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Abstract

In this paper, we consider three types of sums of products of poly-Bernoulli functions and derive Fourier series expansions
of them. In addition, we express those three types of functions in terms of Bernoulli functions. (©2017 All rights reserved.
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1. Introduction
As is well-known, the Bernoulli polynomials B, (x) are given by the generating function

t 0 m
xt __ §
m=0

For any integer 1, the poly-Bernoulli polynomials of index r B!")(x) are given by the generating function, (see
[1-3, 7, 11-15, 17, 20]),

Liy(1—e ) 4 > (r), t™
B T

where Li.(x) = Y 0 % is the rth polylogarithmic function for r > 1 and a rational function for r < 0.
Note here that our definition of poly-Bernoulli polynomials is slightly different from the original
definition of Kaneko’s. Indeed, ]BEJ{) (x) = IBE,Q) (x —1), where ]B%) (x) denotes the Kaneko’s poly-Bernoulli

polynomials of index r, (see [7]). We also observe that

B (x) = Bm(x), B (x) =1, B2 (x) =x™, B =5,
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As B (x) is an Appell sequence,

In addition,

We claim that

Indeed,
o0 tm
> (BRW-BRT0) =L (1-eY),

m=0

and differentiation on both sides with respect to t gives

— (r+1) (r+1) t™ Liy(1—e ) = )
Yy (]BmH (1)—BIH (0)) =) Bl
m=0 m=0

Recall that, for a polynomial p(x) € Q[x] with deg p(x) < m,
m
p(x) = Z a;Bj(x), a5 € Q,
=0
where (see [8-10])

1
1 . i .
GOZLP(X)dX/ G =5 (p“ V(1) —pl ”(0)), forj=1,...,m.

Now, we apply them to p(x) = IBE;H) (x), and let
m
]B1(11;+1) (X) = Z (lij (X)
§=0
Then
L) 1 (r+1) (r+1) 1
0= | B (e = — (BIY (1) - B 0) = —<Bi0),

and, for 1 <j < m,

(M)j—1 [y (r+1) (r+1) L (m+1\pm
a = == (B (1) - BRTL(0) =—— ;B 0
So

B (x) =——— B (0) 4+ —— i ™D RO (0)8;(x)
m = m m+1 = j m—j )

m—1
0

m+1 " m+1 g+l J
1 & /m+1\,m
m—i—lj_o(j-i-l) i (0Bmj(x)

This corresponds to Theorem 2.1 in [20]. Note that in that paper, the poly-Bernoulli polynomials are
defined by yet another generating function.
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For any real number x, we let
(x) =x—|x] €10,1)
denote the fractional part of x.

Fourier series expansion of higher-order Bernoulli functions were treated in the recent paper [16].
Here we consider the following three types of sums of products of poly-Bernoulli functions and derive
Fourier series expansions of them. In addition, we express those three types of functions in terms of
Bernoulli functions.

(D) am((0) = X By TV (0)BE ) (), (m > 1);
@) Bm(() = i mrm—ei B () (< DB (%), (m > 1);
(3) Ym((x) = X1 ﬁlB({*”(<x>)Bﬁi“£(<x>), (m > 2).

For elementary facts about Fourier analysis, the reader may refer to any book (for example, see [18, 21]).
As to Ym (< x >), we note that the following polynomial identity follows immediately from Theorems
4.1 and 4.2, which is in turn derived from the Fourier series expansion of ym (< x >):

1 )y r(sH) 1 1 (r) 1 ), 1 v (m
— B "VxBY" == (Ams1— By — B = A
—= k(m—k) ¥ () By (%) m U™ T mmr )™ T mmr) ™ +m£ l (Am-r1
1
+ m_1+1 (IBEIILL ‘HBE,iJ,l) (Hm—1— Hml)) Bi(x),
where H; = Z}:l % are the harmonic numbers and
- 1 (r+1) g (5) () (s)
T+1 (s+1) s
Al:Zk(l—k) <]Bk Bl k— 1‘HB IBI k— 1+]Bk 1]B1 k— 1)
k=1

The obvious polynomial identities can be derived also for & ((x)) and Bm((x)) from Theorems 2.1
and 2.2, and Theorems 3.1 and 3.2, respectively. It is remarkable that from the Fourier series expansion

of the function } ﬁBkK X))Bm—_k((x)) we can derive the Faber-Pandharipande-Zagier identity

(m

(see [5]) and the Miki’s identity (see [4, 6, 19]).

2. Sums of products of poly-Bernoulli functions of the first type

For integers 1,5, m with m > 1, we let

Z ]B T‘+1 S+%<) (X),
k=0
e 1 1 1 1
o (x) = 3 (KB 0B (0 + (m— 1B 0B ()
k=0
e 1 1 ! 1 1
=Y kB oBER 0+ Y (m—1B T 0B (x)
k=1 k=0
m—1 m—1 . .
r+1 1 T
=Y k+ 1B VB 0+ Y (m-wB T B (%)
k=0 k=0
m—1 ) )
=(m+1) Y BTV xBET (%) = (m+ Dogn_1(x), (m > 1)
k=0

From this, we see that
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We observe that

m
o (1) = et (0) = > (B (MBS (1) - BB )

m—k
k=0
m—1
=Y (BrmB - B
k=1

(r+1) 1y (5) (s+1) s)
B, "B 1+]Bk 11B k+]Bk 1Bm k— 1>+B 14‘1B

k=1

() (s (r )
r+1 +1)

= ]Bk ]Bmkl+ZBS ]Bmkl+ZIBklmkl

k=0 k=0 k=1

Form > 1, let Ay = An(r,8) = ot (1) — o (0). Then

1
1
Now, we are going to consider the function
- 1 1
am((x) =Y BTV ()BT (%), (m>1),
k=0
defined on (—o0, 00), which is periodic with period 1.
The Fourier series of o, ((x)) is
i A;m) eZTrinx’
n=—oco

where

1 1
m ((x))e 2 dx = J o (x) e 2T X dx.

A :J
0

0

We are now ready to determine the Fourier coefficients AEJI“ )
Case1l: n#0.

AL :J O (x) e 2T dx
0

1 —27minx1l 1 Jl / —2minx
= — d
27in [ocm(x)e } + 2min J %m (x)e x

_ m+ ]A(mfl) B 1

2min ~ " 2min

m+1 m . (m—2) 1 1
= A — N1 | — AN

2mtin <27rin " 2in” ™) 2min ™™

(M+1)m  (m—2) m+1 1

(2min)2 "~ T min2 "™ 2min ™™
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~ (m+1)m A(mfg,) 1 . m+1 1
(27in )2 27nn 2in "% 2mEin)2T ™ 2min T ™
ILESVINUSS §i1n+1]1 .
(2mtin)3 P (27tin)i Am—j+l
~ (m+1)! i (m+1) ] =N
T 2rin)m = (27tin)] Bmoj+i,
where A — f(l) e 2mnxqx = 0. Thus
m
(m (m+2);
A = il
" m+2 Z (27tin )i Am—j+l

j=1
Case2: n=0.

1
1
A = | omr)ax = A

We recall the following facts about Bernoulli functions B ((x)):

(@) form > 2,

N e2minx
B ((x)) = —m! W’
n=-—oo
n#0
(b) form=1,
_ = e2rinx _ B1({(x)), forx ¢ Z,
2min 0, for x € Z.
n=—oo
n#0

a((x)) (m > 1) is piecewise C*. Moreover, om((x)) is continuous for those positive integers m with
Am = 0 and discontinuous with jump discontinuities at integers for those positive integers with A, # 0.
Assume first that m is a positive integer with A, = 0. Then am (0) = otm(1). am((x)) is piecewise

C®, and continuous. So the Fourier series of o ((x)) converges uniformly to o ((x)), and

[o¢] m
() = Aii+ Y S A ] e
m+2 = m+2]7 (27mtin)i )
n£0 -

1 1 & /m+2 X e2minx
= A — Am_ir1 | =it :
m+2 m+1+m+2_z< j m=j+t | ) Z_oo (2mtin)

n+#0

m

1 1 m+2
_m+2Am+1++2£( j

Now, we can state our first theorem.

Theorem 2.1. For each positive integer L, we let

T+1) (s+1)
Ay = A1, s) = ZB 1k1+ZBS 1kl+ZBk1 lkl

Assume that A = 0 for positive integer m. Then we have the following.

Bi((x)), forx¢Z,
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a) > reo IB](:H) (<x))]BETS:}2 ((x)) has the Fourier series expansion

v Bl (s+1) 1 s o (m+2);
T+ s+ . ' Prtin
D BB () = —— A+ Y m+2z By Smeen | €T
k=0 n=-—00 j=1
n+#0
for all x € (—o0, 00). Here the convergence is uniform.
(b)
m m
1 1 1 1 m+2
> Bt J(<x>)113£§tk)(<x>):m+2Am+1+m+ZZ< ], )Am_j+113j(<x>),
k=0 j=2

forall x € (—o0, 00).
Here Bj((x)) is the Bernoulli function.
Assume next that m is a positive integer with Ay, # 0. Then &y (0) # am(1). Then am((x)) is

piecewise C*, and discontinuous with jump discontinuities at integers. The Fourier series of o ((x))
converges pointwise to am ((x)), for x ¢ Z, and converges to

1 1 m 1
2 (onl0) (1) =aen(0)+ 3 = 3 BB + L,

2
k=0
forx e Z.
Now, we can state our second theorem.

Theorem 2.2. For each positive integer 1, we let

(r+1) +1)
Ay = Dq(1,8) = ZBr 1k1+ZIBS 1k1+ZIBk11k1

Assume that A # 0, for a positive mteger m. Then we have the following.
(a)

1 - 1 & (m+2) .
— A _ .] A . 2minx
+2 m+1+ ; ( T2 & (27‘[iTL)J m—j+1 | €

1
Yy ,B T+1’(<x>)1?;it}3(<x>), forx ¢ Z,
> O]BTJr B k)+%Am, forx e Z.

m—
Here the convergence is pointwise.

(b)

1 1 +2 1 « (m+2
m+2Am+1+m+ZZ<m] )Am—j+13j(<x>)= +2,Z(mj )Am—j+13j(<x>)

k=0
1 1 & (m+2 1« (m+2
m—I—ZAmH—'—m—FZZ< j )Amj+lBi(<X>)m+2 ( j >Amj+lBj(<X>)
j=2 j=0
j#1

In the special case of s = 0, we obtain the following results about the Fourier series of sums of products
of poly-Bernoulli and Bernoulli functions.



T. Kim, D. S. Kim, D. V. Dolgy, J].-W. Park, J. Nonlinear Sci. Appl., 10 (2017), 2384-2401

2390

Theorem 2.3. For each positive integer 1 > 2, we let

Ay = 2(r,0) = IBrH +IB1 2+ZBk]BL K—1-
k=0

Assume that A, = 0 for an integer m > 2. Then we have the following.

a) Y ro ]BkT+1 ((x))Bm—x((x)) has the Fourier series expansion

m+

k=0 n=—oo

ZIBl(fH)“X”Bm*k((X”:%AmHJr Z ( 1

forall x € (—o0, 00).

(b)

forall x € (—o0, 00).

Theorem 2.4. For each positive integer 1 > 2, we let

Ay =(r,0) =B 4B 2+ZBkJB1 L
k=0

Assume that Ay, # 0 for an integer m > 2. Then we have the following.
(a)

_ Zkzoﬂsg“)(<x>)Bm_k(<x>), forx ¢ Z,
PIRI IB](:H)Bmfk + %Am, for x € Z.

(b)

:
4=
N
.l\/la

(mj“) AmeserBs(00) = 3 B (%) B (), for x £ Z,

j=0 k=0
1 ik m+2 ~ il 1 1.
mi2 > ( ]- >AmmBj(<x>) =Y By Bkt 58m, forxez
j=0 k=0
j#1

Let
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o}
3
n
M=

k -k

o k—1 m o
= Lk(m k)! kl(m—k)!
- 1 (r+1) = 1 (r41) g (s+1)
T+ s+1 T+ +
=2 i P (B0 3y B B ()
k=1
m—1 1 ) .
=2} iR OB 00 = 2B ().
k=0 ’
3 Bm+1
From this we get (7) = Bm(x), and
! 1
|, Brm(x)dx = 3 (Brmsa(1) = Brmaa(0)).

We observe that

— 1 T s T s
Brm(1) = Bm(0) =Y ———— (B WBLE 1) - BB

= k!(m—k)!
=1 (r41) 1 (s1) (r1) g (s41)
T+1 s+ T+ s+
T 4= K(m—K)! (IBk (DB (1)~ By Bm*k)
k=1
1 1
L= (IBE,iH)(l) _Bgiﬂ)) T <IB,({+1)(1) —IB»E;_'_U)
m! m!
_m_l 1 IB(r+1 BT IB(s+1 ]B B+ (s+1)
B k!(m —k)! (( + P 1)( -t 1>_ k m*)
k=1
1 1
+— (BB + — (B B
m! m!
_m_l 1 IB(rJFl)IB(S) IB ]B (s+1) IB ]B(S) 1 IB(S) 1 IB(r)
_Zk!(m—k)!( k m—k— 1+ kl k+ k—1 mkl)—f_a m—1+a m—1
k=1
= 1 (r41) 55 (s) =1 (1) (1)
_ s T+ s s+
B k!(m—k)!]Bk B+ Z k!(m—k)! B B
k=0
= 1 (1) m(s)
T S
T2 e P
k=1

Form>1,let Q. = Qun(r,8) = Pm(l) — Bm(0). Then

Bm(o) - Bm(l) <~ -O-m =0.

In addition,

1
1
|, Bm(rdx = 30,

Now, we are going to consider the function

() = > B (GBI (), (m > 1),
k=0

defined on (—o0, 00), which is periodic with period 1.
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The Fourier series of B, ((x)) is

where
1 . l .

Next, we want to determine the Fourier coefficients B%m).
Case1l: n #0.

1
BT(lm) _ J Bm(x)efknnxdx
0

1 _2minx ! / —27minx
=~ [Bm(x)e 2] + i Jo Bl (x)e 2 gy

1 2 ! —27minx
=~ (Brul1) = Binl0) + o | Brmoalx)e 2™

2 w1
2min 2min

2 2 (m—2) 1 1
= — Q) — Q
2min <27rin " 2win. ™) 2minT ™

2 2 (m—2) 2 2i—1
—(-=-)B ~ Qi
(2mn> n Z (2min)i ™!

where BY) = [l e2minxgx — .

Case2: n=0.

1
1
%mﬁ:LﬁmmezzﬂmH.

Bm((x)) (m > 1) is piecewise C*. Moreover, B ((x)) is continuous for those positive integers with
Qm =0, and discontinuous with jump discontinuities at integers for those positive integers with Q ., # 0.

Assume first that m is a positive integer with Q., = 0. Then B, (0) = Bm(1). Bm((x)) is piecewise
C®, and continuous. Hence the Fourier series of 3. ((x)) converges uniformly to 3 ((x)), and

1 e (v 27!
Bm(<x>) —*Qerl - . m—j+1 627nnx
2 (27tin))
1 m 2j—1 e2minx
it
2Qm+1+Zl Qg | n_Z iy
= =



T. Kim, D. S. Kim, D. V. Dolgy, J].-W. Park, J. Nonlinear Sci. Appl., 10 (2017), 2384-2401 2393

1 m oj1 B;((x)), forx ¢ Z
J— . s ) ’ ’
Qm+1+; 31 Qm—j+1Bj((x)) + Qm X { 0, forxeZ
]:
- m 2)'71Q . a B;((x)), forx ¢ Z,
—;).! m—j+1 ]'(<X>)+ m X 0, for x € Z.
):
71

Now, we can state our first theorem.

Theorem 3.1. For each positive integer 1, we let

-1

y 1 (r+1) g (s) Z 1 (s+1)g Z (s)
QIZQl(TIS): k!(L_k)!Bkr lBl k— 1+ k' 1—k )IBkS l k 1+ k' 1Blsk 1

k=0

Assume that Q. = 0 for a positive integer m. Then we have the following.

L4 M]BSH) ((x))]Bfiﬂg ((x)) has the Fourier expansion

k=0 n=—oo ):1
n=0
for all x € (—o0, 00). Here the convergence is uniform.
(b)

. 1 (r+1) (s+1) = 2!

Z m]Bk (<X>)Bm,k ((x)) = Z TQm—jHBj ((x)),

k=0 j;(l)
)

for all x € (—o0,00). Here Bj((x)) is the Bernoulli function.

Assume next that m is a positive integer with Q. # 0. Then 1, (0) # Bm(1). Bm((x)) is piecewise C*,
and discontinuous with jump discontinuities at integers. Thus the Fourier series of 3 ((x)) converges
pointwise to Bm ((x)), for x ¢ Z, and converges to

n 1

L 1 -1 ) s
E (Bm(o) + ﬁm(l)) :Bm(o) + E—O-m = kZO WIB]& +1)1B£ntk + EQm’

forx € Z.
Next, we can state our second theorem.

Theorem 3.2. For each positive integer 1, we let

1

1-1 1-1 1-1
_ _ 1 (r+1) (s) 1 (s+1) (7 (1) (s)
Ou=0ulrs) =0 B Bl t 2 g B Bl t 2 g BB
= k=0 k=1

Assume that Q. # 0 for a positive integer m. Then we have the following.
(a)

o0 m

1 21 in
E—O-erl_ Z ZA(ZWITI) Q- j+1 ] € o

n=—oo j=1

_{ pa omﬂg(r“ ((x))B Stl) ((x)), forx¢Z,

(r+1)p(s+1
K0 1<!(mlq<)!]Bl<r IBni 1Qm/ forx € Z,

forall x € (—oo, 00). Here the convergence is pointwise.
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(b)
- 2 — 1 1
Y S QB0 = 3B B0, forx £ 2,
j=0 =0
21 - (r41 n 1
i;j!Qm j+1B; ({ Z o )lB(S+ +2Qm, forx € Z.

j#1

In the special case of s = 0, we obtain the following results about the Fourier series of sums of products
of poly-Bernoulli and Bernoulli functions.

Theorem 3.3. For each positive integer 1 > 2, we let

~ 1
0= 0) = =y, -

T+1)
1

+ = 2 + Z W BkBl k 1
Assume that Q. = 0 for an integer m > 2. Then we have the following.

a) > v o WBSH) ((x))Bm—x({(x)) has the Fourier expansion

~ 00 m 2]-_1 o
7Tnx
Omi= D | 2 Gy Omoin | €77
n=—oo J:
n#0

1 T
> m&& () Bm-k((x) =

I\J\H
—_

forall x € (—o0, 00).

(b) o -
1 1 2i—1 |
Y atmiarBe DBmx) = 3~ S OmyaBy(x),
k=0 j=0
j#1
forall x € (—o0, 00).
Theorem 3.4. For each positive integer 1 > 2, we let
Q=0 = B4 +Z B]B
1= iy _(1_1)| 1-1 ( 12 k] kD1— kl
Assume that Q. # 0 for a positive integer m. Then we have the following.
(a)
1. - 2] ' 5 o
D b R
nyéO B
I wrmeBY T ()Bmk (), forx ¢ Z,
Z]TIL:O mBLT+1)Bm_k + EQm’ fOr X € Z
(b)
m 3 m
21 1 (r+1)
. TQm7]+]B)(<X>) :ZWB]: (<X>)Bm k < > fOVX%Z
j=0 k=0
m m
21 1 (r+1) 1~
;0 S5 OmoyB () = kZ_O B Bkt 5O, forx € Z.
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4. Sums of products of poly-Bernoulli functions of the third type

Let
=1 (r41)yma(s41)
T+ s+
Ym(x) = K(m—k) By (x)B X (x), (m>2),
k=1
! 1 1 1 1 1
Vi (x) = (1B 0B ) (0 + (m— k) BT (B ()
= k(m—k)
m—2 1 ) m—1 1 . )
1
k=0 k=1
L (s+1) =1 (r+1) _ypa(s+1)
:718 s+ B T+ ]B s+
m—1 1(X)+kZ_1m—1—k k (x) ml,k(x)
1 1 ey 1 1
B+ Y BT B ()
k=1
1 (e 1 (st) = 1 (r41)yma(s41)
r+1 s+1 r+1 s+1
=B )+ BT (X) 4 (m—1) kZ_1 K== B ()BT (%)
1 L+ 1 L(s+1)
ZEB ' 1 (x)+ mBni_l () +(m—=1)ym-1(x).
So, .
(r+1) (s+1)
Vi) = —— (BR )+ BR (0)) + (m—1ymoa ()

0 m
1 T T
(YW =yl - s (B - B 0)
1 S S
_m(m+1) ( E“ﬂ)(l)_]Bilﬁ)(OO)

and
¥ 1 1 1 1 1
() = ym(0) = 3 s (B B ) - BB
k=1
1 (r+1) |, (™) (s41) | mls) (1) (541)
T+ T s+ s Tt s+
- k(T_k) ((Bk +]Bk—1> (Bm—k +]Bm—k—1> _]Bk ]Bm—k)
k=1
o1 (r+1) g (s) (1) ms+) |, () nls)
T+ s T s+ T s
N m <IBk B 1 T By 1B +]Bk—11Bm—k—1) )
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For m > 2, we let

m—1

1
Am =Am(r,8) = Y1) = ym(0) = 3 ot (BB + BB+ BLBL) ).
k=1

Then ym (0) = ym (1) if and only if A, =0. Also,

1

1 1 () 1 (s)
=— A - B,/ ———B .
JO Ym(x)dx < m+1 ( 1) m m

We are now going to consider

&
w
+

~ o
2
3
\Y
D

m—1
-y 1 (r+1)
Ym(<x>) - —= k(m—k)IBk (<X>)

defined on (—o0, 00), which is periodic with period 1.
The Fourier series of vy ((x)) is

where

1 1

Cglm) _ J ,ym(<x>)e—27tinx dx — J Y (X)e—Zﬂinx dx.
0 0

We are now ready to determine the Fourier coefficients cim.
Case1l: n#0.
We can show that

1 1
; Dy
JO B£r+1)(x)e—27unxdx _ z ( )k 1 B{];)k’

i)k
= (27tin)
and we let
—1
o e (M=)
T in)k m—k—1/
= (27tin)
1
(m) _ 1 —27inx 1 / —27inx
Cn 27'dn{ m(x)e }0 min Jo Ym(x)e dx
1
= 5 (Ym (1) = Ym(0))
L 1 1 1 1 _
2mn J’[) <(m_ 1)‘YTTL*1(X) + 71]B1(’:LJ:1) (X) + m (S+1) (X)) e ZT[lTLXdX
1 m—1 (m—1) 1 Jl (r+1) o
=— — C - - B minx g
2mn ™ T 2mn 2min(m—1) Jo o ™! (xJe x
1 LG+ o
- ]B — T['LT'LXd
* 2mtin(m—1) L m-1 (X)e x
-1
- 1 A _|_m_1c(m*1)_ 1 mZ (m—1)k (r)
2in” ™ ' 2min 2min(m—1) & (2min)k Mokl

_ 1 Z (M —1)k—1,(s)
2min(m—1) & (2min)k T m—k-1
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_m-— 1 (m—1) B 1 B 1 B 1 O
2min " 2in” ™ 2min(m—1) ™" 2min(m—1) ™°

m—1/m-—2_(m-2) B 1 B 1 o

S 2min \ 2min " 2nin” ™! 2min(m—2) ™7

1 1 1 1
—— D) — - Y
2min(m—2) ™ 1'5) 2min’ ™ 2min(m—1) ™" 2min(m—1) ™
2

2

(m—l)j_l
_ IR i Lt S
(27T1T1 ; 2mn Am—j+1 j;(zmnp(m—j) mojtlr

—.

m—1

m—1 ( m—1

B m—1)_1 (m—l)j 1 (m_l)j 1
& (2mn) Am—j1 = ]; ) (m ) i T ]Zl Zrin) (m—j) -
where we note that Cg ) — 0. We observe here that
m-l m 1 i m 1 (r)
) 1 i _ ]+k 2 T
Zl (27tin)i (m —j) Pmjorir = Z Z (27rin)itk(m ))Bm*j*k
j= =1 k=1

1 (f)l
p— m H J— _H — .
m; Zmn —1—|—1( m-1 m-1)

Thus,

1
(m) 1 1 (T) 1 (s)
C = dx = A —— By, ———B .
0 JO Ym(x)dx < m+1 ( 1) m ( 1 m >

Ym((x)) (m > 2) is piecewise C*°. Moreover, ym ((x)) is continuous for those integers m > 2 with A, =0,
and discontinuous with jump discontinuities at integers for those integers m > 2 with A, # 0.

Assume first that m is an integer > 2 with Ay, = 0. Then Y1, (0) = ym(1). ym((x)) is piecewise C*,
and continuous. So the Fourier series of ym ((x)) converges uniformly to ym ((x)), and

1 1 m 1 o) 1 = (m)
Vm(<x>) m (Am+l - m(m+1)le m(m+1)le> m Z {Z (27'cin)1 (Amflntl

n=—oo (1=0
n#0
1 .
pT——) (1131(111 T BE{il) (Hm—1—Hm—1) ) } e?mrinx
1 1 (r) 1 (s)
m( T mmt+) "™ mm+1) ™
1 m m 1 (r) (s)
+ TTI 1 /\'m.flJrl + m (Bm—l + ]Bm—l> (Hmfl _ Hmfl)
1=1
27minx
x | —u -
4~ (2min)t
n=-—o00

n#0
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_ 1 1 (s)
_m</\m+1 m( ) (m‘i‘l)]B >

< ) m 1+1 + 11+ 1 (IB:;LL +]B£i),1> (Hmfl - Hm—l)) Bl(<x>)

Bi((x)), forx ¢ Z,
—|—/\mx{0’ for x € Z.

Now, we can state our first theorem.

Theorem 4.1. For each positive integer 1 > 2, we let

A=A (rs) =

+1)p(s) +1) (1) (s)
— )( kT B1k1+1Bs Blk1+lBk 1]Blsk1>

with Ay = 0. Assume that Ay =0 for a positive integer m > 2. Then we have the following.
(a)

m—1

k(m—k)
k=1

1 1 (r) 1 (s)
—— (A 2 gt B
m ( m mm+1) " mm+1) "

1 & m (M), 1 (r) (s) yrinx

n=-—oo
n#
for all x € (—o0, 00). Here the convergence is uniform.
(b)

m—1

z‘

k=1 (

1 1 (r) 1 (s)
== (A — — B - B
m < T mE) ™ mm1) ™

1 m 1 (r) (s)

for x € (—oo, 00). Here By((x)) is the Bernoulli function.

Assume next that m is an integer > 2 with A, # 0. Then ym(0) # ym(1). ym((x)) is piecewise
C, and discontinuous with jump discontinuities at integers. So the Fourier series of ym ((Xx)) converges
pointwise to ym ((x)), for x ¢ Z, and converges to

1 1 e 1
k=1

for x € Z. Now, we can state our second theorem.

Theorem 4.2. For each positive integer 1 > 2, we let

1-1
1 (r+1) g (s) +1) (1) (s)
Av=A(r,s) =) K=K (]Bk By +BUB Y+ B B 1)/
k=1

with Ay = 0. Assume that Ay # 0, for a positive integer m > 2. Then we have the following.
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1 1 () 1 (s)
“(Aps1—————BW -~ B
m( T M) ™ mm1) ™

1 « Jv (mh 1 (r) (s) 2
T 2 {Z(Zmn)l <Am—‘“+m_1+1(13m—1“‘3m—1) (M1 = Hm—y)

n=—oo0 \1=1
n#

1) 1)
Zklm T BE R (x), forx ¢ Z,
i m]Bl(:H)IB( 7 1/\m, forx € Z.

Here the convergence is pointwise.
(b)
1

() 1 (s) 1 m
— By ——— B Am—
mm+1)" " m(m+1) m>+mz<l>< moLtl

1
— (Ams1—
< m—+1 (

1
T molr1 (Bgll +]B5i)4) (Hm—1 _Hml)> Bi((x))

In the special case of s = 0, we obtain the following results about the Fourier series of sums of products
of poly-Bernoulli and Bernoulli functions.

Theorem 4.3. For each positive integer 1 > 2, we let

B

- 1
Ay =A(r,0) = 713 TH + — By 1

1—1

with Ay = 0. Assume that Ay, = 0 for a positive integer m > 2. Then we have the following.
(a)

> B Bl ()

n=-oo0 \ 1=1
n#0
(r)
B 2m!
m—1 27tinx
H H - ,
+m H—l( m-1 m l)>—|_(27'Uln)m m }e

forall x € (—o0, 00).
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(b)

m—1

k(m—k)
k=1

1 /. 1 1'%
=m</\m+1 7( 1 ) le< )< m—1+1

1 T 2
Bt (Himot — Hm_l)) Bu(()) + —Hm_1Bm((x)),

B () Bk ((x))

forall x € (—o0, 00).

Theorem 4.4. For each positive integer 1 > 2, let

_ 1
Av=Mi(r,0) = =B (r+1) +—IB B!"

with Ay # 0. Assume that A, # 0 for a positive integer m > 2. Then we have the following.

(a)

l ;\ 1 l i m—1
m "™ m(m+ 1 m = Zmn At
Tl

1=1
(T)
B 2m!
m—1 27tinx
———— (Hm-1 —Hm— ——H
m—l—l—l( m—1 m l) + (27'[in)m m 1}6

k=1 k(m—Kk) l(< :
m—1 1 r+1
k=1 k(m—k)IBk Bmx

{ mol 1 B (0B (X)), forx ¢ 2,

(b)

1 1 1 m—1 m
1
+ m—1l+ 11B£;)_1(Hm71 - Hml)) Bl(<X>) + *Hm71Bm(<X>)
m—1
1 (r+1)
= k(m —k) ]Bk (<X>)Bm—k(< >)/ fOT’X ¢Z,
k=1
1 (. 1 1 & /m)\ /[ -
- </\m+1 m +1)]B1(1:)> + *Z (l) (Aml+1
1=2
1 (r) 2
m—1 1 1
= K — k)]B](:H)Bm,k + Ef\m' forx e Z
k=1
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