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Abstract

The flow of chemically reacting gaseous mixture is associated with a variety of phenomena and processes. In this paper we
study the inviscid incompressible limit for the strong stratified flow of chemically reacting gaseous mixture with the ill-prepared
initial data in the whole space. (©2017 All rights reserved.
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1. Introduction

The flow of chemically reacting gaseous mixture arises in sciences and engineering and is associated
with a variety of phenomena and processes: pollutant formation, biotechnology, fuel droplets in combus-
tion, sprays, and astrophysical plasma. Analyzing the physical regimes associated with various processes
unfolds complex chemistry mechanisms and detailed transport phenomena. Many interesting problems
in that context involve the behavior of solutions to the governing equations for multicomponent reactive
flows as certain parameters vanish or become infinity. The objective of this work is to investigate singular
limits for such complex flows based on the relative entropy in the whole space.

As a physical model of fluids, we here consider the flow of chemically reacting gaseous mixture in the
whole space Q = R>:

0¢p +div(pu) =0, (1.1
1
d¢(pu) +div(pu @ u) + ;pr = pAu + (n+ v)Vdivu + pVG, (1.2)
0¢(pY) +div(pYu) = div(F) — kpY,

where u is the vector field, v > 3/2, p is the density, Y is the reactant fraction, and 3 = dAY denotes the
diffusion flux. To begin with, we introduce the scaling limit:

t—et, ur—eu, p— ey, veeev, d—ed, K ek (1.3)
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With the scaling of (1.3), the system (1.1)-(1.2) reads as follows:

0tpe +div(peue) =0, (1.4)
O¢(peue) +div(peues @ue) + E;/sz = HeAue + (e + Ve ) Vdivue + épGVG, (1.5)
0¢(peYe) +div(peYeue) = dc AYe —KepeYe. (1.6)
We also assume that
ue —0, ve. — 0, de — 0, ke — 0, (1.7)

as ¢ tends to 0. Note that the scalings of d¢, k. are motivated by [3, 7]. Assume that the initial data have
the following property at infinity:

pe(x) = P, ue(x) — 0as x| — oo.

The existence of global weak solution for the compressible flow of chemically reacting gaseous mixture
(1.4)-(1.6) was proved by Donatelli and Trivisa [1, 2].

It should be pointed out that this kind of problem was first studied by Masmoudi [11] and then there
are a lot of progressive works on this topic by Feireisl and Novotny [6] for the compressible Navier-Stokes-
Fourier system and by Jiang et al. [8-10] for the compressible magnetohydrodynamic flows. Recently,
Feireisl et al. [5] have studied the inviscid incompressible limit of the weak solutions to the compress-
ible Navier-Stokes equations of compressible flows with strong stratification using the relative entropy
method. In this paper, we study the inviscid incompressible limit of the compressible strong startified
flow of chemically reacting gaseous mixture (1.4)-(1.6) in the 3-dimensional whole space to the strong
incompressible Euler equation when the number ¢ is very small and we use the ill-prepared initial data.
Our contribution of this paper is physically to derive the relative entropy which plays an important role
in the proof and derive a rigorous Euler equation. This paper is a first try for the inviscid incompressible
limit problems for the compressible flow of chemically reacting gaseous mixture.

Formally, the limit of the density p is determined by the static problem

VxpY =pVxG, p(x) = pas x| = oo,
and we will also investigate the limits

Pe — P, v/ PeYe — \/BY/ VPelWe — \/EV/ (18)

as € tends to 0 in the suitable sense such that the given limit (v, Y) represents the unique strong solution
of the following system on [0, T, ):

0tv+ (u-V)v+ VIT =0, div(pv) =0, (1.9)
0tY+v-VY=0.
For the given initial vy such that
up € HY(Q;R?), Yy € H*(Q), divvyg =0
for k > %, the velocity (v, Y) has the following regularity:
Y € C([0, T.); H*(Q)), 3:Y € C([0, T.);H* 1 (Q)),
v € C([0, T,); HY(Q;R?)), 3yv, VIT € C([0, T.); H* 1 (Q; R?)), (10

on [0, T,), see Donatelli and Trivisa [3].

The outline of this article is as follows: In Section 2 we present the rigorous result for (1.8) and (1.9),
and in Section 3 we give the proof of the main result for the compressible flow of chemically reacting
gaseous mixture (1.4)-(1.6).
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Definition 1.1. We say that a quantity {p, u, Y} is a weak solution of the flow of a gaseous mixture (1.4)-(1.6)
supplemented with the initial data {po, uo, Yo} provided that the followings hold.

e The density p is a non-negative function, p —1 € L*(0,T; (LY + [2)(Q)), the velocity field u €
L2(0, T, WH2(Q; R3)), plul?> € L*°(0,T;L(Q)), and u represents a renormalized solution of equation
(1.4) on the (0, T) x Q, that is, the integral identity

J (p+b(p))<p(r,-)dx—J (00 + b(po)) (0, -)dx
o o (1.11)

-
:Jo JQ [(p-i-b(p))atcp—l—(p+b(p))u-V(p—|—(b(p)—b’(p)p)divmp dxdt

holds for any test function ¢ € D([0,T) x Q) and any b such that

b e C'0, ), b’(r) = 0 whenever t > T1p.

e The balance of momentum holds in distributional sense, namely

j pu‘@(r,-)dx—J (ou)o - (0, -)dx
Q Q

-
1
:J J (Pu'at(5+9u®u:Vq_5+—zpydiV(ﬁ) dx dt
0 Jo Ye

T
1
:J J pLgVu:V(ﬁ—l—(pg—kvg)divudivq—?pVG~(pdxdt
0 Jo

for any test function @ € D([0, T); R3).
e The total energy of the system holds,
1 2 1 Y ~Y ~'y7] ~
— - — — — t )d
JQ (zplul + y(y—1)52(p pY—vp¥ (p p)))( ,)dx

i (1.12)
s [C] VR G v v e < B
0JO

holds for a.e. T € (0,T) where

1
oy oY P =8 (o —p)) ) dx.

e The reactant mass fraction Y is a bounded measurable function on (0, T) x Q,

1
Eo,e = J (Epo|'~lo|2 +
o

0<Y(t,x) <1lforae. te(0,T), xeQ,

and the integral identity

T

-
J J (pYat(p+pYu-V(p—d£VY-V(p) dxdt:ng
Q

J oY@ dxdt+J poYo(0,) dx, (1.13)
0 0Jo Q

to be satisfied for any test function ¢ € D([0,T) x Q), together with
T

— JT 0 JQ pG(Y) dx dt+J

pr dG|VY]? dx dt
0 0 Q

-
<[ o] 25 axdts [ poGrronm) dx
o Ja oY Q

for any P € DI0, T), P > 0, and any convex G € C2(R?),

G = inf G"(Y).
YeR
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e The chemical energy inequality

.
J poY5dx (1.14)
Q

N[ —

-
1 J pY2dx + K¢ J J pY2dxdt + d. J
Q Q

J |VY|2dth<
2 0 0 Jo

is satisfied in D’(0, T).

2. Main results

In this section we introduce the main result of inviscid incompressible limit for compressible mag-
netohydrodynamic flows. Before we mention the main result, we introduce the generalized Helmholtz
projection as follows

v ="P;[v] + PL[v], PL[v] = VO,

where
div(pPs[v]) =0, div(pV,®) = div(pv) in Q.

Theorem 2.1. Let Q = R3 be the 3-dimensional whole space and {p¢,ue, Ye} be a weak solution to (1.4)-(1.6) in
the sense of Definition 1.1 verifying the viscosity (1.7) and the initial data:

up,e = wp in L2(Q), Yoe — Ypin 12(Q), pi) — p!) in 12(Q) 2.1)
as ¢ tends to 0 where

poe =p+epys, py) € (L2NLX)(Q), Pylugl = vo € HY(Q;RY) (2.2)
for a certain s > % Then, one has

pe = p in L=(0,T; (L*+LY)(Q)),
vVPeUe — ﬁv strongly in L*°(0, T, L%(K;R%)), (2.3)
VPeYe & \/EY strongly in L*°(0, T; 2(Q;R%)),

for any compact K C R such that {p, v, Y} verifies the equation (1.9) with the initial P5(up).

3. Proof of Theorem 2.1

In this section we are going to give a rigorous proof of Theorem 2.1. From now on, we work on any
time T < T,.

3.1. Uniform bounds

In this section, we are going to derive some estimates on the sequence {p¢, u¢, Y¢ }e~0. From the energy
inequalities (1.12) and (1.14), we obtain

ess sup |[[y/peue(t)]i2(0) <C, (3.1)
te(0,T)

ess sup [pY —pY —vp" (pe —P)ll11(q) < €°C, (3.2)
te(0,T)

[vieVuellr2(01)x0) < C [Vite +Vedivuel|12(0m)x0) < G, (3.3)

[vKevPeYellLee(o,1:12(0)) < C,
“@VY£||L2((O,T)XQ) < C
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Following the estimate of (3.2) and the convexity of the following function:

Ty —pY —ypY i —p),

we get
ess su [7_1 _5 } <C 3.4
Sup H Ipe=pI<1/2| | 2 ) (3.4)
and
lpe —pIY
ess sup ——Lp—piz12/dx < C (3.5)
te(0,T) e?
Note that
IVx—/pF < Clx—pl* k> 1 (3.6)
and so we get
IvPe — VbllLe(0T12(0)) < €C. (3.7)

In accordance with (3.4) and (3.5), we obtain
petle — pu weakly-(x) in L(0, T; (L2 + L2¥/(v+1)(Q; R3)),
and so we deduce that
div(pu) =0, (3.8)

in the sense of distribution.

3.2. Dispersive estimates
In this section we derive the dispersive estimates. To do this we first regularize the initial data.
Consider the abstract operator

Ap v — div(pVyv),

p'(p)
p
with the domain

D(Ap) ={ve L2(Q)|Vyv ev e L2(Q;R?), J pVyxv - Vi (Lf))(p)dx = J gedx
Q Q
for all ¢ € CX(Q) and some g € L2(Q)).
Introduce a family of functions G; verifying:

Gs € CP(R), 0< Gs <1, Gs(—2z) = Gs(z),
G@()—lforze( %, ) (6,1>,
2

)

(55 )

G@(Z):OfOl‘ZG(—OO,—g>U<
s € CFQ), 0< b <1, bslx) = 1for b < 5, bs(x) =0 for [ > =

We also take

We define the regularization [h]s by
[hls = Gs(y/Ap)bshl, h >0,
with h € 12(Q). Let (q¢, V<@, ) solve the following acoustic equation:

£d¢qe +div[pV @] =0, (3.9)
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/ ~
PO VD, +pV [p ép) qg} —0, (3.10)
with the initial data
pop'(d m
qg(O,-) = p/(m [ p po,s} 5 CDE(OI‘) = [(Do,e]ér V(DO,E = PJ_[“O,E]' (3‘11)

Then we have the dispersive estimates:

Theorem 3.1 ([5]). Let {qe, Vx D¢ }e=0 be the solution of system (3.9) and (3.10) with initial data in (3.11). Then,
one has

Sup |:H(D£(t/ ')H%_[k(Q) + qu(t/ ')”%_[k(QJ/ < C(m/ 6) [HVX(DO,e,ZSH%Z(Q;IRZ) + ||q0,£,5”%2(_()_):| (312)
tel[0,T]
and
[0 (t, N0y + 1de(t Vlwim() < he, K 8) [V Docslizame) + lldoe sl e | (3.13)

where h(e, k,8) — 0 as € tends to 0 for all fixed d >0, and k =0,1,2,.. ..

Note that the dispersive estimates hold for the 3-dimensional whole space. From now on we delete 5
to (DS,5I Je,s-

3.3. Relative entropy
In this section we will introduce the relative entropy. Let us set

H(p,1) = (P(p) = P'(r)(p — 1) — P(1)),

where P(s) = Y(Ylil)sy, p(s) = %sy and

1 1 1
£c(r) = | (3pelue —UP -+ H(pe, )+ 7pelYe —YP)dx
with U € C¥([0,T] x Q;R?). Using Y as a test function to the equation (1.13), we get the following weak
formulation of the equation (1.13)

T
— J PeYeYdx = — J P0,e Y0,e Yodx — J J PeYe 0 Ydxdt
Q Q Q

0 . (3.14)

T T
+d. J J VY. - VYdxdt —J J PeYeue - VYdxdt + k¢ J J peYeYdxdt.
Q Q Q

0 0 0

We can derive the relative entropy together with adding (1.14) and (3.14) in the sprite of Feireisl et al. [4].
For solutions (pe,uce) verifying (1.4)-(1.5), we have

T
£c(1) +J J (e Ve P+ (1t +ve)ldivae ) dxt
0JO
- i (3.15)
+.<£J J perdxdt+d£J J VY Pdxdt < ) AS,
0Jo 0Jo -
where
ATZSS(O)/
T
AS = J pe(atU+u€ -VU) (U — ue)dxdt,
0JO
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A5 = J J (LeVue : VU + (e + ve )divuedivU)dxdt,
0Jo

1
Ay = ZJ ((T—pe)atP’(r) + VP/(r) - (TU—peue))dx,
e Jo
AL ! divUd ! VG U)d
=2 | (ploc) —p(n))divUidx + 5 | eV (ue ~ Uy
T T
A¢ = pest‘Vdedt—J J PeYeue - VYdxdt,
0JQ 0JQ

T T
AS = dEJ J VY, - VYdxdt + KSJ
Q

J peYeYdxdt,
0Ja

- 1 -
As =5 | (pe=pVidx— 5| o)V
Q Q
where r satisfies

r>0in [0, TI xQ, r—p € C2([0, T] x Q).

3.4. Computation of relative entropy
In the relative entropy inequality (3.15), we take

r=p+eq., U=v+VO,.
Following the estimates of (2.1), the initial terms of A] can be handled as follows

[v/Po,e(wo,e —vo— V®ge)ll12(q) < Clluge —uolli2(q)
+C|IP* [u) — P [up e[ 12( 0y + ClIP*[wo,e] — P [uo,ells llr2(0) = x(&,8),

with
lim Ox(s,é) =0,

£—0,0—

where we have used (2.2),

1 1 (12 ‘ p (P o (1)‘2
= < _ — =
L 2 H(Poe, To.e)dx < CL (Ipo,8 P+ o () [ po,gh P )dx x(&,8),

and

J 00.e[Yoe — YoPdx < cj 100,c — lIYo.e — Yol2dx + CJ Yo, — YoPdx = x(&, 5).
Q Q Q

Thus, we get A} = x(¢,8). We next control the velocity terms A3

T

Afzj J Pe(0tU+uc - VU)(U —u,)dxdt
0Ja

T

:JOTLZ Ppe(U—ue)®(U—ue): VU dxdt+J0

. 5
< CJ E(t)dt+ > JE,
0 k=1
where

T
pe(U—ue) - (0yv+v-Vv)dxdt, J5 = J Pe(U—ue) -0, VD dxdt,

Ppe(U—ue) @ VO, : Vvdxdt,

N—
—_
I
< A
[
(o) o]
~—
W
I
o A
;_5 ;_5
(o) o]

pe(U—ue) ®@v: V20 dxdt,

J (Pe(U*ue) -0tU+ pe(U—ue): VU)dxdt
Q
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]é = 1J J pe(U_ue)‘V|V®g|2dth.
2J)ola

For J{, employing (3.4), (3.5), (3.12), and (3.13) gives

T

T T —p
J J P VD, - (0yv+v-Vv)dxdt = —ej J Pe V(DE -Vﬂdxdt—J
Q

0 0
JO

= —&

J pV D, - VITdxdt
Q
J div(pV D )TTdxdt + x (¢, 8)
J J 0tqITdxdt +x(e, 8)
= 8” qe } —i—eJJ qe0¢TTdxdt = x (¢, d).
0Jo

Furthermore, using(3.4), (3.5), and (3.8), it follows that

T

J J Pe(Vv—ue) - (0tv+v-Vv)dxdt, = —£J
Q

J pe_pv-Vﬂdxdt—J
0 0JO

J pv - VITdxdt
€ 0Jo

T
—i—J J peuc - VITdxdt + x(g, 8) = x(g, 8).
0Ja

Next let us control J5 for the velocity term. Indeed,

T

T T
J J Pe(U—ue) - 0{VD dxdt = —J J Pelle - atVd)edxdt—FJ J Pev -0 VD dxdt
Q Q 0Ja

0 0 (3.16)

1 T
+J J 0 0¢| VO, |2dxdt.
2 )y Ja

The second integral on the right hand side of (3.16) can be handled by

T T
J J Pev- 0t VD dxdt = J J (pe —p)V- 0 VD dxdt
0Jo 0Ja

_ _LTJQ (pee— ﬁ)v.v[p’éﬁ) qs]dxdt —x(e,5),

where we have here used (3.4), (3.5), and the dispersive regularity (3.13). Next, we estimates the third
integral on the right hand side of (3.16). Using (3.4), (3.5), and the dispersive regularity (3.13) again
provides

T

Pe—p

J J P 0¢|[VD, Pdxdt =
Q

0|V |Pdxdt + 1 J
0 2

J PO |V D, |Pdxdt
0JO

£
2J0 JQ

N —

T

r = /(=

=— uVcDE-V[]D Ep) }dxdt—l—lj
JoJao ¢ p 2 Jo

rTor

pOL|VD, [P dxdt + x (e, ).
Q

J pO¢| VD, |2dxdt
Q

Using the regularity (1.10), the dispersive regularity (3.13), and (3.1), the term of J§ can be estimated as

T

J5 :J J (pe —P)UR VO, : Vvdxdt+J
Q

J U VO, : Vvdxdt = (¢, 5).
0 0Ja

Similarly, we get
Ji+J5 =xl(ed)
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and the term of Aj is estimated by

1 T
As =[5
2 2 t=0

T
J c>|vq>£|2dx} —JJ Pelle - 0 VD dxdt + x(e, d).
Q 0JQ

Let us show that the viscosity term A5 vanishes,

‘ JQ (HaV“e :VU+ (ke + Ag)divuedivU> dx‘

1 1 (3.17)
< gt || IVucPdx-t (e +A0) | divacPdx o Clue +Ac) | IVUPdx,
2" Ja 2 o) Q
where we have here used (1.7), (1.10), (3.3), (3.12), and the fact (3.6), together with (3.4) and (3.5). Indeed,
the first and second terms can be moved to the left hand side in (3.17) and the third term vanishes. In
(3.17), we know that, from (1.10) and (3.12), VU € H?(Q) together with the Sobolev embedding, which
implies that
IVUllea) < C.

For the term of A}, AZ, we are going to use the same result in [5] such that

1 T
AS+AS =5 JO JQ ((r=pe)acP’(r) + VP/(1) - (rU — peu) ) dxdt

1 (" _ 1
e L JQ (p(pe) —p(r)>d1dexdt+ = Lz 0eVG - (ue — U)dx

1 © (T
:—[J 5|vq>£|2dx} +JJ Dete - 0 VD dxdt +x(g, 8).
2)a =0 Jo Jo

We now handle the convergence of the reactant mass fraction function A¢. The term of A{ can be
written by A{ = Zglzl B¢, where

BS = J J VPV =Y)Vpe(U—ue) - VYddt,

0

>
A

r

B =— Ve Ye = Y)/pe VD, - VYdxdt,
JO JQO
rT o
B = — peYv - VYdxdt,
JO JO
T
B =— peYue - VYdxdt.
JOo JO

Applying the Young’s inequality and using the regularity in (1.10), the first intergal can be bounded by
the modulated energy

T T

J pelue — UPdxdt < CJ & (t)dt.
Q

T
BfgCJJ pelYE—YIdedH—CJ
0JO 0

0
We use the Young's inequality again to obtain that:

T

T
B;gcj J pelYg—Y|2dxdt+CJ
Q

J Pl VO 2 VYPdxdt,
0 0JO

T
< CJO Ec(t)dt+ Cll(pe — P —pi<1/2llizo 1200 VY li200,T;12(0))

T
C — )1 5 . vY C VO, VY[ dxdt,
+ Cl[(pe = 0)Lp. —p1>1/2/lLv 0,10y () ||L%(O,T;U2z1 ) + L L)| [T IVY[=dx

< cj Ec(t)dt +x(e, ),
0
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where we have used the regularity in (1.10) and the dispersive regularity (3.13). Using again divv = 0 and
(3.7) together with the similar method of B, Bf, we get

T

YZ
B5 =x(e, d) —J J pv - V—dxdt = x(¢, d)
o 2

0

and

T YZ
B :_J J pete - V—dxdt = (¢, ),
0JQ 2

where we have used (3.8). Consequently, we have

T
A¢ < CJ Ee(t)dt+x(e, 0).
0

For the term of A7, using the estimate of (3.8) yields that:

de [T Ke [T
A;gij J IVYgzdxdt+EJ
0Jo 2 Jo

+IvPe = VBllieorza) Iv<evPe Ye w0 r02(0)) + X (€, 8)

de [* 2 Ke [* 2
< = VY |[*dxdt + — peYodxdt +x(e, d).
2 Jolo 2 JolJa

Finally, by (1.10), (3.4), and (3.5), it remains to bound the term of A§

J pe Y2dxdt
Q

‘ JQ(Pe - f’)YZdX‘ < llpe =P —pi<1/2llizo 2o Y2 0,7512(0))

C — 01, _5 . Y =x(g,d),
+Cll(pe = B)1jp.—pi>1/2llLy (0,17 ()l HL%(O’T;L%(Q)) x (g, )

and similarly by the initial condition (2.1),

|, (b0~ 1¥Bax =xtc,5)
Q
Thus we have
Ag =xl(¢e,0).
Then, summarizing the estimates for Zg’:lA)?, we show that the relative entropy (3.15) provides

85(’5)‘{'1

J J (eI Vte P+ (11 +ve)divae ) dxt
2 Q

0 - (3.18)

+1K£JJ peYidxdt—l—lng J |VY5|2dth<CJ Ee(t)dx +x(¢, 8).
2 "Jola 2 " JolJo 0

3.5. Convergence of (2.3)
Let us apply the Gronwall’s inequality to (3.18) in order to obtain:

Ee(T) < x(e,8) exp(TC) (3.19)
for any T € (0, T). We are now able to prove the local convergence of ,/pcuc. Note that

JKWpiue—ﬁdem IVBete — VBev = VBT — (/B VBe) (v + V) + VBV, Pl

< o Pelue — U|2dx+ C(K)H(Dsuwl,oo(g) +xl(¢,8) (3.20)

< | peluc —UPdx +x(g,8)
JOQ
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and any compact subset K C Q, any T < T, and

J lV/PeYe —/pYPdx < J pelYe — YPdx 4+ x(g,8) < CE(T) +x(g,8) < x(&,3),
Q Q

where we have here used (3.4), (3.5), (3.12), and (3.6). Consequently, using (3.19) and (3.20) together with
(3.13) and passing to the limit for ¢ — 0,5 — 0, we get

limsup [[/peue — \/BVHLoo(o,T;leOC(Q)) =0 and limsup|ly/peYe — VY=o T12(0)) =0

e—0 e—0

Consequently, we prove the second and third parts of (2.3).
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