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Abstract

A transformation algorithm is constructed for finding the fixed points of nonexpansive mappings. We show that the
suggested algorithm converges strongly to a fixed point of nonexpansive mappings under some different control conditions.
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1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let ) # C C H be a closed convex
set. A mapping T : C — C is said to be nonexpansive if

ITx =Tyl < lx =yl

for all x,y € C. We use Fix(T) to denote the set of fixed points of T.

Now it is well-known that construction of fixed points of nonexpansive mappings is an important
subject in the theory of nonlinear operators and its applications in a number of applied areas, in particular,
in image recovery and signal processing. There are a large number of algorithms for finding the fixed
points of nonexpansive mappings in the literature: for example, Mann’s method [6], Ishikawa’s methd
[4], Halpern’s method [3], Moudafi’s viscosity method [7], Yao, Chen and Yao’s modified Mann’s method
[12] and Yao and Shahzad’s method with perturbations [14].

Recently, in order to find the fixed points of nonexpansive mappings, Alghamdi et al. [1] presented
the following semi-implicit midpoint rule: for given xo € H, compute the sequence {x,} by the iteration

XT‘—FX“H)/ n>0, (1.1)

Xnil = (1—ocn)xn+och< >
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where o, € (0,1) and T : H — H is a nonexpansive mapping.
Note that the disadvantage of (1.1) is difficult to compute the next step x,,1. For solving this difficulty,
Yao et al. [13] converted (1.1) to the following new form

TYn +Tyni1

2 4

On the other hand, in [11], Xu et al. used contractions to regularize the semi-implicit midpoint rule
(1.1) and presented the following viscosity implicit midpoint rule for nonexpansive mappings:

Ynt1 = (I —an)yn +on n > 0. (1.2)

st = 8] + (1= o) T(257201),n s, 13)

where a, € (0,1) and § is a contraction.
Xu et al. [11] obtained the following strong convergence theorem.

Theorem 1.1. Let H be a Hilbert space, C a nonempty, closed, and convex subset of H, and T : C — C be a
nonexpansive mapping such that Fix(T) # 0. Let 8 : C — C be a contraction with coefficient « € [0,1). Assume
that the sequence {ou, } satisfies the following three restrictions:

(C1): limy 00 0tn =0;
(C2): T g otn = o

(C3): either 3 7 lotn+1 — atnl < 00, oF limp o0 %:1 =1

Then the sequence {xn } generated by (1.3) converges in norm to a fixed point q of T, which is also the unique solution
of the variational inequality
(I-8)q,x—q) 20, VxeFx(T).

In other words, q is the unique fixed point of the contraction Priy (1S, that is, Prix(1)8(q) = q.

Further, Yao et al. [16] introduced the following semi-implicit midpoint method:

n > 0. (1.4)

2 s

Xn+4+1 = (an(Xn) + Bnxn +‘YnT<

Very recently, Yao and Shahzad [15] suggested a viscosity implicit midpoint method for nonexpasnive
mappings:

TX“+TX“+1>, n>0. (1.5)

2

Motivated and inspired by the algorithms (1.2), (1.4) and (1.5), we will study the following implicit
midpoint rule for nonexpansive mappings:

Xn41 = (XnQ(Xn) + Bnxn +Yn<

Xn+1 = n8(Xn) + Pnxn + (1 —on — Bn)(OnTxn + (1 =01 )Txn41), n2>0. (1.6)
We will prove that the suggested algorithm (1.6) converges strongly to a special fixed point of nonexpan-
sive mappings under some different conditions.
2. Preliminaries

Let C be a nonempty closed convex subset of a real Hilbert space H. A mapping 8 : C — C is said to
be contractive if there exists a constant o € (0,1) such that

180x) =8yl < elx =y,

for all x,y € C. In this case, 8 is called a-contraction.
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For every point x € H, there exists a unique nearest point in C, denoted by Pcx such that
x—=Pex|| < [x—yl, vyeC

The mapping Pc is called the metric projection of H onto C. It is well-known that P¢ is a nonexpansive
mapping and is characterized by the following property:

(x —Pcx,y—Pcx) <0, vxeH, yeC. (2.1)

Lemma 2.1 ([10]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let § : C — C be an
o-contraction and T : C — C a nonexpansive mapping with Fix(T) # 0. For given yo € C arbitrarily, let the
sequence {yn} be defined iteratively by the manner

Yn = (an(yn) + (1 - O‘n)TUnz n =0, (2-2)
where {an} is a sequence in (0,1). The sequence {yn} generated by (2.2) converges strongly to q = Prix(1)8(q)

provided limyn 00 0t = 0.

Lemma 2.2 ([2]). Let C be a nonempty closed convex subset of a Hilbert space H, and let T : C — C be a
nonexpansive mapping with Fix(T) # (. Assume that {yn} is a sequence in C such that yn — x" and (1—T)yn —
0. Then x € Fix(T).

Lemma 2.3 ([8]). Let {xn} and {yn} be bounded sequences in a Banach space E and {fn} be a sequence in [0, 1]
with 0 < liminf, ;o Bn < limsup, _,  PBn < 1. Suppose that xn 1 = (1 — Bn)Xn + Pnzn foralln > 0 and
limsup, , (l|znt1 —znl| = [[Xne1 —Xn||) < 0. Then limp o ||zn —xn|| = 0.

Lemma 2.4 ([9]). Let {an}nen be a sequence of non-negative real numbers satisfying the following relation:
an1 < (I —an)an +xnon +0n, n >0,
where

(1) {otntnen C 0,1 and 37 ) &y = oo;
(i) limsup,_,  on <0;
(iii) S, 6 < o0.

Then limy, o an, = 0.

3. Main results

In this section, we present our algorithm and demonstrate its convergence analysis.

Algorithm 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T: C — C be a
nonexpansive mapping with Fix(T) # 0 and 8 : C — C an a-contraction. Let {axn} C (0,1), {fn} C [0,1)
and {6,} C (0,1) be three sequences. For given xo € C arbitrarily, let the sequence x,, ;1 be generated
iteratively by the manner

Xni1 = nS8(xn) + Pnxn + (1 —on —PBn)OnTxn + (1 —01)Txni1l, n>0. (3.1)
Remark 3.2. Algorithm (3.1) is well-defined. As a matter of fact, for fixed u € C, we can define a mapping

x = Tux = a8(uw) +pRu+(1—ax—p)0Tu+ (1—0)Tx].
Then, we have
[Tux—=Tuyl| = (1 —a—B)(1—-0)[Tx — Tyl
<(1—a—p)1-0)x—yl

This means T, is a contraction with coefficient (1 —x —)(1 —0) € (0,1). Hence, algorithm (3.1) is
well-defined.

Next, we give several useful results.

Conclusion 3.3. The sequence {x,} generated by (3.1) is bounded.
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Proof. Let xt e Fix(T). From (3.1), we have
%1 — x| = [lon (8(xn) = 8(xT) + an (S(xT) —xF) + B (xn —xT)
+(1—otn — Br)OnTxn + (1—0n)Txny1 — x|
< otn[8(xn) = 8(x1)|| + ot |8 (xT) = xT|| + B [xn —xT]|
+ (1= ot — Br) 0n (Txn —xF) + (1= 0) (Txn 1 —xT)
< anoffxn *XTH + “n”S(XT) *XT” + Bnllxn *XTH
+ (1= otn = Br)Onllxn —xF[ + (1= otn = Br) (1= 0n)fxnr1 — xT]].
It follows that
o+ Pn+ (1 — oty — Pn)0n
1—(1—on—PRn)(1—04)

Xn
(1—on—PBn)(1—0n

1 — x| < e )IIS(XT)—XTH

(1—o)oen } (1—o)on 1
=|1— Xn — x| + S(xf) —xt
s e | LA e e s e PRI U
<max{||xn—xf||,1|5(XT)—XT||}.
11—«
Apply an induction to get
1
o =11 < ma { o = 1, 12 s 0x) 1
-
Hence, {xn,} is bounded and so are {$(xn )} and {Txy}. This completes the proof. O

Conclusion 3.4. Assume {x, } satisfies conditions (C1)-(C3), {.} satisfies

(C4) : either Y 7 (IBn+1— Bnl < oo orlimn_ Broai=Bn _ 0,

Kn+1

and {0, } satisfies

/ . 1 On41—0n
(C4'): either Y v (10n+1—6On| < 0o or limp s ﬁ =0.

Then limn o0 || Xn — Txn|| = 0.
Proof. From (3.1), we have

[Xn+2 = Xn1ll

= [lotnt1(8(xny1) = 8(xn)) + (otng1 — on)8(xn)
+Bnr1(Xnr1 —xn) + (Brng1 = Bn)lxn — (OnTxn + (1 =01 ) Txn 1)l
+ (1 —ony1 = B ) (On1 Teng1 + (1 =00 41)Txng2) = (OnTxn + (1= 0n) Txp 1))
+(on — 1) (OnTxn + (1 =01 )Txn )|l

< oot 1] Xn1 = Xnl| + o1 — ol ([[S(xn) | + (|00 Txn + (1 — 00 ) Txn 1))
+ Brrilxnt1 —xnll + (1= ani1 = Brs1) (Onsalxnt1 —xnll + (1= Oni1) [xnt2 — Xn41ll)
+ (1 —&n41— Bn+1)|en+1 - en|(||TXnH + ||TXTL+1 ”)
+1Bn+1 — Bnllxn — (@nTxn + (1 =01 )Txn41)]-

Hence,

(1—oa)otni1
1—(1—=0ne1)(1—otny1 —Brt
o L2 2| (18050 )|+ 19T + (1~ 0 T 1)
(1—0n1)(I—otns1—Bni1) mn mn
(1—atny1—PBnt1)Oni1—Onl
1—(1—=0n41)(1—otny1 —Brtt
|Bn+1 - Bn|

+ Xn — (00 Txn + (1 —0,)Tx ,
T (0= Onr1)(1— et — fr) 7 (O (1 O]

HXTtJrZ_Xn+1H< 1— ) Hxn+l_XnH

+
1= (3.2)

) (HTXTLH + ||Txn+1”)
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Applying Lemma 2.4 to (3.2), we obtain
lim [[xn12 —xny1]| = 0. (3.3)
n—o0

By (3.1), we get

X1 = Xnall 4 [[Xn42 = Txn|

[Xnt+1 —Xnt2ll + onp1l[8(xny1) = Txnpall + Brsillxni1 — Txnial|
+(1— Kn+1 — Bn+1) HenJrlTXnJrl +(1— en+1)TXn+2 — TXn41 H

< xnp1 = xnp2ll + o118 (xnt1) = Txnaall + BntalXns1 — Txnal|

+(1— Kn+1 — Bn+1)(1 - 9n+1)HXn+l _XnJrZH'

IXnt1 — Txn41]] <
<

Thus,
Kn+1

1-— BnJrl

This together with (C1) and (3.3) implies that

2
Xn4+1— Txn41|l < 18(xn+1) = Txnitll + ——F——Xnr2 = xny1l- (3.4)
1— Bn+1
lim |[xn —Txn|| =0.
n—oo

This completes the proof. O

Conclusion 3.5. Assume {x,} satisfies (C1)—(C2), {Bn} satisfies

(C5): 0 <liminfy oo By <limsup, ,  Pn <1and limn o(Brns1 —Pn) =0,
and {0, } satisfies

(C5'): limn—y00(Oni1—0n) = 0.
Then limy 0 || Xn — Txn|| = 0.

Proof. Write yn, = W for all n > 0. Then we have

Xn42 = BrnriXnt1 _ Xn+1— BrXn

It e T T 1-Bn
_ 18 (Xn41) + (1 —otni1 — Brg1) Onp1 Txng1 + (1 —0n41) Txn2)
1-— Bn—H
o anS(xn) + (1 —on — Bn)(enTXn +(1- en)TXn+1)
1-— Bn
o 11—« —
ML (S (1) — S(xn)) oL P T (1 01 Txn )

T 1 PBnn 1—Bnit

Xn+1 Kn
—(OnT 1—-0,)T —
(OnTxn -+ (1= Trm )] (255 - L0

) (8(xn) = (OnTxn + (1 =01 ) Txn41)).

It follows that

X&n+1
1— [571+1

9n+1”xn+l - XnH +(1— en+1)HXn+2 _XnJrlH

0.4 X
Hyn+1 _Un” < ( il + z ) HS(Xn) —(OnTxn+(1— en)TXnJrl)H + HXn+1 _XnH

1— BnJrl 1— Bn
1—ani1—PBny1 [
1-— Bﬂ+l
F10n 41 = On([ITxn | + [[Txna[])).

(3.5)

_l’_
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Substitute (3.2) into (3.5) to get

[Yn+1—ynll

1—a)x o [0
< [1 - ()““] nes —xnll + ( ntl  _On )Hsm) (OnTxn + (1— 8 )T )|
1— Bn+1 1-— Bn+1 1— Bn

|“n+l_o‘n|
+ S(x + [0 Txn + (1 —0,)Tx
T Ona 1) (1 —atns1 — Brgy) o0 18 T - (1 =0 T s

2|0n 41— Onl
+ (I Txn |l + || Tx
1_(1_9n+1)(1_0(n+1_[3n+1) H nH || n+1||)
|Bn+l_[3n‘
+ Xn — (O Txn + (1 —01) Txns1)ll-
1—(1—9n+1)(1—fxn+1—Bn+1)” " meon " n+1)]

According to conditions (C1) and (C5), we derive that

limsup([[yni1—=ynll = [xnt1 =xall) <O
n—oo

This together with Lemma 2.3 implies that

T}Ego [yn —xnll = 0.

Note that yn —xn = *57". Consequently, we get

1=PBn

lim |[xn41—Xnl| =0. (3.6)

n—o0
Noting that (3.4), we have

o = Tt € T 0tm) — | + 7l — )
n n \1_Bn n n 1_[311 n+1 nil- .

Combining (3.6), (3.7) and condition (C1), we derive

lim |[xn —Txn|| =0.

n—o00
This completes the proof. O

Theorem 3.6. Assume {xn}, {Pn} and {6y} satisfy the one of the following conditions:

(i) (C1)-(C4) and (C4)';
(ii) (C1), (C2), (C5) and (C5)'.

Then the sequence {x,} generated by (3.1) converges strongly to q = Priy(1)8(q).

Proof. By Conclusion 3.4 and Conclusion 3.5, we have

lim [|[xn —Txnl|| =0. (3.8)
n—oo
Next, we prove that
limsup(q—38(q),q—xn) <0, (3.9)
n—oo

where q € Fix(T) is the unique fixed point of the contraction Priy (18, that is, ¢ = Pri(1)8(q).
Since {xn} is bounded, there exists a subsequence {xn,} of {xn} such that {xn,} converges weakly to a
point X and

limsup (Prix(1)8(q) — 8(q), Prix(1)8(q) —xn) = UM (Prix(1)8(q) = 8(q), Prix(1)8(d) — Xny).

n—o0
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By Lemma 2.2 and (3.8), we deduce % € Fix(T). This together with (2.1) implies that
limsup (Prix(1)8(q) — 8(q), Prix(1)8(q) —xn) = Hm (Prix(1)8(q) — 8(q), Prix(1)8(d) — Xny)

n—oo 1 o0
= (Prix(m)8(q) — 8(q), Prix(1)8(q) — %)
<0.

Finally, we prove that x, — q. From (3.1), we have

X1 — gl

= (xn<8(xn) _S(q)/XnJrl - q> + ocn<8(q) — 4, Xn+1 — q>

+(1—on — ﬁn)<enTXn +(1—- en)TXn+1 —q,Xn4+1— q> + BTI(XTL — 4, Xn+1— q>

< ano[xn — qll|xnt1—qll + oxn(8(q) — g, Xn41—q)
+ (1= otn = Bn)(Onllxn —qll + (1 = 0n) IXny1 — qlDlIXns1 — gl + Brllxn — qll X1 —qll
oxXn + Pn+ (1 —on —Bn)On 1-(1-a)on +(1—an—Pn)(1—06

> Jen —al + .

+ otn (8(q) — q, Xn+1 — q).

It follows that

<

)
" xnt1 —qlf?

2(1 — o) on

X —q|? < |1— xn — ql2
Pens = al I+(1—-a)on —(1—oan —Pn)(1—06n) Pen =l (3.10)
+ Zon (51a) — @ i1 ) |
T+ (1= aotn — (1= — Bp)(1—0y) 0 et =40
Apply Lemma 2.4 and (3.9) to (3.10) to deduce that x, — q. This completes the proof. O

Next, we can define the following algorithm.

Algorithm 3.7. For given yo € C arbitrarily, let the sequence {yn } be defined iteratively by the manner

Yn = o‘ns(yn) +Bnyn + (1—otn — Bn)TUn/ n=o0, (3.11)
where {axn} C (0,1) and {fn} C [0,1) are two sequences.

Conclusion 3.8. The sequence {y} generated by (3.11) converges strongly to q = Prix(1)8(q) provided

In fact, we can rewrite (3.11) as y,, = 1f‘ﬁ&(yn) +(1— 1373‘“ )Tyn for all n. Thus, Conclusion 3.8 can

be deduced from Lemma 2.1.

Next we use Conclusion 3.8 to show the convergence analysis of algorithm (3.1) under other control
conditions.

Let the sequences {x,, } and {y,} be generated by (3.1) and (3.11), respectively. Note that the sequences
{xn} and {yn} are all bounded. First, we have the following estimate.

[Xn41 = Ynll = [lan(S(xn) = 8(yn)) + Bn(xn —yn) + (T —on — Bn) (OnTxn + (1 = 0n)Txni1 — Tyn)||
< on&f[Xn —Ynll+ Bnllxn —ynl + (1 — on — Br)On[xn —yn||
+ (1 — &n — Bn)(l - 6’r1)||xn+1 _ynH-
It follows that

(1_0()0671 ]
1= (0 —an = Br)(A =6y | n ~nl

st —ynll < [1—

(1 B OC)O(n
S [1 B T E— e —Sn)] en = yn—1ll + lyn —yn-ll
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It is easily seen that if Y 7 jon = 00, limn_ ”y“_“w = 0 and liminfy_, 65 > 0, then we get

limn 00 ||Xn4+1 —Yn|| = 0 by Lemma 2.4. Consequently, T;cn — q = Prix(1)8(q) provided lim o ot = 0.
Next, we estimate ||y, —yn_1/|. From (3.11), we have
[yn —Yn—1ll = lan (8(yn) = 8(yn—1)) + (n — otn—1)8(Yn—1) + Bn(Yn —Yn-1)
+Bn—Bn-1)yn-1+ (1T —otn—Bn)(Tyn —Tyn—1) + (xn-1—n + Brn—1—Bn)Tyn—1||
< (T —an +ootn)[yn —Yn—1l| +lotn — on1l|8(yn—1)||
+1Bn = Brn-tlllyn—1ll + (locn — on—1l+[Bn — Brn-1D [ Tyn—1]-

Hence,
”yn _ynflu ‘o‘n_ o‘n71| Hsn - Bn71|
< 8 _ Tyn_ _ _ Tyn_1l)-
il 8= Sty )+ g+ B2 By gl
If imp oo m’j{# = limn 00 ”3“;% = (0, we derive that lim,_, w = 0. So, we obtain

n

immediately thenfollowing theorem.

Theorem 3.9. Assume {xn} satisfies (C1), (C2) and

(C6): limyy o 20— Sntl —

R
{Bn} satisfies
(C7): limpy o B2 Bostl — g,
and {0 } satisfies

(C8): liminf,, ,,, 64, > 0.
Then the sequence {xn } generated by (3.1) converges strongly to q = Prix(1)8(q).

Remark 3.10. Note that the conditions (C1), (C2) and (C6) was presented by Lions in [5]. At the same
time, (C4) is different from (C5). In fact, we can choose 3, = € (0,1) in (C5).
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