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Abstract

Maximum and minimum principles for time-fractional Caputo-Katugampola diffusion operators are proposed in this paper.
Several inequalities are proved at extreme points. Uniqueness and continuous dependence of solutions for fractional diffusion
equations of initial-boundary value problems are considered. (©2017 All rights reserved.
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1. Introduction

Fractional order integral and differential equations have been demonstrated to be an efficient tool
in numerous applications, for example, fractal phenomena [3, 23-28], contact mechanics problems [15],
control problems [20], fluid mechanics problems [16] and so on [4, 21, 22, 30].

The maximum and minimum principles of fractional partial differential equations have captured spe-
cial attention in mathematical analysis. Because they enable to obtain some important propositions of
solutions for partial differential systems, such as the existence and uniqueness of solution. They were
systematically introduced by Luchko in [12] in which the existence and uniqueness of solution for time-
fractional diffusion equations were obtained. Then the maximum principles for Riemann-Liouville type
operators were established in [1]. Recently, Al-Refai et al. and Ye et al. gave the maximum principles to
the multi-term Riemann-Liouville cases [2] and the multi-term Riesz-Caputo space equations [29], respec-
tively. Liu et al. [11] proved the generalized maximum and minimum principles for multi-term space-
times variable-order fractional diffusion equations. On the other hand, using those maximum principles
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mentioned above, a formal solution of a Fourier series in regard to the eigenfunctions of Sturm-Liouville
eigenvalue problems were achieved in [13], and non-axisymmetric solutions to time-fractional diffusion-
wave equation in an infinite cylinder were established by Povstenko [18]. For more details on this topics
readers are suggested to consult [6, 7, 14] and the references therein.

Consider the following time-fractional Caputo-Katugampola (C-K) diffusion equation

Pao(u) =F(t,x,u), (t,x) € Q7:=(0,1) x (0,T),
with the following initial-boundary conditions
u(0,t) = gi(t), tel0,T],
{ u(l,t) = ga(t), tel0,T],

and
u(x,0) =o(x), xelo1.

In this paper, Py, is called to be the fractional C-K diffusion operator and defined by
Poo(u) = CDgi’pu(X,t) —Lu, (1.1)
where L is a second order differential operator
Lu = a(x, t)uxx + b(x, t)uy +c(x, t)u,

and CDZ’f is the generalized fractional derivative (see Definition 2.10, below) with o € (0,1) and p > 0
defined by

CDgi’pf(t) =

oypl— t —1
ot ® dJ S If(s) — £(0))ds.

M1—a)dt )y (tP —sP)e

Let the parameter p = 1. Then we can obtain the time-fractional Caputo diffusion equation,

t
1J (t—s) *ue(s,x)ds = Lu+F(t,x,u), (t,x) € Qr:=(0,1) x (0, T),
F(l — O() 0

which has been studied by Luchko [12], Al-Refai and Luchko [2] and Ye et al. [29].

The rest of the paper is structured as follows. In Section 2 we review some preliminary material
needed in the study of time-fractional C-K diffusion equation. The maximum and minimum principles
fractional C-K diffusion operator, (1.1), were obtained in Section 3. Section 4 is devoted to prove the
uniqueness and continuous dependence of solution for time-fractional C-K diffusion equation by use of
the maximum principles.

2. Preliminaries

In this paper we recall the basic notation and some results which are needed in the sequel, see [10, 17,
19, 20].

Definition 2.1 (Riemann-Liouville fractional integral). Let f € L![a, b] and « > 0. The Riemann-Liouville
(R-L) fractional integral of order o with the lower limit zero for the function f: [a, b] = R can be written

as
1 t
I (1) = —— | (t—s)*'f 2.1
a+flt) =13 L( )% f(s)ds, (2.1)
provided that the right side is point-wise defined on [a, b], where T is the well-known gamma function
defined by

+o00
Mo = J t* e tdt.
0
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Definition 2.2 (R-L fractional derivative). Let f € L'[a,b] and « € (0,1]. The R-L fractional derivative of
order & with the lower limit zero for function f: [a, b] — IR can be expressed as

X .- 1 g t _ —
D f(t) == T o) dt Jo (t—s)” *f(s)ds.

Definition 2.3 (Caputo fractional derivative). Let f € L![a,b] and « € (0,1]. The Caputo fractional

derivative of order « for function f: [a, b] — IR can be expressed as

Crho . 1 i ! )T« _
D f(t) == F(l—oc)dtL(t s) " *[f(s) —f(a)lds. (2.2)

Remark 2.4. Particularly, if f is of class Cl{a, b], then we have an equivalent form of (2.2)

1 t
CDg+f(t) == ]“(1_0()J (t_ S)_“f/(s)ds

We also recall the Caputo-Hadamard integral and derivative operators, see [10, 17, 19, 20].

Definition 2.5 (Riemann-Hadamard fractional integral). Let f € L![a,b] and « > 0. The Riemann-
Hadamard (R-H) fractional integral of order o for function f: [a, b] — R can be expressed as

1 Jt f(s)

Hyox -
Ta+f(t) := MNa) Jq s(Int—Ins)l—

ds. (2.3)

Definition 2.6 (Caputo-Hadamard fractional derivative). Let f € ['[a,b] and « € (0,1]. The Caputo-
Hadamard (C-H) fractional derivative of order « for function f: [a, b] — R can be expressed as

r(1t_ ) % r(lnt —In S)’“L) mii

HDg+f(t) = s

ds. (2.4)

Remark 2.7. Similarly, when f € C![a, b, then we get the equivalent form of (2.4)

1 t
HDoc — J 1 -1 —oxg! )
o f(t) Tl—o) a( nt—Ins)” “f'(s)ds
We now introduce the generalized fractional operators (one can refer to [8, 9]) as follows, which will
be used in the sequel to consider the time fractional diffusion problems.

Definition 2.8 (Riemann-Katugampola fractional integral). Let f € L'la,b], « > 0 and p > 0. The
Riemann-Katugampola (R-K) fractional integral of « for function f: [a,b] — R with respect to param-
eter p can be expressed as

0P f(t) ==

plaJt iGN (2.5)

Mo) Jq (tP —sP)lme

Remark 2.9. It is obvious that R-K fractional integral (2.5) reduces to R-L fractional integral (2.1) for p = 1.
In addition, taking p | 0%, we have by the L'Hospital rule

t p_gp\x1
lim I%Pf(t)dt = 1J lim f(s)s?~! vos ds
o)

i+ " a PLOF o
1 Jt f(s) ds
MNa) Jg s(Int—Ins)l—« "

which implies that C-K fractional integral (2.5) can be reduced to C-H fractional integral (2.3), for p | 0*.
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Also, we give the following C-K fractional derivative.

Definition 2.10 (C-K fractional derivative). Let f € L'[a,b], « € (0,1] and p > 0. The C-K fractional
derivative of « for function f: [a, b] — R with respect to parameter p can be expressed as

sP—1

L (tP —sP)x

The following lemma gives an equivalent form of C-K fractional derivative (2.6), when f € C![a, b].

D) = rNl— ) dt

[f(s) — f(a)lds. (2.6)

Lemma 2.11. Assume that f: [a,b] — R is satisfied to f € Clla,b], then the C-K fractional operator (2.6) has the
following equivalent form

p* Jt f/(s)
Ml—o) Jq (tP —sP)x

- o d
— I}ﬁoc,p (sl P

f) (t).

ds

CDXPE(t) = ds

Proof. We easily calculate

poc - d Jt gP—1 p(x - d Jtp ds
P = — P = -
M—o)t at), s W=t "W S
P
GO WA N
“Ta—wt @\ d—aget @7)
p“ 1—p d f(a) p pyl—x
= P — [ ——(t° — .
M-w' at\T—ogp ™ ¢
Considering the fact f € C![a, b], we take integrating by parts to obtain
poctl P q Spfl
M—o)d J (tP —sP)e
oclp piplcx t t (tp _ p)l—oags
t P df (t°—s L1 J(t sP)LS) 4
N1l—«)dt (1—a) Jg p
octlpd aplcx pcxtlfpdtp oyl ceer 4
— — | (t° s
o) dt < o(1 (a)>+pF(2—oc) dt L( sP)T R (s)ds
octl P4 tp_apl o pcx t
il P Py—Og!
F o dt < 1o a)>+F(1—oc)L(t sP)T % (s)ds.
From (2.7), we directly get
Crap pcxtl p dJ pfl pcxtl p dJ' spfl
D,
-l = r(1— at ), [ —se) SIS TR Ty an ), (o ey (448
J f'(s)ds
O

This completes the proof.

Remark 2.12. Let p = 1. We can see that C-K fractional derivative (2.6) is reduced to the classical one,
Caputo fractional derivative (2.2). Analogously to the L'Hospital rule, if f € C![a, b], then we have

1 f(s)

lim CD‘x Pf(t) =
pl0*

N1l—«) L (Int—1Ins)«*

ds, O<a<l.
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3. Maximum and minimum principles

In this section, we focus our attention to investigate the C-K fractional derivatives at extreme points
and prove the maximum and minimum principles for fractional C-K diffusion operator (1.1). In the rest
of the paper, we assume that a(x,t) > 0 and c(x,t) <0 for (x,t) € (0,1) x (0, T).

The following theorem plays a significant role to obtain the maximum and minimum principles for
(1.1), which has been proved by Cao in [5].

Theorem 3.1. If f € CL[0, T] obtains the maximum at the point to € (0,T) and o € (0,1, then the following
inequality holds

oy &P
CDEPH(t0) > Fts (ta) —1(0)] > 0.

Applying Theorem 3.1, we now give the maximum principle for fractional C-K diffusion operator
(1.1).

Theorem 3.2. Let u: [0,1] x [0, T] = R be such that w € C>'(Q7) and
Papo(u) <0, V(x,t)€Qr.

If c(x,t) <0 for each (x,t) € Qr, then the inequality holds

max u(x,t) <max{ max u(x,t),O}, (3.1)
(x,t)eEQT (x,t)€00T

where 0Q) is the boundary of rectangle Q.
Proof. If u reaches the maximum at the boundary 9Qr, then it is obvious that (3.1) is satisfied. Otherwise,

we can assume that there exists a point (xo, tg) € Q7 such that

u(xg, tg) > max{ max u(x,t),O} =M =0.
(x,t)EéQT

Then, let us consider the auxiliary function u*(x, t) given by

u (x,t) = u(x,t)+ err -t
4 L 4 2 Tp 7

(x,t) € Qr,

here € :=u(xg, typ) — M > 0.
Therefore, we obtain

€ TP —1¢P
“DgPur(x,t) = “DyPulx, t) + - D’ < >

2 To
(I—ex)
Crop ep*tP
-Cp I ) et
o v Y = et T

On the other hand, we have

ut(x,t) <ulx,t)+ g, Y(x,t) € Q.

From the definition of M, we can see

u*(xo,to) > u(xp, to) =M +e€ > e+u(x,t) >u"(xt)+ %, Y(x,t) € 0QT,
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which means that u* cannot reach the maximum on the boundary of Qy. We assume u* at (x1,t1) € Qt
arrives at its maximum value, and we get

u(xq,t1) = u*(xg,tg) >e+M > e >0.

According to Theorem 3.1, we have

Cpxey, C
>
DgyrPu*(xq, t1) = “DyiPu(xq, t1) 2TOT(2— o) 0

Furthermore, we can calculate

Poc,p(u )(Xlrtl) CD0+ u (Xlrtl) _I—(u*)

= CD&PU* (1, t1) — [alxq, t1) Wiy (x1, t1) + b(x1, t)uwk (x1, t1) + c(x1, t)w* (x4, t1)],

because u* obtains its maximum at (x1,t1) and a(x,t) > 0,¢(x,t) <0 for all (x,t) € Qr, then we get
Ul (x1,t1) <0, ug(xq, t1) =0, and u*(xq,t1) > e >0.
Hence, we derive
Po,p(u™)(xq,t1) = —c(xq, t1)u™(x1, t1) = —ec(xq, t1).
This means
Payp(u)(x1, 1) = “DrPulxg, t1) — L(w)

ep“tf(l_“) e(TP —1tf)

Cyx,p, * *
- <D ) —L
R 1 B s

c(x1,t1)

ep“tf(l_“) N e(TP —1tf)
Z T2 — o) 2TP
(1—) P
ep“tf TP —t;
> — St 1—
2Tora o) S ”( TP
>0,

c(xq,t1) —ec(xq, t1),

which contradicts with the fact, Py o(u)(x,t) < 0 for all (x,t) € Qt. Consequently, we conclude that (3.1)
holds. O

Similarly, we can present the minimum principle for fractional C-K diffusion operator (1.1).
Theorem 3.3. Let u: [0,1] x [0, T] — R be such that uw € C>1(Q7) and
Pap(u) 20, V(x,t) € Qr.

If c(x,t) <0 for each (x,t) € Qr, then the inequality holds

min  u(x,t) > mm{ min u(x,t),O}.
(x,t)EQT (x,t)€0QT

According to Theorem. 3.2 and Theorem. 3.3, we have results in the case of Py (1) = 0.
Theorem 3.4. Let u: [0,1] x [0, T] — R be such that uw € C>'(Q7) and
Pyo(u) =0, V(x,t) € Qr.

If c(x,t) < O for each (x,t) € Qt, and the function reaches the maximum and miﬁimum at a few points that are
part of Qt, subsequently the function w is a constant, that is u(x,t) =0, (x,t) € Qr.
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4. Applications of the maximum principles

In this section, we apply the main results in Section 3 to prove the properties of solution for one-
dimensional time-fractional C-K diffusion equation.
First, we focus our attention to investigate the one-dimensional time-fractional C-K linear diffusion
equation as follows
CDéﬁ’pu(x,t) —Lu) =f(x,t), (x,t)e€Qr, 4.1)

and it satisfies the initial-boundary conditions

{ u(0,t) =gi1(t), tel0,T], 42)
u(l,t) =ga(t), tel0,T],
and

u(x,0) = d(x),x € [0,1]. (4.3)

From the maximum and minimum principles, see Theorems 3.2 and 3.3, we can get the results as follows.

Theorem 4.1. Assume f(x,t) <0 for all (x,t) € Q1, ®(x) <0 forall x € [0,1; g1(t) < 0and go(t) <O for all
te[0,T], c(x,t) <0 forall (x,t) € Q. Ifu € C¥(Q7) is a solution of problem (4.1) with initial condition (4.3)
and boundary conditions (4.2), then

u(x,t) <0, (xt) e Qr.

Hence, the problem (4.1), (4.2), (4.3) does not possess any positive solutions in C>!(Qr).

Proof. By using Theorem 3.2, we easily get this theorem. O

Theorem 4.2. Assume f(x,t) > 0 for all (x,t) € Q1, ®(x) > 0 forall x € [0,1, g1(t) > 0and ga(t) > 0 for all
t € [0,T], c(x,t) <0 for every (x,t) € Q. If uw € C*Y(Q7) is a solution of problem (4.1) with initial condition
(4.3) and boundary condition (4.2), then

u(x,t) >0, (xt)€Qr,
thus we obtain the problem (4.1), (4.2), (4.3) does not possess any negative solutions in C*(Qr).
Proof. From Theorem 3.2, we can directly prove this theorem. O

Remark 4.3. In fact, if u € C>!(Q7) is a solution of the problem (4.1) satisfying initial conditions (4.3) and
boundary conditions (4.2) with f(t,x) =0 for all (t,x) € Qr, then the C-K linear diffusion equation (4.1),
(4.2), (4.3) has only zero solution in C>!(Qr).

Next, we focus our attention on the C-K nonlinear diffusion equation as follows
CDg‘;pu(x,t) —L(u) =F(x,t,u), (x,t)e€Qr. (4.4)

Theorem 4.4. If F: [0,1] x [0,T] x R — R is such that 9,F = 0. F(x, t,u) exists and satisfies 0, F(x,t,u) +
c(x,t) <0 forall (x,t,u) € Q1 x R, then time-fractional C-K nonlinear diffusion equation (4.4) with the initial
condition (4.3) and boundary conditions (4.2) owns at most one solution in the function space C*'(Qt).

Proof. Arguing by contradiction, we assume that the nonlinear diffusion equation (4.4) has two distinct
solutions u; and u, with the initial condition (4.3) and boundary conditions (4.2), which pertain to the
function space C>!(Q7). Denote u(x,t) = ui(x,t) —uz(x,t), (x,t) € Q1. We easily get

D Pulx, 1) = alx, i (x, 1) + blx, thue(x, 1) +clx, tulx, t) + F(t, x, w) — F(t, x, w).
In addition, the function u satisfies the homogeneous initial-boundary conditions,

u(x, t) =0, (x,t)€0Qr.
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Because the partial derivative 0,,F = 9,,F(x, t,u) exists, we use the mean value theorem that

F(t,x,uq) — F(t,x, up) = %(u*)(ul (x,t) —us(x, 1)), Vix,t)eQ,

where u* = Aug + (1 — A)uy, for some A € [0,1].
Therefore, we have

CDgPulx, t) = alx, thuxx (x, 1) + b(x, thux(x, t) + hix, hu(x,t), (xt) € Qr,
u(x,t) =0, (x,t)€oQr,

where h(x, t) := g—ﬁ(u*) +c(x,t) for all (x,t) € Qr.
By using Theorems 4.1 and 4.2, one has

u(x,t) <0and u(x,t) >0, (xt)eQr.

This means u(x,t) = 0 for all (x,t) € Q7, i.e., u; = u,. Consequently, we prove that time-fractional C-K
nonlinear diffusion equation (4.4) with initial condition (4.3) and boundary condition (4.2) owns no more
than one solution within the function space C>!(Qr). O

Remark 4.5. The condition 9., F(x,t,u) 4 c(x,t) < 0 plays a significant role. In fact, if F is a nonincreasing
function in regard to the third variable, then 0., F(x,t,u) + c(x,t) < 0 is obviously satisfied.

Corollary 4.6. If c(x,t) <0, (x,t) € Qr, then time-fractional linear C-K diffusion equation (4.1) withf boundary
condition (4.2) and initial condition (4.3) has no more than one solution within the function space C*>'(Qr).

In the end, we present some applications of the maximum principles about stability results for solution
of the linear initial-boundary-valued (4.1), (4.2), (4.3).

Theorem 4.7. Let w(x,t) and uy(x,t) € C>'(Qt) be two solutions of the time-fractional linear C-K diffu-
sion equation (4.1) that gratify the same boundary conditions (4.2), and initial conditions uy(x,0) = ®1(x) and
uz(x,0) = Da(x), x € [0, 1, respectively. If c(x,t) < O for all (x,t) € Qr, then the inequality is satisfied

max ‘ul(x,t) —uz(x,t)‘ < max ‘<D1(x) — (Dz(x)‘.
(x,t)eEQT x€[0,1]

Proof. Since uy,up € C>!(Q7) are two solutions of the linear diffusion equation (4.1), then we have

“DyrPui = L(w) +f(x, 1), (x,t) € Qr,

ui(or t) = gl(t)r te [0/ T]/
Ui(L, t) = 92(t)/ te [0/ T]/
ui(X/ 0) = (Di(X), X € [0/ 1]/
wherei=1,2.
Let u =17 —uy. One yields
D= Lw), (x1) € Qr,
u(OI t) = u(l’l t) = O/ te [O/ T]/

u(x,0) = @1(x) — D2(x), x€[0,1].

Using the maximum and minimum principles, i.e., Theorems 3.2 and 3.3, we conclude

max u(x,t) < max<{ max (®q(x) — Dy(x)),0 (4.5)

(x,t)eQT { x€[0,1] }
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and
min  u(x,t) > mm{ min (®q(x) — (Dz(x)),O}, (4.6)
(x,t)eQT x€[0,1]
respectively.
Combining (4.5) and (4.6), we get

max_ fu(x, )] = max fui(x,t) —ua(x, )] < max [i(x) — Dr(x)].
(x,t)eQT (x,t)eQT (x,t)Q7
This completes the proof. O

Theorem 4.8. Let uy(x,t) and us(x,t) € C¥1(Qr) be two solutions of the time-fractional C-K linear diffusion
equation (4.1) that satisfy the same initial condition (4.3) and boundary conditions

O/ =g 7
{ w(0,t) =g1(t) €07,
ul(l’l t) = gZ(t)l
and 0 R
{ LL?_( ,t) *Sl(t)l c [OITL
u(Lt) = ga(t),

respectively. If c(x,t) < 0 for all (x,t) € Q, then the following inequality holds

max (6 t) — a6, 1)] < max{max G0~ (1), max G0 - az(tn}.
(x,t)€0T te(0,T] €l0,T]

Proof. By the same arguments as that in Theorem 4.7, let u = u; —up, then
DIl t) = L(w), (x1) € Or,
u(0,t) =g;(t) —aq1(t), tel[0,T]
u(L,t) =go(t) —g2(t), te€l0,T],
u(x,0)=0, xel0,1].

Applying the maximum and minimum principles again (see, Theorem 3.2 and Theorem 3.3), we can
obtain

max (w1 (o) — 1206, 8)) < max{max{gl() (1), max (G(t) - (t)},o},

(x,t)eQT te€[0,T] €[0,T]
and
min_ (w(xt) — 1) > mm{ min 9,(x) ~ G1(t)), min [G2(t) - (t)},o},
(x,t)€QT tel0,T] €0,T]
respectively.

As a result, we obtain

max  fui(xt) — wa(x, 1)) < max{ max 15 (x) — (1), max iga(x) — §2(t)|}~
(x,t)eQT tel[0,T] €[0,T]

This completes the proof. O

5. Conclusions

In this study, we mainly develop the maximum principles for fractional partial differential equations.
We first introduce the C-K derivatives and give the relationship between C-K fractional operators, Ca-
puto fractional operators and Caputo-Hadamard fractional operators. Then we establish the maximum
principles for time-fractional C-K diffusion operators. Finally, these principles are employed to derive
the uniqueness of solutions of the time-fractional C-K diffusion equations and continuous dependence of
solutions on initial-boundary value conditions.
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