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Abstract

In this paper, we study a three species predator-prey time-delay chain model with stochastic perturbation. First, we analyze
that this system has a unique positive solution. Then, we deduce the conditions that the system is persistent in time average.
After that, conditions for the system going to be extinction in probability are established. At last, numerical simulations are
carried out to support our results. (©2017 All rights reserved.
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1. Introduction

The most exciting modern application of mathematics is used in biology. As we know, two species
systems such as predator-prey, plant-pest systems etcetera has been one of the dominant theme in the
importance of ecology and mathematics because of its widespread. After that, the predator-prey chain
model is the typical representative.

As we know, until the late 70s, some interest mathematics tritrophic food chain model appeared [5, 6].
One of the most famous population dynamics model on ecological system has received a lot of attention
and extensive research which named Lotka-Volterra predator-prey system, refer to [3, 10, 20]. Especially
the persistence and extinction of this model is very interesting topic.

The three species predator-prey chain model is described as follows:

X1(t) = x1(t) (a1 —b11xq(t) —boxa(t)),
X2(t) = x2(t) (—az + barxq (t) — baxa(t) — basxs(t)), (1.1)
X3(t) = x3(t) (—asz + bxa(t) — bazxa(t)),
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where x;(t)(i,= 1,2,3) represent the densities of prey, mid-level predator, and top predator species at
time t, respectively. The parameters aj, ap, az, bii(i,= 1,2, 3) are positive constants that stand for intrinsic
growth rate, predator death rate of the second species, predator death rate of the third species, and
coefficient of internal competition, respectively. by, b3, represent saturated rate of the second and the
third predator, by, boz represent the decrement rate of predator to prey. System (1.1) describes a three
species predator-prey chain model in which the latter preys on the former. From a biological viewpoint,
we not only require the positive solution of the system but also require its unexploded property in any
finite time and stability.

We know that the global asymptotic stability of a positive equilibrium x* = (x],x3,x3) holds and is
global stable if the following condition holds:

bin  biiba 4 bipby

a >0,
by bj1b3o

which could refer to [9].

In a recent period of time, it is easy to understand in the process of both natural and man-made
involve the time delay, such as biology, medicine and so on. Kuang [19] mentioned that animals must
take time to digest their food before further activities and responses take place. So, the dynamic model of
any species lack of delay is an approximate model. Standard for three classes dynamic model of a single
species with independent discrete delay to have global asymptotic stability equilibrium point was set up
by friedman and Gopalsamy [4]. By constructing proper lyapunov functionals, the global stability of the
time-delay systems is studied by Xiaoqing et al. [28]. Hence, we introduce time-delays in system (1.1) and
suppose that the middle carnivore specie needs time T to have the ability to hunt after birth and it just
captures prey and T mature adult. Similarly, suppose that the top carnivore specie needs time T to have
the ability to hunt after birth and it just captures mid-level and T ([8, 14, 22]) mature adult predator. Then
we get
X1(t) = x1(t) (a1 — b11x1(t) — braxa(t — 1)),

X2(t) = x2(t) (—az + barxg (t —T) — boaxa(t) — basxs(t — 1)), (1.2)
X3(t) = x3(t) (—az + baxxa(t — ) — basxs(t)) .

However, population dynamic system in the real environment is unavoidable influenced by environ-
mental noise (see, e.g., [7, 8]). The parameters in the system are not absolute constants, they are always
in some near average. So we can not ignore the influence of noise on the system. Recently many authors
have discussed population systems subject to white noise (see, e.g., [12, 13, 15-17, 23, 29]). May (see, e.g.,
[25]) pointed out that due to continuous fluctuation in the environment, the equilibrium distribution does
not reach a stable value, but fluctuates randomly near the average value.

Therefore, Lotka-Volterra predator-prey chain models in random environments are becoming popular.
Ji et al. [15, 16] investigated the asymptotic behavior of the stochastic predator-prey system with pertur-
bation. Polansky [26] and Barra et al. [1] have given some special systems of their invariant distribution.
After that, Gard [9] analysed that under some conditions the stochastic food chain model exists an invari-
ant distribution. Mao et al. [24] have discussed nonexplosion, persistence, and asymptotic stability of the
stochastic delay equations, they pointed out that the noise will not only suppress a potential population
explosion in the delay model but will also make the population to be stochastically ultimately bounded.
However, seldom people investigate the persistent and non-persistent of the food chain time-delay model
with stochastic perturbation. Li et al. have studied the food chain model with stochastic perturbation in
[21], and this paper is a continuation of the previous article.

In this paper, we introduce the white noise into the intrinsic growth rate of system (1.2), and suppose

ai — ajy + 0iBi(t) (i =1,2,3), then we obtain the following stochastic system

dxq(t) = x1(t) (a1 —brixq(t) —bxa(t — ) dt + o1x1(t)dBy(t),
dxa(t) = x2(t) (—az + barxg (t — T) — baxxa(t) — bazxs(t — 7)) dt — o2x2(t)dBa(t), (1.3)
dxa(t) = x3(t) (—az + baxa(t — 1) — bazxa(t)) dt — o3x3(t)dBs(t),
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where Bi(t) (i =1,2,3) are independent white noises with B;(0) =0, 0'% >0 (i =1,2,3) representing the
intensities of the noise.

The aim of this paper is to discuss the long time behavior of system (1.3) by stochastic comparison
theorem which is different from Mao et al. [24]. We have mentioned that x* = (xj,x3,x}) is also the
positive equilibrium of system (1.2). But, when it is suffered stochastic perturbations, there is no positive
equilibrium. Hence, it is impossible that the solution of system (1.3) will tend to a fixed point. In this
paper, we show that system (1.3) is persistent in time average. Furthermore, under certain conditions, we
prove the population of system (1.3) will die out in probability which will not happen in deterministic
system and could reveal that large white noise may lead to extinction.

The rest of this paper is organized as follows. In Section 2, we show that there is a unique non-negative
solution of system (1.3). In Section 3, we show that system (1.3) is persistent in time average. While in
Section 4, we consider three situations when the population of the system will be extinction. In Section 5,
numerical simulations are carried out to support our results.

Throughout this paper, unless otherwise specified, let (Q,{JF¢}+>0, P) be a complete probability space
with a filtration {J¢}i>0 satisfying the usual conditions (i.e., it is right continuous and JFy contains all
P-null sets). Let Ri denote the positive cone of R3, namely RE={xeR¥:x;>0,1<i<3,R ={x¢e
R3:x; >0, 1<i<3.

2. Existence and uniqueness of the nonnegative solution

To investigate the dynamical behavior, the first concern thing is whether the solution is global exis-
tence. Moreover, for a population model, whether the solution is nonnegative is also considered. Hence,
in this section we show that the solution of system (1.3) is global and nonnegative. As we have known,
in order for a stochastic differential equation to have a unique global (i.e., no explosion at a finite time)
solution with any given initial value, the coefficients of the equation are generally required to satisfy the
linear growth condition and local Lipschitz condition (see, e.g., [22]). It is easy to see that the coefficients
of system (1.3) are locally Lipschitz continuous, so system (1.3) has a local solution. By Theorem 2.2, we
show the global existence of this solution.

Let N(t) be the solution of the non-autonomous logistic equation with random perturbation

dN(t) = N(t)[(a(t) —b(t)N(t))dt + (t)dB(t)], (2.1)
where B(t) is one-dimensional standard Brownian motion, N(0) = Ny > 0 and Ny is independent of B(t).

Lemma 2.1 ([18]). There exists a unique continuous solution N(t) of (2.1) for any initial value N(0) = Ngo > 0,
which is global and represented by

N exp{[tla(s) — <] ds + o(s)dB(s)}
1/No + [ b(s) exp{[S[a(t) — ZLD]dt + o(1)dB(t)}ds

In order to get the conclusion, we should introduce two systems first,

t>0. (2.2)

d®q(t) = @1(t) (a1 — b1 ®1(t)) dt + 01 D1(t)dB1 (1),
d@;(t) = O(t) (—az + b1 @1 (t —T) — b ®2(t)) dt — 02@2(t)dBa(t), 2.3)
d®3(t) = O3(t) (—az + bz @2 (t — T) — bsz@3(t)) dt — 03P3(t)dB3(t),
Oi(t) =&;(t) e C([-T,0;Ry), 1=1,23,
and

dli(t) = I1(t) (a1 — b1 (t) = b2 ®a(t — 7)) dt + 0111 (t)dBy (1),

dlx(t) = I2(t) (—az + by 11 (t — ) — baala(t) — bas®3(t — 1)) dt — o212(t)dB2(t), 2.4)

dl3(t) = I3(t) (—as + bala(t — 1) — bazlz(t)) dt — o315(t)dBs(t),

Li(t) =& (t) e C([-T,0;Ry) 1i=1,23,
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where

O(t) = (Dy(t), D2(t), P3(t))T,

I(t) = (I (t), Io(t), I3(t))T,

are the solutions of the above stochastic differential equations with time delay.

Theorem 2.2. For any initial data x(t) = {(&1(t), &2(t), E3(1))

solution of system (1.3) has the property that

ie.,

where

O(t) = (@1(t), D2(t), D3(t))T,

: —1 < t < 0} € C([—,0I;R3.), the positive

I(t) = (Il (t)/ IZ(t)I 13(t))Tl

are solutions of systems (2.3) and (2.4) stochastic differential equations with time delay.

Proof. Let z;(t) = 1

Then, by Itd’s formula, we have

xq(t)*
1 a bioxo(t — 1) 01 0“%
Az (t) = d = _ —byy)dt + —dBy(t)] + dt
=4 =~ G~ w9 W o
bpx(t—T
=[(0? — ay)z1(t) + by + 12;1((”)} dt — o121 (t)dBy (t)
bpxo(t—7
(62 — ay)dt — o7dBy (t)]z1 () + (byy + 222Dy
x1(t)
That is,
bpx(t—7
dza(t) = [(03 — ar)dt — oydBy (t)]z1 (1) + (bry + lz)fl((t)))dt.
Then
o t J— [op
2 (1) :ejg(;fal)dsfoldBl(s)[ 1 +J(b11+b12X2(t T))ejg(al—;)dTJrO'ldBl(T)ds]
x1(0) 0 x1(t)
t (o5
el G ant-oB L +J (b + 2220 =T (s omi(s g
x1(0) ~ Jo x1(t)
; 1 3
SelF-at—oiBi(t)| +J byl Ds+oiBi(s) gy
x1(0)  Jo

By Lemma 2.1, we obtain that @ (t) is the solution of the following equation

d®(t) = @(t) (a; — b ®1(t)) dt 4+ o1 D1 (t)dBq(t).

Hence, we have

x1(t) < Oq(t),

a.s..
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On the other hand, let z,(t) = ——. Then, by It6’s formula, we could derive that

x2(t)"
1 ap  buxq(t—r1) basx3(t — ) 02 03
dzy(t) = d — (- by — 2B T g 92 G, (1)) + —2-dt
=4 ) = R T e 2T o (0 B2 O
=[(03 + a2)z2(t) + by — byrx1 (t — T)za(t) — bazxs(t — T)z2(t)]dt + 0225 (t)dBa(t)
=[(03 + az — bayx1 (t —T) — basxa(t — 7)) dt + 02dBa(t)]z2(t) + bapdt,
then
0.2
ZQ(t): 1 e(%+a2)t+6282(s)7b21L;xl(sf"r)ds+b23ISX3(sfr)ds
x2(0)
t 2
+b22J elazt2) (t—s)+02(Ba(t) =Bz (s))—ba [{ x1 (n—T)dp+ba [ x3(p—T)dp g g
0
1 ‘7% t
2 e(T+a2)t+02B2(S)_b21 J‘O x1(s—T)ds
x2(0)
t 2
+b22J o2t 2) (1) 102 (Ba (1) —Ba(s))—ban [ @1 (u—t)du 4
0
=0, (1)
Therefore

xo(t) < Oy(t), as..
By Lemma 2.1, we obtain that ®(t) is the solution of the following equation

d®>(t) = @a(t) (—az + by D1 (t —T) — b ®2(t)) dt — 02P2(t)dBa(t).

At last, let z3(t) = —-~. Then, by It6’s formula, we could derive that

x3(t)”

1 as bsoxs(t — 1) 03 0'%
dzz(t)=d =—1(— —baz)dt — ——dBs(t)] + dt
s =d ) =" oot kY ™Y G

=[(03 + a3)za(t) + bz — baxxa(t — T)z3(t)]dt + 0325(t)dB3(t)
:[(0'% +as —b32X2(t—T))dt—|— 0‘2dB3(t)]Zz(t) + bszdt,
then
0.2
z3(t) = 1 6(73+a3)t+cr383(s)7b32f5xz(sf"r)ds
x3(0)
t 2
+b33j o33 (t—s) 103 (B3 (1) —Bs(s))—ban [ xa(u—t)du 4
0
1 "% t
>7e(T+a3)t+G333(S)*b3zfgd)z(S*T)ds
x3(0)
t 2
+b33j o33 (t—s) 03 (B3 (1) —B3(s))—ba [ Dz (u—7)du 4
0
=05 (1),

then, it is easy to see that ®@3(t) is the solution of the following equation

d@3(t) = @3(t) (—az + bz D2 (t — 1) — bzzD3(t)) dt — o3D3(t)dB3(t),
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and
x3(t) < O3(t), as..
In the same method, we could derive that
xi(t) > Ii(t) as., i=1,2,3,
where I(t) = (I1(t), Io(t), I3(t))T is the solution of system (2.4). O

Remark 2.3. From Lemma 2.1, we know

1 1 t oo
_ (5 —ai)t—o1By(t) (7 —a1)(t—s)—o1(B1(t)—B1(s))
= e'2 +b11J e ? ds,
Q1(t)  x1(0) 0
o2 t 2
1 _ 1 e(zz+a2)t+“2‘32“]—b21f5q’l(s—ﬂds+b22J e(F+a2) (t=s)+02(Ba(t)~Ba(s)) b [ @1 (n—T)dn gg.
@y(t)  x2(0 0
o2 t 42
1 _ 1 6(23+a3)t+03133(ﬂb32f8®2(5T)d5+b33J e[ F+a3) (t=5)+03 (B3 (1) —Ba(5))—ban [§ Da(u—m)dut g,
@3(t)  x3(0) 0
and
1 1 . v ;
— e(T*Cll)t*(ﬁBl(t)valzfo ®2(ST)dS+b11J 6(7*01)(‘5*8)*01(Bl(t)*Bl(S))erlzfo ®2(H*T)duds’
Li(t)  x(0) 0
1 — 1 e(%%+a2)t+(rzB2(t)fb21f8Il(sffr]ds+bz3f8<l)3(sfﬂc)ds
L(t)  x2(0)
t 52
+bzzj e 7 +a2)(t=5)+02(Ba(t)=Ba(s))~bar [ I (u—7) dutbas [y @3(—T)du g
0

t

0‘2 0’2
— e +as)t+03Bs(t) by [y La(s—T)ds | bBJ (5 +a3)(t—s)+03(B3(t)—Bs(s))—bx [{ L (n—T)dp 44

x3(0) 0

—
(e8]
—| —_
‘
—

From the representations of @;(t) and I;(t), (i=1,2,3), Theorem 2.2 tells us the species will not reach zero
in finite time.

From now on, we denote the unique global positive solution of system (1.3) with the given initial data
& ={&(t) = (&1(t), &a(1), &3(1)) : —t < t < 0} € C([—1,0;Ry) by x(t,&). In the same way, we define the
solutions of systems (2.3) and (2.4) by @(t, &), I(t, &).

3. Persistent in time average

There is no equilibrium of system (1.3). Hence we can not show the permanence of the system by
proving the stability of the positive equilibrium as the deterministic system. In this section we first show
that this system is persistent in mean. Before we give the result, we should do some preparation work.

Chen et al. in [2] proposed the definition of persistence in mean for the deterministic system. Here,
we also use this definition for the stochastic system.

Definition 3.1. System (1.3) is said to be persistent in mean, if

1 t
limian x3(s)ds >0, as..
t—oo t 0

Before giving the result, we do some preparation work.
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Lemma 3.2 ([27]). Let f € C ([0, +00) x Q,(0,+00)), F € C([0,400) x Q,R). If there exist positive constants

Ao, A, such that
t

log f(t) > 7\t—7\0J f(s)ds+F(t), t=>0 as,
0

and tlim @ =0 a.s., then
— 00

liminflrf(s)ds A a.s
minf | NS

From Lemma 3.2, it is easy to see that we could get Lemmas 3.3 and 3.4 with the same method.

WV

Lemma 3.3. Let f € C([0,400) X Q,(0,+00)), F € C([0,+00) x Q,R). If there exist positive constants Ao, A,

such that .

log f(t) < M—AOJ f(s)ds+F(t), t>=0, as.,
0

and tlim %ﬂ =0, a.s., then
—00

, 1t A

limsup — | f(s)ds < —, a.s..
t—oo  tJo Ao

Lemma 3.4. Let f € C([0,400) X Q,(0,+00)), F € C([0,+00) x Q,R). If there exist positive constants Ao, A,

such that .

log f(t) = At—AOJ f(s)ds+F(t), t>=0, as.,
0
F(t) _

and lim — =0, as, then
t—o0

Assumption 3.5.

b1y b11b22 + biaboy 03 07 .
—_ — —_ >O, f ——>0’ s = s _t :2[3
T ot To bo1bm T3 T1 = Qi > Ti =ai+ 5 1

Lemma 3.6. If Assumption 3.5 is satisfied, then the solution ®(t, &) of system (2.2) has the following property:

log @ (t 1(t
lim 08P J ®i(s)ds = M, as.,
t—o0 t t—oo t Jo
where
M, = 1/ M, = T1b21 —szn/ Ms — T1b21b32 —12b11b3 —T3b11b22_
b1 b1 b11bxnbss

Proof. From the results in [16] and if Assumption 3.5 is satisfied, we know

2
. log®q(t) 1t _m—%_ T
tlgrc}o — 1 - 0, th_)rgo{ L Dq(s)ds = b by Mq, as,, (3.1)

besides, according to Itd’s formula, the second population of system (2.2) is changed into
dlog @z(t) = (—12+ b1 @1 (t — 1) — b ®2(t))dt — 02dBa(t).

It then follows

t t

@1(S—T)ds—bzzj Dy(s)ds — 02Bs(t). (3.2)

log Dy(t) = log ®5(0) — 1ot + by J
0

0
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Notice that

Jt @y (s —7)ds — J” ®y(s)ds = J: £1(s)ds + Jt @, (s)ds — Jt @y (s)ds, (3.3)

0 —T 0 t—t

and from the second equation of (3.1), we get tlim % ILT ®;(s)ds = 0, dividing the equation (3.3) both
—00
sides by t, and taking t — oo, yields

t—o0

1t 1(t
lim J ®q(s—T1)ds = lim J Oq(s)ds = My,
t—oo t 0 t

0
SO
log ®5(0) — 1t 4 bay [§ ®1(s —T)ds — 0B (t
lim 18 2(0) =12 21 Jo D1l ) 2 2():—r2+b21r—1.
t—0 t b1
With Lemma 3.4 and Assumption 3.5 we could get
1(t —T2+ b211;71 T1b1 —T2b11
lim — | ®y(s)ds = L= =M; > 0.
500 t JO 2(s)ds b2 b11b2 ?

Let (3.2) divide t, and t — oo, together with (3.1) and (3.3), consequently

lim log @ (t)

t—o00

=0.

Similarly, according to Ito’s formula, the third population of system (2.2) is changed into
dlog ®3(t) = (—7r3 + bz @2(t — T) — bzzP3(t))dt — 03dB3(t),

it then follows

t t

log DO3(t) = log ®3(0) — 3t + b32J DOy(s—T1)ds — b33J ®3(s)ds — 03B3(t),

0 0
and
1t —T5 + bgp T121=T2bn log O (t
lim J D3(s)ds = bubz Mz >0, lim log @3(t) _
t=oo t Jg b33 t—o0

From this, together with Theorem 2.2 and Lemma 3.6, the following result is obviously true.

Theorem 3.7. If Assumption 3.5 is satisfied, then the solution x(t, &) of system (1.3) has the following property:

log xi(t)
t

lim sup <0, 1=1,2,3.

t—o00

By above all, we could get the following result.

Theorem 3.8. If Assumption 3.5 is satisfied, then the solution x(t, &) of system (1.3) has the following property

t
liminfj x3(s)ds > %3, a.s.,
t—o0 0

where X* = (X}, X5,X3) is the only nonnegative solution of the following equation,
1 —biixg —bixa =0,

— T2 + bo1x1 — boxy — bazxg =0,
— T3+ bapxp — bazxz = 0.
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Proof. From system (1.3),

1t 1t By (t
:rl—bntJ m(s)ds—blth xa(s — T)ds + 01B1(t)
0 0

1(t 1
=1 _bH{ Jo x1(s)ds —blzt(J

—T
1t Bi(t
—blzj Xz(S)dS—FLl 1( ),

log x1(t) —logx1(0)
t

0 t

Ez(S)dS—J xa(s)ds)

t—7

tJo t
similarly,
logxa(t) —log (0 L 1(° 1t 10
ogxz( ) ngz( ):—T2+b21j Xl(S)dS-f-bZl(J il(S)ds—J xl(s)ds)_bZZJ x2(s)ds
¢ t 0 t -7 t t—T t 0
L 1 1t oyBs(t
_bZSJ XB(S)dS—bzs(J és(s)ds—J X3(s)d3)—i(),
tJo t)x tJi < t
and
log x3(t) —logx3(0) 1 (t 1 (0 1t
= —T3+ba— | xas)ds +ba( &p(s)ds — = xa2(s)ds)
t tlo t)_ . t Ji_n
1t 03B3(t)
_b33tL x3(s)ds — .
Hence

c1(logx1(t) —logx1(0)) + c2(logx2(t) —logx2(0)) + c3(log x3(t) —log x3(0))
t

t

= (r1¢1 — 1202 —13€3) + (—b11C1 + b2162)tJ x1(s)ds
0
t

1t 1
+ (=b12c1 —bpcy + b3203)tj x2(s)ds — (bazcy + b33€3)¥ Jo x3(s)ds
0

0 ¢ 0 t (3-4)
1 1 1
abng(| Blsds— [l veba( | BEd-1[ walsa)
—T t—7 —T t—7
1(° 1(t 1(° 1(t
bl | B[ o) reba | B[ (s
—T t—7 —T t—71
N c101B1(t)  c202By(t)  c303B3(t)
t t t ’
From Theorem 2.2, we get
xi(t) < @i(t), (i=1,23),
then
1 t
lim J xi(s)ds = 0. (3.5)
t—o0 t t—T
by1b byb
Letcy =by;, cp =byy, 3= 1 22b+ 12 21, together with Assumption 3.5, we know
32

T1C1 — ToCo —T13¢3 > 0.
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According to Theorem 3.7 and equation (3.5), together with tlim B%(t) =0, (i=1,2,3), we could get
—00

lim sup c1(logx1(t) —logx1(0)) + ca(logxa(t) —logx2(0)) + c3(log x3(t) —logx3(0))

t—o0 t

t

= (11¢1 — ToCy —T13C3) — (C2bog + c3bssz) liminf — J x3(s)ds < 0.
t—oo t 0

Such that,

1t T1C1 — T2C2 —T3C3
limian x3(s)ds > = X3,

t—oo 1o slelds > C2b23 +c3baz E
where X* = (X],%;,%3) is the only nonnegative solution of the following equation when Assumption 3.5
is satisfied,

T1 —b11X1 —bioxo =0,
— T2 + barxq — boxxp — bazxz =0,
— T3+ bapxp — bazxz = 0.

4. Non-persistence

In the previous section, we showed the solution x(t, &) of system (1.3) is stable in time average, and
in this section, we discuss the dynamics of system (1.3) when the white noise is getting larger. We show
the situation when the population of system (1.3) will be non-persistent of the white noise is large, which
does not happen in the deterministic system in three cases.

Definition 4.1. System (1.3) is said to be non-persistent, if there are positive constants ci, (i =1,2,3) such
that

3
lim x{'(t) =0, as.
t—o00 -
i=1
Now we present conditions for all species or some species of (1.3) to be extinct. Consider the following
cases.
Case (i): 11 < 0.
According to Itd’s formula, the first population of system (2.3) is changed into

dlog @1 (t) < (r1 —b11 @1 (t))dt — 01dBy(t).

If 1y < 0, we could get

. log @ (t
lim sup log ®1(t) =11 <0 as,
t—o0 t
from the stochastic comparison theorem, we have
. log x1(t
lim sup gil() <0 as.,,

t—o0

hence

lim x;(t) =0, as..
t—o0
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From the second population of system (2.3) and equation (3.3), we have

log @, (t) —log @5 (0 1t dB;(t
08 2( ) 08 2( ) <T‘2+b21J (Dl(S*T)dS*LZ() a.s., (4.1)
t tJo t
hence
log @, (t 1(t
limsupLZ() < —T2+ by limsupJ Oq(s—1)ds
t—o0 t t—o0 t 0
1 t
= —T2 + by lim sup J ®q(s)ds = —1, <0, as..
t—o0 t 0
Similarly,
log O3(t
lim sup Ls() =-1r3<0, as.,
t—o0 t
and

lim x;(t) =0, as. 1=2,3.
t—o0

Case (ii): 1 >0, 11 — %Tg < 0.

It is clear that from ﬁ‘le equations (4.1) and (3.1), we get

log @5 (t
lim sup LZ() <—1 +b21r—1 <0, as..
t—o00 t b1
Similarly
log @5(t 1t
lim sup M < —T13 + bz limsup J Oy(s)ds =—13 <0, as.,
t—o00 t t—oo tlo
thus,

lim x;(t) =0, as., i=2,3.
t—o0

By above all, and from the conclusion in [14], we could easily know that the distribution of x;(t)
converges weekly to the probability measure with density

£(0) = COCZr1/6%71672b11 c/cr%/

where Co = (2by;/02)2"1/91 /T(2r1 /02), and

t T
lim J x1(s)ds = —, a.s..
t—o0 0 b11

b1 b11b22 + biobyy
Case (iii): 711 — —17 — T
by bo1b3z

3 < 0.

It is clear that from (3.4), letting c; = by, co = b1y, c3 = b11b22b+ b12ba1 , with tlim B%(t) =0,1=1,2,3,
—00
we get ?
lim sup c1(logxq(t) —logx1(0)) + c2(log XZ(t)t_ log x2(0)) + c3(log x3(t) —logx3(0))
t—o0

t

1
= (rlcl —T2Cy — T‘3C3) — (C2b23 + C3b33) lim inf — J X3(S)d$
t—o0 t 0

< T1C1 — 1€ — T3C3,
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moreover,

log x" (t)x52 (t)x5° (t)

lim sup

<1101 —T2Cp —T13C3 < 0,
t—o0 t

then

: C1 C2 C3 _
t11_>rro1ox1 (t)x2(t)x5°(t) =0, as..

Therefore, by the above arguments, we get the following conclusion.
Theorem 4.2. Let x(t, &) be the solution of system (1.3), the following conclusions are founded.
(1) Ifr1 <O, then

lim x;(t)=0, as., 1=1,2,3.

t—o00

2 Ifr1 >0, 11— g—;rz < 0, then
tlim xi(t) =0, as, 1=2,3,
—00

and the distribution of x1(t) converges weekly to the probability measure with density

() = C0C2T1/0%71672b11C/0%,
where Cy = (Zbll/G%)Zrl/U%/F(Zn/G%), and

lim Jt (s)ds = -1, as
im — | x1(s)ds = —, as..
t—oo t Jp ! b1y

bi1  buiby +bioby

3) Ifri—-——r T3 < 0, then
R bor - bo1bsy 3
i €1 C2 c3 o
tlgfjloxl (x%(t)x5°(t) =0, as.,
b1b brb
where ¢; = boy, ¢y = by, c3 = — 22b+ 12621
32

That is to say, the large white noise will lead to the population system non-persistent.

5. Numerical simulation

In this section, we give out the numerical experiment to support our results. Consider the equation

dxi(t) = x1(t) (a1 — brxq (t) — bioxa(t — 7)) dt + o1x1(t)dBy (1),
dxa(t) = x2(t) (—az + barxq (t —T) — booxa(t) — bazxz(t — 7)) dt — oox2(t)dBa(t),
dx3(t) = x3(t) (—az + baaxa(t —T) — baaxz(t)) dt — o3x3(t)dB3(t).

By the method in [11], we have the difference equation

2
o
X141 = X1 %+ X1kl(a1 — b1ixa x — bioxg k—m )At + o1€1 VAL + jl(e%,kAt —At)],

2
%2

Xo ki1 = Xok +X2,k[(—a2 + b21X1 k- m — baaXak — b23Xa k)AL — 02€x 1 VAL + >

(€3 At — At)],

2
(o)
X3k 1 = X3k + X3,k [(—a3 + baaXa k—m — basxa k) At — 03€3 1 VAL + 73 (€3 At — At)],
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2
. . . o
where €1y, €2 and €3y, 1 = 1,2,3 are the Gaussian random variables N(0,1), 11 = a; — %' >0, 7y =a;+

%z‘, (i = 2,3), and m represents the integer part 1/At —1. Choose (x1(0),x2(0),x3(0)) € R3, t € [—,0],
and suitable parameters, by Matlab, we get Figs. 1, 2, and 3.

r 1
09 q
3.5 B
0.25 B
0.8 B
al i
0.7 B
251 B
o6} X, (1) ,

1.5 x4 (1) E
1 ]
0.05 B
0.5 B
0.1 R
0 - 0 - 0 -
0 50 100 0 50 100 0 50 100

Figure 1: The solutions of system (1.2) and system (1.3) with (x1(0),x2(0),x3(0)) = (0.9,0.3,0.2), t € [-7,0], a; = 0.7, ap =
0.3, a3 =0.1, b3 = 0.3, byp =0.2, by; = 0.3, by = 0.5, byz3 = 0.3, bay = 0.4, b3z = 0.8. The light lines represent the solution of
system (1.2), while the dark lines represent the solution of system (1.3) with oy = 0.02, 0, = 0.01, 03 = 0.01.

4 0.5
0.45 B
3.5 B
0.25 B
0.4 B
3| i
0.35 b
0.2 B
2.5 1
0.3 b
2r B 0.25 B 0.15 B
0.2 B
1.5 B
0.1 B
0.15
1k i
\M’"W’A S 0.1 -
0.05 B
0.5} x4 (1) g
0.05 —
[0} - o} o
(0] 50 100 100 100

Figure 2: Two of the species will die out in probability. The solutions of system (1.2) and system (1.3) with (x1(0),x2(0),x3(0)) =
(09, 0.3,0.2),’( € [7’(, 0}, ap = 05, Ay = 03, az = 0.1, bll = 06, b12 = 0.2, b21 — 03, b22 = 05, b23 = 03, b32 = 0.4, b33 =0.8.
The light lines represent the solution of system (1.2), while the dark lines represent the solution of system (1.3) with o7 =
0.02, 0o = 0.01, 03 = 0.01.
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1.57 . 0.5
0.45f E
0.25 E
0.4 B
0.35} B
1+ B 0.2 4
0.3 B
0.25 4 o0.15 E
0.2 B
0.5 x4 (1) B x_(t 0.1} x4(t) E
0.15 2® B
0.1 B
0.05 E
0.05 B
o] . o] . ob
0 50 100 50 100 o 50 100

Figure 3: One of the species or both species will die out in probability. The solutions of system (1.2) and system (1.3) with
(x1(0),%2(0),%3(0)) = (0.9,0.3,0.2), t € [-7,0], aj = —0.7 a; = 0.3, a3 = 0.1, by; = 0.3, by = 0.2, by; = 0.3, by = 0.5, byz =
0.3, b3z, = 0.4,b33 = 0.8. The light lines represent the solution of system (1.2), while the dark lines represent the solution of
system (1.3) with o1 = 0.02, 0o = 0.01, 03 = 0.01.

In Fig. 1, when the noise is small, choose parameters satisfying the condition of Theorem 3.7, then the
solution of system (1.2) will persist in time average.

In Fig. 2, we observe Case (iii) in Theorem 4.2 and choose parameters vy > 0, 11 — g—;rz < 0. As
Theorem 4.2 indicated that two predators will die out in probability, then the prey solution of system (1.2)
will persist in time average.

In Fig. 3, we observe Case (i) in Theorem 4.2 and choose parameters r; < 0. As Theorem 4.2 indicated
that not only predators but also prey will die out in probability when the noise of the prey is large, and
it does not happen in the deterministic system, these simulated results are consistent with our theorems.
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