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Abstract

In this paper, we establish some new common tripled fixed point theorems for mappings defined on a set equipped with
two rectangular b-metrics. We also provide illustrative examples in support of our new results. In the end of the paper, we
give an existence and uniqueness theorem for a class of nonlinear integral equations by using the obtained result. The results
presented in this paper generalize the well-known comparable results in the literature. (©2017 All rights reserved.
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1. Introduction and preliminaries
The concept of b-metric space was introduced by Czerwik [10] which is defined as:

Definition 1.1 ([10]). Let X be a nonempty set and s > 1 be a given real number. A function d : X x X —
[0, 00) is a b-metric on X, if for all x,y, z € X, the following conditions hold:

(bM1) d(x,y) =0if and only if x = y;

(bM2) d(x,y) =d(y,x);

(bM3) d(x,z) < sld(x,y) + d(y, z)].

In this case, the pair (X, d) is called a b-metric space, and the number s is called the coefficient of (X, d).

As an important generalizations of usual metric spaces, Branciari [8] introduced the concept of rect-
angular metric space as follows:

Definition 1.2 ([8]). Let X be a nonempty set, and let d : X x X — [0,00) be a mapping such that for all
X,y € X, the following conditions hold:
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(RM1) d(x,y) =0if and only if x = y;

(RM2) d(x,y) = d(y,x);

(RM3) d(x,z) < d(x,u)+d(u,v)+d(v,z) for all u,v € X\ {x,y} and u # v.
Then (X, d) is called a rectangular or generalized metric space.

After that, fixed point results in rectangular metric space have been studied by many authors (see e.g.
[1-3,6,7,9,11, 12,15, 16, 18-25, 27, 28, 30]).

Recently, George et al. [17] and Roshan et al. [26] introduced the notion of rectangular b-metric space
as follows:

Definition 1.3 ([17, 26]). Let X be a nonempty set, s > 1 be a given real number and let d : X x X — [0, 00)
be a mapping such that for all x,y € X, the following conditions hold:

(RbM1) d(x,y) =0if and only if x = y;
(RbM2) d(x,y) = d(y,x);
(RbM3) d(x,z) < s[d(x,u)+ d(u,v)+d(v,z)] for all u,v € X\ {x,y} and u # v.

Then (X, d) is called a rectangular b-metric space or a generalized b-metric space, and the number s is
called the coefficient of (X, d).

Remark 1.4 ([14]). Every metric space is a rectangular metric space and every rectangular metric space is
a rectangular b-metric space (with coefficient s = 1). However the converse is not necessarily true ([17,
Examples 1.4. and 1.5.]). Also, every metric space is a b-metric space and every b-metric space with
coefficient s is a rectangular b-metric space with coefficient s2 but the converse is not necessarily true ([17,
Examples 1.7]).

Very recently, Ding et al. [13, 14] and Aydi et al. [5] also discussed the fixed point and common fixed
point problems of different contractive mapping for rectangular b-metric spaces. However, so far, no one
discussed tripled fixed point problem in rectangular b-metric space.

The purpose of this paper is to prove some new common tripled fixed point theorems for mappings
defined on a set equipped with two rectangular b-metrics. We also provide an existence and uniqueness
theorem of solution for a class of nonlinear integral equations by using the obtained result.

Now, we give some basic notions before introducing some main results.

Definition 1.5 ([17]). Let (X, d) be a rectangular b-metric space, {xn} be a sequence in X and x € X. Then

(@) The sequence {x,} is said to be convergent in X and converges to x, if for every € > 0 there exists
ng € IN such that d(xn,x) < € for all n > ng and this fact is represented by lim; o xn = x or
Xn — X as . — 00.

(b) The sequence {x} is said to be Cauchy sequence in (X, d) if for every e > 0 there exists ng € IN such
that d(xn, Xnp) < € for all n > ng, p > 0 or equivalently, if limy, o d(Xn,Xn4p) = 0 for all p > 0.

(c) (X, d) is said to be a complete rectangular b-metric space if every Cauchy sequence in X converges
to some x € X.

Note that limit of sequence in a rectangular b-metric space is not necessarily unique and also every
convergent sequence in a rectangular b-metric space is not necessarily Cauchy sequence ([17, Examples
1.7]).

Definition 1.6 ([29]). An element (x,y,z) € X x X x X is called a tripled fixed point of the mapping
F:XxXxX—= X, if F(x,y,z) =%, F(y,z,x) =y and F(z,x,y) = z.
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Definition 1.7 ([4]). An element (x,y,z) € X x X x X is called a tripled coincidence point of mappings
F: XxXxX —= Xand g: X — X, if F(x,y,z) = gx, F(y,z,x) = gy and F(z,x,y) = gz. In this case,
(gx, gy, gz) is called a triple point of coincidence of the mappings g and F.

Definition 1.8 ([4]). An element (x,y,z) € X x X x X is called a common tripled fixed point of mappings
F:XxXxX—=Xand g:X — X,if F(x,y,z) =gx=x, F(y,z,x) =gy =y and F(z,x,y) = gz = z.

Definition 1.9 ([4]). Let X be a nonempty set. A pair of mappings F: X x X x X = X and g : X — X are
called to be w-compatible, if gF(x,y,z) = F(gx, gy, gz) whenever F(x,y,z) = gx and F(y, z, x) = gy.

2. Main results

Theorem 2.1. Let d; and dy be two rectangular b-metrics on X such that d(x,y) < di(x,y) for all x,y € X,
(X, d1) with coefficient s > 1, and F: X x X x X — Xand g : X — X be two mappings. Suppose that there exist
ki, ko and k3 in [0,1) with 0 < ky + ko + k3 < 1 and 0 < sk < 1 such that the condition

di1(F(x,y,z),Flw,v,w)) + di(Fly, z,x), F(v,w,u)) + d1(F(z,x, y), F(w, u,v))
< kqlda(gx, gu) + da(gy, gv) + d2(gz, gw)] (2.1)
+kald2(gx, F(x,y,2)) + da(gy, Fy, z,x)) + da(9z, F(z, %, y))]
+ kslda(gu, F(u, v, w)) + da(gv, F(v, w,u)) + da(gw, F(w, 1w, v))],

holds for all (x,y,z), (u,v,w) € X x X x X.

If F(X x X x X) C g(X) and g(X) is dy-complete, then g and F have a tripled coincidence point (x,y,z) €
X x X x X, satisfying that gx = F(x,y,z) = gy = F(y,z,x) = gz = F(z,x, y).

Moreover, if g and F are w-compatible, then g and F have a unique common tripled fixed point of the form
(u,w,u), which satisfies that u = gu = F(u, u,u).

Proof. Let (x0,Yo,20) € X x X x X, by making the use of F(X x X x X) C g(X), then there exist x;,y1,z; € X
such that gx; = F(xo,Y0,20), gu1 = F(yo,z0,%0) and gz; = F(zo,%0,Yo). By similar arguments as above
we can show that there exist x»,yz,zp € X such that gx, = T(x1,y1,21), gy2 = T(y1,2z1,%1), 920 =
T(z1,%1,Y1),---. Repeating the above procedure, we can construct three sequences {x}, {yn} and {zn}
such that

gXn+1 =F(Xn,Yn,2zZn), GUn+1 =FUn,Zn,Xn), 9Znt+1 = F(zZn, Xn,yn), Yn > 0.

Without loss of generality, we can assume that gxn # gXn+1, gUn # gYn+1 and gzn # gzny1, for all
n > 0.
By taking (x,Y,z) = (Xn,Yn,zn) and (w,v, W) = (Xn41,Yn+1,Zn+1) in (2.1), we obtain

d1(gxn+1,9%n+2) + d1(9Yn+1, gYn+2) + d1(9zn+1, gzZn2)

= d1(F(xn, Yn, zn), F(Xn+1, Yn+1,Zn+1)) + d1(F(Yn, zn, Xn), F(Yn+1, Zn41, Xn+1))
+ d1(F(zn, %n, Yn), F(Zn41, %n+1, Yn+1))

< kilda(gxn, gxn+1) + d2(9yn, gyn+1) + d2(9zn, 9zn41)]
+ kald2(gxn, F(xn, Yn, zn)) + d2(gyn, F(Yn, zn, xn)) + d2(9zn, F(zn, Xn, yn))]
+kald2(g%n+1, F(Xn41, Ynt1,2n+1))
+ d2(gYn+1, FYnt1,zne1, Xnv1)) + d2(9zni1, F(znr1, X1, Y1)l (2.2)

= kilda(gxn, gXn+1) + d2(9Yn, 9Yn+1) + d2(9zn, gzn11)]
+kald2(gxn, gxn+1) + d2(gyn, gyn+1) + d2(gzn, 9zn41)]
+ kald2(gxn+1, gxn+2) + d2(gYn+1, gYn+2) + d2(9zn+1, gzn+2)]

< kaldi(gxn, gxn+1) + d1(gyn, 9Yn+1) + d1(9zn, gzn 1)l
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+ka2[d1(gxn, 9xn+1) + d1(9yn, gYn+1) + d1(9zn, 9zn11)]
+k3[d1(gxn+1, 9%n+2) + d1(9Yn+1, 9Ynt2) + d1(9zn+1, 9zn2)l.

It follows from (2.2) that

d1(gXn+1, 9xn+2)+d1(gYn+1, 9Yn+2) + d1(gzn+1, 9Zn42)

k1 +k (2.3)
< < - k;) [d1(g%n, gxn+1) + d1(9Yn, 9Yn+1) + di(gzn, gZn11)]-
Taking k = ]T_ﬁlzz, by the condition 0 < k1 +kp + k3 < 1, then we have 0 < k < 1. (2.3) implies that
dl (gxn+1/ 9Xn+2)+dl (gyn+lr 99n+2) + dl (gzn+1/ 92n+2) (2 4)

< kld1(gxn, gxny1) + d1(gyn, gyn+1) + di1(gzn, gzn 1))

By taking 6n, = di(gxn, gXn+1) + d1(9Un, gUn+1) + d1(9zn, gzn+1). Repeating the above inequality (2.4)
n + 1 times, we obtain,
Snt1 < kbn < Kon_g < - <K™MT18. (2.5)

As (x,Y,z) = (Xn,Yn, zn) and (u,v, W) = (Xn42, Un+2,2Zn+2) in (2.1), also with (2.5), we get

d1(gxn+1, 9¥n+3)+d1(gYn+1, 9yn+3)) + d1(9zn+1, 9zn+3)

= d1(F(%n, Yn, zn), F(Xn+2, Yn+2,2n+2)) + d1(F(Yn, zn, %n), F(Yn+2, Zn+2, Xn+2))
+ d1(F(zn, Xn, Yn), F(zni2, Xn+2,Yn+2))

< kilda(gxn, gxn+2) + d2(gyn, gYn+2) + da(gzn, gzn+2)]
+ k2[d2(gxn, F(xn, Yn, zn)) + d2(gyn, F(Yn, zn, Xn)) + d2(gzn, F(zn, Xn, yn))l
+k3ld2(gxn+2, F(Xn+2, Yn+2,zZn+2))
+ d2(gYn+2, F(Yn+2, Zn42,%n+2)) + d2(9zn+2, F(zn42, Xnt2, Yn+2))]

= kilda(gxn, gxn+2) + d2(gYn, gYn+2) + d2(9zn, gzn+2)]
+kald2(gxn, gxn+1) + d2(gYn, gYn+1) + d2(gzn, gzn+1)] (2.6)
+ kald2(gxn+2, gxn+3) + d2(gYn+2, gYn+3) + d2(9zn+2, gzn+3)]

< kild2(gxn, gxn+2) + d2(gyn, gyn+2) + d2(9zn, gzn+2)]
+ ka[d2(gxn, gxn+1) + d2(9Yn, gyn+1) + da(9zn, 9zn 11)]
+ k3k2[d2(gxnr gxn+1) + d2(gYn, gyn+1) + d2(9zn, gzn+1)]

= kild2(gxn, gXn+2) + d2(gyn, gyn+2) + da(gzn, gzn+2)]
+ (k2 + k3k?)[d2(gxn, gxn+1) + d2(gYn, gYn+1) + d2(92zn, 9zn+1)]

< kild1(gxn, gxn+2) + d1(gyn, gYn+2) + di1(gzn, gzn+2)]
+ (k2 + k3k2)[d1(97<n/ 9xn+1) + d1(gYn, gyn+1) + d1(9zn, gzn 1)l

By taking
6:1 =d; (gxnr 9Xn+2) +d; (gynr gyn+2) +d; (an, gzn+2)/
from k = kll%]lzz € [0,1) we have

ki+ky kg +kp
1-ks 1—k3

k1—|—k2+k3k2§k1+k2+k3k:k1+k2+k3 = k.

Consequently, by the use of (2.5) and (2.6), we have

8 < kadh + (ko + ksk?)8n < (kg + ko + ksk?) max{8y, 85} < kmax{8n, 5% ). (2.7)
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It follows from (2.5) and (2.7) that

a1 < kmax{dn, 85} < kmax{kdn_1, kmax{dn_1,05_1}} = k? max{dy_1, On_ 1}

2.8
<K max{dn 2,85 o} < --- < k™ Tmax{y, 5;}. 28)

Next, we show that {gxn}, {gyn} and {gzn} are Cauchy sequences in g(X). For this, we consider
di(Xn, Xn4p) in two cases.

Case 1. p is an odd number, assume that p = 2m + 1, then using (RbM3) we obtain

d1(gxn, 9Xnyp) = d1(gxn, gXny2m+1)
< sldi(gxn, gxni1) + di(gxni1, gxni2) + di(gXni2, gXntom1)]
< sldi(gxn, gxn+1) + di(gxn+1, gxn+2)]
+s%[d (9Xn+2, gxn+3) + d1(gxn+3, gxn+4) + d1(gXn-+4, GXnt2m+1)]
< sldi(gxn, gxnt1) + d1(gxn 1, gxn2)] + Sz[dl(ganrZ/ gxn+3) + d1(gxn43, gxn+4)]

+ 53[d1 (gxXn44, 9xn45) + d1(gxn+s, 9xXnre) + d1(gxnt6, 9Xni2m+1)]

< sldy (gxnr 9Xn+1) +d; (gxn—i-l/ gxn+2)] + Sz[dl (9Xn+2, 9Xn+3) +dg (9Xn+3/ 9Xn+4)]

+8°[d1(g%n 14, 9xn+5) + d1(gXn 15, Gxni6)] + -
+s™[d1(gXn42m—2, 9Xnt2m—1) + d1(gXn12m—1, 9Xn+2m) + d1(gXn+2m, Xnt2m+1)]-
That is
di(gxn, gXn+p) = d1(gxXn, 9Xn12m+1)
< sldq(gxn, 9xn1) + d1(9%n11, 9xns2)] + s2[d1(9Xns2, 9Xnt3) + d1(gXn 43, 9Xn14)]

+ SB[dl(an+4, 9Xn+5) + d1(9Xn+5, 9Xn+6)] +--
+ s™[d1(gXnt2m—2, 9Xni2m—1)+d1(9Xni2m—1, 9Xnq2m )]+ d1 (9Xnt2m, 9Xni2mt)-

(2.9)

We can similarly prove the following result

d1(9Yn, 9Yn+p) = d1(9Yn, 9Ynt2m+1)
< sld1(9Yn, 9Yni1) + d1(9Ynit, GUni2)] + s2[d1(9Un12, 9Yni3) + d1(9Yni3, GUnia)l

+5°[d1(9Yn 14, 9Ynts) + d1(gYnss, gYnie) +- -
+ 5s™[d1(gYni2m—2, 9Ynt2m—1)+d1(gYniom—1, 9Ynizm )+ d1(gYnizm, GYniomsi ),

(2.10)

and

di(gzn, an+p) = d1(9zn, 9zZnt2m+1)
< sldi(9zn, 9zn41) + d1(9zn41, 9zZn2)l + Sz[dl (9zZn+2,9zn+3) + d1(9zZn3, 9Zn44)]
+ 53[d1(92n+4r 9zn45) + d1(9zn+5,9zZnye)l +- -

+ 5s™[d1(9zn2m—2, 9Zni2m—1)+d1(9Zn2m—1, 9Zniom )]+ d1(9Zniom, 9Zniomi1)-

Combining (2.5), (2.9), (2.10) and (2.11), we have

@.11)

d1(gxn, gXn+p)+di(gyn, gyn+p) + di1(9zn, gzn+p)
= di(gxn, 9xnt2m+1) + d1(9Yn, gYni2m+1) + d1(9zn, 9Zni2m+1)
< S(5n+6n+1)+52(6n+2+5n+3)+' ST (dnpom—2+dnrom-1)+8"Onom
<s (kn+kn+l) 50—1—82 (kn+2+kn+3) So+- - -+s™ (kn+2m72+kn+2m71) 60+smkn+2m60

= sk™(1+k) [l 45k 4 (k) 4+ (skz)‘“*l] 8o + s™k™MFIMmg,
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[sk™(14Kk) - m—+s™k™ 2] &, sk =1,
) (2.12)
sk (1K) - S smk“+2m) S0, sk2#1,
[sk™(1+Kk) - m+smk™ 2] &y, sk? =1,
(SR o sminiam) 5y, s
Case 2. p is an even number, assume that p = 2m, then using (RbM3) we obtain
di(gxn, 9Xn+p) = d1(gxn, gXn+42m)
< S[dl(gxnr gxn+1) + d1(gxn+1, 9Xn+2) + d1(gxn42, 9Xn+2m)]
< sldi(gxn, gxng1) + di(gXn 1, gXn2)]
+ 5%[d1 (gXn+2, 9Xn+3) + d1(9Xn+3, 9Xn-ta) + d1(GXn 14, PXns2m)]
_. (2.13)
< sld1(gxn, gxnt1) + d1(g%n i1, 9xnt2)] + s2[d1(gxn+2, Gxn+3) + d1(gxn 13, Gxn 1 4)]
4+ 8™ 1[d1 (ganer 4, 9Xn+42m—3) + d1(gXn+2m—3, 9Xn+2m—2)]
+ 5™y (gxn42am—2, GXntam)-
By similar arguments as above,
d1(9Yn, 9Yn+p) = d1(9Yn, gYn+2m)
< sld1(gYn, gYn+1) + d1(gYni1, 9Yn+2)] + s*[d1(gYn+2, gYn+3) + d1(gYn-+3, GYn4)] 2.14)
+ o+ s™ A1 (gYnr2m -4, GYntam—3) + d1(GYnt2m—3, GXnr2m—2)] '
+ 5™ d1 (gYnt2m—2, GYniam)l,
and
d1(9zn, 9zn+p) = d1(9zn, 9zni2m)
< sld1(gzn, 9zn41) + d1(9zn11, 92n+2)] + $2[d1(92n42, 92n+3) + d1(92zn+3, 9Zn 1] (2.15)
+oo 8™ d1 (9Znr2m—4) 9Znt2m—3) '
+d1(9zn2m-3, 9%nt2m-—2)] +s™ d1(9Zn 12m 2, 9Zni2m)]-
Combining (2.5), (2.8), (2.13), (2.14) and (2.15), we have
d1(gxn, 9xn+p) + d1(gyn, 9Yn+p) + d1(9zn, 9zZnip)
=d (gxn/ gxn+2m) +d4 (gyn, gyn+2m) + dl(gln/ 92n+2m)
< S(én + 6n+1) + 32(6n+2 + 6n+3) +- 4+ Sm_1(6n+2m74 + 6n—l—?.'rn—(%) +s me 16n+2m 2
<s (K™ + kM) 8 + 57 (kM2 4+ K"2) &
N Sm—l (kn+2m—4 + kn+2m—3) 60 + Sm—lkn+2m—2 maX{SO, dg}
— sk™M(1+K) [1 +sk2 4 (sK3) (skz)mfz} 8o + s™ Ik 2M2 max(s,, 57 (2.16)

sk™(14+k)(m —1)8g + s™ k™22 max{dy, 55} sk? =1,

_ 2ym—1
sk™(1+k) - % 80 + s™M 1k T2M—2 max{d,, dg}, sk? £1,

sk™M(1+k)(m—1)80 + s™ k" 2Mm2max{8y, 85}, sk?=1,

K™ (14 _ _ «
51—(7512’) <80 + s™ KM F2M 2 max(8y, 851, sk? #£ 1.
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Since k € [0,1), so k™ — 0 as n — co. Taking limit as n — oo in (2.12) and (2.16), we get
Jim [di(gxn, gxXn+p) +di(gYn, gYn+p) + di(gzn, 9zn+p)l =0,

which implies that {gxn}, {gyn} and {gzn} are Cauchy sequences in g(X). Since g(X) is complete, then
there exist x,y,z € X such that

Jim g% = g% Jim gyn =gy, and  lim gzn = g2

It follows from (2.1) and (2.5) that

di(gxny1,F(x,y,2)) + di1(gyn+1, F(y, z,%x)) + d1(9zn+1, F(z,%,y))
= d1(F(xn,Yn,zn), F(x,Y,2)) + d1(F(Yn, zn, xn), Fy, z,x)) + d1(F(zn, Xn, yn), F(z,x,y))
< kilda(gxn, %) + d2(gyn, gy) + d2(gzn, gz)]
+ka[d2(gxn, F(xn, Yn, zn)) + d2(9Yn, F(Yn, Xn, zn)) + d2(9zn, F(zn, Xn, Yn))l
+kald2(gx, F(x,y,2)) + d2(gy, Fy, z,%)) + d2(9z, F(z,x, y))]
= kilda(gxn, gx) + d2(gyn, gy) + d2(gzn, 9z)]
+kald2(gxn, gxn+1) + d2(gyn, gyn+1) + d2(gzn, gzn 1)l (217)
+kslda(gx, F(x,y,2)) + d2(gy, F(y, z,x)) + da(9gz, F(z,x,y))]
< kild1(gxn, gx) + d1(gyn, gy) + di1(gzn, gz)]
+kald1(gxn, gxn+1) + di1(gyn, gyn+1) + di(9zn, gzn41)]
+ kaldi(gx, F(x,y,2)) + di(gy, F(y, z, %)) + d1(9gz, F(z,x, y))]
= kild1(gxn, gx) + d1(gyn, gy) + d1(gzn, gz)] + kadn
+ kaldi(gx, F(x,y,2)) + di(gy, Fly, z, %)) + d1(9z, F(z,x, y))]
< kaldi(gxn, gx) + di(gyn, gy) + d1(gzn, gz)] + kok™ o
)

1
+k3[d1(9X/F(X/9/ ) +d1(9y/ (U/Z X))+d1(97~/F(Z/X/U))].

Applying (RbM3), (2.17) and (2.5) we have

di(gx, F(x,y,2))+di1(gy, Fly, z,x)) + di(gz, F(z,x,y))

< sldi(gx, gxn) + di(gxn, gxni1) + di(gxn1, F(x,y, 2))]
+sld1(gy, gyn) + d1(gyn, gYn+1) + d1(gyn+1, Fly, z,%))]
+sldi1(9z, 9zn) + d1(9zn, 9zn41) + d1(9zn11, F(z, %, y))]

= s[d1(gx, gxn) + d1(gy, gyn) + d1(9gz, gzn )] + sdn
+ sld1(gxn 11, F(x,y,2)) + di(gyn+1, Fly, z,x)) + di(gzn+1, Fz,x,y))]
s(1+k1)[d1(gxn, gx) + di1(gyn, gy) + d1(gzn, gz)] + s(1 + k2)k™ 8o
+ ska[di1(gx, F(x,y,2)) + di(gy, Fly, z,x)) + d1(9gz, F(z,x, y))].

(2.18)

By taking n — oo in the above inequality (2.18), we have

dl(gxlF(lel Z))+d1(gy/ F(y/ z, X)) + dl(QZ/F(Z, le))

2.19
< skald: (g%, F(x, v, 2)) + d1(gy, F(y, 2,x)) + di(gz, Flz, % y)l. 219)

By the condition 0 < skz < 1 and (2.19), we can easily obtain that

di(gx, F(x,y,2)) + di(gy, F(y,z,x)) + di(gz,F(z,x,y)) =0,

which implies that
gx = F(x,y,2)), 9y = Fly,z,x)), gz = Fz,x, y).
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Therefore, we conclude that (x,y, z) is the tripled coincidence point of g and F.
Next, we show the uniqueness of the triple point of coincidence of g and F. Assume that (x*,y*,z*) is
another tripled coincidence point of mappings g and F. By (2.1), we derive

di(gx, gx*)+di(gy, gy”) + di(gz, 9z*)
= di1(F(x,y,2), F(x*,y*,z")) + d1(F(y, z,x), F(y*, 2", x*)) + d1 (F(z, x,y), F(z", x*,y™))
< kilda(gx, gx*) + da(gy, gy™)) + da(gz, gz*)]
+kald2(gx, F(x,y,2)) + da(gy, Fly, z,x)) + d2(9z, F(z, %, y) )]
+kalda(gx™, F(x*,y*, 2%)) + da(gy™, F(y™, 2%, x")) + d2(9g2™, F(z%, X", y™))] (2.20)
= kild2(gx, gx*) + da(gy, gy*) + da(gz, gz*)]

)
< kqldi(gx, gx*) 4 di(gy, gy™) + di(gz, gz*)].

By virtue of 0 < k3 < k3 + k2 + k3 <1 and (2.20), we deduce
di(gx, gx*) + di(gy, gy*) + di1(gz, gz") = 0.

This implies that gx = gx*, gy = gy* and gz = gz*. So that the triple point of coincidence of g and F is
unique.

Next, we show that gx = gy = gz. In fact, it follows from (2.1) that

di(gx, gy)+di(gy, 9z) + di(9z, gx)
= d1(F(x,y,2), F(y,z,x)) + d1(F(y, z,x), F(z,x,y)) + d1(F(z,x,y), F(x,y, 2))
< kilda(gx, gy) + da(gy, 9z) + da(gz, gx
+kald2(gx, F(x,y,2)) + d2(gy, F(y, z,x
z,%, Y

S F( d2(9z,F(z,%x,y))] (2.21)
+ksld2(gy, F(y, z,x)) +d2(QZ/F(

(

(

]
)+
) + da(gx, F(x,y,2))]
]
I

X,

—_

)
x)
)
(9y, gz) + da(gz, gx)
)

=Kkqlda(gx, gy) + dz
+di(gy, 9z) + di1(gz, gx

g kl [dl (gxl gy

By making use of 0 < k; < kg +k2+ k3 <1 and (2.21), we deduce

di(gx, gy) + di(gy, gz) + d1(gz, gx) = 0.

This means that gx = gy = gz.
Finally, if g and F are w-compatible, then we have g(F(x,y,z)) = F(gx, gy, gz). Therefore, by taking
u = gx, we have u = gx = F(x,y,z) = gy = F(y, z,x) = gz = F(z,x,y), hence we have

gu = ggx = g(F(x,y,2)) = F(gx, gy, 9z) = F(u,u, u).

Thus, (gu, gu, gu) is a coupled point of coincidence of g and F, and by its uniqueness, we get gu = gx.
Thus, we obtain u = gu = F(u,u,u). Therefore, (u,u,u) is the unique common tripled fixed point of g
and F. This completes the proof of Theorem 2.1. O

In Theorem 2.1, if we take di(x,y) = da(x,y) = d(x,y) for all x,y € X, then we get the following
corollary.

Corollary 2.2. Let (X, d) be a rectangular b-metrics space with coefficient s > 1, and F : X x X x X — X and
g : X — X be two mappings. Suppose that there exist ki, ko and k3 in [0,1) with 0 < k; + k2 + k3 < 1 and
0 < skz < 1 such that the condition

d(F(x,y,z), Flu,v,w))+d(F(y, z,x), F(v,w,u)) + d(F(z,x,y), F(w,u,Vv))
< kald(gx, gu) +d(gy, gv) + d(gz, gw)]
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+kold(gx, F(x,y,2)) + d(gy, F(y, z,x)) + d(9gz, F(z,x,y))]
+ ksld(gu, F(u,v,w)) + d(gv, F(v,w,u)) + d(gw, F(w,u,v))],

holds for all (x,y,z), (u,v,w) € X x X x X.

If FIX x X x X) C g(X) and g(X) is complete, then g and F have a tripled coincidence point (x,y,z) €
X x X x X, satisfying that gx = F(x,y,z) = gy = F(y,z,x) = gz = F(z,x,y).

Moreover, if g and F are w-compatible, then g and F have a unique common tripled fixed point of the form
(w,uw,u), which satisfies that u = gu = F(u,u,u).

Corollary 2.3. Let di and d; be two rectangular b-metrics on X such that da(x,y) < di(x,y) for all x,y € X,
(X, d1) with coefficient s > 1, and F: X x X x X — Xand g : X — X be two mappings. Suppose that there exist
a;€[0,1)(1=123,---,9with0O< ay+ay+az+---+a9g < 1and 0 < s(ay + ag + ag) < 1 such that the
condition

di(F(x,y,2), F(w,v,w)) < a1da(gx, gu) + azdz(gy, gv) + azdz2(gz, gw)
+ asda(gx, F(x,y,2)) + asd2(gy, F(y,z,x)) + asda(gz, F(z,x,y)) (2.22)
+ azdz2(gu, F(w, v, w)) + agda(gv, F(v, w, 1)) 4 agda(gw, F(w, 1, v)),
holds for all (x,y,z), (u,v,w) € X x X x X.
If (X x X x X) C g(X) and g(X) is dy-complete, then g and F have a tripled coincidence point (x,y,z) €
X x X x X, which satisfies that gx = F(x,y,z) = gy = F(y,z,x) = gz = F(z,x,y).
Moreover, if g and F are w-compatible, then g and F have a unique common tripled fixed point of the form
(uw,w,u), which satisfies that u = gu = F(u, u,u).

Proof. Given (x,y), (u,v), (z,w) € X x X. It follows from (2.22) that
di(F(x,y,2), Flu,v,w)) < a1d2(gx, gu) + axda(gy, gv) + azda(gz, gw)

+ agda(gx, F(x,y,2)) + asda(gy, F(y,z,x)) + asd2(9z, F(z,x,y)) (2.23)
+ a7d2(9U/F(u/V/W)) + anZ(ger(VIW/ 'LL)) + a9d2(9W/F(W/ 'LL,V)),

di1(F(y,z,x), F(v,w,u)) < a1da(gy, gv) + aada(gz, gw) + azda(gx, gu)
+ (14d2(99/ F(U, z, X)) + GSdZ(QZ/F(Z/X/y)) + aédz(QX,F(X/U/Z)) (224)
+ a7d2(9V/F(V/W/u)) + a8d2(9W/F(W/ u/v)) + a9d2(9u/F(u,V/W)),

and
di(F(z,x,y), Flw,u,v)) < a1da(gz, gw) + a2da(gx, gu) + azda(gy, gv)

+ a4d2(QZ/F(Z/Xzy)) + a5d2(gX/F(XIUI Z)) + a6d2(gy/ F(y/ z, X)) (225)
+ (17d2(9W/F(W/u/V)) + QSdZ(QuIF(qu/W)) + a9d2(9vlF(V/W1 u))

Combining (2.23), (2.24) and (2.25), we have
d] (F(X/ Yy, Z’)/ F('LL, v, W))+d1 (F(U, zZ, X)/ F(VI w, 'LL)) + d] (F(ZI X, U)/ F(W/ u, V))
< (a1 + a2 + a3)ld2(gx, gu) + d2(gy, gv) + d2(gz, gw)]

+ (a4 + as + ag)[d2(gx, F(x,y,2)) + d2(gy, Fy, z,x)) + d2(gz, F(z, %, y))]
+ ((17 +ag + a9)[d2(gulF(ulvlw)) + dZ(QV/F(V/Wz u)) + dZ(QW/F(W/u,V))]-

Therefore, the result follows from Theorem 2.1. O

Remark 2.4. If we take d;(x,y) = da(x,y) = d(x,y) for all x,y € X, where d is a rectangular b-metrics on
X, then Corollary 2.3 is reduced to a new result.
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The following corollary can be obtained from Theorem 2.1 immediately.

Corollary 2.5. Let d; and d; be two rectangular b-metrics on X such that da(x,y) < di(x,y) forall x,y € X, and
F: X xXxX = Xand g: X — X be two mappings. Suppose that there exists k € [0, 1) such that the condition

dl(F(X/yl Z),F(u,V,W)) + dl (F(H,Z,X),F(V,W, LL)) + dl(F(Z/ X/y)/F(WIuIV))
< klda(gx, gu) + da(gy, gv) + da(gz, gw],

holds for all (x,y,z), (u,v,w) € X x X x X.

If (X x X x X) C g(X) and g(X) is dy-complete, then g and F have a tripled coincidence point (x,y,z) €
X x X x X, which satisfies that gx = F(x,y,z) = gy = F(y,z,x) = gz = F(z,x,y).

Moreover, if g and F are w-compatible, then g and F have a unique common tripled fixed point of the form
(w,uw,u), which satisfies that u = gu = F(u, u,u).

Corollary 2.6. Let d; and d; be two rectangular b-metrics on X such that da(x,y) < di(x,y) forall x,y € X, and
F: X xXxX = Xand g: X — X be two mappings. Suppose that there exists k € [0, 1) such that the condition

dl(F(X/y/ Z),F(U,V,W)) + dl (F(U/Z/X)/F(VIW/ u)) + dl(F(Z/ X,y),F(W,LL,\)))
< k[dz(ger(XrUrl)) + dz(QU/F(U/ Z,X)) + dz(gz,F(z,x,y))],

holds for all (x,y,z), (u,v,w) € X x X x X.

If F(X x X x X) C g(X) and g(X) is dy-complete., then g and F have a tripled coincidence point (x,y,z) €
X x X x X, which satisfies that gx = F(x,y,z) = gy = F(y,z,x) = gz = F(z,x,y).

Moreover, if g and F are w-compatible, then g and F have a unique common tripled fixed point of the form
(w,w,u), which satisfies that u = gu = F(u,u,u).

Corollary 2.7. Let d; and d; be two rectangular b-metrics on X such that da(x,y) < di(x,y) for all x,y € X,
(X, d1) with coefficient s > 1, and F: X x X x X — Xand g : X — X be two mappings. Suppose that there exists
k € [0,1) with 0 < sk < 1 such that the condition

dl(F(le/ Z)/F(uivlw)) + dl (F(UI z, X)/F(VIW/ 'LL)) + dl(F(zr le)lF(Wl 'LL,V))
< k[dZ(gu/ F(U,V,W)) + dZ(QV/F(V/W/u)) + dZ(QWIF(WI LL,\)))],

holds for all (x,y,z), (u,v,w) € X x X x X.

If F(X x X x X) C g(X) and g(X) is dy-complete, then g and F have a tripled coincidence point (x,y,z) €
X x X x X, which satisfies that gx = F(x,y,z) = gy = F(y,z,x) = gz = F(z,x,y).

Moreover, if g and F are w-compatible, then g and F have a unique common tripled fixed point of the form
(uw, w,u), which satisfies that u = gu = F(u, u,u).

Let g = Ix (the identity mapping) in Theorem 2.1 and Corollaries 2.2, 2.3, 2.5-2.7. Then we have the
following results.

Corollary 2.8. Let di and d; be two rectangular b-metrics on X such that da(x,y) < di(x,y) for all x,y € X,
(X, d1) with coefficient s > 1 and F : X x X x X — X be a mapping. Suppose that there exist ki, ko and k3 in [0,1)
with 0 < kg + ko + ks < 1and 0 < skg < 1 such that the condition

dl(F(X/U/ Z)/F(u/vlw)) + dl(F(Ur Z,X),F(V,W, u)) + dl(F(Z/ le)lF(Wlulv))
< kl [dZ(X/u) + dZ(U/V) + dZ(Z/W)] + kz[dz(X/F(X/U/ Z)) + dz(UrF(U/Z/X))
+ da(z, F(z,%x,y))] + kalda (u, F(u, v, w)) + da (v, F(v, w,u)) 4+ da(w, F(w,u,v))],

holds for all (x,y,z), (u,v,w) € X x X x X.
If X is dj-complete, then F has a unique tripled fixed point of the form (u,u,w), which satisfies that uw =
Flu, u, u).
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Corollary 2.9. Let (X, d) be a complete rectangular b-metrics space with coefficient s > 1, and F: X x X x X = X
be a mapping. Suppose that there exist X1,k and k3 in [0,1) with 0 < k1 + ko +k3 < 1and 0 < skz < 1 such that
the condition

d(F(x,y,z),F(u,v,w)) + d(F(y, z,x), F(v,w,u)) + d(F(z,x,y), F(w,u,v))
< kild(x,w) +d(y,v) + d(z,w)] + kald(x, F(x,y,2)) + d(y, F(y, z,x)) + d(z, F(z,%,y))]
+ kzld(u, F(u,v,w)) +d(v, F(v,w,u)) + d(w, F(w,u,v))],

holds for all (x,y,z), (u,v,w) € X x X x X.
Then F has a unique tripled fixed point of the form (u,u,w), which satisfies that w = gu = F(u,u, u).

Corollary 2.10. Let dy and d; be two rectangular b-metrics on X such that da(x,y) < di(x,y) for all x,y € X,
(X, d1) with coefficient s > 1 and F : X x X x X — X be a mapping. Suppose that there exist a; € [0,1)
i=1,23,---,9 with0<aj+a+az3+---+a9g <1land 0<s(ay+ ag+ ag) < 1 such that the condition
d1(F(x,y,2), Flw,v,w)) < ard2(x, 1) + axdz(y,v) + asda(z, w)
+ asda(x, F(x,y,2)) + asda(y, F(y, z,x)) + aeda(z, F(z,%,y))
+ azda(w, F(w,v,w)) + agda (v, F(v,w,u)) + asda (w, F(w, u,v)),
holds for all (x,y,z), (u,v,w) € X x X x X.

If (X, dy) is complete, then F has a unique tripled fixed point of the form (u,u,w), which satisfies that u = gu =
F(u,u,u).

Corollary 2.11. Let dy and d; be two rectangular b-metrics on X such that da(x,y) < di(x,y) for all x,y € X,
and F: X x X x X — X be a mapping. Suppose that there exists k € [0,1) such that the condition

dl(F(X/y; Z),F(LL,V,W)) + dl (F(UI z, X)/ F(V,W, LL)) + dl(F(Z/ le)/F(W/ LL,V))
g k[dZ(Xz LL) + dZ(y/V) + dZ(Z/W)]/
holds for all (x,y,z), (u,v,w) € X x X x X.

If (X, d1) is complete, then F has a unique tripled fixed point of the form (u,u, ), which satisfies that u = gu =
Fu, u,u).

Corollary 2.12. Let dy and d; be two rectangular b-metrics on X such that da(x,y) < di(x,y) for all x,y € X,
and F: X x X x X — X be a mapping. Suppose that there exists k € [0,1) such that the condition

di(F(xy, z), Flw, v, w)) + di1(F(y, z,x), F(v,w,u)) + d1(F(z,x,y), F(w,u,v))
< klda(x, F(x,y,2)) + da(y, Fly, z,x)) + da(z, F(z,x,y))],
holds for all (x,y,z), (u,v,w) € X x X x X.

If (X, d1) is complete, then F has a unique tripled fixed point of the form (u,u, u), which satisfies that u = gu =
F(u, u,u).

Corollary 2.13. Let dy and d; be two rectangular b-metrics on X such that dy(x,y) < di(x,y) for all x,y € X,
(X, d1) with coefficient s > 1 and F: X x X x X = X and g : X — X be two mappings. Suppose that there exists
k € [0,1) with 0 < sk < 1 such that the condition

dl(F(X/y/ Z)IF(ulvlw)) + dl(F(U, zZ, X’)IF(VIWI 'LL)) + dl(F(Zr X/y)/F(W/ 'LL,V))
< k[dZ(u/F(u/v/W)) + dZ(VIF(V/W/ 'LL)) + dZ(WIF(W/ ulv))]/
holds for all (x,y,z), (u,v,w) € X x X x X.

If (X, d1) is complete, then F has a unique tripled fixed point of the form (u,u, u), which satisfies that u = gu =
Fu, u,u).

Remark 2.14. If we take coefficient s =1 (for the space X) in Theorem 2.1 and Corollaries 2.2, 2.3, 2.5-2.13,
then several new results can be obtain in two rectangular metric space.
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3. Application to integral equations

Example 3.1. Let X = R and define d : X x X — R" as d(x,y) = Ix —yl¥, x,y € X, where k > 1. Then
(X, d) be a rectangular b-metric space with coefficient s = 3k—1.

In fact, obviously conditions (RbM1) and (RbM2) in Definition 1.3 are satisfied. Now we show that
condition (RbM3) holds for k. By using the following inequality

(a+b+c) <3 Ha*+b+ck), Va, b, ce R and k> 1,

we can get

dxy) =k—ylf =l(x—z) + (z—w) + (w—y)|*

< (x—zl+lz—wl+w—y)h¥
<3 (k—z* +lz—wik + w—yl¥)
3k—

Y(d(x,z) + d(z,w) + d(w,y)),

for all x,y,z, w € X. This means that (RbM3) holds, hence (X, d) is a rectangular b-metric space.

Example 3.2. Let X = R and dj, d, are two rectangular b-metrics in X such that

(x—y)?

4

di(xy) = (x—y)?, dlxy) = , YxyeX

Define F: X x X x X = X and g : X — X respectively by

X—y+z

3 , gx=4x, Vx,y,ze X.

F(Xr Y, Z) =
It is easy to see that g(X) is dj-complete, and F and g are w-compatible.
On the other hand, we have

di(F(x,y,z), F(w,v,w)) = (F(x,y,z) — F(u,v,w))2

X—y+z u—v+w 2 X—u v—-y zZ—W 2
= - = + +
3 3 3 3 3

(x—uP  (y—v)? (z—w)?
<3< 5t ot >
)2

(x—u)? (y—v (z—w)?
T3 3 3
B (4x — 4u)? N (4y — 4v)? n (4z — 4w)?
N 48 48 48
~(gx—guw)? | (gy—gv)?  (gz—gw)?
T R T S BT

1
= ﬁ[dz(gx, gu) + da(gy, gv) + da(gz, gw)l.

By similar arguments as above, we can show that
1
d1(Fly, z,x), Flv,w,u)) < E[dz(gy, gv) + da2(gz, gw) + d2(gx, gu)],

and
1
di(F(z,x,y), Flw,u,v)) < E[dz(gz, gw) + dz2(gx, gu) + da(gy, gv)].
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Combining the above three inequalities, we obtain
di(F(x,y,2), F(w,v, w))+di(Fly, z,x), F(v,w,u)) + di(F(z, x, y), F(w, 1, v))
1
< gld2(gx, gu) + da(gy, gv) + da(gz, gw)l.

Then by Corollary 2.5, F and g have a unique common tripled fixed point, in fact (0,0,0) is the unique
common tripled fixed point of mappings of F and g.

Next, we assume that X = Cla, b] is the set of all continuous functions. Define two rectangular b-
metrics respectively by

t) —y(t)[¥
trerﬁ}ﬂ Ix(t) —y(t)|

di(x,y) = max [x(t) —yO), dlxy) = v,y eX, (k=>1).

tela,b] 3 !

Then the coefficient of two rectangular b-metrics is s = 3*~!. Consider the nonlinear integral equation set
as follows

x(r) = K(r) + IZ G(r, t)[f(r,x(t)) + g(r,y(t)) + h(r, z(t))]dt,
y(r) =K + [2 G(r, O)f(r,y(t) + g(r, 2(t)) + h(r, x(t))]ldt, 3.1)
z(r) = K(r) + IZ G(r, t)[f(r,z(t)) + g(r,x(t)) + h(r,y(t))]dt.

Now, we will analyze (3.1) under the following conditions:

(i) f,g,h:[a,b] x X — R are three continuous functions.

x [a,b] = R™ is a continuous function.

)
(i) K: [a,b] = R are continuous functions.
(iii)) G

)

(iv) There exist Ly > 0 (i =1,2,3) such that for all x,y € X,
[£(r, x(t)) = f(r,y ()] < Lilx —yl,
lg(r,x(t)) = g(r, y(t)) < Lalx —yl,
[h(r,x(t)) = h(r,y(t)) < Lslx —yl.

(v)

b k 1
rgﬁ,}é} <L G(r, t)dt) < ErTEsTa

where L = max{Ly, Lp, L3}.

Theorem 3.3. Under the conditions (i)-(v), the integral equation (3.1) has a unique common solution on [a, b].

Proof. Define F: X3 — X and g : X — X respectively by

b
F(x,y,z)(r) = K(r) —i—J G(r, t)[f(r,x(t)) + g(r,y(t)) + h(r,z(t))ldt, Vx,y,z€ X, 7€ [a,b]

a

gx=x%, ¥xeX
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By Example 3.1, (iv) and (v), we have
|F(X/y/Z) (T) - F(LL, \),W) (T)|k
b b
= J G(r, t)[f(r, x(t)) — f(r,u(t))ldt +J G(r, t)lg(r,y(t)) —g(r,v(t))]dt
b
+ |Gl tih(r20) ~ hin we)dr
b ko
<31 ||| Gl vl x(t) — v, u()a] +|| G, Dig(r () — or, (vt
b k
+ J G(r,t)[h(t,z(t)) — h(t,w(t))]dt ]
k k
< 3k L]f ( max [x(t) —u(t)l) —H_]f < max [y(t) —v(t)l)
tela,b] tela,b]
Kk b k
+1¥ < max |z(t) —w(t)|> ] (J G(r,t)dt)
tela a
K
< 3Rk [ max [x(t) —u(t)* + max |y(t) —v(t)* + max |z(t) —w(t) Gﬁﬂ)dt)
tela,b] t€la,b] t€la,b]
b k
=3L*dy (x, 1) + di(y,v) + di(z,W)] <J G(r, t)dt>
1
< 3MLMdy (x,u) + di (Y, v) + di(z,w)] - PRI
1
< sl () + di(y,v) + da (2, w))
It follows from the above inequality that
di(F(x,y,2z), Flu,v,w)) = max, IF(x,y,2)(r) — Flu, v, w)(r)[*
Trela,
1 (3.2)
< W[dl (X/ LL) + dl (UIV) + dl (er)]-
By similar arguments as above,
dl(F(y/ z, X)/F(V/W/u)) < W[dl (U/V) + dl (Z/W) + dl (X/ LLH, (33)
1
d1(Flz %, y), Fw, uv)) < iz ldi(zw) + dilx, w) + di(y, vl (3.4)

It follows from (3.2), (3.3) and (3.4) that

di1(F(x,y,z), F(w,v,w))+d1(F(y, z,x), F(v, w,u)) + d1 (F(z,x,y), F(w,u,v))

< et (o) diy,v) + iz, w)] = S (Aol ) + da(y,v) + oz, wl

= gk+1

By Corollary 2.5 we assert that there exists T € X such that F(t,T,7) = gt = T which implies that 7 is the

unique solution of equation set (3.1).

O
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Example 3.4. We assume that X = CJ[0, 1] is the set of all continuous functions defined on [0, 1]. Define
(X, d1) and (X, dp) respectively by

o 2
d1(x,y) = max x(r)—y(P, dalxy) = max XZYOE o Lex.

rel0,1] rel0,1] 3

Then the coefficient of two rectangular b-metrics is k = 2. Consider the following nonlinear integral
equation set:

1sin(r-mt) | et | sin(y(t)-7)
x(r) =27 +j0 3v3+t [e 3 T " 6ntr +< 1+|z } dt,
( ) —2r 4 J‘l sin(r-7r) |: e Tyl(t sm (t)-m) + :| (3 5)
yir 0 3v3+t 67t+r 1+|x :
2(r) =2 +J-1 sin(r-7t) | e T( sin(x(t)-7r) + cos(r) dt.
= 0 33+t 3 67t+r 4 l+|y
[0,

Define the function K : [0,1] — ]R G [0,1] x [0,1] - R*,f,g,h:[0,1] x X = R respectively by: K(r) =27,
)

Gr,t) = ST, f(r, x(1)) = S5, g(r,x(t)) = TELTL hr, x(1)) = <51 AOL
We can easily obtain that K( ), G(r,t), f(r,x), g(r,x), h(r,x) are continuous functions. Also, for all

r € [0,1] and x,y € X, we have

e ™ e Y —re T
(1, %) — Flr,y)] = - ]

3 3 3
sin(x-7)  sin(y - 7) < |sin(x - 7r) — s1n(y - 71)
6T+ T 6+ T 67

(x— y)‘ e~

lg(r,x) —g(r,y)l =

= fr-cos(n ) (x—y)l < ¢ ey,

COS( ) IxI cos(r) |yl 1 ‘ x| lyl
h(r,x) —h < -
IR(r,x) =h(ry)l = Tk 4 14yl S a1ex 14yl

1’1+Ix—l 1+ —1 1‘ 1 1

<

S4l 14K 1+ [yl 41+l 14K
1 (I — 1y)| < L1~ lyll < e —yl
4 s g YIS gx—ubk
Herer e [0,1], L1 = %, L, = % ‘ll ax{Ll, I, L3} = %, &, 1 exist between x and y, ( exist between

x| and [yl.

1 2 1 . 2 2
sin(r - 71) 1 > 1 1
max G(r,t)dt | = max —dt| <|—4=) =5 = =——.
rel0,1] <L (r,t) ) rel0,1] (Jo 3vV3+t > (3\/3 33~ 32k+1k

Consequently, all the conditions of Theorem 3.3 are satisfied. Hence the integral equation set (3.5) has the
unique solution in C[0, 1].
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