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Abstract

In the present paper, we define a sequence of bivariate operators by linking the Bernstein-Chlodowsky operators and the
Szasz-Kantorovich operators based on Appell polynomials. First, we establish the moments of the operators and then determine
the rate of convergence of these operators in terms of the total and partial modulus of continuity. Next, we obtain the order
of approximation of the considered operators in a weighted space. Furthermore, we define the associated GBS (Generalized
Boolean Sum) operators of the linking operators and then study the rate of convergence with the aid of the Lipschitz class of
Bogel continuous functions and the mixed modulus of smoothness. (©2017 All rights reserved.
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1. Introduction

Verma and Tasdelen [17], linked the Szdsz operators and the orthogonal polynomials, e.g., Charlier
polynomials, and introduced a sequence of positive linear operators to study the approximation of con-
tinuous functions of exponential growth. The generating function for the Charlier polynomials is given

by
(1 E\" L~ R
e (1 a) —kE_OCk (u)k!.

Agrawal and Ispir [1] introduced a bivariate operator associated with a combination of Bernstein-Chlodo-
wsky and Szdsz-Charlier type operators and studied the degree of approximation of continuous functions.
Jakimovski and Leviatan [13] proposed generalized Szdsz operators based on Appell polynomials as

e x X2 k
Palfix) = gy 2 pulnof <n> , (L.1)
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where g(u)e™™ = Y 3 ,pk(x)uk is the generating function for the Appell polynomials py(x) > 0, with
gz) =Y o panz™, |zl <R, R>1,and g(1) #0.

Atakut and Biiyiikyazici [2] introduced Stancu type modification of the operators (1.1) as

“bpx @

s pelowar (), (12)

k=0 n

PL(f;x) =

where (by), (cn) denote the unbounded and increasing sequences of positive real numbers such that
bn>1,c¢n>1,and lim ci =0, E—n =1+0 <cl> ,as n — oo and proved some direct theorems.
n—oo Cn n n

In particular if g(z) = 1, then these operators reduce to the modified Szdsz operators studied by
Walczak [18]. Further, if b,, =1 = ¢y, then we get the operators given by (1.1). Sidharth et al. [15] defined
the Chlodowsky-Szasz-Appell type operators and investigated the rate of convergence for a weighted
space and the degree of approximation of the associated GBS operators. On the interval [0, an] with
an — 00, as n — oo, the Bernstein-Chlodowsky polynomials are given by

B (f;x) = i <L‘> (;) * (1 - ;)n_k f (k%) ) (1.3)

k=0

where x € [0, an] and lim fn _ 0.
n—oo N

By combining the operators (1.2) and the Bernstein-Chlodowsky operators (1.3), we introduce the
bivariate Kantorovich type operators as

n =2 /) [ x\* x \" e bmy
Lom(foy) = Mem Y Y (k) <) <1 - ) i (bmy)
an an an g(1)
_ (1.4)
x| f(t;s)dtds
an Jwan

for all nm € N,f € C(Aq,) with Aq, = {(x,y) : 0 < x < an,0 <y < o0}, and C(Ay,) = {f :
Aq, — Ris continuous}. Note that the operator (1.4) is the tensorial product of B, and P}, i.e, Ty m =

xBn oy P}, where
=om\ [ x \* X\ o
Bn(f;x,y) = — 1—— f(t;y)dt
Baltvy) =Y (1) () (1-5) J, )

k=0
and
e bmy 2 b
WPLlfixy) = g(l)k_opk(bmy)g f(x;s)ds.

The purpose of the present paper is to establish the degree of approximation for the bivariate Kan-
torovich type operators defined in (1.4) by means of the moduli of continuity and the Lipschitz class.
The rate of convergence of these operators for a weighted space is studied with the aid of modulus of
continuity introduced in [11]. Subsequently, the GBS case of these operators (1.4) is introduced and the
approximation degree for the GBS operators is obtained by means of the mixed modulus of smoothness.

2. Preliminaries

To examine the approximation properties of the operators (1.4), we give some basic results using the
test functions e;; = t's) (i,j =0,1,2) as follows:
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Lemma 2.1. For the operators (1.4), we have

(i) Ln,m(eO,Oi X, U) =1,
(ii) Ln,m €1,0, %X,y X + o
1

n’
(111) Ln_,m eO,l;X/y Cm g(

( ) =
( ) =

(iv) Ln,m(ez,o;x,g)—x + X (an —x) + 25,
( )= 1
( ) =

1)

(v) Ln,ml(eo2;%y 2 U + (2 (1 Y
(Vi) Ln,m €30, %,Y) = x? + 3anx {% + ( - al)

.o 2 !
(vil)) Lnm(eos;x,y) = c?nyB + (39 ((11) +

7g'(1) 1
T 29 +4>,

2 m g”(1) g’ , 7 1 {g”1) 9g”(1)

3 2,2 3

(viil) Ln,m(es0;%,y) =x* (11 % +1) + @ (12 _18) X (2 7 4 3) 4 Sax)
. . g’'(1) | 39 b2 o2 ,.g”(1) , 117 9'(1) bm g”(1) | 117 ¢g”(1)
(IX) Ln,m(eoA/X/y) y g +5> +ay (6 RI60) +T 9(1) +11> + p y<4 gD + 5 g(1)

299’(1) | 31 1 (g®(M [ 399™1) , 189"(1) , 319'(1) |, 1
5 g +5)+c$n< gf) T 5 g0y T 5 gh) 5 g T5)

Proof. By making simple calculations, we can easily prove the above results. Hence the details are omitted.
[l

As a consequence of Lemma 2.1, we obtain:

Lemma 2.2. For the operator (1.4), we have the following results:

aj,

(i) Ln,m((el,o_x)z'x U) = L(an —x)+ InZ’

2
T m 2 byng'(M) 2 g'M) | by 1 (9™, ¢"(1) 1
) L ((enr —yP%xy) = (&2 =1) w7 (28 50 = 2500 + &) v+ o (55 + 50) + st
eee — 3
(i) Lo m (10 =X, y) = (32 — i) x* = 22 2)X3+a%<fz—n73 X+

4 3 ’ ’ 2 /

b 1 1 b 1

(V) Lnm(len —u)ixy) = (&2 -1) y's c4m<gg((1)) +359> L (299((1)J 1) —Aeh (3%((1>)+ -

Lemma 2.3. Taking into account the conditions on (an), (bn), (cn), and using Lemmas 2.1 and 2.2, we are led to

(i) Lnm((ero —x)%xy) < C1 (cl ) (x> +x+1) asmn— oo,

(i) Lom((eo1 —y3x%y) < M2 4y 4+1) asm — oo,
(iii) Lnm((e10—%)%x,y) <C2(a )3 +x2+x) asn— oo,
(%) Lnm((eor — v ) < Bt 12 b2 4y +1) as m oo,

where 1(g) and w(g) are certain constants depending on g.

3. Main results

In this section, we establish the degree of approximation of the operators given by (1.4) in the space
of continuous functions on compact set 14, = [0,a] X [0,b] C Aq,. For f € C(Iqp), equipped with the
norm|[fllc(r,,) = = SUP(y y)elL, If(x,y)| the complete modulus of continuity for the bivariate case is defined
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as follows:

w(f;8) = sup {If(t,s) —f(x,y)l: (t,8), (x,y) € [qp and \/(t—x)2 +(s—y)?2 < 6}.
The partial moduli of continuity with respect to x and y is given by
w1 (f;8) = sup {lf(xl,y) —f(x2,y)l:y €[0,b] and |x; —x2| < 6},
wa(t38) = sup { I y1) ~ lx,y2) % € 0,a) and. Iys — el <.

Evidently, these partial moduli of continuity satisfy the properties of the usual modulus of continuity.

Theorem 3.1. For all (x,y) € Iqp and f € C(Iqp), we have the following inequality:

ILn,m (f;x,y) — f(x,y)| < 2w(f; 8n,m),

1/2
whereén,m:<C1( o) (x2+x+1)+ (y+1)> .
Proof. From the definition of complete modulus of continuity, we have

ILn,m (f;x,y) —f(x,y)l < Liym (If(t, s) — f(x, y)l; x,y)

<L (@ (53002 -2 i)
(,U(f,' 6n,m) {1 + %Ln,m (\/(t _X)z + (S _y)z;xry> } .

n,m

N

Applying Cauchy-Schwarz inequaltiy and Lemma 2.3, we have

1 1/2
L (5%, y) = (3, Y)I < @(F;8nm) |1+ 5 {Lum((ero— %)% + (€01 —y)x,y)H ]
L n,m
I 1 2 2 1/2
S w(f;dnm) |1+ 3 {Lnm((er0—x)%%y) + Lym((eo1 —y)5x,y) }
n,m

1 an n(g) 12
< W(f;8nm) 1+{O<n)(x Fxk1 4 (y+1)} )

6n,m

from which the desired result is immediate. O

Theorem 3.2. For f € C(Iqv) and all (x,y) € Lqyp, the following result holds:
“—n,m(f}xry) - f(X/U” <2 (wl(f} 571) + wa(f; 5m)) ’
where
X
& = Lom(lerg =% y) = —(an—x)+ 3%

and

b 2
m nm((eo1 —y)%xy) <C > vt ) cm g(1) Ch

bmg'(l) 2 g'(1)  bm
Z )

1 (1)

wn( > 32,
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Proof. Using the definition of the partial moduli of continuity, Lemma 2.2, and the Cauchy-Schwarz
inequality, we have

L ,m(|f(t15)—f(xzy)|;xzy)
]—n,m(|f(tl S) - f(xl S)|I X/U) + Ln,m(|f(xl S) - f(X/U)‘, le)
Lnm (w1 (f; [t =x[); %, y) + Lnm (w2 (f; s —yl);ix,y)

“—n,m(f; le) - f(X/U)\

n

NN IN

n

N

1 1
wl(f; 6n) |:1 + Ln,m(|t_x|;xry):| + (,Uz(f; 6m) [1 + TLn,m“S _y|;x/y)

don m

<wrlfidn) |14 5 Lnmllenn—x2xy) ]

n

+ Wz (f; dm) [1 + % (Ln,m((eo,l _9)2; X/y))l/z] .

m
This proves the result. O

Now, we establish the degree of approximation for the bivariate operators (1.4) with the aid of Lips-
chitz class. For 0 < y; <1and 0 <y, < 1and f € C(Iqp) we define the Lipschitz class Lipa (v1,7v2) for
the bivariate case as follows:

[f(t,s) —f(x, y)l < Mt —x["![s —y[*2.
Theorem 3.3. Let f € Lipy,(v1,v2). Then, we have
Lnm(fix,y) = flx,y)l < MBYIS 12,
where &, and &, are the same as in Theorem 3.2.

Proof. Since f € Lipy,(v1,v2), we may write

< I—n,m(|f(tr S) —f(X/U”}X/U)
< I—n,m (Mt —x|"[s —ym;X,y)
<M (Bn (It=x["%,y) yPr (Is—yl"%xy).

|I—n,m(f; X/y) - f(le”

Applying the Holder’s inequality with (p1, q1) = (%, 2_2%) and (p2, q2) = (%, 2_2y2> , we have

Y1/2 )(27Y1)/2

“—n,m(f; X/y) - f(X/y” < MyBn ((el,O - X)z; X/y)

/2 _
X yPi ((eo1 —y)%x,y) ™" yPh (egox,y) 2 Y2)/2
— M5 82,

xBn (e0,0; XYy

This proves the theorem. O

In the next theorem, we obtain the degree of approximation for the functions in C!(I143), the space of
continuous functions in I4, whose first order partial derivatives are continuous in 14y, by the operators
defined in (1.4).

Theorem 3.4. Let f € C'(I4p). Then we have
Lo, m (£%,9) = £, Y)| < (15 )18n + (I [[8m,

where &y, and O, are defined as in Theorem 3.2.
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Proof. From the hypothesis we can write

t S

fl,(w;s)dw + J ! (x;u)du.
y

f(t,5) — fx, ) =J

X

Applying Ly, m(.;x,y) on both sides, we get

t
J £, (w3 )] dw

X

S
J If!, (x;u)]du
y

)

“—n,m(f;xry) —f(X,y)| < I—n,m <

;X/U> + I—n,m (

S
[ it sta] < i sl
y

Since

X

t
J |f£v(W;S)|dW’ < |Ifilllt—x| and

we have

|I—n,m(f;X/U) _f(XIUN < ||f;HI—n,m(|t_X|r'Xry) + ||f/y HI—n,m(|5 _y|;X/U)-

Applying the Cauchy-Schwarz inequality and using Lemma 2.1, we obtain

1/2
L (£5%,9) — £06, ) < L] (L ((E—%)%%,1)) 2 (Lo (e00%, )2

1/2
110 (Lo (5= 9)%%9)) 2 (Lim (e00i%,y)) 2
< F18m + 11, 15 1m.

This completes the proof. O

Let C2(Igp) = {f € C(Iaqp) : M) € C(Iap),1 < 1,j < 2}, where f(41) is the (i,j)™ order partial
derivative with respect to x,y of f, endowed with the norm

1 2
Il ce g = Ifllcaw +Iflic g, T IFI1E (14,),

where

Il = sup {IFR LI, y)L FOD ()l }
(xry)elab

and

Iflcag = sup {1706 9L IF0) 06yl 1O (6, 11200 () 1) (6, )L 102 ()1
Xy eIClb

Now, we proceed to estimate order of approximation of the sequence Ly, (f) to the function f € C (I4y)
in terms of the Peetre’s K-functional given by

( ) g€C2(Iab) || gHC(Iab) HgHCZ(Iab)

It is also known [12] that the inequality
<(£:8) < M {@a(f;v/3) + min{1, 8}fllc 1, } (3.1)

holds for all & > 0, where the constant M; is independent of f,5 and w(f; V8) is the second order
complete modulus of continuity.
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Theorem 3.5. If f € C (I4p), then we have

|Ln,m(f}xzy) - f(X,y)| <M {(DZ(f; Fn,m(XrU)) +min{1, Fn,m(xry)}HfHC(Iab)} + w(f; ),

2 , 2
where & = \/(Zn’;an —x) + <29(1)bmzl‘énté%l()n+gm —y) ) and Frm(x,y)=0 (%2) (x* +x+1)+0 < )
x(y2+y+1).

Proof. We define the following auxiliary operator

. 2nx +an 2g(1)bmy +2g'(1) + g(1)
L f;x,y) =L f;x,y)—"~ , f(x,y). 3.2
o 5%9) = Lol y) — (2750 v+l Py G2)
Then by Lemma 2.2, we get
Limleroxy) =%, Linleonxy)=y.
Hence,
Ly m((t—x);%,y) =0, L ..((s—y)xy)=0.
Let g € C?(Iqp) and t, s € Iqp. Then by Taylor’s formula
g(t,s) —glx,y) =g(t,y) —g(x,y) +glt,s) —g(ty)
~9g(x,y) ¢ 9%g(w,y) dg(x,y) r 2%g(x,v)
i (t x)—i—L (t—u) 502 du+ o (s—y)+ , (s —v) 32 dv.
Applying the operator L}, ., (.;x,y) on both sides of the above equation, we obtain
t s 2
% * I ) * a (XIV)
Lim(g%,y) — 9lx,y) = L, (j EO Y g,y ) + L ([ (5918 aviny
x y
t 2nx+an 2
,y) m (nx4an ) 079w, y)
(J —————du; x y) L < m u> M2 du
62 X,V
+ Ln,m <L (s —Vv) ga(z )dv;x,y>
2g(1bmy +2¢'(1) + g(1) , ,
_J 2cmg(1) 29(Vbmy +2¢'(1) +9(1) ' 0°g(x,v)
y ZCmg(l) 0Vv?

Hence using Lemma 2.2 and taking into account conditions on sequences (an ), (bn), and (cn), we have

Ly m(9:%y) —g(x,y)l

t %g(u,
< Ln,m < J |(t_u)| ga(uZy)’ du ;X/U>
X
2nx + an ,
m 2nx + an 2nx + an 0°g(u,y)
- - ———=1d
+L ‘< 2n ™ 4 ou? v
s 9%g(x,v
—i—Ln,m(J I(s — V) ga(vz) dv x,y>
y

29(1)bmy +2¢'(1) + g(1)
_J 2¢mg(1) ‘<29(1)bmy +2g'(1) +9g(1) _v>‘
Yy

d%g(x,v)
ov2

dv
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2nx +a 2
< {Ln,m ((t—X)z;X,y) + <2nn —X) } l9llc2r,,) + {Ln,m ((S —9)22X/y)

2g(1)bmy +2g'(1) + g(1) 2
i (2oEmg 220K ) Hglcar,,

(o030 (5) - (g ) ot
<(o(®)+0 (1)) elexnu

Also, from (3.2) and Lemma 2.3,

2nx + an 2¢(1)bmy +29'(1) +
2n 2cmg(1)

1
L% (0 < Lo (F )] + ’f( 9l )> ' 1o y)] < 3l

Therefore, for f € C(Iqp) and any g € C2(1gp)

2nx + an, 2g(1)b +24g’(1) 4+ g(1
Lo (£%y) — fo )| < n 29(1)bmy +20'(1) + g )>—f(x,y)‘

L* (f:x,y) — f(x, f ,
o33 9) — )+ (270 4 ol
<L ((F= gl x Yl + L5 (g% y) — g(x, y)l+1g9(x,y) — f(x,y)|

g(
2nx +an 2g(1)bmy +29'(1) + g(1)
e (B B S ) e

a 1
<20t gl + (0 (%) 624 x40+0 () 2 +y+1) gl
m

nx+an 29(1)bymy+2g/(1) +g(1)
+ ‘f < 2n 2¢mg(1) ) — )

a 1
L2f—gllc(re) + <O (f)( +x+1)+0 (C )(y +y+1) ) gllc2 (1)

[ 2nx+an 2 /2g(1)bmy +2g/(1) +g(1) 2
+CL’(f’\/< 2n _X)+< 2¢mg(1) _9> |

Taking the infimum on the right-hand side over all g € C?(14p) and using inequality (3.1), we obtain

2nx -+ 2 /obou+1 2
L (F3%,y) — £, )| < 26(F; Frum () + w0 | 4 [ o™ —x) 4 (2md T2y
2n 2Cm

<M {(ﬁZ (f} Fn,m(xzy)> +min{1, Fn,m(xly)}HfHCz(Iab)}

[ 2nx+an 2 /2g(1)bmy +24'(1) + g(1) 2
+‘”(f’\/<2n"> +< 2emg(1) _”> |

This completes the proof. O

Now, we estimate the degree of approximation of the bivariate operators (1.4) in a weighted space.
Let B, be the space of all functions f defined on R} x Ry, R4 = [0,00) having the property [f(x,y)| <
M; p(x,y), where My is a positive constant depending only on f and p(x,y) = 1+ x> +y? is a weight

function. Let C;, be the subspace of B, of all continuous functions with the norm |||, = sup, ,, €R; lé((’;’g))l
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If(x,y)]

2<00 P(X%Y)

and let CY be the subspace of all functions f € C, such that lim Iy exists finitely. For all

f € C), the weighted modulus of continuity [11] is defined by

f(x +hy,y +hy) —flx,
wp(f;01,82) = sup sup If(x +h1,y +ha) — f(x,y)|
XYER, [hy|<51,Ihal <82 p(x,y)p(hy, ho)

Further details of the weighted modulus of continuity can be found in [11].

Lemma 3.6 ([9, 10]). For the sequence of positive linear operators {Sy m}
and sufficient that inequality

n,m>1acting from C, to By, it is necessary

” Sn,m(p}xry) ||p< k
is fulfilled with some positive constant k.

Theorem 3.7 ([9, 10]). If a sequence of positive linear operators Sy, m, acting from C, to B, satisfies the conditions

lim || Snm(eo0;x,y) —11,=0, (3.3)
n,m—oo
Lm ] Snm(e10i%,y) —x [|p=0, (3.4)
Jlim ] Snm(eonxy) =y [9=0, (3.5)
m || Snm((e20 + €02); %, y) — (x> +y?) [[p=0,
n, m—oo

then, for any function f € CY,
Lim || Sy,mf—1p=0,

n,m—o0

and there exists a function f* € C,\C%, for which

Hm | Spanf* — £ [[p> 1.

n,m—o0

Theorem 3.8 ([9, 10]). Let Sy, m be a sequence of linear operators acting from C, to By, and let p1(x,y) > 1bea
continuous function for which

p(v)

vl—=co P1(V)

If Sn,m satisfies the conditions of Theorem 3.7, then

=0, (wherev = (x,y)). (3.6)

lim || Lymf—"fp,=0

n,m—o0

forall f € C,. Now, we consider the following positive linear operators Sy m, defined by

Lnm(f;x,y), when (x,y) € lq,qa,., (3.7)

Snm(fixy) = { f(x,y), when (x,y) € RE \laydp,

where 14, a,, ={(x,y) : 0 <x < an,0 <y < dm}, (dm) be a sequence such that liLn d, = .
m—00

Theorem 3.9. Let p(x,y) = 1+ x? +y? be weighted function and Sy m(f;x,y) be a sequence of linear positive
operators defined by (3.7). Then, for all f € C%, we have

Hm || Snmf—F ||p,=0,

n,m—oo

where p1(x,y) is a continuous function satisfying condition in (3.6).



P. N. Agrawal, D. Kumar, S. Araci, J. Nonlinear Sci. Appl., 10 (2017), 3288-3302 3297

Proof. First, we show that S,, ., is acting from C, to B,. Using Lemma 2.1, we can write
, 8 P P g

1 1 X2 a X az
Sum(e;xy)llp <1+ su { +(1> 4 9n n n
Snm{pi)le (x,y)ellzndm p(x,y) n) px,y) n plxy) 3n?p(xy)
2

b3y bm (,g'(1) ) y 1 (9”(1) g'(1) 1>}
" ¢z, p(x,y) * 2 (2 g(1) H p(x,y) +C$np(x,y) o) g1 3

<1+ Pn,m + 1I)n,m/

b2 (1 2 "1 (1 .
where (pn,mzl—i—(l—%)—l—ﬁ,andtl)n,m:ET:(Z%+1)+%+;T"2+%(gg(i(l))+%(7(1))+%>.81nce

lim ¢nm=3and lim 1y, =0, there exists a positive constant k, such that @ m +VPn,m < k for
n, Mm—00 n,Mm—00

all natural numbers n and m. Hence, we have

H Snm(P;xy) Hpg 1+ k.

From Lemma 3.6, we have S, : C, — By. If we can show that conditions of Theorem 3.7 are satisfied,
then the proof of Theorem 3.9 is completed. Using Lemma 2.1, we can obtain (3.3)-(3.5). Finally, using
Lemma 2.1, we get

|| Sn,m(eZO + en2; X/y) - (XZ +y2) ||p< ll)n,mz

and since lim 1y m = 0, we obtain the desired result. O
n, m—oo
Theorem 3.10. Let {Sn,m} be a sequence of linear positive operators defined by (3.7). Then, for each function
f € Cp, we have
lim || Spmf—fp=0.

n,m—o0

Proof. From (3.3)-(3.5), we have

lim Hsﬁ,m(eij}X/U) —eyj|| =0,1,j€{0,1},
P

n,m—o00
and
lim Hsﬁ,m(ezoJreoz;X,y)—(ezo-i-eoz)H =0,
n,m—oo o]
and using Theorem 3.9, we obtain the desired result. O

Theorem 3.11. If f € CY, then for sufficiently large n, m, the following inequality holds:

|I—n,m(f/ X/y) - f(xry”

su < Cwp(f;0n,0m),
X/UGI];%- P(X/U)3 : e
where 6, = <%) ,0m = (GC(9)> , 0(g) =max{n(g),u(g)}, and C is a constant depending on n, m.
m

Proof. From [11, pp.577], we may write

£(t,s) — f(x,y)] < 8(1+x* +y?)wp(f; 8n, 8m) <1+ 't(,)_"') (1+|S_y|> X (14 (t—x)2) 1+ (s—y)?).

n 6111

Thus,

|I—n,m(f;xxy) - f(X,y)| < 8alcm(1 +X2 +yz)wp(f} dn, 6m)
n
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k x n—k e_bmy
23 () (@) (-2) e
k=0j=0

i+l k+1

chﬁ L an<1—|—61n|t—x|> <1+;n|s—yl) (1+(t—x)2) (1+(s—y)2> dtds.

cm

Applying the Cauchy-Schwarz inequality, we have

1
L% 4) = £yl € 801432 32) |14 Lom((er = %, + 5oy Tnml(ern— xx,y)
n

1
X ?\/Ln,m((el,o —x)%%,Y) Lnm((e10 —x)%4x,y)
n

1
< 1+ Lnm((en =%+ g Lnmlens —uPixy)
m

1
x 5—\/Ln,m((eo,1 —Y)%xy) Lam((eoa —y)4;x,y)} Wp (f;8n, Om).
m

Using Lemma 2.3, we have

ILnm (£5%,9) — f(x,y)| < 8(1+x* +y?) [1+O (%‘) (x> +x+1) +1\/O (C:) (x2+x+1)

On
+\/ an)(xz—i—x—i—l) (a )(x4—i—x3+x2—|—x)] o(f;0n,0m)
x [1+”(9) ,/ y+1)2 \/ (9)(y+1)4
Cm 6]’]’1 TTL
Thus we get the required result. O

4. Construction of GBS operators of Chlodowsky-Szasz-Appell type

The continuity and the differentiability of a function in Bogel space were first examined by Bogel in
[5] and [6]. After this, Dobrescu and Matei [8] used the definitions of B-continuity and B-differentiability
to obtain the approximating properties of GBS of bivariate Bernstein polynomials. In [3], Badea et al.
proved the “Test function theorem” for the functions defined in the Bégel space of continuous functions.
In the same space the quantitative variant of a Korovkin-type theorem was given by Badea et al. in [4].
Recently, Sidharth et al. [15] constructed the GBS operators of Bernstein-Schurer-Kantorovich type and
obtained the degree of approximation for these operators. They also obtained the degree of approximation
of B-continuous and B-differentiable functions by the GBS operators of q-Bernstein-Schurer-Stancu type
[16]. Agrawal and Ispir [1] established the degree of approximation for the bivariate Chlodowsky-Szasz-
Charlier type operators and the associated GBS operators.

First we give some basic definitions and notations:

A real-valued function f on the rectangle A = ([a, b] x [c, d]) is called B-continuous if for every (x,y) €
A there holds

(u,v%lir}x,y) A(u,v)f(xry) =0,

where A, (X, y) = f(x,y) — f(x,v) — f(u,y) + f(u,v).

We denote by Cy, (A), the space of all B-continuous functions on A. B (A), C (A) denote the space of
all bounded functions and the space of all continuous (in the usual sense) functions on A endowed with
the sup-norm ||.||, . It is known that C (A) C Cy (A) ([7, page 52]).
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The mixed modulus of smoothness of f € Cy (A) is defined as

Wnixed (f;01,02) == Sup{|A(x+h1,y+h2)f(X/y)|}/

where the supremum is taken over all (x,y) € A, (hy, hp) € lRar X lRar , such that (x + h;,y+hy) € A,
0 < [hi] < 81, 0 < |hy| < &y, and where A, f(x,y) is as defined above. The mixed modulus of continuity
involving upper bounds and the total modulus of continuity were introduced by Marchaud [14].

A real-valued function defined on A is called uniformly B-continuous function if and only if

li ixed(T;01,02) = 0.
61,%1;20 wmlxed( 1 2)

Furthermore, for all non-negative numbers A;, A, there holds
Wmixed (f;A101, A282) < (1+H]IA1]) (1+]A2[) Wpixed (5 81, 82),

where JA[ denotes the largest integer which is smaller than A.
A function f : A — R is called Bogel differentiable if for every (x,y) € A,

A f(x,
lim (u,v) ( y)

———=— = Dgflx, < 0.
iy =X —y) DY)

Here, D is called the B-derivative of f and the space of all B-differentiable functions is denoted by Dy, (A).
In this section, we introduce the GBS case of the operators defined in (1.4). For every f € Cy,(A), the
GBS operator associated with the operator T, m (f;x,y) is defined as follows:

n D2 m) [ x\* x \" K e~ bmy
Uil = en Y Y (1) (2) (1-2) S pmpitomy)
dn 1 05=0 an an g(1)
: (4.1)
[T ) + 1) — ot shatas,

Let Icq:=1[0,c] x[0,d] C Aq,,.

Theorem 4.1. For every f € Cy(Icq) and for all (x,y) € Icq, we have the following inequality for the operators
defined in (4.1),
[Un,m (f;%,y) — f(x, y)| < 4Wnixed (f; On, 8m),

1/2
1/2, dm :=0ml(g) = <&i)> ,and p(q) is a constant depending on g.

where 8y, = (22 (c?+¢)) -
Proof. Using the definition of wpyixed (f; dn, dm) and the elementary inequality, we have
wmixed(f; A1dn, }\26111) < (1 + )\1)(1 + }\Z)wmixed(f; On, 6m)/ A1, A2 > 0.

Therefore,

|A(x,y)f(t/ s)| < wmixed(f; It —xl,|s _UD
t— _ 4.2
< (1552 (1552 w150, 81) 2

n 6111

for every (x,y), (t,s) € Icq and for any &y, 61, > 0. Further, by the definition of A(,, ,,)f(x,y), we get

f(x,s) +f(t,y) —f(t,s) = f(x,y) — A flx, y).
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Applying the operator defined in (1.4) on both sides of the above equality, we get
un,m(f; X, U) = f(X, U) I—n,m (e0,0; X, y) - I—n,m (A(x,g)f(t/ 3); X, y)
Since Ln,m(e00;%,y) =1, using (4.2) and applying the Cauchy-Schwarz inequality,

|un,m(f; X/U) - f(XIU”
< Lanm (|A(x,y)f(t/ s)l;xy)

< <Ln,m(eO,0; x,y) + 8, \/Ln,m((el,O —x)%%,y) + 85 \/Ln,m((eo,l —y)5xy)

851850 L m (10— )2, y) /L m( (€01 — y)% x,y)) Wrnixed (f; O, Sm)-

By Lemma 2.3, we have

2, ~ x(an—x) | a’n an, 5
Lnm((er0—x)%5xy) = T3S ClT(C +c+1).
Similarly
Lo (e~ 9% y) < D2 gy 1) < M (g2 g 4 1) = 29
Cm m Cm
Hence we get the required result. O

In our next theorem, we obtain the degree of approximation of the operators U, ,, by means of the
Lipschitz-class which is defined as follows:
If f € Cy(Icq), for two parameters 0 < & < 1and 0 < & < 1, Lip,, (&1, &) is defined by

Lipy (£1,&) = { € Co(lea)  [A iy (1,5)] < MIt=x" s —y[* for (t,5), (x,y) € Lea} -

Theorem 4.2. For f € Lip,, (&1, &2) and (x,y) € Icq, we have

U (F5%,4) = (x,y)] < MR/ %8522,

where 8 = ||xBn((t—%)% )|loo) Om = lyPra((s —1)?%; )|, and M is a certain positive constant.
Proof. By the definition of Uy m (f;-,-) and using the linearity of the operator T, (f; -, -), we may write
Unm (F5,) = Lo (F(x,8) + f(t,y) — (£, 5);x, )
=Lnm (F(x,y) = A f (%, y);xy)
=f(%,Y) Lnm (€0,0;%Y) — Lnm (Ars) T (x,y);%,y) .
By our hypothesis, we get

|un,m (f;X,y)—f(X,U)|< n,m (‘Ats Xy) 'Xy)
< MLnm (It X5 s — I‘iz;x,y)
=MLy (It=x1 3%, Lnm (Is = y%5%,y)

Now, applying the Holder’s inequality with (p1, q1) = (2/&1,2/ (2—&1)) and (p2, 42) = (2/&2,2/ (2—&2)),
we obtain

&1/2 _
[Un,m (f;x,y) — f(x, y)| < MxBn ((t_x)zr' X) v xBn (eO}X)(z E0/2
. £2/2 . N
X yPr (s —y)%y) ™" y P (eoy) 275272,

Thus we get the required result. O
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Theorem 4.3. If f € Dy (Icq) and Dgf € B(Icq), then for each (x,y) € I.q, we get

|un,m(f}X/U) - f(X/yN < C{3|DBf||oo + Zwmixed(f; on, 6111)\/XZ + X\/yz +y+ 1}6116111

+ {wmixed(f; 6n/ 6m) <5m\/X4 +X3 + x2 —{—x\/yz +y+ 1

+oan VYt Y2ty +1\/x2+x> }

where 6y, = | —,0m =/ ——, o(g) being max{n(g), n(g)}, and C be a constant depending only on n, m.

Proof. By our hypothesis

A flts) = (t—=x)(s —y)Dpfla, B), withx < <t; y<p <s.
Clearly,

Dgf(a, B) = Axy)Defle, B) + Dpfla,y) + Def(x, B) — Dsf(x,y).
Since Dgf € B(I.q4), from the above equalities, we have

L, m (A f(t 8); %, Y)l = [Ln,m ((t—x) (s —y) D f(e, B);x,y)l
< Lnm(It—xlIs = yllA ) Defle, B x,y)
+ Ln,m (It —=xlls —yl(IDpf(e, y)| + [Dpf(x, B) + IDeflx, y));x,y) (4.3)
< Lnym (It —xlIs = ylwmixed (DB f;loc — %, 1B —yl); x,y)
+3[[Dgflloo Ln,m(It —xlls —yl;x,y).

By the properties of mixed modulus of smoothness wyixed, We can write

Wiixed (DB T; [t — X[, [B —Yl) < Wixea (DB f; [t — x|, [s —yl)
< (1485 1t =) (1 + 85318 = Yl) Wmixea(DBf; 8n, Sm)- 4
Combining (4.3), (4.4), and using the Cauchy-Schwarz inequality we find
Un,m(f;%,9) = F(x,y)| = [Ln,mAxy)f(t, s); %, Yl
< 31Dl L (= 2G5 — 9 %, + (Lt ¥l =yl
+ 8 Lm (t—%x)2Is —ylix,y) + 8, Lam (It —xI(s —y)%x,y)
+ 838 Lnm ((t—%)%(s —y)z;x,y)> Wmixed (DBT; 8, S1m) 45)

3HDBf||oo\/an t— X) (S_ (\/an ((t—x) S—y)z;x,y)

+ 6{1\/Ln,m((t—x)4(s —yZxy) + 5%1\/Ln,m((t—x)2(s i)
+ 8, 8 Lnm (£ —%)%(s _y)Z;x,y)> Wimixed (DB F; 811, 81 ).

Since, for (x,y), (t,s) € I[.q and 1,j € {1, 2}, we have

T m ((t=%)* (s —y)7;%,y) = «Bn ((t—%)75%) yPry (s —y)?sy), (4.6)
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and from Lemma 2.3,

(
(

yP ((s —y)z;y) nlg) (Y*+y+1)

Cm

—“) X +x+1),

n

—“) x4+ xT 4 x),
n

—

yPi (s —y)% y)<”(f9(y +y+yi+y+1).

Cm

Combining (4.5) and (4.6) we get the required result.
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