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Abstract

In this paper, we provide some existence theorems of generalized solutions to initial value problems for the discontinuous
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1. Introduction

The Cauchy problems for fuzzy differential equations have been studied by several authors [12, 16,
17, 24, 25, 27] on the metric space (E™, D) of normal fuzzy convex set with the distance D given by
the maximum of the Hausdorff distance between the corresponding level sets. In [24], the author has
proved the Cauchy problem has a uniqueness result if f was continuous and bounded. In [16, 17], the
authors presented a uniqueness result when f satisfies a Lipschitz condition. Because the metric space
(E™,D) has a linear structure, it can be imbedded isomorphically as a cone in a Banach space. It is
worth mentioning that Chen et al. [4-6] studied the initial value problems of fuzzy differential equations
by using the parametric representation of fuzzy numbers and the new framework of calculus for fuzzy
number valued functions established in [7]. One can see that their method was more convenient than
the original method to calculate derivatives, integrals and compute numerical solutions, etc. In the very
interesting paper [26], Qiu et al. introduced a metric on the quotient space of fuzzy numbers and then
dealt with fuzzy mappings of a real variable whose values are equivalence classes of fuzzy numbers and
gave an existence and uniqueness theorem for a solution to a fuzzy differential equation. In addition,
Wang et al. [31] proved that generalized Bernstein fuzzy systems were universal approximators to a given
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continuous function and its high-order derivatives and the extreme learning machine method was used
to tune the parameters of generalized Bernstein fuzzy system and spline fuzzy system. In 2002, Xue
and Fu [35] established solutions to fuzzy differential equations with right-hand side functions satisfying
Carathéodory conditions on a class of Lipschitz fuzzy sets.

In dynamic systems, delay is generally inevitable, that is, the velocity of the system at some instant
depends on the history of the trajectory until this instant. The theory of retarded functional differential
equations has been well-known when the right side function is continuous, hence Riemann integral. Hale
[15] proved that the results still hold true when continuity of right function is weakened to satisfaction
of a Carathéodory condition. The further step of generalization was done in [8] and [29] which applies
the Henstock integrals to the study of retarded functional differential equations with finite delays and
unbounded delays. Combining the fuzzy mathematics and functional differential equations, we get fuzzy
functional differential equations, which have attracted the interest of many researchers [1, 22, 30]. Guo et
al. [14] discussed the oscillation properties of a class of fuzzy delay differential equation of second order
and provided an oscillation criterion. In [18], Khastan et al. provided sufficient conditions for the global
existence of a unique (ii)-solution to an initial value problem for fuzzy functional differential equations
using generalized derivative and were of broader applicability than those using Hukuhara derivative. In
this paper, we extend and complement those of various authors such as [1, 21, 22], where the existence of
generalized solution to the discontinuous fuzzy functional problem is considered by using properties of
strong fuzzy Henstock integrals [32, 33] under strong GH-differentiability.

The paper is organized as follows. In Section 2, we give some basic concepts and preliminary results.
In Section 3 and Section 4, we provide some existence theorems of generalized solutions to initial value
problems for the discontinuous fuzzy differential equations and retarded fuzzy functional differential
equations, respectively. Finally, in Section 5, we give some concluding remarks.

2. Preliminaries

Let Py (R™) denote the family of all nonempty compact convex subsets of R™ and define the addition
and scalar multiplication in Py (R™) as usual. Let A and B be two nonempty bounded subsets of R™. The
distance between A and B is defined by the Hausdorff metric:

dn(A,B) = inf | a—b|,sup inf | b—a|}.
H(A,B) max{itég;g]g la—b itelgalgAH all}

Denote E™ = {u: R™ — [0, 1]|u satisfies (1)-(4) below} is a fuzzy number space. where
(1) uis normal, i.e., there exists an xy € R™ such that u(xg) = 1;
(2) uis fuzzy convex, i.e., u(Ax + (1 —A)y) > min{u(x), u(y)} forany x,y € R"and 0 <A < 1;
(3) u is upper semi-continuous;
(4) [° = cl{x € R™u(x) > 0} is compact.

For 0 < o < 1, denote [u]* ={x € R™u(x) > «}. Then from above (1)-(4), it follows that the «-level set
[W* e P(R") forall0 < o < 1.
Define D : E™ x E™ — [0, 00)

D(u,v) =sup{dn ([ul*, v]*): x € [0,1]},

where d is the Hausdorff metric defined in Py (R™). Then it is easy to see that D is a metric in E™. Using
the results in [9], we know that

(1) (E™, D) is a complete metric space;
(2) D(u+w,v+w) =D(u,v) for all u,v,w € E™;

(3) D(Au,Av) =|AID(u,v) for all u,v,w € E™ and A € R.
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The metric space (E™, D) has a linear structure, it can be imbedded isomorphically as a cone in a
Banach space of function u* : I x S~ ! — R, where S™! is the unit sphere in R™, with an imbedding
function u* = j(u) defined by

u*(r,x) = sup < &, x>,
aeu]x
for all < 1,x >€ I x S (see [9]).

Theorem 2.1 ([34]). There exists a real Banach space X such that €™ can be imbedded as a convex cone C with
vertex 0 into X. Furthermore the following conditions hold true:

(1) the imbedding j is isometric;
(2

) addition in X induces addition in E™;

(3) multiplication by nonnegative real number in X induces the corresponding operation in E™;
(4) C—Cisdensein X;

)

It is well-known that the H-derivative for fuzzy-number-functions was initially introduced by Puri
and Ralescu [10, 25] and it is based on the condition (H) of sets. We note that this definition is fairly
strong, because the family of fuzzy-number-valued functions H-differentiable is very restrictive. In this
paper we consider a more general definition of a derivative for fuzzy-number-valued functions enlarging
the class of differentiable fuzzy-number-valued functions, which has been introduced in [3].

Definition 2.2 ([3]). Let f: (a,b) — E™ and xg € (a, b). We say that f is (i)-differentiable at o, if there exists
an element f'(ty) € E™, such that for all h > 0 sufficiently small, there exist f(xo +h) o f(xo0), f(x0) &1
f(xo — h) and the limits (in the metric D)

_ flxo+h)onflx) . flxo) on flxo—h)
lim = lim
h—0 h h—0 h

C is closed.

= f'(xo).

f is (ii)-differentiable at xo, for all h < 0 sufficiently small, there exist f(xo +h) &y f(x0), f(x0) O
f(xg — h) and the limits (in the metric D)

. f(xo+h)en flxo) .
lim = lim
h—s0 h h—0 h

Definition 2.3 ([20]). Let §(&) be a positive real function on a closed set [a, b]. A division P={(&;,[xi_1,xi])}
is said to be d-fine, if the following conditions are satisfied:

f(xo) ©n f(xo —h) — P(xo).

1) a=x1<x<---<xXn=D>b;

(2) & € [xi—1,xi] C (& —8(&i), & +8(&1)).
Definition 2.4 ([13]). A fuzzy-number-valued function f will be termed additive on [a,b] if for any di-
vision T :a < x3 < x < - < xn < b, we have f([xi,xj]) (1<ix< j < n) exists and f([xi,xj]) =
Z{;li f(xa, xx41]) or f(Ixj, xi])(1 < i< j < n) exists and (—1) - f([xj, xi]) = Z]* (X141, xx]). For
convenience, denote f([s, t]) by f(t) Oy f(s).
Definition 2.5 ([11, 13]). A fuzzy-number-valued function f is said to be strong Henstock integrable on

[a, b] if there exists a additive fuzzy-number-valued function F on [a, b] such that for every & > 0 there is
a function §(&) > 0 and for any 6-fine division P = {([u, V], &)} of [a, b], we have

D D(f(&)vi —w), F(lw,vil) + ) D(F W), (—1) - Flws, vial)) < ¢,
ieKy j€ln

where K, = {i € {1,2,--,n}} such that F([x;_1,x]) is a fuzzy number and I, = {j € {1,2, -, n}} such that
T:([x)-,x]-,l]) is a fuzzy number. We write f € SFH[q, b].
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Definition 2.6 ([13]). A fuzzy-number-valued function F defined on X C [a, b] is said to be AC*(X) if for
every ¢ > 0 there exists 1 > 0 such that for every finite sequence of non-overlapping intervals {[a;, bi]},
satisfying X" ,|b; — a;| < n where aj, b; € X for all i we have

Z w(fi/ [ai/ bl]) <§g,
where w denotes the oscillation of F over [a;, bi], i.e.,
w (T:/ [Cli, bl]) - suP{D (TZ(U )/ T:(X) )/ XY S [ai/ bl]}

Definition 2.7 ([13]). A fuzzy-number-valued function F is said to be ACG* on X, if X is the union of a
sequence of closed sets {X;} such that on each X, Fis AC*(Xy).

For the strong fuzzy Henstock integrable we have the following theorems.
Theorem 2.8. Lef f: [a,b] — E™. Iff =0a.e. on[a,b], then f is SFH integrable on [a, b] and IE f(t)dt = 0.
Theorem 2.9. Let f: [a,b] — E™ be SFH integrable on [a, b] and let F(x) = [, f(t)dt for each x € [a,b]. Then

(a) the function F is continuous on [a,b];
(b) the function F is differentiable a.e on [a,b] and F' = f;
(c) fis measurable.

Theorem 2.10 (Controlled Convergence Theorem [13]). Suppose {fy,} is a sequence of SFH integrable functions
on [a, b] satisfying the following conditions:

(1) fr(x) = f(x) a.e. in [a,b] as n — oo;
(2) the primitives Fy, of fn are ACG* uniformly in n;
(3) the primitives Fy, converge uniformly on [a, b];

then f is also SFH integrable on [a, b] and

lim Jb fn(x)dx = Jb f(x)dx.

n—oo a a

3. The existence of solutions for discontinuous fuzzy ordinary differential equations

In this section, according to the idea of [19] and the operator j which is the isometric embedding from
(E™, D) onto its range in the Banach space X, we will deal with the Cauchy problem of discontinuous
systems as following

{ X' (1) = f(t,x(t)), (3.1)
X

(0) =xp € E™,

where E™ is a fuzzy number space, and f : [0,y] x B — E™ is strong fuzzy Henstock integrable, B = {x :
D(x,0 < D(xp,0)+1b,b >0)}.

Definition 3.1. Assume x : [a,b] — E™ is a solution of the initial value problem (3.1), if and only if x is
continuous and satisfied integral equation

t

x(t) = xg +J f(s,x(s))ds,

to

or
t

xo = x(t) + (~1) J f(s,x(s))ds,

to
on some interval (tp,t) C R, under the strong differentiability condition (i) or (ii), respectively.
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For any bounded subset A of the Banach space X we denote x(A) the Kuratowski measure of non-
compactness of A, i.e., the infimum of all ¢ > 0 such that there exists a finite covering of A by sets of
diameter less than ¢. For the properties of « we refer to [2] for example.

Lemma 3.2 ([2]). Let H C C(I,, X) be a family of strong equicontinuous functions. Then

«(H) = sup a(H(t)) = «(H(I,)),

tel,

where «(H) denote the Kuratowski measure of non-compactness in C(I,,X) and the function t — o(H(t)) is
continuous.

Let C(xo,v) = {x € C(Iy) : x(0) = x0,D(x,0) < D(x,0) + b} (b and y are some positive numbers).
Obviously, the fuzzy set C(xg, ) is closed and convex.

Let Fx be defined by Fx(t) = xo + [, f(s,x(s))ds or Fx(t) = xo + (—1) - [ f(s,x(s))ds, for t € I,, and
x € C(xp,v) where the integral is in the sense of SFH.

Definition 3.3. A fuzzy-number-valued function f: I, x E™ is a Carathéodory function, if
(1) fis measurable for any x € E™;

(2) fis continuous for any t € I,.

Lemma 3.4. Let V be equicontinuous bounded set in C(1,,E™), f be a Carathéodory function and f(-,x(-)) be a
SFH integrable function for each x € V. Let F = {Fx : x € C(xo,7v)} be equicontinuous and uniformly ACG* on
I,. Then

t

t
«(; OL f(s,V(s))ds) < L «(j o (s, V(s)))ds,

whenever «(j o (s, V(s))) < @(s), fors € L, a.e., @(s) is a Lebesgue integrable function, and

Jt (s, V(s))ds = {Jt f(s,x(s))ds,x(s) € V(s)}.
0 0

Theorem 3.5 ([23]). Let D be a closed convex subset of X, and let F be a continuous function from D into itself. If
for x € D the implication

V=con({x}UF(V)) =V, (3.2)

is relatively compact, then F has a fixed point.

Definition 3.6. A nonnegative function (t,r) — h(t,r) is a Kamke function on I x R, if
(1) h(t,r) satisfies the Carathéodory conditions;

(2) h(t,0) = 0 and the function identically equal to zero is the unique continuous solution of the
equation u(t) = f; h(s,u(s))ds, for t € I satisfying the condition u(0) = 0.

Next, we give the main results for this section.

Theorem 3.7. If for each continuous function x : I, — E™, f(-,x(-)) is SFH integrable, f is a Carathéodory function

and
«(j o f(t,X)) < h(t, afjo X)), (3.3)

for each bounded subset X C E™, where h is a Kamke function. Let F = {Fx : x € C(xo,v)} and F is equicontinuous
and uniformly ACG* on I,. Then there exists a solution of the problem (3.1) on 1 for some 0 < 3 <.
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Proof. By equicontinuous of F, there exist a number 3, and 0 < 3 <y such that

t
D(J f(s,x(s))ds,0) < b,
0
for t € Ig and x € C(xp, ). By the assumption, the operator Fx is well-defined and maps C(xo, B) into
C(xo, B). Using Theorem 2.10 for the SFH integral we deduce that F is continuous.

Suppose that V = con({x}) UF(V) for some bounded V C C(xo, ). We will prove that V is relatively
compact, thus (3.2) is satisfied.

In fact, F(V) is equicontinuous, the function v(t) — o(j o V(t)) is continuous on Ig, and F(V(t)) =
{xo + f;; f(s,x(s))ds,x(s) € V(s)} or F(V(t)) = {xo + (—1) - fg f(s,x(s))ds,x(s) € V(s)}.

By Lemma 3.4 and (3.3), we have

x(joF(V(1))) < «(j O{L f(s,x(s))ds, x(s) € V(s)})

<rﬂwﬂsmes
0

< r h(s, a(joV(s)))ds.
0

Since V = con({x}) UF(V), by the property of measure of noncompactness we have «(j o V(t)) <

a(joF(V(t))) and
t

v(t) = a(jo V(1)) < Jo h(s,v(s))ds.

Hence, we have v(t) = «(j o V(t)). By Lemma 3.2, V is relatively compact. So, by Theorem 3.5, V has a
fixed point which is a solution of (3.1). O

Now, we give the theorem on the existence of solution of the fuzzy differential inclusion

{ x'(t) € F(t,x(t)),

x(0) = xo € E™, (3.4)

in a fuzzy number space, where the multifunction F : I, x E™ — E™ is such that f(-,x(+)) has strong fuzzy
Henstock selection v(-) for each x € C(xo, I ).

Definition 3.8. The set {fa/ f(s,x(s))ds : f(-,x(-)) € F(-,x(-)); f is a SFH integrable} is called SFH integral of
the multifunction F on L.

Theorem 3.9. Let the multifunction F has a SFH selection (-, x(-)) for any x € C(xo, &) such that f is a
Carathéodory function and define Gy (t) as

t
Gy (1) =xg —|—J F(s,x(s))ds,

or
t
Gult) =xa+ (1) | Fls,x(s))ds,
fort € Land x € C(xp.) and
«(j o F(t, X)) < h(t, x(jo X)),

for each bounded subset X C E™, where h is a Kamke function. Let G = {Gx :x € Cxg, )} and G is equicontinuous
and uniformly ACG* on 1. Then there exists a solution of the problem (3.4) on Ig for some 0 < 3 <.

Proof. It is easy to see that f satisfies the conditions of Theorem 3.7. It is clear that every solution of (3.1)
is a solution of (3.4). m
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4. The existence of solutions for discontinuous fuzzy retarded functional differential equations

In this section, using properties of the strong fuzzy Henstock integral and corresponding controlled
convergence theorems, we prove existence theorems for the retarded functional equation in a fuzzy num-
ber space.

Let r, x be nonnegative real numbers, I = [0, «] and let E™ be a fuzzy number space. Suppose that
x(t) is fuzzy-number-valued function defined on [—r, «]. For any « € I, the function x is defined as
x¢(0) =x(t+0), where —r < 06 < 0.

Let f: I, x C([-r,0],E™) — E™, and

X/(t) = F(t/ Xt)/
{ x(0) = @(0), —Tr<06<0, (4.1)

where the integral is taken in the sense of strong fuzzy Henstock integral and the derivative x’ is consid-
ered in the sense of GH-derivative.

Let SFH[u, v] denote the space of fuzzy-number-valued functions of strong fuzzy Henstock integrable
on [u,v]. We consider the metric H(:,-) on SFH[u, v] defined by

H(d(t),d(t)) = sup D(®(t),¥(t)),

telu,v]

where ®(t) = [ ¢(s)ds and Y(t) = [ W(s)ds, for any d(t), W(t) € SFH[w,V].
Let ¢ be some specified function fixed in SFH[—,0]. The set 1, and R4y are defined as follows:

Qp ={x € SFH[-1,0] : H(x, @) < b}, Rup =1x x Qp,
where «, b are positive numbers.

Definition 4.1 ([28]). A nonnegative real-valued function h(t, ) defined on I x R* is a Kamke function
if h satisfies the Carathéodory conditions, h(t,0) = 0 and the function identically equal to zero is the
unique continuous solution of the equation u(t) = fé h(s,us)ds, for t € I, satisfying the condition
u(0) =0, where us = u(t+s).

Definition 4.2 ([35]). A fuzzy-number-valued function f:Rqp — E™ is said to be Carathéodory function

on Ry, if for each x € Qy, f(t,x) is measurable in t and for almost all t € I, f(t,x) is continuous with
respect to x.

Theorem 4.3. A fuzzy-number-valued function x(t) is called a generalized (i)-solution (or generalized (ii)-solution)
of problem (4.1) if and only if it satisfies the following integral equations

X0 =9,
x(t) = @(0) + [ (s, xs)ds, telq,
or

{ X0 =@, i
x(t) = e(0) &n (= [y (s, xs)ds), te€lq,
respectively.

We now define an auxiliary function X: if x is defined on Ig (0 < < «) with x(0) = ¢(0), the function
% is defined as follows:
2 { x(t), te(0,B),

x(t) = (t), te(-r10).
Theorem 4.4. The set A(p, «) C C(Iy, E™) is defined by
A, ) ={x € C(I, E™) :x(0) = ¢(0),D(x,0) < b+D(¢9(0),0),% € Qp).

Then A(, &) is bounded, closed and convex.
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We define the integral operator as follows:

or

~ t ~
Felt) = xo On1 (= L (s, %s)ds),

for t € Iy and x € A(¢, &) where the integral is taken in the sense of strong fuzzy Henstock integral and
the derivative x’ is considered in the sense of GH-derivative.

Theorem 4.5. Let E™ be a fuzzy number space and V is a set of strong fuzzy Henstock integrable functions. Let

t
F= {J x(s)ds,x € V,t € I},
0

be a equi-continuous, equi-bounded and strong uniformly ACY on 1. Then
t

t
SK(JO joV(s)ds) < JO (o V(s)ds),

whenever K(j o V(s)) < h(s), for s € I« a.e., his a Henstock integrable function and X denotes the Kuratowski’s
measure of non-compactness.

Proof. Since x(s) is strong fuzzy Henstock integrable, for each ¢ = = > 0 there exists a function 5m (x) > 0
such that for any 6,-fine division {(&;, [ui,vi])}, we have
t

DI} x(&)(vi —ui),JO x(s)ds) = sup{dn ([} x(&)(vi —u )%, | j x(s)ds]®)}

0

t
<ldu()_ x(E)(vi —wi),jo V) — J (du[x(s)]%,j o V)ds|

t
<13 el jo Vv — )~ | dulix(s)*,jo vids

0

< €m.
Hence, by taking m — co we have
t t
dH([J x(s)ds]%,joV) < (H)J dn ([x(s)]%,jo V)ds. 4.2)
0

In addition, let J"Sj oV(s)ds ={jo fo Xm(s)ds : m =1,2,---}. Since the function dy([xm (t)]%,jo V) is
measurable on I, we have X(jo V(t)) = hin di([xm (t)]%,j o Hf) is measurable on I too. By (4.2) we
m—00

have
t

t
dH([L xm(s)ds]®,j 0 V) < (H) L dyi ([xm (8)1%,§ 0 V)ds.

Hence, by Henstock’s theorems monotone and dominated convergence of real valued functions, we have

t t
lim dH([J X()ds], o V]) < lim J Ayt (Bem (8)]1%,§ 0 V)ds

t
<J lim dy([xm(s)]%,joV)ds.

0 m—00
So,
t t
:K(J joV(s)ds) <J K (j o V(s)ds),
0 0
fort € I4. O

Now, we present the main outcomes in this section.
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Theorem 4.6. Let ¢ be some specified function fixed in SFH[—,0]. Suppose that f(t,x) is strong fuzzy Henstock
integrable and a Carathéodory function defined on Ry, and

K(j o f(t, X)) < h(t,K(jo X)), (4.3)

for each bounded subset X C C(1, Rg), where his a Kamke function. Let F = {Fy : x € A(@, &)} and suppose that
F is equi-continuous, equi-bounded and uniformly strong ACY on 1. Then there exists a generalized (i)-solution
(or generalized (ii)-solution) of problem (4.2) on 1g for some 0 < B < o with initial function .

Proof. We only prove case of (i)-GH-differentiable. By equi-continuous of F, there exists some 3,0 < # < «
such that
t 5 T T
D(J f(s,%s)ds,0) <b, and D(J (p(O)ds,J @(s)ds) <k,
0 —T —T
and
T t+s 5
DI [ fipsy)dpds,0) <1,
-1 J0
and x € A, B).
Since the integral operator Fy is well-defined, in fact

t

D(@(0) + JO f(s,%s)ds,0)

N

D(¢(0),0) + D(J0 f(s,%s)ds,0) = D(¢(0),0) + b,

and

A T
HFx, @)= sup DI Fxt(s)ds,J o(s)ds)
te(—r0) J-r -

T
= sup D( Fx(s—l—t)ds,J @(s)ds)
te(—r0)  J-T -

t+s
— sup D[ o0+ ] Tl rp)dplds, | plsids)
Te(—r,0) J-T 0

T
< sup DI oOds | plsids)
te(—r,0) J—r —T

T t+s B 5
+ sup D(J J f(p,%p)dpds, 0)
Te(—7,0) —rJ0

<k+1=b.

LetjoV =tonv{jo (x UF(V))} for V C A(¢, «). Next, we will prove that j o V is relatively compact.

In fact, we put
t

t
{J f(s,%s)ds, x € V} = J (s, Vg)ds,
0 0

where Vs ={& : x € V} and

By Theorem 4.5 and (4.3) we have

t

%(j 0 FV(1))) = Klj o ((0) *L (s, Vs)ds)]

t ~
< J %[ o (F(s, Vs))ds]
0

< Jt h(s, K(j o V(s))ds.
0

By the properties of the Kuratowski measure of non-compactness, we have X(j o V(t)) < K(j o F(V(t)))
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and by differential inequality as follows

t
t) = K(j o V(L) < | nis X(vis))ds
0
we have v(t) = 0. By Lemma 3.2 j o V is relatively compact. Therefore by Theorem 3.5 and Theorem 4.3,
the problem (4.1) has a generalized (i)-solution. The proof is completed. O

Example 4.7. Let « = r = 1 and define a fuzzy-number-valued function f(t,x¢) as
flt,x)) =xe (D) +F(t), 0<t<],

where “7” is (i)-GH-differentiability.
Let ¢ be some initial function continuous on [—1,0]. The problem (4.1) is

X' (1) =x (1) +F(t) =x(t—1) +F(1),
subject to the condition that x(0) = ¢@(0) for 6 € [-1,0]. As t € [-1,0], problem (4.1) indicates
X =@t—1)+F(t).

t t
x(t) = JO @(s—1)ds —i—JO F(s)ds + @(0).

Now the function F/(t) is not Kaleva integrable on [0, 1] but it is strong fuzzy Henstock integrable here.
Then the problem (4.1) has a generalized (i)-solution

x(t) = L @(s—1)ds +Jo F(s)ds + ¢(0).

5. Conclusions

The major contribution of this paper is to study the problems of existence of generalized solutions to
discontinuous fuzzy systems such as with right-hand function is strong fuzzy Henstock integral under
generalized differentiability. Some known results of fuzzy differential equations and fuzzy delay func-
tional differential equations are extended, which might be helpful in the analysis of dynamic systems
with uncertainties.
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