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Abstract

Permanence is one of the most important topics in biomathematics. The question of permanence of stochastic multi-species
models is challenging because the current approaches can not be used. In this paper, an asymptotic approach is used, and
sufficient criteria for permanence of a general n-species stochastic delay Lotka-Volterra competition model with Lévy jumps are
established. It is also shown that these criteria are sharp in some cases. The results reveal that the stochastic noises play a key
role in the permanence. This approach can be also applied to investigate the permanence of other stochastic population models
with/without time delay and/or Lévy noises. (©2017 All rights reserved.
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1. Introduction

Permanence, indicating the long-term survival of all species in a model, has regarded as one of the
most important concepts in ecology and epidemics. The concept of permanence was originally proposed
in late 1970s for ordinary differential equations (ODEs), and then were developed rapidly in the 1980s to
difference systems, functional differential equations (FDEs) and partial differential equations (PDEs) [36].
Now, it has become one of the most important topics in biomathematics [27].

In the natural world, the growth of species is inevitably affected by environmental perturbations
[7, 8,21, 22, 24, 25, 28, 46]. The concept of permanence is also extended to stochastic models and attracts
much attention [27, 35]. There are two widely used definitions of permanence for stochastic population
models. The first one is as follows:

Definition 1.1 ([17]). Let N(t) = (Ni(t),---,Nn(t))" stand for the solution of a stochastic population
model. If for arbitrary € € (0, 1), there are positive constants o; = o¢1(€) and xp = xo(¢e) such that

n
limian{|N(t)| = E N2(t) > oq} >1—c¢, 1imian{|N(t)| < ocz} >1—c¢,
t—o0 i1 t—o0

then the model is said to be stochastically permanent (which we refer to as SP1).
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Using this definition,

e Li and Mao [17] considered the following non-autonomous stochastic competitive system
n
dNi(t) = Ni(t) <Ti(t) - Z cij (t)N; (t)) dt + o ()N (t)dWi(t), i=1,---,n, (1.1)
j=1

where Nj(t) represents the size of the i-th species at time t, ri(t) > 0, c;(t) > 0, 0y(t) are all
continuous and bounded functions defined on [0, +-00), {(Wj(t), ..., Wn(t))}t>0 is an n-dimensional
Brownian motion defined on a complete probability space (Q,{J}tcr,, P) with a filtration {F¢ }icr, ,
07 is the intensity of the stochastic noise. The authors [17] proved that if

1<ign | t20 1<ign | 120

min { inf Cii(t)} >0, min { inf bi(t)} >0,

where bi(t) = ri(t) — 0.56%(’(), then model (1.1) is SP1.

e Li et al. [16, Theorem 3.3] analyzed the SP1 of stochastic Lotka-Volterra systems with Markovian
switching.

e Bao et al. [3, Theorem 4.1] obtained the sufficient conditions for SP1 of a stochastic competitive
model with Lévy jumps.

e Tran and Yin [38, Theorem 4.2] investigated the SP1 of stochastic competitive models with partial
observation.

e Mandal et al. [31, Theorem 3.3.1] studied the SP1 of a allelopathic phytoplankton model.

e Tan et al. [37, Theorem 3.1] considered the SP1 of a stochastic competitive model with impulsive
perturbations.

More results of SP1 for stochastic population models can be found in Li et al. [15, Theorem 3.3], Lv and
Wang [29, Theorem 3.2], Qiu et al. [34, Theorem 6], Zhang and Wang [45, Theorem 6.2], Jiang et al. [12,
Theorem 2.1], Lv and Wang [30, Theorem 3.5], Li et al. [14, Theorem 4.3].

However, Definition 1.1 is not appropriate in some cases. Definition 1.1 means

n
. . 2 _
htrgg)lfp{ E 1Ni(t) > cxl} >1—c¢.
1=

This can not guarantee all the species have a positive lower bound, some species can go to extinction as
long as one species has a positive lower bound. To see this more clearly, consider the following two-species
competitive model:

dNq(t) = Nq(t) [06 —0.3Nq(t) — 032N2(t)] dt +0.447N1(t)dWq (1),
(1.2)
dNs(t) = Nj(t) [0.55 —0.28Nq(t) — 0.3N2(t)} dt + 0.447N5(t)dWhH(t).

According to [27], the species 2 in system (1.2) will go to extinction almost surely (a.s.), i.e., tlim Ny(t) =0
—00

a.s. However, by the work of Li and Mao [17], model (1.2) is SP1.
The other definition of permanence for stochastic population models was proposed by Schreiber et al.
[35]. Consider the following stochastic differential equation (SDE)

AN (t) = Ni(t){pi(N(t))dt—i— Y oy (N(t))de(t)}, i=1,---,m,x(0) €RY, (1.3)
j=1

where N(t) = (Ny(t), -+, Ny (t))T, RE =M €R™M; >0, 1 <i<n} Let R =M eR™m; >0, 1 <i<n}
and Ag ={n € R n; =0 for some i, 1 <i< nk
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Definition 1.2 ([35]). If there exists a unique invariant measure p such that

(i) the distribution of N(t) converges to p as t — +o00, and
(i) u(Ag) =0,

then model (1.3) is said to be stochastically persistent (which we refer to as SP2).

Clearly, SP2 can ensure the long-term survival of all species. At the same time, SP2 implies SP1, but
not the converse.

Schreiber et al. [35, Theorem 4] have shown that if for all invariant measures v supported on Ay,
Ax(v) := max A;{(v) > 0, where

1<i<n

Ai(V)ZJAi(N)V(dN), )\i(N):pi(N)_%qii( ), qy(N chk )o; (N

then the solution N(t) of (1.3) is SP2. However, these results can not apply to investigate most stochastic
population models. For example, consider the following stochastic logistic model:

dN(t) = N(t) (r— N](<)> dt +oN(t)dW(t), N(0) > 0. (1.4)
By Remark 2.10 below, we can see that for model (1.4), A.(v) = 0.

Then an interesting and important question arises: is there another approach to study the SP2 of
stochastic population models? The main aim of this paper is to study this question. An asymptotic
approach is used, and sufficient criteria for the SP2 of a stochastic delay competition model with Lévy
jumps are established. We also show that these criteria are sharp in some cases. The results demonstrate
that the stochastic perturbations play a key role in determining the SP2 of the models. At the end of
this paper, we show that this approach can be also used to study the SP2 of other stochastic population
models with/without time delay and/or Lévy noises, and as an example, we establish the sharp criteria
for SP2 of a stochastic delay predator-prey model with Lévy jumps.

2. Main results

In this paper, we consider the following stochastic delay competitive model with Lévy jumps:

dNi(t) = Ni(t){ (Ti —cigNi(t7) — Z ciyNj(t™ — Tij)) dt
ST 2.1)

+cridWi(t)+J yi(u)r“(dt,du)}, i=1,---,n,
Y

with initial condition

N(E) = (N1(&), -, Np(&)T = (b1(&), -, dn(E)T = d(E) € @,

where N (t) is the size of species i at time t, N(t7) is the left limit of N( ), 1 > 0 and cyj > 0 are constants
representing the growth rate and competition coefficient respectively, I'(dt, du) = I'(dt, du) — 0(du)dt, I'is
a Poisson counting measure, 0 is the characteristic measure of I', Y is a subset of (0, +-00) with 8(Y) < +o0,

Tiyj > 0 represents the time delay, i,j = 1,--- ,n, T = {nax ';é_{’tij }, @ is the family of all continuous
i,j=1,.m,j#i
functions from [—T,0] to RT. For biological reasons, we assume that [3]

1+vi(u)>0, ueyY, i=1,---,n. (2.2)
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It is useful to point out that some special cases of (2.1) have been studied extensively in literature, for
example, [11, 12, 15-17, 37, 38] considered model (2.1) with ti; = 0 and yi(u) = 0, [23, 39, 42] investigated
model (2.1) with y;(u) = 0. Model (2.1) with T;; = 0 was analyzed in [3].

Throughout this paper, as a standing hypothesis we assume that I' and {(W;(t), -, Wn(t))}t>0 are
independent. For simplicity, we introduce the following notations.

by —ri — 0507 — LY [vi(u) (1 +vi(u))] 6(aw),

n . t 5
fi =b; — Z CfT]'bj, mi(t) :J J In(1+vi(uw)l(ds,du), i=1,---,n.
j=1j1 ] 0¥

Let C = det((cij)nxn), let C; be the determinant obtained by changing the ith column of C to
T
(b1, by, -+ ,bn)T. By Golpalsamy [10], if by > O and f; > 0,1 = 1,---,n, then <%, ,%) is a

unique positive solution of the following equations

11Ny +c12Na+ -+ +cinNp = by,

c21N71 +c2oNy + - -+ con Ny = by,

cniNg +cnaNo + -+ cnunNp = by,

Lemma 2.1. Under (2.2), for any given initial value N(&) € @, model (2.1) has a unique global solution N(t) =
(N1(t), -+ ,Np(t)T € R} on t > 0 a.s.. Moreover, there exists a positive constant Ky such that

limsup E(N;i(t)) <K;, i=12---,n (2.3)
t—+o0

Proof. The proof is a slight modification of that in Bao et al. [3, Theorem 2.1 and Theorem 3.1], and hence
is omitted. 0

Now we are in the position to give our main results.

Assumption 2.2. There is a constant k > 0 such that

2
J [ln(l —M/i(u))] 0(du) < k.
Y

n
Assumption 2.3. ci; > Z Cij, i=1,---,n.
j=1j#1
Theorem 2.4. Let (2.2), Assumptions 2.2 and 2.3 hold. If by > O and f; > 0,1 =1,---,n, then model (2.1) is
SP2, and at the same time, W is ergodic with

J Nu(dN) = lim t_er(s)ds— G Cn ! a.s (2.4)
R'i 25 _t~>+oo 0 - C/ 7 C 7 cO. .

Remark 2.5. It is useful to pint out that if b; < 0 for some i, then the species i in model (2.1) will go to
extinction.
The proof of Theorem 2.4 is divided into the following three steps:

(i) First, we give some conditions under which all the species in model (2.1) are not extinctive.
(ii) Then, we establish the sufficient conditions for global attractivity of solutions of model (2.1).
(iii) Finally, we prove the existence, uniqueness and ergodicity of the invariant measure p.
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2.1. Non-extinction
Consider the following auxiliary equations:

dyi(t) = yi () (ri _ cuyi(t)) dt + oryy () dW; (1)

2.5)
+J yl(t_)’Y1(u)ﬁ(dtr du)/ 1: 1r s
Y
dzi(t) = zi(t7) <Ti —ciizi(t) — Z cijyj(tT — Ty )) dt
=Lzt (2.6)
Fon()AWE )+ [ 2 s, =1,
Y

where
yl(Ev) :Zl(a) :Nl(a)l E»G [_TIO]I i:1/2/ ;.
Under (2.2), Bao et al. [3, Lemma 4.2] have shown that the solution of model (2.5) can be explicitly

expressed as:
exp{bit + o W;(t) + my(t .
yi(t) = —— P (1) + ma(t)) et
Yy (0) +cii [y exp{bis + oiWi(s) + my(s)}ds

Similarly, the solution of model (2.6) is:

n t
exp {bit— Z cijJ yj(s —Ti5)ds + oy Wi(t) +mi(t)}
zi(t) = = ,i=1,-,n. 2.7)

t n
zi—l(o) +cii L exp {bis _

S
Z CiiJ Uj(u—Tij)du+GiWi(S)+mi(S)}d$
j=1j#1

Lemma 2.6 ([26]). For model (2.5), let Assumption 2.2 and (2.2) hold. If by > 0, then
t
lim t'lny;(t)=0, lim t_lj yi(s)ds =bi/cii, as., i=1,..,n. (2.8)
t—+o00 t—+o00 0

Now we are in the position to study the non-extinction of model (2.1).

Lemma 2.7 ([20]). Let M(t), t > 0, be a local martingale vanishing at time zero. Ift lirf pm (t) < +oo, then
— 400

lim M =0 a.s.,

t—+oo t

where

pm(t)—J UM, M)(s) t>0,

0 (1 + 3)2 ’
and (M, M) (t) is Meyer’s angle bracket process (see, e.g., [1, 13]).

Theorem 2.8. Let Assumption 2.2 and (2.2) hold. If by > 0and f; >0,i1=1,--- ,n, then

t
lim t'| Ni(s)ds=Ci/C, as. i=1,---,n. 2.9
i i/C, , (2.9)

t—+o0 0

Proof. An application of Itd’s formula (see, e.g., [13]) to (2.1) gives
t n t
t! lnNi(t)—t_l InN;(0) :bi—Cﬁt_lJ' Ni(s)ds — Z Cijt_1J Nj(S—Tij)dS
0 . - 0
i=1j#i

+ ot Wi (1) +t! Jt J In (1 +y1(u)>F(ds, du)
0Jy
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t n t
=b; — [CﬁtlJ Ni(s)ds + Z Cijtljo Nj(s)ds}

0

=14
n t 0
+ Z Cijt1H Nj(s)ds—J Nj(s)ds]
j=1j#1 =Ty —Tyj
+ ot Wi (1) + t tmy (1),
Since b; > 0, by (2.8), we can see that for i,j =1,---,n, j #1,
1 t 1 t 1 t—Tyj
tEI:lr—loot LW yj(s)ds = tgrfoo (t Jo yj(s)ds —t L Yj (s)ds) =0. (2.10)

In view of the comparison theorem for SDEs with jumps ([33]), one can see that for t > —,
zi(t) < Ni(t) <yi(t) as. i=1,---,n. (2.11)

It follows that .

t—+o00 t_Tij
Therefore
t 0
hm t_1|:J N)(S)ds_J N](S)ds:| :0/ l/]:1//111 ]#l
—Ty

t—4o00 t—Ty

Note that Assumption 2.2 and (2.2) hold, it then follows from Lemma 2.7 that

lim t'Wi(t)=0, lim t 'my(t)=0, as.. (2.12)

t—+o0 t—+o0

Thus, to complete the proof, we only need to show that

lim t'InN;(t)=0 as. i=1,---,n.
t—+o0

Thanks to (2.8) and (2.11),

liminft 'Inzi(t) < liminft ' In Ni(t) < lim sup t1InNj(t) < lim sup tlyi(t) = 0.
t—+o0 t—+o0 t—+00 t—+o0

Consequently, we only need to prove that

liminft 'Inzi(t) >0 as. i=1,---,n. (2.13)
t—+o0

By virtue of (2.8) and (2.10), we can observe that fori,j=1,--- ,n, j #1,

t t t 0
lim t1J yj(s —Tij)ds = lim t1<J yj(s)ds—J yj(s)ds—l—J . yj(s)ds) = bj/cjj, a.s..
—

t—+o0 0 t—+o0 0 t_Tij

Hence by (2.12), for arbitrary given & > 0, there existsa T = T(w) such thatfort > T,1,j =1,--- ,n, j #1,
t
bj/cj; — e < t! Jo yj(s—’rij)ds <bj/c5 + ¢,

and
—e <t ToyWi(t) +t tmy(t) <.
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When these inequalities are used in (2.7), one can see that

1 n t
zi () =exp{—bit+ > CiiJ Uj(S_Tij)ds_GiWi(t)_mi(t)}
' =LAt

t
X {zil (0) +cit Jo exp {bis -

Z Cij JOS yj(u—7i5)du+ oy Wi(s) +mi(s)}ds}

j=Lj#l

=exp { —bit+ Y ¢y Jtyj(s — Tij)ds — oy Wi(t) _mi(t)}

=1t
T n s
X {Zi_l(O)JFCﬁJ exp {bis Z CijJ yj(u—Ty)du+ GiWi(S)JFmi(S)} ds
0 =LA
t n s
+CiiJ exp [bis_ Z CijJ' yj(u—Ty5)du+ UiWi(s)—Fmi(s)} ds}
T N 0
j=1j#i
<exp{t[—bi—|—. Z Acij(cl].—i—s)—i—s]}
j=li#i )
t n b:
X {Zil(o)‘i‘Ki‘i‘CiiJ exp {s[bi— Z Cij (] _g) +5} }ds}
T =i N
n
—exp{t[—fi—k(l—k Z Cij)5:|}
j=1j 41
t n
X {Zi_l(o)‘i’Ki‘l’CiiJ exp {S|:fi+ (1+ Z cij>£]}ds},
T

i=1j#i

where K; > 0 is a constant. Note that f; > 0, hence for sufficiently large t, one can derive that

t n
Zfl(OHPKi <CiiJ exp {s{ﬂ—i— <1+ Z cij>5]}ds.
! j=1i#i
That is to say, for sufficiently large t,

ﬁ <exp{t[fi+ <1+. Z .cij>s}}

Consequently
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Letting t — 400 and then making use of the arbitrariness of ¢, one can get the desired assertion (2.13). [

2.2. Global attractivity
Theorem 2.9. If Assumption 2.3 holds, then model (2.1) is globally attractive, i.e.,

lim ZIE‘N (b;t) — (p;t)‘zO, a.s., (2.14)

t—+o00

where N(d;t) = (N1(d;t), -+, Nn(b; 1) and N(@;t) = (N1(@;t),- -+, Nn(@;t))T are two solutions of model
(2.1) with initial data $(&) € O and @ (&) € D, respectively.

Proof. Let 3; represent the cofactor of the i-th diagonal element of L¢, where

n
Z C1j —C12 ot —Cin
j=2
L —C21 Z €25 -+ —Con
€= j=1j#2
n—1
—Cn1 —Cn2 te Z an
j=1

By Kirchhoff’s Matrix Tree Theorem (see e.g., [32]), we have 3; >0,i=1,--- ,n
Define (the following V function is motivated by [25])

ZBl ll’lN d)/ )—ll’lN @t ‘+Z Z B'LCIJJ

i=1j=1,j#i =
Making use of It6’s formula, we have

dVv(t Zﬁlsgn( ;1) = Nilg;t )) <1nN (p;t) — lnNi(@;t)>

N;(d;s) —Nj(@;s)|ds.

+3 % Bicy|Nj(dit) —Nj(g;t ’ Z Z j(drt—Tiy) — Nj@;t— i) |dt
i=1j=1j#1 i=1j=1;

=) Bisgn<Ni(¢;t) _Ni((P)t)> [_Cii <Ni(¢)t) _Ni((P}t)>

i=1

- Z Cij<Nj(¢}t—Ti]’)_Nj((P)t—Ti))>]dt
j=1j#i

+Z Z Bic Nj(d)}t)_Nj((P ’ Z Z ﬁlc d)t TL)) N)'((P}t—”fij) dt
i=1j=1,j#i i=1j=1,j#i

dt

Ni(d);t)_ ’dt+z Z ﬁlcl]

d)t Tl)) N)'((P;t_Tij)

1
i=1 i=1j=1j#1
n n
+> > Bicy|Nj(d;t) =N ]dt—z Z Bici;|Nj(d;t —Ti5) — Nj(@;t — 135 |dt
i=1j=1,j#i i=1j=1,j#i
n n n
=—) Bicui Ni(dxt)—Ni(cp;t)‘dHZ > fsicijN(da;t)—Nj(cp;t)‘dt.

i=1j=1,j#i
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In view of [18, Theorem 2.3],

> ) Bicy

i=1j=1j#1

Nj(d)}t)_Nj((P}t)‘:Z D Bicij

i=1j=1j#1

Ni(d;t) — Ni(@}t)‘-
Consequently,

E(V(t))gvm)—zﬁi[cﬁ— S cﬁ] as.

t
J E‘Niws)—mw;s)
i=1 ]':1,)'7&1

0

It then follows from E(V(t)) > 0 that

n n t
Bi|cii— cij| | E[Ni(d;s) —Ni(g;s)|ds < V(0) < oo.
j
i=1 j=1j#i 0

That is to say,
E‘Ni(d)}t)_Ni((P}t)‘ cl0,00), i=1,---,m.
On the other hand, by (2.1),
t 2 n
E(Ni(t)) = Ni(0) +J []E (Ni(s))ri —cyE <Ni(s)> - cile<Ni(s)Nj(s—Tij)>] ds.
O . . .
j=Lj#i

It follows that [E(N;(t)) is continuously differentiable with respect to t. According to (2.3),

2 n
dEM(H) _ ]E<Ni(t)>Ti—CﬁIE (Ni(t)> - Z CijE<Ni(t)Nj(t_Tij)> < 1E<Ni(t)>fi < 1K

at i=1j#1
Thereby, E(Ni(t)) is uniformly continuous with respect to t. Then the required assertion (2.14) follows
from Barbalat’s results [4]. O

2.3. Proof of Theorem 2.4
Proof of Theorem 2.4. The proof is motivated by [23, 25, 28]. To begin with, let us prove the existence and
uniqueness of the measure p. Let p(t, ¢, ) be the transition probability of N(t), and let P(t, $, B) be
the probability of N(t) € B. It then follows from (2.3) and the Chebyshev inequality that the family of
transition probability {p(t, $,-)} is tight.

Let A(®) stand for all the probability measures defined on ®. For any two measures P;, P, € A,
define the following Kantorovich metric ([5])

dn(P1, P2) = sup
heH

4

Ln h(N)P;(dN) —J h(N)P2(dN)

RY
where
H= {h: - R‘m(x) —hiy)l < Ix—yl, h() < 1}.

For any h € H and t,s > 0, we have

Eh(N(¢;t +5)) —lEh(N(Cb;t))’ _ 'IE[JE <h(N(¢;t+s))|9s)] —JEh(N(dxt))’

l,
|,

ER(N(¢;t))p(s, ¢, de) —IEh(N(dD;t))‘ (2.15)

n
+

ER(N(¢;t)) — lEh(N(d>;t))|P(s, ¢, de).

n
+
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Thanks to (2.14), there is a T > 0 such that for t > T,

sup |Eh(N(@;t)) —lEh(N(dxt))' <e

heH

Substituting this inequality into (2.15), and then using the tightness of {p(t, ¢, )}, we obtain
ERN@; 4 5)) - ER(N(03 1) <.
It then follows from the arbitrariness of h that

sup
heH

Eh(N(d;t+s)) —JEh(N(dD;t))‘ <e.

That is to say,
dH(p(t+51¢z’)rp(t/¢/')) <, Vt>Tz s> 0.

Consequently, {p(t, d,) : t > 0} is Cauchy in the space A(®). It follows that there exists a unique measure
w(-) € A(®) such that
lim dy(p(t, &, ), u(-)) =0,

t—+o0

where k = k(&) = (0.1,---,0.1)T, & € [—7,0]. But from (2.14), we have

lim dH(P(tz d)r ')/P(t/ K, )) =0.

t—+o0

Therefore

lim du(p(t, ¢,-), u() < lIm dulp(t,¢,-),p(t k) + lim dulp(t k), u(-)) =0.
t—+o0 t—+o00 t—+o0
This completes the proof of the existence and uniqueness of p. At the same time, by (2.9), u(Ag) = 0.
Now we are in the position to prove the ergodicity of p. In fact, the distribution of N(t) converges to
i as t = 4oo. In view of [9, Corollary 3.4.3], we can see that p(-) is strong mixing. It then follows from
[9, Theorem 3.2.6] that () is ergodic. By virtue of (3.3.2) in [9], one can observe that

lim t—er(s)ds:J Np(dN).

t—+o00 0 Ri
This, together with (2.9), means (2.4). O

Remark 2.10. When Theorem 2.4 is applied to the logistic model (1.4), we can obtain that if r — %2 > 0, the
distribution of N(t) converges to a unique measure v which is ergodic:

Nv(dN) = K<r— 02).

lim t! Jt N(s)ds = J >

t—+o0 0 Ry

Therefore,

?\(V)ZL MN)V(dN):L <r—§—;cr‘z)v(dN):r—;GZ—(T—;GZ) =0.

Hence we can not use the results in [35] to investigate the SP2 of model (1.4).
Under (2.2), Assumptions 2.2 and 2.3, Theorem 2.4 has established the sufficient conditions for SP2 of
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model (2.1). In the following, we shall show that these conditions are sharp when n = 2. Consider the
following model:

dNy(t) = N¢(t7) [Tl —cu Ny (t7) —ciaNa(t™ — le)} dt

oy () dWa (1) + Nl(t)J Yi(wF(dt, du),
¥ (2.16)
dNz(t) = Na(t7) [Tz —cNi(t7 —121) — szNz(t_)} dt

+ N (£ )dWa(t) + Na(t) LY Y2(WR(dt, du),

with initial data

(N1(E), N2 (ENT = (d1(E), p2(E)" € @.

Lemma 2.11 ([26]). For model (2.16), let (2.2) and Assumption 2.2 hold. If by > 0, by > 0 and A = cy1c00 —
c12¢p1 >0, then

(i) if f1 > 0 and f, < 0, then Ny goes extinct a.s.;
(ii) if f1 < 0and f, > 0, then Ny goes extinct a.s.

Clearly, Assumption 2.3 means that A > 0. Moreover, it is easy to see that if A > 0, then f; < 0 and
fa < 0 can not hold simultaneously. Therefore, by Lemma 2.11 and Theorem 2.4, we have:

Corollary 2.12. For model (2.16), let (2.2), Assumption 2.2 and Assumption 2.3 hold. If by > 0 and by > 0, then:
(a) if f1 > 0 and fy > 0, then model (2.16) is SP2, and at the same time, W is ergodic with

t bico —b byci1 — b '
J NH(dN) — lim t—1J N(S)ds _ ( 1C22 2C12 2C11 1C21 ) ,as.
®

4
t—+4o0 0 C11C22 — C12C21 C€11C22 — C12C21

(b) if f1 > 0 and fy < 0, then Ny goes extinct a.s., and Ny is SP2 with an ergodic measure fi:

t
b
J Nit(dN7) = lim t_lj Nl(s)ds:—l, a.s.;
: t—+o00 0 C11

(c) if f1 < 0and fy > 0, then Ny goes extinct a.s., and Ny is SP2 with an ergodic measure {i:

t
b
J Noi(dNy) = lim t1J Ny(s)ds = -2, a.s..
R+ t—+4+o0 0 C22

3. Numerical simulations

Now let us work out some numerical figures to illustrate the results. For simplicity, let us consider
model (2.16) with r; = 0.8, 1, = 0.5, ¢;1 = 0.5, c1p = 04, co1 = 0.3, cp = 04, (r% =03,Y = [0,+00),
0(Y) =1, y1(u) = 0.5162, yo(u) = 03504, 11 = T2 = 5, N1(6) = 0.5+ 0.1sin6, N»(6) = 0.4 —0.2sin 6.
Clearly, (2.2), Assumptions 2.2 and 2.3 hold, and b, = 0.3. The only difference between Figure 1, Figure 2
and Figure 3 is that the value of 07 is different.

e In Figure 1, we choose 0'% /2 = 0.3, then b; = 0.4. According to (a) in Corollary 2.12, model (2.16) is
SP2 and

t
lim t_lj Ni(s)ds = 0.5,

t—+o0 0

t
lim t1J Na(s)ds = 0.375.

t—+o0 0
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See Figure 1. Figure 1 (a) is a sample path and Figure 1 (b) is the density of the distribution at time
t = 5000 ([6]).
e In Figure 2, we set cr% /2 =0.1, then by = 0.6. By virtue of (b) in Corollary 2.12, Ny is SP2,
t
thT ¢! J Ni(s)ds = 1.2, and N, goes extinct, see Figure 2.
—+00 0
e In Figure 3, we choose (Y% /2 = 0.5, then by = 0.2. In view of (c) in Corollary 2.12, N; goes extinct,
t
N, is SP2, and lim t! J N3 (s)ds = 0.75, see Figure 3.

t—+o00 0

0.7 : 1.2 ; ; ;
— N, Density of Distribution of N,
065 N, () , | pensiy of Distiuion of N,
-1 r
06 TN, (s)ds
tEN,(s)ds
) 0.8
0.6
: 0.4
r 0.2t
0.25 ‘ ‘ ‘ ‘ 0
0 1000 2000 3000 4000 5000 025 03 035 04 045 05 055 06 065
Time
(a) (b)

Figure 1: Model (2.16) with r; = 0.8, 1, = 0.5, ¢ = 0.5, ¢c;p = 0.4, cp1 = 0.3, ¢ = 04, 0‘% =03,Y = [0,+0), 6(Y) =1,
v1(u) = 0.1, yo(u) = 0.05, 0%/2 =03, 1 =12 =5, Ny(0) =05+0.1sin 6, N(8) = 0.4 —0.25in 0. (a) is a sample path; (b) is the
density of the distribution at time t = 5000.

N, (1)
08| - i
1N, (s)ds
0.6 1
0.4f 1
0.2 1
|
0 1000 2000 3000 4000 5000

Time

Figure 2: A sample path of model (2.16) with the same parameter values given in Figure 1 except 02/2 = 0.1.
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0.9
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0.7

N, () ]

N (0

' IN,(s)ds

0.6

0.5k

0.4 1

0.3f d

0.2 1

0.1 1

0 1000 2000 3000 4000 5000
Time

Figure 3: A sample path of model (2.16) with the same parameter values given in Figure 1 except O'% /2 =0.5.

4. Conclusions and discussions

Permanence is one of the most interesting and important topics in ecology and epidemics. However,
one widely used concept of permanence for stochastic population models, SP1, can not ensure the long-
term survival of all species. Schreiber et al. [35] proposed a more appropriate concept, SP2. However, the
methods in [35] can not apply to investigate most stochastic population models. In this paper, we use an
asymptotic approach to investigate the SP2. Sufficient criteria for the SP2 of a stochastic delay competition
model with Lévy jumps are established. We also show that these criteria are sharp when n = 2.

Our results show that the stochastic perturbations play a key role in determining the SP2 of the models.
To see this more clearly, let us consider model (2.16). Corollary 2.12 shows that the permanence or not of
species i depends only on the sign of fi, i = 1,2, where

f1 =b; — %bz, fa = by — Cﬂbl/
€22 C11

b; =11 —0.507 —JY [yi(u) —1In(1 +vyi(uw))|6(du).

Firstly, let us consider the effects of white noises. Clearly,

of of of of
1 <0, 1 2 -0, 2

o) <% a0 7Y a0t 7 ey <

Therefore, with the increasing of o7, the species i tends to go extinct while the species j tends to be
permanent, i,j = 1,2, i # j. That is to say, the white noise of a species is harmful for the permanence of
this species and is favorable for the permanence of its competitor.

Now let us consider the effect of Lévy noises. For simplicity, we let y;(u) be a constant, k;, hence

by =711 — 0507 — (ki —In(1+«y)), i=1,2.
Not that
a—Inl4+a)=a+1—-1-In(14a) >0, a>-1,

thus
by <7 —0507, i=1,2.

i7s
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Therefore the Lévy noise of a species is harmful for the permanence of this species and is favorable for
the permanence of its competitor.

It is useful to point out that the method used in this paper can also be used to study other stochastic
population models with/without time delay and/or Lévy noises. For example, consider the following
delay stochastic predator-prey model with delay ([26]):

dNy(t) = N¢(t7) [Tl —cuNy(t7) —cpNa(t™ — le)} dt

+oNy (£ )dWA () + Nl(t)J Vi(WR(dt, du),
X @.1)
dNS (1) = N (t) [Tz Nyt — ) — szNz(t)} at

+ N (£ )dWa(t) + Na(t) LY Y2(WF(dt, du),

with initial data
(N1(E), N2 (EN)T = (d1(8), p2(8)" € @,

where 12 < 0, cz1 < 0. For model (4.1), Liu et al. [26] have shown that if b; < 0, then both species 1 and 2
go extinct a.s.; if by > 0 and f, < 0, then species 2 goes extinct a.s. Clearly, f, > 0 means b; > 0. According
to the steps below Theorem 2.4, similar to the proof of Theorem 2.4, we can show that for model (4.1),

o if f; > 0, then model (4.1) is SP2, and at the same time, p is ergodic with

t b T
o 1622 —baciz  bacyp —bicyg
J Nu(dN) = lim t 1J N(s)ds:< 12 , ! , @.S.;
RZ t=too 0 C11C22 — C12C21 €11€22 — €12€21

e if by > 0 and f; < 0, then N; goes extinct a.s., and N; is SP2 with an ergodic measure u:

t
~ b

J Ni(dNp) = lim t1J Nl(s)ds:—l, as.;

R, t—-+oo 0 C11

e if by < 0, then both Ny and N, go extinct a.s.

Some interesting questions deserve further investigation. In this paper, we consider the stochastic
perturbations. The fractional derivative is another tool to show long term effects, and the population
models often are discrete, then it is interesting to consider discrete fractional population models (see e.g.
[40, 41]). It is also interesting to consider the necessity of conditions in Theorem 2.4. Another problem of
interest is to consider some more realistic but complex models (see, e.g., [2, 19, 43, 44]), or other stochastic
delay population models, for example, mutualism models (see, e.g., [45]), food chain models (see, e.g.,
[21]). All these questions are left for future study:.
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