 10 (2017), 2066-2078 2071

As a next step, we shall prove that {x, } is a Cauchy sequence in the context of partial metric space (X, p).
Suppose, on the contrary, that the sequence {x} is not Cauchy. Then, by Lemma 1.10, the subsequence
{x2n} is not Cauchy, either. By Lemma 1.9 there exist ¢ > 0 and two sequences {m(k)} and {n(k)} of
positive integers such that n(k) > m(k) > k and

Hm p(xon ), Xam ) = UM plam o1, %2n ) = HM plxon )1, Xomx)) = . (2.13)
Now, we have

Y (p* (%o (k) X2m (k) = WP (TX2n (k) -1, TXam (k)—1))

(2.14)
S UVW(M(Xon () =1, X2m (k)—1)) — @ (M (X2 (k)—1, X2m (k)—1) ),
where 5
P (X2n (k) —1, X2m (k) —1)s
P (X2n (1)~ 1, %X2n (k) )P (X2m ()~ 1 X2m (k) )
. 1+P2 (Xon (k)—1X2m (k)—1)
7P (X2n (k) =1, X2m (1)) P (X2m ()1, X2n (1))],
P2 (Xom(k)—1X2m(k))
1+p? (X2m (k)—1X2m (k)—1)

7

M (Xon (k)—1, X2m (k)—1) = max

but,

0 < P*(Xan(k)—1, Xam(k)—1) < P(Xan (k)1 X2n (k)
+ P (%o (k) X2m (k) —1) — P(Xan k), X2n (1) )

Hence, we have

P (Xon (1) =1, X2n (k) )P (X2m (k) =1,/ X2m (k) )
) 1+P2 (Xan (k)1 X2m (k)—1)
2P (Xon0)—1, X2m (1)) P (Xam ()1, X2n (1)1,
P2 (X2m (k)1 X2m(k) )
1+P2 (X2m (k)—1X2m (k)—1)

< M{X2n (k) -1, X2m(k)—-1) (2.15)

[P (Xom () —1, X2m (k) + P (X2n (k) X2m (k) — 1)—P(X2n(k),xzn(k))]2,
p(Xan —1,X2n ( ))p(xzm —1X2m (k)
1+p2 (X2n (k) -1 X2m (k) —1)
2P (Xam (k)1 Xam (k)P (X2m (k) -1, Xan (k) )],
P2 (X2m (k)1 X2m (k) )
1+P2 (Xom (k) —1X2m (k) 1)

4

max

7

< max

Letting k — oo in (2.14) together with (2.12), (2.13), Lemma 2.1, and (P2) we get

2

¥(e2) < P(max{e?, 0,%,0}) ¢ (Hm M(xan 1)1, X2m (k)-1)) (2.16)

= IP(EZ) @( im M(xon k)—1,X2m(k)—1))-
k—o0
From (2.15), limy oo M(X21 (k)—1, X2m (k)—1) = max{0, 22,0} 22 > 0, and so from properties of ¢ we
conclude that @ (limy ;o M(Xon (k)—1,X2m (k)—1)) > 0. Thus (2.16) becomes (e 2) < 1(e?), a contradiction.
So, we deduce that {xo,} is a Cauchy sequence. Hence, by Lemma 1.10 {x,} is a Cauchy sequence. So,

there exists u € X such that l1_r)n Xn = Ww. From (P2) and Lemma 1.11 that 0 = hm p(xn,u) =p(u,u) and
n o0

hence,

lim p?(xn,u) =0. (2.17)

n—oo
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Next, we shall show that u € X is a fixed point of T. From (2.5) we have

PP (1, Tw)) = H(p2(Txn, Tu)) 218
< ll)(M(Xn/ )) - @(M(anu))/
where - -
p*(xn,u), p(X{‘;p%gfn(ﬁ’) W,
M (xn, u) = max 1 p2(u,Tu)
5 [p(xn, Tw).p(w, xn 1)l Trp2(wu)

By taking limit for M(x,,, u) as n — oo and using (2.17) and Lemma 1.5, then equation (2.18) becomes,

Y(p?(u, Tu)) < $(p*(u, Tw) — @ (p(u, Tu)).

Consequently, ¢ (p?(u, Tu)) = 0, so p?(u, Tu) = 0 which implies p(u, Tu) = 0 and u = Twu.
Now, we shall prove that the obtained fixed point is unique. Suppose, on the contrary, that there exists
another fixed point v € X with v # u. Then, we observe

Y(p?(v, 1)) = Y(p?(Tv, Tu))
<YM, 1) — e(M(v, 1),

where
2
p (u/V)/ 1+p2(u,v) 7

p?(v,Tv)

plu,Tu).p(v,Tv)
1+p2(v,v) }

M(u,v) = max{ .
spu, Tv).plv, Tul],

Hence, we find

2 2
) < lmaxp?u,v), 0, G, Py

Py p) 1)
o 2 7 7
@ (max{p(u,v),0, ——, 7 2] )
2
but 1Ep(\EV)) < ﬁp(uv) < p%(w,v). Thus (2.19) becomes
Y(p*(w,v)) <b(p*(w,v) — e (p*(w,v)),
which yields
V(P*(u,v) <Y(P*(u,v),
a contradiction. This completes the proof. O

Theorem 2.3. Let (X, p) be a complete partial metric space and T : X — X be a self mapping satisfying for some
nelN

V(P (T, TMY)) < V(M(x,y)) — e(M(x,y)), YxyeX,
where ¢ € O, € ¥ and

Pl y), 2T,
M(x,y) = max 1 n n Pi(y, T y)
2P (x, TMy)p(y, T™x )],m

Then T has a unique fixed point, say u, in X and 11m T*(x0) = u for any arbitrary xo € X.
k—o0

Proof. By following the proof of Theorem 2.2, we conclude that the mapping T™ has a unique fixed point,
say u, that is T"u = u. Thus, we have Tu = T(T™u) = T lu = T*(Tu). As a result, Tu is a fixed
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point of T™. On account of Lemma 1.13, uniqueness yields that u = Tu. From Theorem 2.2 we have

lim T™™(xg) = u, thus
m— 00

lim T¥(xp) = lim T Txq
k—o0 m—00

= lim T™(T"xo)
m—00

= lim TM"(x*) =u,
m—o00

where 0 <r<nand x* =T"xg € X.
O

Definition 2.4 ([19]). We say that a map T has the property P if F(T) = F(T™) for each n € IN, where F(T)
denotes the set of all fixed points of a self-mapping T.

Theorem 2.5. Let (X, p) be a complete partial metric space and T : X — X be a self-mapping satisfying:

II)(PZ(TX;TU)) <¢(M(X1y))_(p(M(X/y))r VX;U EX/

where @ € O, € VY and

2 Pl
p (X/U)/ 1+p2(xly) 7
P2 (y,Ty)

3P0 Ty)ply, T, £ 805y }

M(x,y) = max {

Then, T has the property P.

Proof. Let n € N and suppose u € F(T™). Then for any integers 0 < i,j < n, we have
V(P (T, Tw)) < HM(T e, D) — @ (M, T ),

where,

1+p2(Ti-1u,Ti-1u)

s . s . 2(Ti-1 ,Tj
%[p(Tl 1'LL, T)u)p(T] 1'LL, Tlu)]/ 1+?)2((Tj—1t/‘rjl—tl)u)

i1, i1 p2(Ti-ly, Ti-1yy), 2w Twp (T w D)
M(Tl_ u, T)_ u) = max

For the sake of simplicity, we define

A = max {pz(Tiu,Tju)}.

0<i,j<n

Now, we assume that M(T* 1w, TP—1u) £ 0 forall 0 < 1,j < n.

P(PH(THe, Tw) < MT ', T ) — o (MTH e, T )
<V(A) —o(M(T 1y, T ) (2.20)
<P(A).

By taking maximum of (2.20) for 0 < i,j < n, we get that \(A) < Pp(A) which is a contradiction. Thus
there exist ig,jo such that M (T~ 1y, TIo—lu) = 0, then we have p?(Tlo— 1y, Thu) = 0. Consequently,
we get p(To~ !y, Tou) = 0. Combining the observations above with the axioms (P1) and (P2), we get
Tho—ly = Tlou. Therefore

T'u = T“_50+1(Tjo—1u) — Tn—io+1(‘|']'ou) — Tt

Thus, T(TMu) = T = T™u. Since, u = T™u, we conclude that Tu = u. Hence u is a fixed point of T.
Therefore, F(T) = F(T™), for all n € IN. O
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3. Some consequences

In Theorem 2.2, by taking P (t) = t and ¢(t) = (1 — «)t such that x € (0,1) we get the following
corollary.

Corollary 3.1. Let (X, p) be a complete partial metric space and T : X — X be a self-mapping satisfying
p*(Tx, Ty) < aM(x,y), Vx,y€X,

where

P2 (y,Ty)
7 1+p2(y,y)

Then T has a unique fixed point, say u, in X and li_r>n T™(xo) = u for any arbitrary xo € X.
n—oo

2(x, ),p(x,TX)-p(y,Ty),
M(x,y) = max{ Py T+p2lxoy)
3lp(x, Ty).p(y, Tx)]

Corollary 3.2. Let (X, p) be a complete partial metric space and T : X — X be a self-mapping satisfying
pA(Tx, Ty) < M(x,y), Yxye€X,

where
(x, Tx)-p(y, Ty) p*(y, Ty)
M 7 = 2 7 + p + 7 T . /T + 1, 90/ 1\’
(x,y) = a1p”(x,y) + az T+ 200y aslp(x, Ty).p(y, Tx)] U 2]
and a1+ ax +2az + ag < 1. Then T has a unique fixed point, say u, in X and 1i_r>n T™(xo) = u for any arbitrary
n—oo

xp € X.

By taking a; = a3z = a4 = 0 in the above corollary we get the following result ([38, Theorem 5.3]).

Corollary 3.3 ([38], Theorem 5.3). Let (X, p) be a complete partial metric space and T : X — X be a self-mapping
satisfying
p(Tx, Ty) < Bp(x,y), Vx,yeX, p<I0,1).

Then T has a unique fixed point, say u, in X and li_r)n T™(x0) = u for any arbitrary xo € X.
n—oo

Denote by A the set of functions A : [0, 00) — [0, 00) satisfying the following hypotheses:
1. Ais a Lebesgue integral mapping on each compact subset of [0, c0).
2. For every ¢ > 0, we have [ A(s)ds > 0.
Corollary 3.4. Let (X, p) be a complete partial metric space and T : X — X be a self-mapping satisfying

(Tx,Ty) M(xy) M(xy)
J Als)ds < J A(s)ds —J u(s)ds, Vx,yeX,
0 0 0

where A, u € A and

p(x,Tx).p(y,T"y)
p (X U) 2 7
M(X,U):max{ 1 Trpioy gyTy) }
: Py Ty)

px Ty)py, T 5205

Then T has a unique fixed point, say u, in X.

Proof. It is an easy matter to see that the mappings 1, ¢ : [0,00) — [0, 00) defined by (t fo s)ds and

= fg 1(s)ds are (altering) and strong-altering distance functions respectively. Therefore, the rest of
the proof follows from the proof of Theorem 2.2. O

Corollary 3.5. Let (X, p) be a complete partial metric space and T : X — X be a self-mapping satisfying
PP (Tx, %)) < Y(M(x, Tx) = @(M(x, Tx)),  Vx €X,
where @ € ©, € VY and
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1+p2(x,Tx) 4

Ip(x, T2x).p(Tx, Tx)] P2 (T, T2x)

pz(x TX) p(x,Tx).p(Tx,T?x)
M(x, Tx) = max
7 14+p2(Tx,Tx)

Then, T has a unique fixed point, say u, in X and li_r)n T™(x0) = u for any arbitrary initial point xo € X.
n—,oo

Proof. The proof follows from Theorem 2.2 by taking y = Tx.

Now, we give an example to support Theorem 2.2.

Example 3.6. Let X = [0, 00), and (X, p) be a partial metric space which is defined by p(x,y) = max{x, y}
for all x,y € X. Let T be a self-mapping defined by

4
nzg,Wem@,
and P(t) = t%, @(t) = %tz for all t € [0,00). Let x,y € X. Without loss of generality assume that x <y,
then

4x 4 16y2

PA(Tx Ty) = (max(Z, 2 = =2,
p?(x,y) = (max{x,y})* = y?,

4
p(x, Tx) = max{x, gx} =X,

4
mwTwzﬂmmwrg}:u

4x
ply, Tx) =max{y, =} =y,

4
P(x, Ty) = max{x, ).

Now to find M(x,y) we split our work into two cases:
Case 1: If 5x > 4y, then p(x, Ty) = x, so
2
M(x,y) = max{y?, Xy Y 5} = y2.

1+y2 2 1+y

Case 2: If 5x < 4y, then p(x, Ty) = %’—, SO

1+y2 10 1+y2

X 4 2 2
M(X/U) = max{yzl Y Y Y } = yz'

Hence we deduce that

16y?
25

|26,

V(p?(Tx, Ty)) = Y = o2V

)

34
<7
59

=Vv(Mx,y)) — e(M(x,y)).

Therefore, all conditions of Theorem 2.2 are satisfied and x = 0 is the unique fixed point of T.
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4. Application to integral equation

In this section, we will use Theorem 2.2 to show that there is a solution to the following integral
equation:

t
x(t) = h(x(t)) —|—J m(t,s)H(s,x(s))ds, te[0,1], 4.1)
0
where,
h(t) : [0, 1] — R is a continuous function.
m(t, s x [0,1] — [0, 00) is a continuous functions.

):
H(t,s) : [0 1] x R — R is a continuous function.
Let X = C([0,1]) be the set of all real continuous functions on [0, 1], endowed with the partial metric
p(u,v) =max{ sup [u(t)], sup |v(t)[}, Vu,veX
te(0,1] te[0,1]

Clearly, (X, p) is a complete partial metric space.

Theorem 4.1. The integral equation (4.1) has a solution w € C([0,1]) if the following conditions hold:

1. SUP. ¢ (0,1] m(t,s) < %
2. [H(s, t) < [tl.
3. [h(t) < zhtl

Proof. Define mapping T : X — X by

t
Tx(t) = h(x(t)) +J m(t,s)H(s,x(s))ds, te [0,1].
0
We now prove condition (2.5) of Theorem 2.2 is satisfied. Let x(t),y(t) € X. Then, for all t € [0,1], we
have
t

ITOx(E)] < [h(x(t))] +J m(t, s)H(s, x(s)) ds|

0

t
< Jh(x(t) +JO m(t, s)[[H(s, x(s))| ds

tq
< |h(x(t))|+J L H(s, x(s)1ds

0 V5
! o+ [ x(s)ld
< —= sup x J — sup [x(s)|ds
\f5 te[0,1] 0 \f s€[0,1]
1 1
< —= sup Ix(tl—l—J — sup [x(s)lds
5 tefo1] 0 V5 seion
=2 sup (1)
\/g te(0,1] '
Similarly,
2
Tly(t)l < —= sup [y(t)l
\/»":’ te(0,1]
Hence,

which implies,
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PTO0), Tly(1) < 5 pP(x(),y(t)
< %M(x,y)
= H(M(xy)) — o (M(x y).

Therefore, 1(p?(T(x(t)), T(y(1))) < W(M(x,y)) — @(M(x,y)) where |(t) =t and ¢(t) = 5. Hence, all
conditions of Theorem 2.2 hold and the mapping T has a fixed point u(t) € C([0,1]) which is a solution
to the equation (4.1). m

Example 4.2. The equation
4 t
—x(t) = J tsx(s)ds, tel[0,1],

has a solution.

Proof. Let m(t,s) = %, H(s, t) = %t and h(t) = % Then all conditions of Theorem 4.1 are satisfied and so

the equation has a solution. O

5. Conclusion

As it is known well, a metric space satisfies all conditions of the notion of partial metric space. But,
the converse is false. Hence, the observed fixed point results of this paper, in the setting of partial metric
spaces generalize and cover all corresponding results in the context of metric spaces. In particular, we
re-state all results of this paper in the setting of metric spaces as consequences. We avoid the list all such
consequences to optimize the length of the paper.
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