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Abstract

In this paper we present Lyapunov inequality for the following fractional boundary value problem

dt\2¢

4 (1 Dy Pu/(t) + %thBu’(t)) +wtut) =0, a<t<b,
u(a) =u(b) =0,

where aD:B and thB are the left and right Riemann-Liouville fractional integrals of order 0 < 3 < 1, respectively, and
w € LY([a,b],R). Using the obtained inequality, we provide lower bounds for the first eigenvalue of the fractional differential
equations with homogeneous Dirichlet boundary problem. ©2017 All rights reserved.
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1. Introduction

The classical Lyapunov inequality states that, if u is a nontrivial solution of the following linear
boundary value problem

uw(t)+wtu(t) =0, a<t<b, (1.1)
u(a) =u(b) =0, '
where w : [a,b] — R is a continuous function, then
b 4
J |w(t)]dt > ——. (1.2)
a b—a
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Inequality (1.2) has been proved to be very useful in various applications including oscillation theory,
stability criteria for periodic differential equations, estimates for intervals of disconjugacy, and eigenvalue
bounds for ordinary differential equations. Many improvements and generalizations have been obtained,
meanwhile, different proofs of this inequality have appeared in the literature. We refer the reader to
[1, 17] and the references therein.

For the nonlinear case, Elbert [5] firstly extended the inequality (1.2) to the following p-Laplacian
problem

(WP2u) + wt)P2u=0, a<t<hb,
u(a) =u(b) =0,

where w € L!([a,b],R) and 1 < p < 0o, and obtained the following inequality

’ d 2" 1.3
t)dt > ——. .
|| ot = (13)
For p = 2, then the linear problem (1.1) is recovered. Napoli and Pinasco [4] extended the inequality (1.3)
to the following more generalized nonlinear problems

{( b)) +w(thp(u) =0, a<t<b,
(a) =u(b) =0,

where { : R — R is a convex nondecreasing function satisfying a certain condition. For a review of recent
developments in these problems, we refer the reader to the book [15].

Instead of the (classical) ordinary derivative in (1.1), recently, many researchers have focused their
attention on the Lyapunov-type inequalities for one-dimensional fractional boundary value problems.
In this direction, Ferreira [6] for the first time established a fractional version of inequality (1.2) for the
following boundary value problem

{ (oD*u)(t) + w(t)u(t) =0, a<t<b, 1<a<2, (1.4)

u(a) =u(b) =0,

where (D% denotes the Riemann-Liouville fractional derivative of order . Explicitly, the author showed
that if the above problem (1.4) has a nontrivial solution, then

b 4 ox—1
L lw(t)|dt > r(cx)(b - a) ) (1.5)
which yields the standard Lyapunov inequality (1.2) if we take & = 2 in (1.5), where I" is the gamma
function. From then on, some Lyapunov-type inequalities for other fractional boundary value problems
were established, see, for example, [7, 10, 11, 14, 16] and the references listed therein. On the other hand,
there are some papers on Lyapunov-type inequalities for partial differential equations, we refer the reader
to [2, 3, 9] for related results.

Motivated by the above works, in present paper, we focus our attention the following fractional bound-
ary value problem

i(; D, Bu/(t) + %thBu/(t)) +wt)u(t) =0, a<t<b, (1.6)
u(a) =u(b) =0,

where (D, f and thB are the left and right Riemann-Liouville fractional integrals of order 0 < 3 <
1, respectively, and w € L1([a,b],R). To the best of our knowledge, there is no literature to discuss
the Lyapunov type inequality for fractional differential equations with left and right Riemann-Liouville
fractional integrals. The purpose of this paper is to address this issue for the BVP (1.6) and establish the

following result.
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Theorem 1.1. Let w € L!([a,b],R) be nonnegative. Suppose that BVP (1.6) has a nontrivial solution. Then

2(b—a)(®—2
MNo) (2o —1)

Jb wblat > (

a

) -2
S ) (1.7)
2 |cos(me)|2

The paper is organized as follows. In Section 2, we recall some basic concepts and properties of the
Riemann-Liouville fractional integral and the Caputo fractional derivative of order « > 0 which will be
used further in this paper. In Section 3, we prove the Lyapunov-type inequality (1.7) for the BVP (1.6),
and give the lower bound for the first eigenvalue of the homogeneous Dirichlet boundary value problem.

2. Preliminary results

In this section, for the reader’s convenience, we collect some basic definitions and properties that will
be used in the sequel, see [12].

Definition 2.1 (Left and Right Riemann-Liouville fractional integrals). Let u be a function defined on
[a, b]. The left and right Riemann-Liouville fractional integrals of order o > 0 for function u denoted by
oD *u(t) and (D, *u(t), respectively, are defined by

—x 1 t oa—1
oDy *u(t) = m L(t—s) u(s)ds, tela,b,

and

b
Dy *u(t) = F(loc) L (s—t)* tu(s)ds, telabl,

provided the right-hand sides are pointwise defined on [a, b], where I' > 0 is the gamma function.
Definition 2.2 (Left and Right Riemann-Liouville fractional derivatives). Let u be a function defined on

[a, b]. The left and right Riemann-Liouville fractional derivatives of order « > 0 for function u denoted
by «Dfu(t) and {Dgu(t), respectively, are defined by

dﬂ
oDfu(t) = dtinanhnu(t)/
and
dan _
DFu(t) = (—1)" L Dg (),

wheret € [a,b], n—1 < ax<nandn € N.

The left and right Caputo fractional derivatives are defined via the above Riemann-Liouville fractional
derivatives. In particular, they are defined for the function belonging to the space of absolutely continuous
functions, which is denoted by AC([a, b], R). AC*([a,b],R) (k =1,2,---) is the space of functions u such
that u € C¥I([a, b],R) and u* Y € AC([a, b], R). Especially, AC([a, b],R) = ACY([a,b],R).

Definition 2.3. Let x > 0 and n € N. If x € (n—1,n) and u € AC™([a, b],R), then the left and right
Caputo fractional derivatives of order « for function u denoted by {Dfu(t) and {Dyu(t), respectively,
exist almost everywhere on [a, b]. {Du(t) and {Dgu(t) are represented by

1 t
cTyo _ ax—n_ (n) _ _ m—a—1. (n)
oDfu(t) = DY "™ (t) = o) L(t s) u'™'(s)ds,
and
Dfu(t) = (—1)™ D‘x*“u(“)(t) = 7(_1)n Jb(s —t)“*‘x*lu(“)(s)ds
e b Mn—a) Jy ’
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respectively, where t € [a, b]. In particular, if 0 < & < 1, then

t
CDU(t) = (D& /(1) = ml_odj (t—s)*u'(s)ds, te€ [a,bl, 2.1)

and

1 b
Dfu(t) = —DF /() = F o) L (s—t)"*u'(s)ds, te&la,bl (2.2)

Ifa=n—1ue AC* !([a,b],R), then gD{‘_lu(t) and fDE_lu(t) are represented by
DM lu(t) =u™ V() and DR Mu(t) = (—1)M™HumD(y),  telq, bl

Based on the above definitions, we recall some of the properties of the Riemann-Liouville integral and
derivative operators.

Property 2.4. The left and right Riemann-Liouville fractional integral operators have the property of a semigroup,
that is, for all 1, xp >0,
oD% Dy (b)) = oDy Fult),

and
Dy (1D “ult) ) = Dy (),

in any point t € [a, b] for continuous function wand for almost every point in [a, b] if the function u € L!([q, b, R).

Property 2.5. The left and right Riemann-Liouville fractional integral operators have the following property

b b
J [ava(t)]g(t)dt:J LDy g(t)f(t)dt, v >0,

a a

provided that f € LP([a,b],R), g € LY([a, bl R)and p>1,q>1, S+ ¢ <gorp#Lq#1L S+ 5 =1+v.

The composition of the Riemann-Liouville fractional integration operator with the Caputo fractional
differentiation operator is given by the following result.

Property 2.6. Letn e Nandn—1 <y <n. Ifue AC™([a,b],R) or u € C™([a, b],R), then

oD Y (EDYu(t)) = u(t) — ““;,(‘” (t—a),
j=0 )
and )
N
DY (EDYu(t) —u(t) — ¥ ”);”(b)(b—t)i,
j=0 '

for t € [a,b]. In particular, if 0 <y < 1,and u € AC([a,b],R) oru € C!([a, b],R), then
aD;y(gDZu(t)) =u(t)—u(a), and thV(EDEu(t)) =u(t) —u(b).

Property 2.7. Let n € N, and n—1 < v < n. If f is a function defined on [a,b] for which the Caputo frac-
tional derivatives S DY f(t) and {D{f(t) of order -y exist together with the Riemann-Liouville fractional derivatives
oD f(t) and (DY f(t), then

°DYf(t) = «DYf(t) —
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and »
{DYf(t) = (DY f(t Z M )_er —t)7, telabl
j=

In particular, when 0 <y < 1, we have

oDy f(t) = o« DYf(t) — F(i(i)y) (t—a), tela,b], (2.3)
and

cHY v f(b)

tDpf(t) = (D{f(t) — Fi_v) (b—t), tela,bl (2.4)

3. Proof of the main result

The purpose of this section is to finish the proof of Theorem 1.1. For the convenience, we firstly recall
some fractional spaces, see [8] for more details. To this end, denote by LP([a,b],R) (1 < p < +o0) the
Banach space of functions on [a, b] with values in R under the norm

ully = (jb uyrar)’”,

and L*([a, b],R) is the Banach space of essentially bounded functions from [a, b] into R equipped with
the norm
lu]|co = esssup{lu(t)|:t € [a,bl}.

For 0 < « <1and 1 < p < +oo, the fractional derivative space E;"? is defined by
Ef’? ={u e LP([a,b],R) : « Dfu € LP([a, b],R) and u(a) = u(b) = 0}
= Cilla ol R,
where || - ||«p is defined as follows

b

lap = ([ torats [

Then Eg‘ P is a reflexive and separable Banach space. Moreover, E‘X’p € C([a,b],R).

DU (t)[P dt)l/ " (3.1)

Lemma 3.1 ([8, Proposition 3.2]). Let 0 < o < 1and 1 < p < 4oo. Forallu € EJF, if « > , we have

(b—a)*
ully < WHOD?qu- (3.2)

Remark 3.2. According to (3.1) and (3.2), we can consider the following norm in E5"P
ulap = lloDgullp,

which is equivalent to (3.1).

In what follows, we treat BVP (1.6) in the space Ej"F with p = 2 and < o < 1 with & = 1— %
According to Remark 3.2, for any u € E&?, the corresponding norm can be defined by |[u]| o2 = [joD&ulfo.

Lemma 3.3. Forany u € EX?, we have

2(ty — t1)(*2)
MNo)(20e—1)

ol | M=

u(t2) —u(ty)l < Iu|a2, a<t; <ty<b.
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Proof. The proof can be found in [8, Proposition 3.3], so we omit its details. O

Lemma 3.4 ([8, Proposition 4.1]). For any u € ES"Z, we have

b
2 [0 &
cos(mo)|||lu < — Dfu(t) {Dgu(t)dt < ———
lcos(mad) [l < J Fult) DFu(tdt < ol

Now we are in the position to prove Theorem 1.1.

Proof. Let u be a nontrivial solution of BVP (1.6). Then, multiplying by u and integrating by parts, we
obtain, in view of Properties 2.4 and 2.5, that

b b
L w(t)uz(t)dtz—” c(11t< D P/ () + Dy P (1) Ju(t)dt
;J (oD P/ (1) + Dy, Pu/ (1) (t)dt (3.3)
1 _B _B =B
2 [ wnc e oy e+ od v o fema

a
In addition, due to the fact that u(a) = u(b) = 0 and on account of (2.1), (2.2), (2.3), (2.4), one deduces
that

_B _B _B
DLW () =D Pu(t) and Dy 2u/(t) = —D} 2uft). (3.4)
Substituting (3.4) into (3.3), we have
b b 18
J w(t)u?(t)dt = —J DRt Dy Zu(t)dt. (3.5)
a a

On the other hand, since u(t) is continuous, let us choose ¢ € [a, b] where |u(t)| achieves its maximum.
Then, according to Lemma 3.3, we conclude that, for t; = cand t, = b,

2(ty —c)(x2)

hu(c)l < T
Mo)(2ox—1)2

[tll o2,

which, combining with Lemma 3.4 and (3.5), yields that

2t a=3) 1 b B 1
lu(c)| < ((;)(203 N (—J oD! gu(t)tDi 2u(t)dt)

—

Z(tz )3 1 b : ,
d
M(o) (20— 1)2 |cos(met)|2 (L w(t)u(t) t)
< 2b- a)lez) q b 2 %
d
r(CX)(Zoc 1)% Icos (o) (L w(t)u’(t) t)
dt) .
F(OC)(Zoc 1)% |cos (o) |2 (L w(t) t)
Therefore, the conclusion is proved. D

In what follows, using the above obtained inequality (1.7), we give lower bounds for the first eigen-
value of the following eigenvalue problem

dat\2¢
u(a) =u(b) =0,

d /1 S T
{ (3070 (0) + 5Dy Fuin) +Au(t) =0, a<t<b, 66
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depending on the parameter A € R. If problem (3.6) has a nontrivial weak solution in E%, then A is an
eigenvalue of problem (3.6) and u, is a eigenvalue function associated to A. From [13, Theorem 3.1], we
know that

. — [° Dxu(t) Du(t)dt
A = inf — .
UEEX\{0} [ou2(t)dt

In the following conclusion, we provide lower bounds for A;.

(3.7)

Corollary 3.5. Let A be the first eigenvalue of problem (3.6) given by (3.7). Then, we have

M

WV

(2(b—a)(°‘—§) 1 ),2
M)(20c—1)2 [cos(ma)z/

Proof. It follows from Theorem 1.1 by taking w = A;. O

Acknowledgment

Yeong-Cheng Liou was supported in part by the grand form Kaohsiung Medical University Research
Foundation (KMU-Q106005) and Taiwan-Russian joint grant MOST 106-2923-E-039-001-MY?3.

References

[1] R. C. Brown, D. B. Hinton, Lyapunov inequalities and their applications, Survey on classical inequalities, Math. Appl.,
Kluwer Acad. Publ., Dordrecht, 517 (2000), 1-25. 1
[2] A.Canada,]. A. Montero, S. Villegas, Lyapunov inequalities for partial differential equations, J. Funct. Anal., 237 (2006),
176-193. 1
[3] A.Cafiada, S. Villegas, Lyapunov inequalities for Neumann boundary conditions at higher eigenvalues, J. Eur. Math. Soc.
(JEMS), 12 (2010), 163-178. 1
[4] P.L.deNapoli, J. P. Pinasco, A Lyapunov inequality for monotone quasilinear operators, Differential Integral Equations,
18 (2005), 1193-1120. 1
[5] A.Elbert, A half-linear second order differential equation, Qualitative theory of differential equations, Vol. I, II, Szeged,
(1979), Colloq. Math. Soc. Janos Bolyai, North-Holland, Amsterdam-New York, 30 (1981), 153-180. 1
[6] R. A. C. Ferreira, A Lyapunov-type inequality for a fractional boundary value problem, Fract. Calc. Appl. Anal., 16
(2013), 978-984. 1
[7] R. A. C. Ferreira, On a Lyapunov-type inequality and the zeros of a certain Mittag-Leffler function, J. Math. Anal. Appl.,
412 (2014), 1058-1063. 1
[8] E Jiao, Y. Zhou, Existence of solutions for a class of fractional boundary value problems via critical point theory, Comput.
Math. Appl,, 62 (2011), 1181-1199. 3, 3.1, 3, 3.4
[9]1 M. Jleli, M. Kirane, B. Samet, Lyapunov-type inequalities for fractional partial differential equations, Appl. Math. Lett.,
66 (2017), 30-39. 1
[10] M. Jleli, B. Samet, Lyapunov-type inequalities for a fractional differential equation with mixed boundary conditions, Math.
Inequal. Appl., 18 (2015), 443451 . 1
[11] M. ]leli, B. Samet, Lyapunov-type inequalities for fractional boundary-value problems, Electron. J. Differential Equations,
2015 (2015), 11 pages. 1
[12] A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and applications of fractional differential equations, North-Holland
Mathematics Studies, Elsevier Science B.V., Amsterdam, (2006). 2
[13] Y.-N.Li, H-R. Sun, Q.-G. Zhang, Existence of solutions to fractional boundary-value problems with a parameter, Electron.
J. Differential Equations, 2013 (2013), 12 pages. 3
[14] D. O’Regan, B. Samet, Lyapunov-type inequalities for a class of fractional differential equations, ]. Inequal. Appl., 2015
(2015), 10 pages. 1
[15] J. P. Pinasco, Lyapunov-type inequalities, With applications to eigenvalue problems, SpringerBriefs in Mathematics.
Springer, New York, (2013). 1
[16] J. Rong, C.-Z. Bai, Lyapunov-type inequality for a fractional differential equation with fractional boundary conditions, Adv.
Difference Equ., 2015 (2015), 10 pages. 1
[17] A. Tiryaki, Recent developments of Lyapunov-type inequalities, Adv. Dyn. Syst. Appl., 5 (2010), 231-248. 1



	Introduction
	Preliminary results
	Proof of the main result

