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Abstract

In this work, we study fixed points of nonself-mappings which are asymptotically pseudocontractive in the intermediate
sense via an implicit iterative process. Convergence analysis is investigated in the framework of Hilbert spaces. We also give
strong convergence criteria for the class of mappings. (©2017 All rights reserved.
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1. Introduction

Fixed point theory of nonlinear operators provides us with a general and unified framework in which
to study a wide class of problems arising in pure and applied sciences; see, for example, [1, 10, 18, 20, 24]
and the references therein. In addition to the existence results, many authors have extensively investi-
gated the approximation of fixed points of nonlinear operators via various kind of iterative processes, in
particular, the mean valued iterative process; see, [2, 3, 6, 7, 19], and the references therein. In recent years,
asymptotically nonexpansive mappings have been generalized and extended in several directions using
novel and innovative techniques with a wide range of applications in pure and applied sciences based on
iterative processes. From the manner of generating iterative sequences, there are two kinds of processes:
explicit iterative processes and implicit iterative processes. Every iterative process has its advantage and
disadvantage for fixed points of nonlinear operators. Under the case that both of them converge, we may
prefer from the standpoint of computation the explicit one. It is known that explicit iterative processes
fail to converge to fixed points of pseudocontractive mappings even that they are Lipschitz continuous,
however, the implicit one does. In this paper, we study an implicit iterative process. Weak and strong
convergence of the processes are obtained. We also give strong convergence criteria in the framework of
Hilbert spaces.

2. Preliminaries

Let H be a real Hilbert space with the inner product (-,-) and the norm || - ||. Let C be a nonempty
closed convex subset of H and let Proji! be the metric projection from H onto C.
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Let S: C — C be a mapping. We denote Fix(S) by the fixed point of the mapping S.
Recall that S is said to be asymptotically nonexpansive iff there exists a sequence {kn,} C [1, 00) with
kn — 1 as n — oo such that

IS —S™y|| < knllx—yl, ¥x,yeC n=>1

S is said to be asymptotically nonexpansive in the intermediate sense iff it is continuous and the following
inequality holds:
limsup sup (||S™x —S™y|| —|x—yl|) <O0.
n—oo x,yeC
Putting
En = max{0, sup ([|S™x—S™y[ =[x —y|)),
x,yeC

we see that £, — 0 as n — oo. Hence, we have the following
IS —S™y|| < [[x—yl[+&n, Yx,yeC, n=1.

The class of asymptotically nonexpansive mappings in the intermediate sense was introduced by Kirk
[12] (see also Bruck et al. [5]) as a generalization of the class of asymptotically nonexpansive mappings.
S is said to be strictly pseudocontractive if there exists a constant k € [0, 1) such that

1S% = Sy|I* < [lx —y[* + k[ (I=S)x = (1= S)y|?, vx,yeC.

For such a case, S is also said to be a k-strict pseudocontraction. The class of strict pseudocontractions
was introduced by Browder and Petryshyn [4] in 1967. It is clear that every nonexpansive mapping is a
0-strict pseudocontraction.

S is said to be an asymptotically strict pseudocontraction if there exist a sequence {k,,} C [1, c0) with
kn — 1 asn — oo and a constant k € [0,1) such that

1S™x — S™y||* < kn|lx —y|> +«|[(I-S")x— (I—S™y|>, ¥x,yeC n>1.

For such a case, S is also said to be an asymptotically k-strict pseudocontraction. The class of asymp-
totically strict pseudocontractions is introduced by Liu [13] in 1996. It is clear that every asymptotically
nonexpansive mapping is an asymptotical O-strict pseudocontraction.

S is said to be an asymptotically strict pseudocontraction in the intermediate sense if there exists a
sequence {kn} C [1,00) with k; — 1 as n — oo and a constant k € [0,1) such that

limsup sup (||S™x —S™y||* —knx —yl* — k[|(I—S™)x — (I—S™)yl?) < 0.

n—oo x,ye C

For such a case, S is also said to be an asymptotically k-strict pseudocontraction in the intermediate sense.
Putting
&n =max{0, sup (||S"x—S™y Hz —kn|lx—y ||2 —k||(I=S™)x—(I—-S™)y HZ)},
x,yeC

we see that £, — 0 as n — oo. Then we have the following;:
1S™x — S™y||? < knl|lx —y|> +[[(I—=S")x — (I—=S™y|>+&n, Vx,yeC n>1.

The class of asymptotically strict pseudocontractions in the intermediate sense was introduced by Sahu
et al. [22] as a generalization of the class of asymptotically strict pseudocontractions, see [22] for more
details. We also remark that if k, = 1 for each n > 1 and k = 0, then the class of asymptotically «-
strict pseudocontractions in the intermediate sense is reduced to the class of asymptotically nonexpansive
mappings in the intermediate sense.
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S is said to be asymptotically pseudocontractive if there exists a sequence {kn,} C [1,00) with k, — 1

as n — oo such that

kn+1
(Sx —Sy,x—y) < 5 ||x—y||2, Vx,y € C.

It is easy to see that it is equivalent to
1S™ — S™My|?> < knllx =yl +[[(I=SM)x—(I-S"y|?> YxyeC n>1

We remark that the class of asymptotically pseudocontractive mappings was introduced by Schu [23] in
1991. For an asymptotically pseudocontractive mapping S, Zhou [27] proved that if S is also uniformly
Lipschitz and uniformly asymptotically regular. Then S has a nonempty fixed point set. Moreover Fix(S)
is closed and convex.

S is said to be an asymptotically pseudocontractive mapping in the intermediate sense if there exists
an sequence {kn} C [1,00) with k;; = 1 as n — oo such that

limsup sup (||S™x —S™y||* —kn[x —y|* = [I(I—S™)x — (I-S™)y|*) <0

n—oo x,yeC
It is easy to see that it is equivalent to

kn+1

limsup sup ((S"x—S™y,x—y)— x—y|?) <0.
n—oo x,yeC 2
Put
En =max {0, sup ([S™x—S™y|* —kn|x—y[* = [(I=S™)x — (I—-S™)y[)}.

x,yeC

Then we have the following
1S™x — S™My|12 < knlx—y|> + [(I—=SM)x— (I—SMy|>+ &, ¥n>1, x,yeC.
It is easy to see that it is equivalent to

k 1
n2+ HX_yHZ—i_&l/ n>1, X,UGC-

(S"™x —S™My,x—y) < >

The class of asymptotically pseudocontractive mappings in the intermediate sense which includes the
class of asymptotically pseudocontractive mappings and the class of asymptotically strict pseudocontrac-
tions in the intermediate sense as special cases.

In this paper, we consider the following nonself-mappings.

T : C — His said to be an asymptotically pseudocontractive mapping in the intermediate sense if
there exists an sequence {kn } C [1, 00) with k, — 1 as n — oo such that

limsup sup (||( ProjiT) x — (ProjBT)™y|I> — knllx —y||* — [|(I = (ProjET)™)x — (I — (Proj'éT)“)sz) <0

n—oo x,yeC

It is easy to see that it is equivalent to

k 1
limsup sup (((Proj¢T)™x— (Proj¢T) y,X—y>—LHX—UH2) <0

n—oo x,yeC 2

Put
én:max{O, sup (||(ProjE[T) (PrOJCT y||2 anx—yHZ
x,yeC

— (1= (ProjET)™)x — (I — (ProjHT)™)y|?) }.
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Then we have the following

[(Projd T)™x — (Projd T)™yl* < knllx —y[* + [[(I— (Projd T)™)x
—(I—(PTO]C y||2+£n, vn>1, x,yeC.

It is easy to see that it is equivalent to

k 1
n —yz+£—n, vn>1, x,yeC.

((Pm] " x—(Pm] Ty, x—y) < 5 [Ix I >

Implicit iterative algorithms, which are complementary algorithms to the explicit iterative algorithms,
have been extensively investigated for fixed points of asymptotically nonexpansive mappings and their
extensions; see [8, 11, 16, 17], and the references therein. In this paper, we study the class of asymptoti-
cally pseudocontractive nonself-mapping in the intermediate sense based on a one step implicit iterative
algorithm. We obtain some convergence theorems of common fixed points in the framework of Hilbert
spaces. The results presented in this paper mainly improve the corresponding results in Khan et al. [9],
Kim et al. [11], Lv [14], Wang [26] and Zhou [27].

In order to prove our main results, we need the following tools.

Recall that a space X is said to satisfy Opial’s condition [15], if for each sequence {xn} in X, the
convergence x,, — X weakly implies that

linrgigf Ixn —x|| < linrgior;f Ixn —yll, Yy eE(y#x).
Recall that a mapping T : C — H is semicompact if any sequence {x} in C satisfying

1im [Jx — (Projc Thxn|| =0,

has a convergent subsequence.

Lemma 2.1 ([25]). Let {an}, {bn}and {cn} be three nonnegative sequences satisfying the following condition:
ans1 < (1+bnplan+cn, Vn=mny,

where ny is some nonnegative integer, > o by < oo and Y 74 cn < co. Then the limit limp o0 Ay exists.

Lemma 2.2 ([21]). In a real Hilbert space, the following inequality holds

lax + (1 —a)y|? = a|lx|*+ (1 —a)|y|* —a(l—a)|x—y|>, Vael0,1], x,y € H.

3. Demiclosed principals

Theorem 3.1. Let C be a nonempty closed convex bounded subset of a Hilbert space H. Let Projl be the metric pro-
jection from H onto C. Let T : C — E be a uniformly L-Lipschitz continuous and asymptotically pseudocontractive
mapping in the intermediate sense. Let {xn} be a sequence in C with xn, — x and limyn 0 || Xn — Proj'éTxn | =0.
Then x is a fixed point of T.

Proof. Choose k € (0, %H) and define ym « = K(PTOj}éT)mX + (1 — k)x for arbitrary but fixed m > 1.
Notice that
[(ProjET)™xn — xn|| < [IXn — (ProjRT)xn || + [|(ProiET)xn — (ProjET) x| + - --
+[(ProjET)™ Ix;, — (Proj ET) ™xp ||
< ( (m—1)+ 1) Ixn — (Proj'éT)an.
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This implies that
lim_[(ProjdT)™xn —xn || = 0. (3.1)
n o0

On the other hand, we have
(X = YmYmx — (Projc T) ™ ym )
= (X —Xn, Ymx — (PrOJC )™M Ym,k) + (Xn = Ym,c, Ymx — (PTOjE{T)mUm,K>
= (X — %X, Ymx — (PTOIET) ™y k) + (Xn — Y, (PTOJRT) ™ — (PToj ET) ™y )
— (Xn = Ym,a, Xn —Ym,a) + (Xn —Ym, Kan (PTOJCT) Xn)

m

_ . Km — g
< K= % Y = (PrOTI ™) + 7 — e+ 5
+ %0 — Yl [xn — (PTOJ T)™xn|-
From (3.1), one has
- kKm—1 &
(X —Ym,x, Ymk — (PrOJCT) ™Ym,k) < mz [xn _ym,K”z + Tm 3.2)
Note that
(X = Yme, (X = (ProjE T)™K) = (Ymx — (ProjE T)™ym,«)) < (14 L)X — Y, 1? (3.3)
= 214 1)||x — (ProjET)™x|?, '
and
[ — (ProjET)™x||? = (x — (ProjET)™%, & — (Proj B T)™x)
1
K(x Ym,k, X (PrOJCT)m@
1 . e e (3.4)
E<X Ym, K/( - (PTOJCT) X) - (ym,K (PTO] T) ym,K)>
1, sHTym
+ E(X_ym,KrUm,K - (PTOJCT) Um,K>-
Substituting (3.2) and (3.3) into (3.4), we arrive at
km —1
(1—(1+L)k)|[x — (Projd T)™x[* < ’“2 Xn — Ymell® + %’“ (3.5)
Letting m — oo in (3.5), we see that (Proj'éT)mi — X. Since (PTO]']ST) is uniformly L-Lipschitz, we can
obtain that x = (Proj'éT)ic. This means that X € Fix(PrOJCT) = Fix(T). This completes the proof. O

4. Weak convergence theorems

Theorem 4.1. Let C be a nonempty closed convex subset of a Hilbert space H and let Proj be the metric projection
from H onto C. Let Ty : C — E be a uniformly Li-Lipschitz continuous and asymptotically pseudocontractive
mapping in the intermediate sense with the sequence {kn i} C [1,00) such that 3 7_(kn,i—1) < oo for each
1 <1< N, where N > 1 is some positive integer. Let
En,t) = max{0, sup ([T =Ty [* = kn,plx =yl = (1= T % = (1= Tyl
x,yeC

for each 1 < i < N. Assume that the common fixed point set NN Fix(T;) is nonempty. Let {xn}°_, be a sequence
generated in the following manner:

Xn = nXn—1+(1— “n)(PTOjElTi(n))h(n)xn/ vn>1

Assume that the control sequence {0} in (0,1) satisfies the following restrictions 0 < 1—1 <a < on <b <1,

where L = max{Li : 1 <1< NLVn >1, Y7 &q < oo, where & = max{§(q) : 1 <1 < N} Then {xn}
converges weakly to some point in NN Fix(T;).
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Proof. The proof is split into four steps.

Step 1. Show that {xn,} is well-defined.
Define mappings Cy, : C — C by

Cn(x) = (1—ocn)(Pr0] Ty ) X+ dnxn_1, Vx€C, n>1

Since each T; is Lipschitz continuous, we have

1Cn (%) = Cn (W) = || (nxn—1+ (1 — otn) (Proj¢ Ti(n )h(nJX)
- ((annfl +(1— (Xn)(PT‘O]CT ) )y) ”
< (1—an)L|x —yl|
<L1-d)lx—yl, ¥xyeC

This shows that C,, is a contraction for each n >

1. By the Banach contraction principle, we see that there
exists a unique fixed point x,, € C such that

Xn = (1— ocn)(Proj'éTi(n))h(“)xn 4+ onXn—1, n=>=1

This yields that {x,, } is well-defined. This completes the first step.

Step 2. Show that {x,} is bounded.
Letting k, = max{kn,; : 1 <1< N} and fixing p € ﬂ]i\lleix(Ti), we see from Lemma 2.2 that

len = pII% = (1= &) [ (Proj @ Ty )M ™ — pII* — otn (1= o) [[(Proj & Ty )™ xm — xp 12
+ o[ xn—1 —P”Z
< (1T—an) (kh ylxn — 'PHZ + || (PrOjElTi(n))h(n)Xn - XnH2 + Em) + otn [l xn—1 —'PHZ
— ot (T — o)) ||( PTO)CT( ))h(”)xn —xn1? 4.1)
< (1= on )k m) % =PI+ (1= o) [ (Projd Ty n)) "™ xn — xn > + ot lPxn—1 = p1?
—otn (1 —on)|I( PTO]CT-( ))h(“)x —Xn_1l* + &n
< anPen—1 =PI + (1= &tn )k (ry [Pen =PI = (1= &n e [[(Proj € Ty n)) "™ xn — xn 1> + En.
From the restriction imposed on {«y, }, we see that there exists some ng such that

a

(1 — ocn)kh(n) < (1 + m

J(1—a)<1, VYn>=ny.

Hence, we have

Knny) — 1 £
_pl2 < h(n) 12 n
I =PI < (14 = ) o1 =PI+ 75

where M = (1 + 2(1%:(1))(1 — a). Using Lemma 2.1, we find that limn_,« ||xn — p|| exists. Hence, {xn} is
bounded. This completes the second step.

Step 3. Show that

vn = ny,

lim |(ProjlT )xn —xn|| =0, ¥re{1,2,---,N}L
n—oo
From (4.1), we have
(1— atn) %ot [[xn—1 — (Proj 8 Ty () ) ™xn % < (ki) — Dlixn — I + an(Pxn—1 —pI? = [Ixn —p|%) + &n.

This implies that
1i_r>n H(PTO]’E[Ti(n))h(”)xn —Xn_1|| =0. (4.2)
n oo
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Using (4.2) and the following fact

%n —%n—1] < [(Proj Ty m)) ™ ™xn — xn—1]),

we have
lim ||xn —xn_1]| =0. (4.3)
n— o0
On the other hand, we have
[(PToj Ty ()™ ™ xn 1 — Xn1]|
< [(Proj BTy () " ™xn — (Proj BTy )h(“)xn,lu + Ixn—1 — (PToj ETi () " (™xn |
< Ljxn —xn—1|| + Hxn 1—(Pr01 Ti( ) an.
It follows from (4.2) and (4.3) that
lim [xn-1— T W 4]l = 0. (4.4)

n— i(m)

Since for any positive integer n > N, it can be written asn = (h(n) —1)N +1i(n), wherei(n) € {1,2,--- ,N}
Hence, we have

Hxn—l_(ProjléTn)Xn—lu

< (Proj @ Ty ()™ xn 1—(PmJCT Jxn_1] + [xn—1 — (Proj e Ty(n)) M ™ x|
< xn— 1—(Pr0) Ti( )h Xn—1|l + L||( Pm] Ti( ) (n)— 1xn,1—xn,1H
<

Xn—1— (PTO)cTi(n))h x| (45
+ I_<||(Proj]STi(n))h(“)*lan — (Proj]STi(n,N))h(“)*lxn,N I
PO BT~ ™™ N = Xl X1 = X1l
Since for each n > N, n = (n — N) (mod N), one finds that
n—N=((h(n)—1)—1)N+i(n) = (h(n—N) —1)N+i(n—N).
That is,
iin—N) =1i(n), h(n—N)=h(n)—-1.
Since each T, is Lipschitz, we have
I(Proj e Titn—n)) "™ xn N = x(nony—1ll = [(Proje Tym—n)) ™™ Mxn N —xmonll (4.6)

and h( 1 H h 1
1(Proj Ty )M 1 — (PrOjE Ty o)) ™ x|

))h(n)_lxnfl - (Proj](—lei(n))h(n)_anfNH (47)

XX LHXTL—N - Xn—l”-

= ||(Projd Ty

Using (4.5), (4.6) and (4.7), one has
1Profti T 1 =% 11| < 1 (POfEi Ty ™1 = al] 4 L(Lxn x|
1 Proje Tinn) ™™ M N =Xyl xn—1 = x(non) 1 H>~
It follows from (4.2), (4.3) and (4.4) that
Jim [ (ProjdTa)xn—1 —xn-1] =0.
This further implies that
lim [jxn — (PToj 2Ty )xn || = 0. (4.8)

n—oo
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On the other hand, one has

||Xn_(PT0jlng+m)XnH
< Jxntm — (Proj BT m)Xntm|l + [ (Proi& Tnsm)xnrm — (PToj B T rm)xn |l + [[%n — Xntm|

< ”Xner - (ProjléTn+m)xn+mH +(1+ L)Hxn - XnerH'

Using (4.3) and (4.8), one sees that limn o ||Xn — (Proj}éTn+m)xn|| = 0 for each 1 < m < N. Therefore,
we have
lim ||xn — (ProjHiT)xn|| =0, ¥Vre{1,2,...,N} (4.9)

n—oo

This completes the third step.

Step 4. Show that x,, — % € NI, Fix(Ty).

Since {xn,} is a bounded sequence, we see that there exists a subsequence {xn,} C {xn} such that {xn }
converges weakly to a point X. From Theorem 3.1, we obtain that X € N]Y;Fix(T;). Let {xn,} be another
subsequence of {x,, } such that {xnj} converges weakly to x* € C, where x* # X. From the above argument,
we have x* € ﬁleFix(Ti). Since limp 0 ||Xn — X|| exists for all x € ﬁ]i\lleix(Ti). Without loss of generality,
we assume limy, _, || Xxn —X|| = d > 0, where d is a nonnegative number. By virtue of the Opial property
of space H, we see that

d = liminf ||xn, —X|| = liminf ||xn, —X|| < liminf ||xn, —x*||
n—oo 1—00 1—00

= liminf ||xn, —x*|| < liminf ||x,,. —X|| = liminf|x, —X|| = d.
j—o0 ) j—o0 ) n—oo

This is a contradiction. Hence X = x*. This shows that {x,} converges weakly to x € ﬁ{ilFix(Ti). This
completes the proof. O

For the class of mappings which are asymptotically pseudocontractive, we have the following result
immediately.

Corollary 4.2. Let C be a nonempty closed convex subset of a Hilbert space H and let Proj§ be the metric projection
from H onto C. Let Ty : C — E be a uniformly Li-Lipschitz continuous and asymptotically pseudocontractive
mapping with the sequence {kn i} C [1,00) such that ) 3 1(kni—1) < oo foreach 1 < i < N, where N > 1 is
some positive integer. Assume that the common fixed point set NI Fix(T;) is nonempty. Let {xn}>°_, be a sequence
generated in the following manner:

Xn = XnXn_1+ (1— ocn)(Proj'éTi(n))h(“)xn, Yn > 1.

Assume that the control sequence {0} in (0,1) satisfies the following restrictions 0 < 1— 1 < a < an < b < 1,
where
L=max{Li:1<1<N}, vn> 1.

Then {xn} converges weakly to some point in ﬂiNleix(Ti).

5. Strong convergence theorems

Recall that a family {Ti}]i\':1 : C — Hwith ﬁiNleix(Ti) # () is said to satisfy Condition (YP) on C if there
is a nondecreasing function f : [0, co) — [0, 00) with f(0) = 0 and f(m) > 0 for all m € (0, co) such that for
allx € C

max {[x — (Projc Tu)x|[} > fd(x, N4 Fix(Ti))).

Next, we give strong convergence theorems with the help of Condition (YP).

Theorem 5.1. Let C be a nonempty closed convex subset of a Hilbert space H and let Projl be the metric projection
from H onto C. Let Ty : C — E be a uniformly Li-Lipschitz continuous and asymptotically pseudocontractive
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mapping in the intermediate sense with the sequence {kn i} C [1,00) such that } 5 ;(kni—1) < oo for each
1 <1< N, where N > 1 is some positive integer. Let
Eni) =max{0, sup ([T = T{y[2 =k =yl = (1= T x = (1=Tyl),
x,yeC

or each 1 < i < N. Assume that the common fixed point set N;" ,Fix(Ty) is nonempty. Let {xn}3°_, be a sequence
h1<i<N.A that th xed point set NN Fix(T;) i pty. Let {xn}>°_, be a seq
generated in the following manner:

Xn = OnXn_1+ (1— ocn)(Proj'éTi(n))h(“)xn, Yn > 1.

Assume that the control sequence {«n} in [0, 1] satisfies the following restrictions 0 < 1 — % <a<a, <b<],
where

L=max{Li:1<i<N}, /m>1,
N

01
Y o1 &n < 0o, where &y = max{&m) 1 1 <1< NLIfF{Ty, To, ..., TN} satisfies Condition (YP), then {xn}
converges strongly to some point in NN Fix(Ty).
Proof. In view of Condition (YP), using (4.9), we have limy o f(d(xn, ﬁiNleix(Ti))) = 0, which in turn
implies limy o d(xn, ﬂ‘i“leix(Ti)) = 0. Now, we are in a position to prove that {x,, } is a Cauchy sequence.
For any positive integers m, n, where m > n > ng, we find that

- &i Em
i=n-+1
where Q = exp{}__; k;‘[_“;\z '), Hence, we have
n —=Xmll < len =l + lxm =pll < 1+ Q)fxn —pll +Q i SR
1-M 1-M

i=n+1
This proves that {x,,} is a Cauchy sequence in C and so {x,} converges strongly to some g € C. Since each
Ti is Lipschitz continuous, we see that ﬂ{\lleix( T;) is a closed set. This in turn implies that q € ﬂ]i\lleix(Ti).
This completes the proof. O

For the class of mappings which are asymptotically pseudocontractive, we have the following result.

Corollary 5.2. Let C be a nonempty closed convex subset of a Hilbert space H and let Proj i be the metric projection
from H onto C. Let Ty : C — H be a uniformly Li-Lipschitz continuous and asymptotically pseudocontractive
mapping with the sequence {kn i} C [1,00) such that ) 3 1(kni—1) < oo foreach 1 < i < N, where N > 1 is
some positive integer. Assume that the common fixed point set N\ Fix(T;) is nonempty. Let {xn}°_, be a sequence
generated in the following manner:

Xn = OnXn_1+ (1— ocn)(ProjElTi(n))h(“)xn, n>1.

Assume that the control sequence {on} in [0,1] satisfies the following restrictions 0 < 1— 1+ < a < an <b <1,
where L = max{L; : 1 <1< N}, vn > 1. If{Ty, To,..., Tn} satisfies Condition (YP), then {xy} converges strongly
to some point in NN Fix(T).

Next, we give another strong convergence theorem with the aid of compactness.

Theorem 5.3. Let C be a nonempty closed convex subset of a Hilbert space H and let Projl be the metric projection
from H onto C. Let Ty : C — H be a uniformly Li-Lipschitz continuous and asymptotically pseudocontractive
mapping in the intermediate sense with the sequence {kni} C [1,00) such that ) 7 ;(kni —1) < oo for each
1 <1< N, where N > 1 is some positive integer. Let

Emi) = max{0, sup (||[TMx—TPy|2 — ko lIx—yl? = (1= TM)x — (I— Ty},
x,yeC

or each 1 < i < N. Assume that the common fixed point set NN Fix(T;) is nonempty. Let {xn}°°_, be a sequence
p i=1 pty n=0 q
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generated in the following manner:
Xn = OnXn_1+(1— o‘n)(PTOjléTi(n))h(n)xn, vn > 1.

Assume that {oe } in [0, 1] satisfies the following restrictions 0 < 1 — % a < on <b<1, where

<
L=max{Li:1<i<N}, /m>1,

Y 1 &n < 0o, where &y = max{&m,i) : 1 <1 < NL Ifone of {Tq, To, ..., TN} is semicompact, then {xn}
converges strongly to some point in NN Fix(T;).

Proof. Without loss of generality, we assume that T; is a semicompact mapping. From (4.9), we see that
there exits a subsequence {xn,} of {xn} such that it converges strongly to x € C. For each r € {1,2,..., N},
we get that

e — (Projd To)x|| < [lxm; — (Projd Te)xmy || + | (Projc To)xm, — (Projd To)x | + [[x —xn |-

Since ProjEl and T, are Lipschitz continuous, we obtain that x € ﬂTN:lFix(ProjElTT) = ﬂiNleix(Ti). In
view of Theorem 3.1, we obtain that limy,_,  ||xn — X|| exists. Therefore, we obtain the desired conclusion
immediately. This completes the proof. O

For the class of mappings which are asymptotically pseudocontractive, we have the following result.

Corollary 5.4. Let C be a nonempty closed convex subset of a Hilbert space H and let Proj{ be the metric projection
from Honto C. Let Ty : C — H be a uniformly Li-Lipschitz continuous and asymptotically pseudocontractive
mapping with the sequence {kn i} C [1,00) such that ) 3 1(kni—1) < oo foreach 1 < i < N, where N > 1 is
some positive integer. Assume that the common fixed point set N\ Fix(T;) is nonempty. Let {xn}°_, be a sequence
generated in the following manner:

Xn = OnXn_1+ (1— ocn)(ProjElTi(n))h(“)xn, vn > 1.

1

Assume that {«n } in [0, 1] satisfies the following restrictions 0 <1— ¢ < a < on < b < 1, where

<
L=max{Li:1<i<N}, ¥y¥n>1
If one of {Ty, To, ..., TN} is semicompact, then {xy} converges strongly to some point in NN Fix(T;).
Finally, we give the following strong convergence criteria.

Theorem 5.5. Let C be a nonempty closed convex subset of a Hilbert space H and let Projl be the metric projection
from Honto C. Let Ty : C — H be a uniformly Li-Lipschitz continuous and asymptotically pseudocontractive
mapping in the intermediate sense with the sequence {kn,i} C [1,00) such that ) 77 _;(kni —1) < oo for each
1 <1< N, where N > 1 is some positive integer. Let

Em,) = max{0, sup ([T — TPyl =Ky Ix =yl = [T=TMx — (1=TMy[1),
x,yeC

or each 1 < i < N. Assume that N, Fix(T;) is nonempty. Let {xn}>°_, be a sequence generated in the followin
h1<i<N.A that NN Fix(Ty) i pty. Let {xn}>_, e a seq generated in the following
manner:

Xn = OnXn—1+ (1— ocn)(Proj'STi(n))h(“)xn, vn > 1.

Assume that {on} in [0, 1] satisfies 0 < 1 — % <a< an <b<1, where
L=max{L[i:1<i<N}, y/m>1,

Y o1 &n < 0o, where & = max{& 1) 1 1 <1< NJ. Then the sequence {xn} converges strongly to some point in
NN Fix(Ty), if and only if iminfn e d(xn, NN Fix(T;)) = 0.
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Proof. The necessity is obvious. We only show the sufficiency. Assume that

lim inf d(xn, "N Fix(T;)) = 0.

n—oo

In view of Lemma 2.1, we can obtain that lim, . d(xn,ﬂ]i\lleix(Ti)) = (. The desired results can be
obtained from Theorem 5.1 immediately. This completes the proof. O

For the class of mappings which are asymptotically pseudocontractive, we have the following result.

Corollary 5.6. Let C be a nonempty closed convex subset of a Hilbert space H and let Proj be the metric projection
from H onto C. Let Ty : C — H be a uniformly Li-Lipschitz continuous and asymptotically pseudocontractive
mapping with the sequence {kn i} C [1,00) such that ) 3 1(kni—1) < oo foreach 1 < i < N, where N > 1 is
some positive integer. Assume that NI Fix(T;) is nonempty. Let {xn}>°_, be a sequence generated in the following
manner:

Xn = XnXn_1+ (1— ocn)(Proj'éTi(n))h(“)xn, vn > 1.

Assume that {oen } in [0,1] satisfies 0 < 1 — % <a< o, <b<1, where
L=max{L[;:1<i<N}, vn>1
Then the sequence {x} converges strongly to some point in N, Fix(T;), if and only if

lim inf d(xn, "N Fix(T;)) = 0.

n—oo
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