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Abstract

In this paper, we consider three types of functions associated with higher-order Bernoulli polynomials and derive their
Fourier series expansions. Further, we express each of them in term of Bernoulli functions. (©2017 All rights reserved.
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1. Introduction

For each positive integer r, Bernoulli polynomials Bg)(x) of order r are given by the generating
function

t T ad (r) tm
<et—1) Xt _ ZoBm (), (seel2, 68, 10, 12, 14, 17). (1.1)
m=

When x = 0, BE{) = BE;)(O) are called Bernoulli numbers of order r. For r = 1, By (x) = BEEJ (x) and

By, = By are called Bernoulli polynomials and Bernoulli numbers, respectively.
From (1.1), we see that

B (x+1)=BW(x)+mB Vix), (m=>0).
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In turn, these yield

B (1) =BY +mBUY, (m>0),

1
J Wxax=BEY, (m>0).
0
For any real number x, we let
x) =x—Ix] €0, 1),
denote the fractional part of x.
For later use, we recall the following facts about Bernoulli functions B, ((x)):

(@) form > 2,

eZTtinx
B = —m! S
m(x) m (27tin)™
n=—oo
n#0

(b) form=1,

— eXinx [ Bi((x)), forx¢Z,
L 2min o 0, for x € Z.

n#0

Here we will consider the following three types of functions oty (x), Bm (x), and ym (x) associated with
higher-order Bernoulli polynomials. We will derive their Fourier series expansions and further express
them in term of Bernoulli functions.

@ am((x)) = it By () (9™, (m>1);

(B) Brml(x)) = X1 memeBi (60 ()™, (m>1);

© vYm(() = 15 g B () (™, (m>2).
For elementary facts about Fourier analysis, the reader may refer to any book (for example, see [1, 15, 18]).

As to Ym ((x)), we note that the polynomial identity (1.2) follows immediately from Theorems 4.1 and
4.2 which is in turn derived from the Fourier series expansion of ym ((x)).

k=1 - (1.2)
1 m 1 -1
= E S;) ( s > </\ms+1 + (Hm—1—Hm—s) <m—s—i—1 + Bg—s)>> Bs(x),

where A = Zk 1 K00 1 n (B](j) +kB](::11)), forl > 2, with A; =0, and H,,, = Z)“;l % are the harmonic
numbers.

The obvious polynomial identities can be derived also for oty ((x)) and Bm((x)) from Theorems 2.1
and 2.2, and Theorems 3. 1 and 3.2, respectively. It is remarkable that from the Fourier series expansion
of the function Y ! o Bk ((x))Bm—x((x)) we can derive the Faber-Pandharipande-Zagier identity

(see [4, 7, 9]) and the Miki’s 1dent1ty (see [3, 5,7,9, 16]). For recent related works, we refer the reader to
[11, 13].

2. Fourier series of functions of the first type

Let
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Then we will consider the function

m
can((x)) = 3 By (0 ()™,
k=0
defined on R which is periodic with period 1.
The Fourier series of o, ((x)) is
Z AT(lm) e27tinx,
n=—oco

where

1
:J o(m(x)efbnnxdx.

To proceed further, we need to note the following.

k=0
m m—1
= kB (0x™ R+ Y (m—k)B ()x™m !
k=1 k=0
m—1 m—1
=Y (k+ DB ™+ Y (m—K)By (xR
k=0 k=0

From this, we obtain

and

For m > 1, we put

m
=> (BB o)
k=0
(R0 L p—1) ()
T T T
=> (B +kBI L =B sk )
k=0
= () L N (D) p()
T r—1 T
=> B+ ) kB —Bn
k=0 k=1
m—1
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We now observe that
am(0) = (1) <= A =0,

and

1
1
Jo ot (x)dx :mAm+1

1 m
-—— (B +(k+1)BU™ ”).
m+ b

We are now ready to determine the Fourier coefficients Al
Case1l: n#0.

Aglm) :J m (X)672ﬂinx dx
0

1 o 1 1 1 o
=5 [otm (x)e 2]+ T L ol (x)e 2 dx
1 1 )
— (1) — o (0)) + J 1 ()€ 2T
2min 2min J
_m+ 1A(m71) B 1
T 2min T ™t 2min

from which by induction on m we can show that

(m ke m—|—2
An = ; 1.
m—i—Z; 2min)) Am-—j+1

Case2: n=0.

1
1
A(()m) = JO o (x)dx = mAm+1

am((x)), (m > 1) is piecewise C*. Moreover, am ((x)) is continuous for those positive integers m with

Am =0, and discontinuous with jump discontinuities at integers for those positive integers with A, # 0.
Assume first that m is a positive integer with A, = 0. Then o (0) = o (1). Hence o ((x)) is

piecewise C*, and continuous. Thus the Fourier series of o ((Xx)) converges uniformly to om ((x)), and

o0 m
(Xm(<x>) :LAerl + Z Z m+2 m j+1 e27rinx
m+42 m+2 — (27in)j )

n=—oo J

n#0

00 .
627t1nx

mj ! Z (2mtin )}

Jamoa| 3 L
)s

1
—A
m+2 m+1+m+2 <
n;éO

—— At ——

m+2

m+2
( m-— )+1B

m+2

By ((x)), f0rX¢Z,
+Am><{ 0, for x € Z.

Now, we can state our first result.

Theorem 2.1. For each positive integer 1, we put
1-1

M=y (ij) + (k+1)B,(j*“) .

k=0
Assume that Ay, = 0, for a positive integer m. Then we have the following.



T. K. Kim, D. S. Kim, D. V. Dolgy, J.-W. Park, J. Nonlinear Sci. Appl., 10 (2017), 2579-2591 2583

a) > reo B](:) ((x)) (x)™* has the Fourier series expansion

- (r) m—Kk __ 1 S (m+2) TTinx
);)Bk ((0) () k_ Amt1+ Z ( erZjE1 (27tin)j]Amj“) e,

for all x € R, where the convergence is uniform.
(b)

> o0t = w3 (M) Ao
k= =2 J

for all x € R, where Bj;((x)) is the Bernoulli function.

Assume next that Ay, # 0, for a positive integer m. Then &, (0) # am (1). Hence am ((x)) is piecewise
C>, and discontinuous with jump discontinuities at integers. The Fourier series of am ((x)) converges
pointwise to om ((x)), for x ¢ Z, and converges to

1 1
E (m (0) + am (1)) = axm (0) + EAmr
forx e Z.
We can now state our second result.
Theorem 2.2. For each positive integer 1, we put
1-1
A=Y (B ++1B ).
k=0

Assume that Ay, # 0, for a positive integer m. Then we have the following.

()
1 = Ll m+2 i
A ' . TTinx
m+2 m+1+nZoo( m‘f‘ZZ 27T1TL m )+1) e
n;éO =1
Zk oBU () 0™F, forx ¢ Z,
1Am, forx € Z.
(b)
1 g (m+2 = o (r) x
m+2.Z ( j >Am—i+18j(<x>) =Y B x™, forx¢z,
j=0 k=0
1 = m+2 v 1
m+2 ];0 ( ) )Am3+1BJ(<X>) = Bnrl + EAm, fOTX e Z.
j#1
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Then we will consider the function

D= B () ™
2 im0

defined on R, which is periodic with period 1.

The Fourier series of B, ({x)) is

Z E1(1m) eZninx,
n=—oo

where

1 .
E;m) :J Bm(<x>)6727nnx dx
0

1
= J Bm (x)e 2™ nxqx.
0

To proceed further, we need to observe the following.

k (1) —k m—k . m—k—1
{k_'(]‘nk)B (X)Xm + 7]3]( (X)X

1 (r) K 1 (r) k-1
= B m B m
£ (k=1 (m—K)! ko1 () +;)k!(m—k—1)! K (dx
m—1 1 ( 1) m—1 (r)
— B T— m 1—-k - B T m—1—k
£ dm—1-K) * +];) Kl (m— 1— 1 Bk (e
:zﬁmfl(x)

From this, we have

Bm1(x) /_
<2> = Bm(x),

and

1
| Bmx)dx =3 (Brm(1) = B 0).
0

For m > 1, we put

Qm :Bm(l) - Bm(o)

k=0
- 1 ( (r)
:Z K(m—k)! (B +kBy ;7 — By 5mk)
k=0
- ( 1 .m
—_ T— BT’
];)k'(m Kk)! +Zk (m—k)! *1 o
m—1
1 1 (r—1)
— B
2 Kim T +Zk'm K1)
= 1 () (r—1)
- Bl 1Bl )
K(m—%) ( K +H(m=—k)
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From this, we see that

and

Now, we would like to determine the Fourier coefficients Ei{“).
Case1l: n#0.

1
Egﬂ) — J Bm(x)e—Zﬂlnx dx
0

1 1 1

. —27minx
=~ i Bm(x)e Jo* 5m

o (B(1) = B (0)) +
n
2 (m-1
“omin

1
J' B;n(x)e—ZTIiTLX dx
0

1
J Bmfl (X) e—27tinx dx

2minx Jo

- A m
2min !

from which by induction on m, we can deduce

21

4— (271in)

j=1
Case2: n=0.

1

1
%mﬁ=LBmme=20mﬂ.

Bm((x)), (m > 1) is piecewise C*. Moreover, B ((x)) is continuous for those positive integers m with
QOm = 0 and discontinuous with jump discontinuities at integers for those positive integers m with
Qm #0.

Assume first that O, = 0, for a positive integer m. Then ., (0) = Bm (1). Hence B ((x)) is piecewise
C®, and continuous. Thus the Fourier series of 3. ((x)) converges uniformly to 3 ((x)), and

1 % - 21

— _ = X 27tinx
Bm ((x)) —2-O-m+1 +n;m Zl (27rin)5Qm_]+1 e
A0 =

1 m 2j—1 0o e2minx
=-0 L Qmoi | ! R

2 m+1 + ; j' m—j+1 ) n:Z_OO (27_[1“))

) n#0

2

j=2

Bi((x)), forx¢Z,
+me{0, for x € Z.

Now, we are ready to state the first result.

Theorem 3.1. For each positive integer 1, we let

1-1
1 T r—
o0~ . gy (040w

Assume that Q. = 0, for a positive integer m. Then we have the following.
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(@ >, ﬁB‘({T) ((x)) (x)™* has the Fourier series expansion

m—k
m o0 m 3
1 () m-k _ 1 21 27t
— B =-0 -y = _0n inx
kZOk!(mk)! e () ) 2 m+1+n;m ; Qrinyi L)€
for all x € R, where the convergence is uniform.
(b) - .
1 k 2i—1
Z WBE)“X» )M = Z %'mejHBj“X»/
o . );(1) ):
j

for all x € R, where B;((x)) is Bernoulli function.

Assume next that Oy, # 0, for a positive integer m. Then 3., (0) # fm(1). Hence B ((x)) is piecewise
C®, and discontinuous with jump discontinuities at integers. Thus the Fourier series of 3, ((x)) converges
pointwise to B ((x)), for x ¢ Z, and converges to

1 1
5 (Bm(o) + Bm(l)) = Bm(o) + E—Qm,

forx € Z.
Next, we can state our second result.

Theorem 3.2. For each positive integer 1, we let

1-1
_ 1 (r) (r—1)
o=y M (Bk +(1—K)BY ) .

Assume that Q. # 0, for a positive integer m. Then we have the following.

(a)
! 3 T 2j_1 27tinx
2Qm+1+ Z _Z(ZTEU’L)] m—j+1 €
n=—oo j=1
n+#0
2 ko0 k'(mfk)!Bl(:)uXH )™, forx ¢ 2,
miBm +30m, forxeZ
(b)
Z |*Qm—)+1B](<x>) Km k)1 ok ({(x)) (x) , forx¢Z,
j=0 k=0
"o
2]71 1 1
Y O jnBj((x) = - ETTL)JrEQm, forx € Z.
=0 )’ !
j#1
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k(m —k) {kB‘(Ql (™ (m—k)By (x)xm_k_l}

Thus

from which we see that

1 1 me 1 () "
<m (Yerl(X)_Tn(TTl—l—l)X M _WBmH(X))) =Ym(x).

This implies that

1
_1 1 1 (r) (r)
L Ym (x)dx = <vm+1(1) Ym+1(0) D) mmi D) (Bmﬂ(l) BmH)
1 1 1,1
=— — - B :
(Ym0 = Ym0 - s Tl
For m > 2, we put
-1
Am =¥Ym(1) —ym(0) :m ! (Bm(l) — Bmém k)
= k(m—k) Lk LR
1
:m 1 (B(r)+kB(r71) B(T)é k)
K(m—k) "k k—1 k Om,
k=1
:m_l 1 <B(r)+kB(r*1)>
= k(m—k) \ "k k-1

Now, we note that

and

1
1 1 1 -
[ vma= o (Amer = oty = B0,

We now consider the function

\Y
N

m—1 1 . .
Ym(() = 3 (g B D ™ (m
k=1

defined on R, which is periodic with period 1. The Fourier series of ym ((x)) is

00
Z C;m) eZﬂinx’

n=—oo
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where
1 .
e =] (e 2imax
1 .
= J Yo (x)e 2 dx.
0

We are now going to determine the Fourier coefficients cim
Case 1: n # 0. We can show that

1
J xle—2minx gy { Zk 1 2731111;kr for n #0,
0 1+1, for n = 0.

Also, from [13] we have

(r—1)
J~1 B{r] (X)efzninxdx _ { Zk 17 Blr 2, for 7& 0,

0 Bl , forn =0.

1
Cglm) :J ym(x)efhmxdx
0

_ 1 —27minx 1 1 Jl / —27minx
- 2min [ym(xe Jo+ 2min Yim(x)e dx
1
- 1) —
o (Ym(1) = Ym(0))
! 1 m—1 1 (r) —27inx
o ), (m—1)ym_1(x) + mx + mBm_l(x) e dx
_m-— 1 C(m_l) B 1 B 1 B 1
C 2min 2min” " 2min(m—1) " 2min(m—1)
where ) )
o _mi (m—1)x1 o :mi (m—1x, 1)
m (27in) m (2min)k ~m—k-1
k=1 k=1
Thus we have shown that
m-—1 _ 1 1 1
ca = ot - ® Om

27min 2min” ™ 2min(m—1) ™ B 2min(m—1)

from which by induction on m we can show that

C(m)__mz_l(m—”i—l/\ | _mf(m—nj_l@ .
nT 2rin)) "™ = ain)i(m—j) ™!
o 4.1)
m i
_ —— 1 @, .

(27tin)) (m —j)

We observe now that

m—1 m—1

(m— 1 ) 1 (m 1 ] 1 (m— j 1)
C] ,
2min)(m—j) " =+ = Z ( -k

j=1
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m—1 m— ]
=Y 5 L e B
- +k Pm—j—k
ot m—j = (2mtin))
—1
:m i m—1)s4 g1
m—j (27tin)s B
j=1 s=j+1
m
_ (m 1 s 1
_SZ_Z (27tin)s Z
1 m
72 )(Hm 1 Hm s)
m 2mn

where Hy, = Z;m 1 j are harmonic numbers. Similarly, we can show that

m—1

TTl 1) 1 1 - (m)s Hmfl_Hm—s
2 .

P Q2min) (m—j) ™It~ Eszl 2min)s  m-—s+1

Putting everything altogether, from (4.1) we have

m
(m) 1 (m)s 1 (r—1)
=— — A Hmn-1—Hmo —+B .
m;(zﬂin)s { m s+1+( m—1 m s) (m_s+1+ m—s

Case2: n=0.

1
C(()m) = L Ym(x)dx

1 1 1 _ -1
— (Api1————— B .
m ( T mmt) m™

Ym((x)), (m > 2) is piecewise C*. Moreover, ym ((x)) is continuous for those integers m > 2 with A, =0
and discontinuous with jump discontinuities at integers for those integers m > 2 with A, # 0.

Assume first that A, = 0, for an integer m > 2. Then v, (0) = ym(1). Hence ym ((x)) is piecewise
C, and continuous. Thus the Fourier series of ym ((x)) converges uniformly to ym ((x)), and

_1 1 1) v 1 e (m)
'Ym(<x>) m (Aerl m(m—+1) mBm > Z {m SZ_l (27in)s </\ms+l

n=—oo
1 _ .
+ (Hmfl - Hm—s) < — + Bg_?)) } eZTunx

n#0
m—s+1

1 1 1 1) 1 & /m
=—|A - — B! — Am—
m( m+1 m(m+1) mom )+ SZ(S>< m—s+1
1 (r—1) e2minx
Hm-1—Hm—s)| ———+B —s!
 (Hin-1 =Hm—s) (m—s+1+ mes ° nZ (2min)s
n

N0
1 1 1 (ro1) 1 &« (m
(A~ "B <
m( T mmt) m™ +mZ s
B
0

3

£
(Ams+1 + (Hmfl - Hm—s)

s=2
1 (r—1) 1((x)), forx¢Z,
8 (m—s+1+Bms>)BS(<x>)+Amx{ , for x € Z.

Now, we are ready to state our first result.
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Theorem 4.1. For each integer | > 2, we let
1-1

_ 1 (r) (r—1)
M= kZ—l g (B k)

with A1 = 0. Assume that A\ = 0, for an integer m > 2. Then we have the following.

a) S, %B“) ((x)) <x>m_k has the Fourier series expansion

(m—k) "k
m—1 1 )
——— B ((x)) ()™ ¥
= k(m—Xk)
1 1 1 (-1 - 1 « (ms
- (Apy1————— "B - - A
m( ™ mm+1) mo ™ > n;oo mSZ_l(Zmn)S meost
n#0

1 1 ,
+(Hm—1—Hm-s) <TT1—S+1 + Bg_g)) } eZTnnxl

for all x € R, where the convergence is uniform.

(b)

Z( ) < m—s+1+ (Hm—1 —Hm_s) (m—ls—i—l—i_Bg:ls))) Bs((x)),
s;él

for all x € R, where B ((x)) is the Bernoulli function.

Assume next that A, # 0, for an integer m > 2. Then vy, (0) # ym(1). Hence ym ((x)) is piecewise
C®, and discontinuous with jump discontinuities at integers. Thus the Fourier series of vy ((x)) converges
pointwise to ym((x)), for x ¢ Z and converges to

1 1
5 (Ym(0) +vm(1)) =ym(0) + 5 Am

for x € Z. We are ready to state our second result.

Theorem 4.2. For each integer | > 2, we let
1-1

1 () 4 gD
Ay = B kB
1 kZ_lk(l—k)( O ),
with A1 = 0. Assume that A\ # 0, for an integer m > 2. Then we have the following.
(a)

1 1 Y > 1 & (m)s
m<Am+1_m(m+l)_mBm )‘ 2 {mz(Zﬂin)s(Am_SH

1 r—1 :
+(Hm71 - HTTL*S) (—SH_ + B‘(m.s)>) } ezﬂlnx

_ ) Xin mBg)(@Q) x)™ 'k, forx ¢ Z,
1Am' forx € Z.
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(b)
1y (m) (A + (Him—1 —Hms) <1+B””>) Bs((x)
ms:o S m—s—+1 m—1— 'lm—s m—s—+1 m—s S
—'
2 -1 1 B )™, forx ¢ Z;
1 r—
(T) (Am s+1 + Hm—l - Hmfs) (TTL—S—I—l +B1(1115)>> BS(<X>)
= 1/\ Z
=5Am, forx € Z.
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