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Abstract

In this paper, we study partially degenerate Bell numbers and polynomials by using umbral calculus. We give some new
identities for these numbers and polynomials which are associated with special numbers and polynomial. (©2017 All rights
reserved.
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1. Introduction

The Bell polynomials (also called the exponential polynomials and denoted by ¢, (x)) are defined by
the generating function (see [4, 10, 16])

- ad tn
exlet=1) _ Z Beln(x)a. (1.1)
n=0

From (1.1), we note that
Belp(x) = 1, Bel;(x) = x, Belr(x) = x2 +x, Belz(x) = x>+ 3x% + x,
Bely(x) = x* +6x% +7x* +x, Bels(x) = x° + 10x* +25x% +15x> +x, --- .

When x = 1, Bel,, = Beln (1) are called the Bell numbers. As is well-known, the Stirling numbers of the
second kind are defined by the generating function (see [12, 14, 16])

o0 tn
(et —1)m =m! Z Sz(n,m)m, (m>0).
n=m
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The Stirling numbers of the first kind are defined as (see [1-17])
n
Xn =) SinUx! (n>0),
1=0
where (x)g =1, (x)n =x(x—1)--- (x —mn+1), (n > 1). From (1.1), we note that (see [10, 12, 16])
Bel,, Z Sa(n, 1)x >0).
The Bernoulli polynomials are given by the generating function as follows (see [1-17])

o0 tn
= nZ_O Bu(x) . (1.2)

When x = 0, B;; = B, (x) are called Bernoulli numbers. From (1.2), we note that (see [7, 11, 12, 16])

Bn(x) = Z (T) Bix™ L

1=0

Note that

S B0 =By 1), (> 1),

dx
Recently, Kim-Kim considered the partially degenerate Bell polynomials which are given by the generat-
ing function (see [13])

( 1+At) A

Z Belya (x (1.3)

e

When x=1, Bel,, » = Bel;,A(1) are called the partially degenerate Bell numbers. Note that limy_,o Bel, A (x)
= Beln(x), (n > 0). Let C be the complex number field and let F be the set of all formal power series in

variable t over C with
F= f(t):Zakﬁ ax € C .
k=0

Let P = C[x] and let IP* be the vector space of all linear functionals on IP. The action of a linear
functional L € IP*on a polynomial p(x) is denoted by (LIp(x)), which is linearly extended by the rule
(cL+c'L'Ip(x)) = c(LIp(x)) +c'(L'|p(x)), where c,c’ € C. For f(t) = }_ ¥ axi; € F, the action (f(t)]-)
of the linear functional f(t) on IP is defined by (see [11, 16])

(f(t)[x™) = an forallm > 0. (1.4)
By (1.4), we easily get (see [11, 14, 16])

t*Ix™ =nlénk, (M, k>0), (1.5)
where &, i is the Kronecker symbol. Let f (t) = > 3 (L|x k} - Then, from (1.5), we have

(fL(t) [x™) = (L|x™).
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Additionally, the map L — fy (t) is a vector space isomorphism from IP* onto . Henceforth, I denotes
both the algebra of the formal power series in t and the vector space of all linear functionals on IP, and
an element f(t) of 3 will be thought of as both a formal power series and a linear functional. We call &
umbral algebra. The umbral calculus is the study of umbral algebra (see [11, 14, 16]).

Let f(t)(# 0) € J. Then the order of f(t) is the smallest positive integer k for which the coefficient
of t* does not vanish. The order of f(t) is denoted by o(f(t)). Let f(t),g(t) € F with o(f(t)) = 1 and
0(g(t)) = 0. Then there exists a unique sequence Sy (x) of polynomials such that

(g(VF(1)*[Sn(x)) = (g(t) [F1)Sn(x)) = nldns, (n,k>0), (see [16]).

The sequence Sy, (x) is called the Sheffer sequence for (g(t),f(t)), for which we write S, (x) ~ (g(t), f(t)).
Let f(t) = X %o ak% € Fand p(x) € IP. Then, by (1.5), we get

- o, £ ik XK
f1) =D (FO1X") g Pl =D (tIp() (16)
k=0 k=0
From (1.6), we have
K
p10) = (¢ plx) = (LIp00), p00 = (5 ) pv 17)
By (1.7), we easily get
t*p(x) = p™(x), e¥'p(x) =p(x+y), and (e¥!|p(x)) = p(y). (1.8)
It is well-known that
1 = tn
Sn(x) ~ (g(t), f(t)) < me ft) = nZ_OSn(X)n!/ (see [16]), (1.9)

where f(t) is the compositional inverse of f(t) satisfying f(f(t)) = f(f(t)) = t. Let f1(t), fa(t),- -+, fm(t) €
F. Then we have

() () = ) (il

et im=n

n )<f1(t>|xﬁ>~--<fm(t)|xim>.

cim

Let f(t) be the linear functional such that

y

() [p(x)) = L p(w)du (1.10)

for all polynomials p(x). Then, from (1.6), we have

R 1 PN I TS
f(t)_kZ_Ok!t _kZ_o(kJrl)!t =gl (11D
Thus, by (1.10) and (1.11), we get
yt _ 1 Yy yt _ 1 xX+y

(S [p00) = | ptwau, et = | pluan (112)

For Sn(x) ~ (g(t), f(t)) and rr(x) ~ (h(t),1(t)), we have (see [11, 14, 16])

Sn(x) =) Cniri(x), (1.13)
k=0
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where

n= {3 (00)" ). 119

In this paper, we study partially degenerate Bell numbers and polynomials by using umbral calculus. We
give some new identities for these numbers and polynomials which are associated with special numbers
and polynomials.

2. Some identities for the partially degenerate Bell numbers and polynomials

From (1.3), we recall that

1
e ( IHAL) A — Z Beln A (x —.
Note that
= e i ‘ S tn
Z 1m Bel, A (x)— = lim e~ ((HMM ) —exte -1 = Z Bel,, (x) —. (2.1)
n! A—0 n!
n:O n=0
By (2.1), we get
lim Bely, A (x) = Beln (x), (n > 0).
A—0
From (1.9), we note that
1+t —1 i - tn
Bl (x) ~ (1, (A)> = (b ) - 5 g 22)
n=0
Now, we observe that
0 n 1 0 m
3 Belual) oy = (0031 57 X (1 anh 1)
’ n! !
n=0 m=0
0 m
_ Z L' (e%log(lJr)\t) 1)"‘
m=0
=Y x™ Y SalkmiA* (log(1+A0)
=0 k=m

(2.3)

00 n k n
=3 (X ZSka)Sl(n XA k) -

0

(—\‘
O

0 m=
Comparing the coefficients on both sides of (2.3), we obtain the following theorem.

Theorem 2.1. For n > 0, we have

Beln A (x) Z Z Sa(k, m)Sy(m, kK)A™R*x™ = Z (Z Sz(k,m)S1(n,k)7\“k> M

k=0 m=0 m=0 \k=m
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By (1.12), we get

et —1 x+1
Bel A(x) = J Bel,, A (u)du

X
n ok x+1

=> > Sz(k,m)S1(n,k)?\“kJ u™du
k=0 m=0 x
n k 1

— n—k m+1_  m+1

= ;)mz_osz(k,m)sun,k)x g (D) X (2.4)
n k m

m+1 1 _

k=0 m=01=0

n n k +1 1
— Z Z Z (ml >m+182(k,m)81(n,k)7\“k> xt.

et—1 t 4 tm
Bn(x) ~ ( T t) = e _nE_OBn(x)m. (2.5)
Thus, by (2.5), we get
t n
Bnl(x) = %", (n>0). 26)

From (2.4) and (2.6), we can derive the following equation (2.7):

n k m m+1 1 t
Beln,)\(X) = Z Z Z ( 1 )SZ(k/m)Sl(n/k))\n_kﬂH_let _1Xl

n k m m+ 1 1
=> > Sa(k, m)S1(m, k)A™F Bi(x).
1 m+1
k=0m=01=0

Therefore, by (2.7), we obtain the following theorem.

Theorem 2.2. For n > 0, we have

n k m
Belaa =Y > Y (‘“f 1)52(k, S (1, ATy ()

By (1.8) and (2.7), we get

n m
m+1 B
tBeln,A(X) = Z Z ( ) )Sz(k, m)S1(n, k)?\n km+ 1’[81(){)
k=0 1=0
n m
- Z Z <m - 1> SZ(k/ m)sl (n/ k)}\n_k B1,1 (X)

1=1 t m+1

m—

1
1 1
) (“” )sz(k,m)sl(n,kwk” By (x)
e m+1

m) S, (k, m)S; (1, K)A™ ¥ By (x).
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From (1.12), we have
-1 x+y
Bel, A(x) = J Bely, A (u)du
t X
n k m
1 1 xX+y
=> > > (m )sz (k, m)S1(n, K)A™* 1J By(u)du
k=0 m=0 1=0 m+
n k m
m+1 1
k=0 m=0 1=0
% (Buni(x+y) —Bulx ))
n k m 1 n—k .
2333 (M) () s St e
k=0m=01=0 j=0 )
Thus, by (2.8), we get
Beln,)\ (X + y) — Beln,;\ (X)
— (evt - 1>Be1n AX)
n k m 1 n—k )
k=0 m—01—0 j =0 J (m+1)(1+1)
n k m 1 .
1\ /1+1 ARk .
= Z Z ZZ <m:_ >< + >Sz k m Sl n, k)ﬁyl+li)ij1(X) (29)
K=1m=11=1j=1 J (m+1)(1+1)
n k m l-1 : n—k .
S35 (M) (s msino iyt B
k=1m=1 1=1 j=0 )
n k m 1-1
m+1) /1 Ak
-y Y % ( , )(.)sz(k,m)sl(n,k)m+1y1 B (x).
k=1m=11=1j=0 )
Therefore, by (2.9), we obtain the following theorem.
Theorem 2.3. For n > 1, we have
n k m 1-1
m+1) /1 Ak
Belu(x-+y) < Beloa() = 3 3 3 3 (™71 (1)l misn 02yt 7B
k=1m=11=1 j=0 )
Let
Pn = {p(x) € Ci | degp(x) <n}, (n>0)
For p(x) € Py, we assume that
n
p(x) = Z aBelya(x) (2.10)
1=0
From (2.2), we have
((ME2)7 | Belaa(0)) =nlmn, (m,n>0) (211)
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By (2.10) and (2.11), we get
(t+1)A—1\™ . (t+1)A =1\ ™ =
< ( A ) ‘ P(X)> = Z a1< ( ) ‘ Bell,A(X)> = Z arl!dy,m = mlanm. (2.12)
1=0 1=0
From (2.12), we have
1 (t+1)r—1\™
= 2.1
am = —((“52)" [ p00), (m>0). (213)
Therefore, by (2.10) and (2.13), we obtain the following theorem.
Theorem 2.4. For p(x) € Py, (n > 0), we have
n
Z amBelm a(x
m=0
where
1 (t+1)2—1\™
am = (“5=) 7 [ pe0).
Let us take p(x) = Bn(x) € Py, (n > 0). Then, by Theorem 2.4, we get
n
Bn(x) = D amBelpa(x) (2.14)
m=0
where
_ 1/ (aeprony™ AT (m AL
om = ()" [mut0) =27 5 ()00t
A & /m) /AL Uk
=T <1) <k>(_l)m <t ‘ B“(X)>
o e " (2.15)
-2 Yy m)( )( D™ Y (n)B
- - kDPn—k
m! 1=0 k=0 < L k
AT & /m) /AL /n 1
=S <1><k><k>( D™ Bk
1=0 k=0
We have another expression for a,.
1
am =2 (1+ 9 =1) ™| Balx)
1 m
— }\fm<a <e7\10g(1+t) . 1> ‘ Bn(X)>
= 1
A ™Y Sy(k,m <—|(10g(1—|—t N9 Bnx))
k=m (216)
n .
= Z Sz )\k m<Z , X)>
k=m j=k !
n n
= 33 Salkm)Ss(j, KIS m( )Bn i
k=mj=k ]

Therefore, by (2.14), (2.15), and (2.16), we obtain the following theorem.
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Theorem 2.5. For n > 0, we have

> (ZZ( )G et e k> Bel(x)
m=0 \1=0 k=0
> (Z > Sa(k,m)Si(j, k)A™ <;‘> an) Bel, A (x).

m=0 \k=

Let us consider the following two Sheffer sequences:

Beln ()~ (1, BE1), X~ (1), (n>0). (2.17)

Then, by (1.13), (1.14), and (2.17), we get

Beln A (x i Crnmx™, (2.18)
m=0
where
Crm = mi<( At+1)3 —1) ] x“>
— nlli < ) *1<(?\t+1)% ( x“>
:1i< ) le( >?\ktk|x> )
m —

EE () e
m! = 1 n

Therefore, by (2.18) and (2.19), we obtain the following theorem.
Theorem 2.6. For n > 0, we have

Bely, (x) = nIA™ i (Z % (“11) <§1> (_1)m1> o

m=0 \1=0

Remark 2.7. Note that

xﬂ(*) _ =AM =20) - (L= (n—1)A)

o i , (n>0). (2.20)

By (2.20), we easily get

From Theorem 2.6, we have
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where A is the difference operator with Af(x) = f(x +1) —f(x).
For (x)n ~ (1,e*—1), we have

xlog (141t) i xm_— (log (1 —l—t))
m=0

A
Belna(0) ~ (1, 1), ()~ (1, et —1).

From (1.13), (1.14), and (2.21), we have
Beln ALX Z Cn m nz 0)

where

k
=3 52“;"‘“) > G) (—1)k*1<(xt+1)% x“>
k=m ’ 1=0
k [es) 1
_ Z SZ(E,'TTL) Z <T>( 1)k—lZ <;‘>7\]<t] |Xn>
k=m ’ 1=0 j=0
oS, (km) o [k VAN
-y = k!m Z(J( 1)k 1(3)7\ n!

n k 1
32 k m) k b _
— I\ 4 A _1k—1
e $ 3 S (8 ()
k=m 1=0
Therefore, by (2.22) and (2.23), we obtain the following theorem.

Theorem 2.8. For n > 0, we have

n n k 1
Belna(x) =nA™ ) (Z > Sz(z m) (];) (3) (-1)“) (X)m-

m=0 \k=m 1=0
On the other hand,
Cun= (1) )
( (At+1)3—1) _1>m _ ( (At+1)3 —1) _1) . <e((?\t+1)%71) _1>

I
/
M
oo}
®
o
=
>
—
| =
~_
X
. [
X
RS
M
oo}
@
=
3
>
|
| 2
~

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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k

= k t
= E Z Beh1 AT Beh Al -
b, bm ' ) K
k=m

L++lm=k
Ly, lm>1

From (2.24) and (2.25), we have

Cum = (47 1)

m!
1 « k 1
= — Beh AT Bellm,;\ *<tk‘Xn>
m! k;n 11+»;mk (111 Tty 1111) ' k! (2.26)
1y, lm>1

1 n
w2 (11, » ,1m> Belua -+ Bel,x

' L+-+lm=n
L dm>1

Therefore, by (2.22) and (2.26), we get

n

n
Beln ALX Z Z (11’. o 1m> Behl,;\ .- -Bellm,;\ (%) m.

=0 m! L ++lm=n
L, lm>1
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