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Abstract

The purpose of this article is to generalize common fixed point theorems under contractive condition involving rational
expressions on a complete complex-valued metric space. Obtained results in this article extend, generalize, and improve well-
known comparable results in the literature. (©2017 All rights reserved.
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1. Introduction and preliminaries

The Banach’s fixed point theorem [8] was also used to establish the existence of a unique solution
for a nonlinear integral equation. Moreover, this theorem plays an important role in several branches
of mathematics. For instance, it has been used to show the existence of solutions of nonlinear Volterra
integral equations, nonlinear integro-differential equations in Banach spaces and to show the convergence
of algorithms in computational mathematics. Because of its importance and usefulness for mathematical
theory, it has been become a very popular tool in solving existence problems in many directions. Several
authors have obtained various extensions and generalizations of Banach’s theorem by defining a variety
of contractive type conditions for self and non-self-mappings on metric spaces.

Nadler [19] extended Banach’s contraction principle to multivalued contraction mappings. Many
extensions of Nadler’s result have been derived in recent years. In 2011 Cho et al. [9] initiated the concept
of Housdorff distance function for the cone metric spaces and established some fixed point results.
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Azam et al. [7] introduced the concept of complex-valued metric spaces and proved some common
fixed point results for a pair of single-valued mappings. They explained that complex-valued metric
spaces form a special class of cone metric spaces. The results involving rational expressions which are
meaningless in cone metric spaces are discussed in complex-valued metric spaces. Subsequently, Abbas
et al. [1, 2], Klin-eam et al. [15], Rouzkard et al. [20], Sintunavarat et al. [22, 23], and Sitthikul et al.
[24], established common fixed point theorems satisfying certain rational expressions in complex-valued
metric spaces which generalize, unify and complement the results of Azam et al. [7]. For more details we
refer to the reader [3, 4, 6, 16, 17].

Recently Samet et al. [21] introduced the concepts x-admissible mappings and obtained fixed point
results for such mappings in complete metric spaces. In [11], Asl generalized the concept of x-admissible
by introducing coupled o-admissible and obtained some common fixed point results for self-mappings.
Very recently, Kutbi et al. [16] introduced «*-{-contractive multivalued mappings and obtained some
fixed point results for such mappings in cone metric space. For more details in x-admissible mappings
and «*-admissible multivalued mappings, we refer the reader to [5, 10, 12-14, 17, 18].

In this article, we define the notion of coupled o*-admissible mappings for complex-valued metric
spaces and obtain common fixed points of mutivalued mappings in connection with Hausdorff distance
function for closed bounded subsets of complex-valued metric spaces. Let C be the set of complex
numbers and z1,z; € C. Define a partial order 3 on C as follows:

z1 2 zp if and only if Re (z1) < Re(z2), Im (z1) <Im(z7).

It follows that z; < z; if one of the following conditions is satisfied:
(i) Re(z1) =Re(z2), Im(z1) < Im(z2),
(ii) Re(z1) <Re(zz), Im(z1) =Im (23),
(iii) Re(z1) < Re(zz), Im(z1) < Im (zp),
(z1) ( Im (z1) (z2)

(iv) Re(z1) =Re(zy), z1) =Im (z;).

In particular, we will write z; 3 z» if z; # z> and one of (i), (ii), and (iii) is satisfied and we will write

z1 < zp if only (iii) is satisfied. Note that
02321322 = |zl <lzl, z132,220<23 = 21 <z.
Definition 1.1. Let X be a non-empty set. Suppose that a mapping d : X x X — C satisfies:

1. 0 2 d(x,y), for all x,y € X and d(x,y) = 0 if and only if x = y;
2. d(x,y) =d(y,x) forall x,y € X;
3. d(x,y) 2 d(x,z) +d(z,y) for all x,y,z € X.

Then d is called a complex-valued metric on X, and (X, d) is called a complex-valued metric space. Given
a subset P of C, we define a partial ordering >~ with respect to P and P ={z € C: z > 0}. A point x € X is
called interior point of a set A C X whenever there exists 0 < r € C such that

B(x,1) ={y € X:d(x,y) <1} CA,

where B(x, ) is an open ball. Then B(x,7) = {y € X: d(x,y) < 1} is a closed ball in the context of complex-
valued metric space.
A point x € X is called a limit point of A whenever for every 0 <1 € C,

B(x,m) N (A N {x}) # o.

A is called open whenever each element of A is an interior point of A. Moreover, a subset B C X is
called closed whenever each limit point of B belongs to B. The family

F={B(x,7):x € X,0 <1}
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is a sub-basis for a Hausdorff topology T on X.

Let x,, be a sequence in X and x € X. If for every ¢ € C with 0 < ¢ there is ng € IN such that for
all n > ng, d(xn,x) < c, then {x} is said to be convergent, {x,,} converges to x and x is the limit point
of {xn}. We denote this by limp_,o Xn = X, OF X, — X, as n — oo. If for every ¢ € C with 0 < c there
is ng € IN such that for all n > ng, d(xn,Xn+m) < ¢, then {x,} is called a Cauchy sequence in (X, d).
If every Cauchy sequence is convergent in (X, d), then (X, d) is called a complete complex-valued metric
space. We require the following lemmas.

Lemma 1.2 ([7]). Let (X, d) be a complex-valued metric space and let {xn,} be a sequence in X. Then {xn} converges
to x if and only if |d(xn, x)| — 0 as n — oo.

Lemma 1.3 ([7]). Let (X, d) be a complex-valued metric space and let {xn} be a sequence in X. Then {xn} is a
Cauchy sequence if and only if |d(Xn, Xn+m)l — 0 as n — oco.

2. Main results
Let (X, d) be a complex-valued metric space. We denote nonempty, closed, and bounded subset of
X by CB (X). From now on, we denote s(z1) =1{z € C: 2z <z} for z; € C, and s(a,B) = bUB
€
s(d(a,b)) = bUB {zeC: d(a,b) 2z} forae Xand B € CB (X). For A,B € CB (X) we denote
€

s(A,B) = (QQA 3 (a,B)) N (bQB S (b,A)> .

Lemma 2.1. Let (X, d) be a complex-valued metric space.

(1) Letp,q € C. If p = q, then s(q) C s(p).

(2) Let x € Xand A € N(X). If 0 € s(x,A), then x € A.

(3) Let q € Pand let A,B € CB(X) and a € A. If q € s(A,B), then q € s(a,B) forall a € A or q € s(A,b) for
all b € B.

(4) Let q € Pand let A > 0, then As(q) C s(Aq).

Remark 2.2. Let (X, d) be a complex-valued metric space. If C = R, then (X, d) is a metric space. Moreover
for A,B € CB(X), H(A, B) =infs(A, B) is the Hausdorff distance induced by d.

Definition 2.3. Let (X, d) be a complex-valued metric space and CB(X) be a collection of nonempty closed
and bounded subsets of X. Let T : X — CB(X) be a multivalued map. For x € X, and A € CB(X), define

Wi (A) ={d(x,a):a € A}

Thus for x,y € X
Wi (Ty) ={d(x,u) :u € Ty}

Definition 2.4. Let (X, d) be a complex-valued metric space. A non-empty subset A of X is called bounded
from below if there exists some z € C, such that z < a for all a € A.

Definition 2.5. Let (X, d) be a complex-valued metric space. A multivalued mapping F : X — 2€ is called
bounded from below if for x € X there exists z, € C such that zy < u for all u € Fx.

Definition 2.6. Let (X, d) be a complex-valued metric space. The multivalued mapping T : X — CB(X)
said to have lower bound property (Lb property) on (X, d), if for any x € X, the multivalued mapping
Fx : X — 2€ defined by,

FX(TU) = Wx(TU)

is bounded from below. That is, for x,y € X there exists an element 1, (Ty) € C such that
L(Ty) 2u
for all u € Wy (Ty), where 1, (Ty) is called lower bound of T associated with (x,y).
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Definition 2.7. Let (X, d) be a complex-valued metric space. The multivalued mapping T : X — CB(X)
said to have the greatest lower bound property (g.Lb property) on (X, d), if the greatest lower bound of
Wy (Ty) exists in C for all x,y € X. We denote d(x, Ty) by the g.Lb of W, (Ty). That is,

d(x, Ty) = inf{d(x,u) : u € Ty}.

Definition 2.8. Let S,T : X — CB(X), and let  : X x X — [0,4+00). One says that S,T are coupled
o*-admissible if «(x,y) > 1 implies a*(Sx, Ty) > 1 for all x,y € X, where

a*(Sx, Ty) = inf{(x,y) : x € Sx,y € Ty}.

Theorem 2.9. Let S, T : X — CB (X) be coupled o*-admissible mappings with g.1.b property on complete complex-
valued metric space (X, d), xo € Xand 0 < v € C. If S and T satisfy

ud (x, Sx) d (y, Ty) +vd (y,Sx) d (x, Ty)

Ad(xy) + 1+d(x,y)

€ «*(Sx, Ty)s (Sx, Ty) (2.1)

for all x,y € B(xo,T), then
(1 —Kk)r € s(xo, Sxo), (2.2)

where A, . and vy are non-negative real numbers with k = ﬁ < 1. Suppose that there exist xg € X, x; € B(xq, 1)

such that o(xo,x1) > 1. Assume that if {xn} is a sequence in B(xo, ) sgch that a(xn,Xny1) = 1 and xn — was
n — 400, then o(xn,w) > 1 for all n. Then, there exists a point x* in B(xo,v) such that x* € Sx* N Tx*.

Proof. Let xo be an arbitrary point in X. From (2.2), we have

(1—X)res(xp,Sxp), (1—=X)re U s(d(xg,x1)).

XESxg

As Sxg € CB (X), so is non-empty then there exists some x; € Sxg such that
(1—X%)res(d(xg,x1)).

From the definition, we get
d (XO,X]) j (1 - k‘)r/

which implies that

Id (x0,x1) | < (1 —K)Irl. (2.3)
Thus x; € B(xg, 7). Since a(xg,x1) = 1 and the pair {S, T} is coupled «*-admissible, so a*(Sxp, Tx1) > 1.
From (2.1), we get
ud (xo, Sxo) d (x1,Txq) +vd (x1, Sxg) d (x, Tx1)

1 + d (Xo, X1)

Ad (xg,x1) + € a*(Sxg, Tx1)s (Sxg, Txq1) .

By lemma 4(3), we have

ud (xo, Sxo) d (x1,Tx1) +vd (x1, Sxo) d (x0, Tx1)

Ad (xo,x1) + 1+ d(xg,x1)

€ a®(Sxg, Tx1) s (x1, Txq).

By the definition there exists some x, € Txy, such that

nd (xo, Sxo) d (x1,Txq) +vd (x1, Sxo) d (%0, Tx1)

Ad (xg,x1) + 1+ d(xg,%1)

€ a®(Sxg, Tx1)s (d(x1,x2)).

By the definition and Lemma 2.1 (4), we get

ud (xo, Sxo) d (x1,Tx1) +vd (x1, Sxo) d (x, Tx1)

* T <A
a”(Sxo, Tx1)d(x1,%2) = Ad (xo,%1) + 1T d o))
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By using the greatest lower bound property (g.Lb property) of S and T, we get

pud (xo,x1) d (x1,x2) +vd (x1,%x1) d (x,x2)

* <
a*(Sxg, Txq)d(x1,%2) = Ad (xo,x1) + 17 dxox)

Hence
ud (xo,x1) d (x1,x2)

0 < d(x1,%x2) = a*(Sxg, Tx1)d(x1,%2) =< Ad (xg,%1) + 1+ d (xox1)

which implies that

d (xo,%1)

pld (xo, x1) Ild (x1,x2) | |
1 + d (X(), Xl) !

11+ d (xo,%1) |
ld(x1,%2)] < Ald (x0, x1) [+ pld (x1,%2) |-

[d(x1,%2)| < Ald (x0,%1) |+ = Ald (xg,x1) | + uld (x1,x2) [l

Thus
|d(x1,%2)| < kld (x0,%1) |,

where k = ﬁ < 1. From (2.3), we have
ld(x1,x2)| < kld (x0,%1) | < k(1 —K)lr|.
Consider
[d(x0, %2)l <ld (x0,x1) |+ 1d(x1,%2)] < (1 =K)Ir| + k(1 = K)Ir| = (1 —K) (1 +K)r| < (1=K,

Thus x; € B(xg, 7). Since «(x1,x2) > 1 and the pair {S, T} is coupled a*-admissible, so a* (Txy, Sxz) > 1.
From (2.1), we get

ud (x1, Tx1) d (x2, Sx2) +vd (x1, Sx2) d (x2, Tx1)

Ad (xq,%2) + 1+d(xq,%2)

€ a® (Txq,Sx2) s (Txg, Sx2).

By Lemma 2.1 (3), we have

nd (x1, Txq) d (x2, Sx2) +vd (x1, Sx2) d (x2, Tx1)

Ad (x1, +
ba,x) 1+d(xq,x%2)

€ a* (Txq,Sx2) s (x2,Sx7).

By the definition there exists some x3 € Sx», such that

ud (x1, Txq) d (x2, Sx2) +vd (x1, Sx2) d (%2, Tx1)

Ad (x1,%2) + 1+ d (x1,x2)

€ a* (Txq,Sx2) s (d(x2,%3)).

By the definition and Lemma 2.1 (4), we get

ud (x1, Tx1) d (x2, Sx2) +vd (x1, Sx2) d (x2, Tx1)

* <
a® (Txy, Sx2) d (x2,x3) = Ad (x1,%2) + 1+d(x1,%x2)

By using the greatest lower bound property (g.Lb property) of S and T, we get

nd (x1,x2) d (x2,x3) +vd (x1,%3) d (x2,x2)

* <
a® (Txq, Sx2) d (x2,x3) = Ad (x1,%x2) + 15 d )

Hence
ud (x1,x2) d (x2, x3)

0 < d(x2,x3) 2 a” (Txq, Sx2) d (x2,%x3) = Ad (x1,%2) + T+ d i)

which implies that
|d (x1,%2) |

d (x2,x3) [ < Ald (x1,%2) [+ pld (x2, x3) [ ==~
4 02 33) | < N (1 x2) |l (2 33) [t
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Thus
|d (x2,x3) | < kld (x1,%2) |,

_ A
where k = 5 < 1. As
d(x0,%3)| <Id (x0,x1) | +1d(x1, x2) +1d (x2,%3) | < (1 = K)[r| + k(1 — k)| + K* (1 —K)[r| = (1 —K>)]r| < [,

so x3 € B(xg,1). Continuing in this way, we can construct a sequence {x,} in B(xp,7) such that for n =
0,1,2,...
o(Xon, Xon41) = 1 and o(xon 41, Xon42) > 1
with
|d (xon, Xon+1) | < KM d (x0x1) | and [d (xan+1, Xon+2) | < K™ Hd (x0,x1) |,

where k = ﬁ < 1and xpn 1 € Sxon and Xpny2 € Txon 41
Now inductively, we can construct a sequence {x,,} in X such that forn =0,1,2,...

o(Xn, Xn41) = 1and |d (xn, Xn41) [ < k™ d (x0,x1) |- (2.4)
Without loss of generality assume that we take m > n. Then by (2.4) and the triangle inequality, we get

|d(Xn/Xm)| < |d(Xn1Xn+1)| + |d(Xn+1/ Xn+2)‘ +---+ |d(xm71/ Xm)|
n

k
fk”d (x0,%1) |

<K+ KM 4 k™ d (%, %) | < [1

and so
kT‘L

1—k
This implies that {x,,} is a Cauchy sequence in B(xp, 7). Since X is complete and B(x, 1) is a closed subspace
of X, so there exists u € B(xg, ) such that x,, — 1 as n — co. We now show that u € Tu and u € Su.

Since o(xpn,u) = 1 for all n and the pair {S, T} is coupled «*-admissible, so o*(Sxon, Tu) > 1 for all n.
From (2.1), we have

ld (xg,%x1)| — 0as m,n — oo.

|d(Xn/Xm)| <

nd (xon, Sxon ) d (w, Tu) 4+ vd (u, Sxon ) d (xon, Tu)

A
d (Xan 'LL) + 1+d (XZn/ u)

€ o (Sxon, Tw)s (Sxon, Tu) .

By Lemma 2.1 (3), we have

Hd (XZTL/ SXZTL) d (LL, Tu) + 'Yd (LL, SXZTL) d (XZTU Tu)

A
d (XZn/u) + 1+d (XZn/u)

€ o (SXZTLI Tu)s (X2n+1/ Tu) .

By the definition there exists some u,, € Tu such that

}ld (XZTU SXZTI) d ('LL, T'LL) + 'Yd ('LL, SXZn) d (in/ T'LL)
1+d (in, LL)

Ad (Xon,u) + € o (Sxon, Tu)s(d (Xon41,Un)).

By the definition and Lemma 2.1 (4), we get

}‘Ld (XZTI/ SXZTI) d (ul T'LL) + 'Yd (ul SXZTI) d (XZTI/ Tu)
1+d (in,u)

o (SXZnI Tu)d (X2n+1r un) =Ad (XZn/ u) +

By using the greatest lower bound property (g.Lb property) of S and T, we have

ud (XZn/ X2n+1) d (uz un) +vd (u/ X2n+1) d (XZn; un)
1+d (xon,u) '

o (SXZTL/ Tu)d (X2n+1/ un) = Ad (in,u) +
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Since o*(Sxon, Tu) > 1, so we get

nd (Xon, Xon4+1) d (W, un ) +vd (W, Xon+1) d (X2n, Un)

0 d , < )\d 7

(2.5)

Since
d(u/ un) j d(u/ X211+1) + d(x2n+1/ un)l

using (2.5), we get

ud (x2n, Xon4+1) d (W, un ) +vd (W, X2n41) d (X2n, Un)
1+d(xon,u)

uld (xan, Xon41) [1d (w, un) | +vId (W, xon 1) [1d (Xon, un) |

11T+ d (x2n,u) | '

d(u,upny < d(w, xon11) +Ad (x2n,u) +

7

|d(u/un)| < |d('LL, X2n+1)| + )\|d(u/X2n+1)‘ +

Taking the limit as n — oo, we get |[d(u, un)| — 0 as n — oo. By Lemma 1.2 we have u,, — u as
n — oo. Since Tu is closed, so u € Tu. Similarly, it follows that u € Su. Thus S and T have a common
fixed point. O

Remark 2.10. The conclusion remains true if condition (2.2) is replaced by
(1 —k)r € s(xq, Txo).
By setting vy = 0 in Theorem 2.9, we get the following corollary.

Corollary 2.11. Let S,T : X — CB (X) be coupled o*-admissible mappings with g.1.b property on complete
complex-valued metric space (X, d), xo € Xand 0 < r € C. If S and T satisfy

ud (x, Sx) d (y, Ty)
1+d(x,y)

Ad (x,y) + € o"(Sx, Ty)s (Sx, Ty)
for all x,y € B(xq,T), then
(1 —Kk)r € s(xo, Sxo),
where A and w are non-negative real numbers with k = ﬁ < 1. Suppose that there exist xo € X, x1 € B(xo, 1)

such that o(xo,x1) > 1. Assume that if {xn} is a sequence in B(xq, 1) sitch that &(xn, Xni1) = 1and x, — uas
n — 400, then o(xn,u) > 1 for all n. Then, there exists a point x* in B(xo, ) such that x* € Sx* N Tx*.

By setting S = T in Theorem 2.9, we get the following corollary.

Corollary 2.12. Let T : X — CB (X) be a*-admissible mapping with g.1.b property on complete complex-valued
metric space (X, d), xo € Xand 0 < r € C. If T satisfies

ud (x, Tx) d (y, Ty) +vd (y, Tx) d (x, Ty)

Ad (x,
bey) + 1+d(x,y)

€ o (Tx, Ty)s (Tx, Ty)

for all x,y € B(xq,T), then
(1—%)r € s(xg, Txo),

where A, i, and 'y are non-negative real numbers with k = %u < 1. Suppose that there exist xg € X, x1 € B(xq, 1)

such that o(xo,x1) > 1. Assume that if {xn} is a sequence in B(xq, 1) sitch that &(xn, Xni1) = 1 and x, — uwas
n — o0, then o(xn,u) > 1 for all n. Then, there exists a point x* in B(xo, 1) such that x* € Tx*.

By setting v = p = 0 in Theorem 2.9, we get the following corollary.
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Corollary 2.13. Let S,T : X — CB (X) be coupled o*-admissible mappings with g.1.b property on complete
complex-valued metric space (X, d), xo € Xand 0 < r € C. If S and T satisfy

Ad (x,y) € o*(Sx, Ty)s (Sx, Ty)
for all x,y € B(xq,T), then
(1—%)r € s(xg, Sxo),

where A is non-negative real number with k = A < 1. Suppose that there exist xo € X, x1 € B(xo,T) such that
a(xo,x1) = 1. Assume that if {xn} is a sequence in B(xq, 1) Sl/lch that «(xn,Xny1) = 1and xn, = wasn — +oo,
then a(xn,w) > 1 for all n. Then, there exists a point x* in B(xq, 1) such that x* € Sx* N Tx*.

Now we give an example to support our above result.
Example 2.14. Let X = [0, 00). Define d : X x X — C by

duy):m—yww,ezme%L

Then (X, d) is a complex-valued metric space. Considering xo = % and r = %, then B(xo, 1) = [0,1] and

(oy) = 1, ifx,ye(0,1],
xx Y= %, otherwise.
Consider the mappings S, T : X — CB(X) defined by

6 = { 0,54, ifxy€0,1],
[2x,3x], otherwise,

and
T { Od, ifxy ],
[Bx,4x], otherwise.

We prove that all the conditions of our Corollary 2.13 are satisfied only for x,y € B(xq, ).

If x,y € [0,1]. The contractive condition of main theorem is trivial for the case when x =y = 0.
Suppose without any loss of generality that all x,y are nonzero and x < y. Then

X

d(x,y) =ly—xle', d(x,Sx) = ‘x— = e'?, d(y,Ty) = ‘y _ 1% eif
_ |, X ie _ ‘ Y e
d(y,Sx) = ’y 5 e, d(x, Ty) = |x 10 e,

and

s(Sx, Ty) =s (‘g—ly—o

).
Clearly for A = 1, we have
Xy

XVl lyy
5 101 S59Y7 X

Thus
Ad (x,y) € o (Sx, Ty)s (Sx, Ty) .

Hence all the conditions of our main theorem are satisfied and 0 is a common fixed point of S and T.
Now we prove that the contractive condition is not satisfied for x,y ¢ B(xo, r) and for any value of A.
We suppose x = 2 and y = 3, then

o (Sx, Ty)s (Sx, Ty) = 8el® - 10 o Ad(x,y)

SO
Ad (x,y) & o (Sx, Ty)s (Sx, Ty).
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Theorem 2.15. Let S,T : X — CB (X) be coupled o*-admissible mappings with g.1.b property on complete
complex-valued metric space (X, d), xo € Xand 0 < r € C. If S and T satisfy

d (x,Sx) d (y, Ty)
1+d(x,y)

ad(x,Sx)+bd(y, Ty) +¢ € o™ (Sx, Ty)s (Sx, Ty) (2.6)

for all x,y € B(xo, 1), then
(1—Vr € s(xq,Sxg), (2.7)

where a, b, and c are non-negative real numbers with | = ;—— < 1. Suppose that there exist xg € X, x1 € B(xo, 1)

such that o(xo,x1) = 1. Assume that if {xn} is a sequence in B(xg,T) iuch that o(xn,Xny1) = 1 and x,, — v as
n — 400, then o(xn,v) = 1 for all n. Then, there exists a point x* in B(xo, r) such that x* € Sx* N Tx*.

Proof. Let xo be an arbitrary point in X. From (2.7), one can easily prove that
|d (x0,x1) [ < (1= D)frl. (2.8)

Thus x; € B(xg, 7). Since a(xp,x1) = 1 and the pair {S, T} is coupled «*-admissible, so a*(Sxo, Tx1) > 1.
From (2.6), we get

d (xo, Sxo) d (x1, Tx1)

d ,S —|—bd /T +
ad(xo, Sxo) (x1,Tx1) +c¢ 14 d (xo0,%1)

€ a*(Sxg, Tx1)s (Sxo, Tx1) .

By Lemma 2.1 (3), we have

d (xo, Sxo) d (x1, Tx1)

d ,S +bd /T +
ad(xp, Sxo) (x1,Tx1) +c¢ 14 d (x0,x1)

€ a*(Sxg, Tx1)s (x1, Txq1) .

By the definition, we can take x, € Tx; such that

d (xo, Sxo) d (x1, Tx1)
1 + d (X(), Xl)

ad(xg, Sxg) +bd(xq, Txq) +c¢ € a*(Sxg, Tx1)s(d (x1,%2)).

By the definition and Lemma 2.1 (4), we get

d (xo, Sxo) d (x1, Tx1)

a”*(Sxp, Tx1)d (x1,%2) < ad(xg, Sxo) +bd(x1, Tx1) + ¢
1 + d (X(), Xl)

By using the greatest lower bound property (g.Lb property) of S and T, we get

d (x0,x1) d (x1,%2)

*(Sxo, Tx1)d (x4, < ad(xg,x1) +bd(xq,x%x2) +
a®(Sxo, Tx1)d (x1,%2) < ad(xo,x1) (x1,%2) +¢ 1+ d (xo,x1)

Hence
d (x0,x1) d (x1,%2)

1+d(x0,%x1)

0 < d(x1,%2) < ad(xp,x1) +bd(x1,%x2) + ¢
which implies that

|d (x0,%1) [ld (x1,%2) |

d ’ < ald(xo, bld(x1,
A (x1,%2) | < ald(xo, x|+ bld(xr, x2)| + == FEe s

since |d(xg, x1)| < |1 + d(xg,x1)|, so we have

|d (X1/X2) | < Cl.|d(X0,X1)| + b|d(X1,X2)| + C|d (X1/X2) |/ |d (X1/X2) | < 1|d(XO,X1)|,
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where | = (1—S—c) < 1. From (2.8), we get

Id (x1,%2) | < U1 —=1)[r].
Consider
d(x0,%2)] < Id (x0,%1) |+ [d(x1,%2)| < (1= Y[+ k(I = D[ = (1 =11+ D < (1 1),

Thus x; € B(xg, 7). Since «(x1,x2) > 1 and the pair {S, T} is coupled a*-admissible, so a* (Tx;, Sxp) > 1.
From (2.6), we get

d (x1, Tx1) d (x2, Sx2)

d ,T +bd /S +
ad (x1, Txq) (x2,Sx2) +c 14 d(x1,%2)

€ a” (Txq,Sx2) s (Txq,S%x3) .

By Lemma 2.1 (3), we have

d (x1, Tx1) d (x2, Sx2)

d (x1,Tx1) +bd (%2, Sx2) +¢
ad (xq1, Txq) (x2, Sx2) 1 d 0, x)

€ a* (Txq,Sx2) s (x2,Sx7).

By the definition there exists some x3 € Sx», such that

d (x1, Txq1) d (x2, Sx2)

Tx1) +bd (x2, S
ad (x1, Tx1) +bd (x2,Sx2) +c¢ 14 d(x1,%x2)

€ a* (Txq,Sx2) s (d(xp,x3)).

By the definition and Lemma 2.1 (4), we get

d (x1, Tx1) d (x2, Sx2)
1+d(X1,X2) )

a* (Txy, Sx2) d (x2,%x3) < ad (x1, Tx1) +bd (x2,5%2) +¢

By using the greatest lower bound property (g.Lb property) of S and T, we get

d (x1,%x2) d (x2,%x3)

a® (Txq, Sx2) d (x2,x3) = ad (x1,%2) +bd (x2,x3) +¢ T+ d )

Hence
d (x1,%2) d (x2,%3)

1 +d (Xl,Xz)

0 < d(x2,x3) < ad(xq,x2)+bd(x2,x3) +¢

which implies that

|d (x1,%2) |

d , < d , bld ’ M Alvs v 1
|d (x2,x3) | < ald (xq,x2) |+ bld (x2 X3)|+C|1—|-d(x1,><2)|

Id (x2,%3) .

Thus
|d (x2,x3) | < Ud (x1,%2) |,

where | = ﬁ < 1. Consider

|d(x0,x3)| < 1d (x0,%1) | +1d(x1, %2) [ +1d (x2,%3) | < (1= V)| + UL = Vvl + (1 = Vlr| = (1 = V)ir| < I,

So x3 € B(xq, ). Continuing in this way, we can construct a sequence {x} in B(xo,7) such that for n =
0,1,2,...
o(Xon, Xoni1) = 1 and o(xon41, Xoni2) =1
with
|d (xan, Xon11) | < P™Md (xox1) | and [d (xon41,Xon12) | < P (x0x1) |,

where | =

—b—c < land xon 11 € Sxon and xon42 € Txon 1
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Now inductively, we can construct a sequence {x,, } in X such that forn =0,1,2,...
(Xn,Xn11) = 1and [d (xn, Xn11) [ < 1Md (x0,x1) |-

The proof of {x,} is a Cauchy sequence in B(x, 1) is similar as in Theorem 2.9. Since X is complete and
B(xo, 1) is a closed subspace of X, so there exists v € B(xq, ) such that x, — uasn — co. We now
show that v € Tv and v € Sv. Since &(x2n,v) > 1 for all n and the pair {S, T} is coupled a*-admissible, so
o*(Sxon, Tv) > 1 for all n. From (2.6), we get

d (XZn/ SXZn) d (U/ TU)

S bd(v, T
ad(xan, Sxon) +bd(v, Tv) +¢ 1+ d (xon,v)

€ o™ (Sxan, TV)s (Sxon, TV) .

By Lemma 2.1 (3), we have

d (XZn; SXZn) d (U, TU)

d(xon, S bd(v, T
ad(xzn, Sx2n) +bd(v, Tv) +c 1+d (x2n, V)

€ o*(Sxan, Tu)s (x Tv).

2n+17

By the definition, there exists some v, € Tv such that

d (XZTU SXZn) d (l), TU)
14+ d (xon,V)

ad(xzn, Sx2n) +bd(v, Tv) +c € o (Sxan, Tv)s(d (x2n 41, vn)).

By the definition and Lemma 2.1 (4), we get

d (Xan SXZn) d (U/ TU)

o (Sxon, Tv)d (xon+1,Vn) = ad(xon, Sxon) +bd(v, Tv) + ¢ 1+ d (o v)

By using the greatest lower bound property (g.L.b property) of S and T, we get

d (x2n, Xon41) d (L, V1)

o (Sxon, Tv)d (Xon+1,Un) = ad(xon, Xon41) +bd(v,vn) +c¢ 15 d(xom, )

Hence
d (XZn/ X2n+1) d (U/ Un)

0<d ,Un) X ad(xan, bd(v,
< d(Xon41,0n) 2 ad(x2n, Xon+1) + bd(v,vn) +¢ 1+4d (xan,v)

Now by using the triangular inequality, we get

d(v, Un) =<d(v, X2n+1) + d(x2n+1/ Un) =d(v, X2n+1) + ad(XZn/ X2n+1) + bd(v, Un)

d (x2n, Xon41) d (v, V1)

+ ,
¢ 1+ d (xon,v)
d (xon,x d(v,v
(1 b)Id(, vn)] < 1V, Xarp1)] + ald(x2m, xomg1)] 4+ o 02 X2n1) A0 0n)
1+ d (xon,v)
a c |d(X2an2n+1) ||d(1),l)n)|
d(v, < ——ld(v, ——ld(xan,

By letting n — oo in above inequality, we get
ld(v,vn)] — 0 as N — oo.

By Lemma 1.2, we have v, — v as n — oo. Since Tv is closed, so v € Tv. Similarly, it follows that
v € Sv. Thus S and T have a common fixed point. O

By taking ¢ = 0 in Theorem 2.15, we get the following corollary.
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Corollary 2.16. Let S,T : X — CB (X) be coupled o*-admissible mappings with g.1.b property on complete
complex-valued metric space (X, d), xo € Xand 0 < r € C. If S and T satisfy
ad(x, Sx) +bd(y, Ty) € «*(Sx, Ty)s (Sx, Ty)
for all x,y € B(xq,T), then
(1—=1)r € s(xo, Sxo),

where a and b are non-negative real numbers with | = % < 1. Suppose that there exist xo € X, x1 € B(xo, 1)

such that o(xo,x1) = 1. Assume that if {xn} is a sequence in B(xq, 1) sitch that &(xn, Xni1) = 1 and x, — uas
n — 400, then o(xn,w) > 1 for all n. Then, there exists a point x* in B(xo, 1) such that x* € Sx* N Tx*.

By Taking S = T in Theorem 2.15, we get the following corollary.

Theorem 2.17. Let T : X — CB (X) be oc*-admissible mapping with g.1.b property on complete complex-valued
metric space (X, d), xo € Xand 0 < r € C. If T satisfies

d(x, Tx)d(y, Ty)

d(x, T bd(y, T
ad(x, Tx) +bd(y, Ty) +c T+ d )

€ o (Tx, Ty)s (Tx, Ty)

for all x,y € B(xq, ), then

(1—1r € s(xg, Txg),
where a, b, and c are non-negative real numbers with | = ;—— < 1. Suppose that there exist xg € X, x1 € B(xo, 1)
such that o(xo,x1) > 1. Assume that if {xn} is a sequence in B(xq, 1) sitch that o(xn,Xn+1) = 1and xn — was
n — 400, then o(xn,u) > 1 for all n. Then, there exists a point x* in B(xo, 1) such that x* € Tx*.

The following corollaries follow from Theorem 2.9.

Corollary 2.18. Let S, T : X — CB (X) be coupled o*-admissible mappings on complete metric space (X, d),
xp € Xand 0 <r € R.If S and T satisfy

for all x,y € B(xq,T), then

d(xo, Sxg) < (1 —K)1,
where A and W are non-negative real numbers with k = ﬁ < 1. Suppose that there exist xg € X, x1 € B(xq, 1)
such that o(xo,x1) > 1. Assume that if {x,} is a sequence in B(xo, 1) such that &(xn,xn 1) = 1 and x, — was

n — 400, then o(xn,w) > 1 for all n. Then, there exists a point x* in B(xo, 1) such that x* € Sx* N Tx*.

Corollary 2.19. Let T : X — CB (X) be a*-admissible mapping on complete metric space (X,d), xo € X and
0<reR IfSand T satisfy

X ud (x, Tx) d (y, Ty) +vd (y, Tx) d (x, Ty)
Tx, Ty H(Tx, Ty) < Ad(x,
o (Tx, Ty)H(Tx, Ty) (x,y) + T+dxy)

for all x,y € B(xo, ), then
d(xo, Txg) < (1—XKJr,
where A and W are non-negative real numbers with k = ﬁ < 1. Suppose that there exist xo € X, x; € B(xo, )

such that o(xo,x1) > 1. Assume that if {xn} is a sequence in B(xq, 1) sitch that a(xn, Xny1) = 1 and x, — uas
n — 400, then o(xn,w) > 1 for all n. Then, there exists a point x* in B(xo, 1) such that x* € Tx*.

The following corollaries follow from Theorem 2.15.
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Corollary 2.20. Let S, T : X — CB (X) be coupled o*-admissible mappings on complete metric space (X, d),
xp € Xand 0 <r € R.If S and T satisfy

d(x,Sx)d(y, Ty)
1+d(x,y)

o™ (Sx, Ty)H(Sx, Ty) < ad(x,Sx)+bd(y, Ty) +

for all x,y € B(xq, ), then

d(xg, Sxo) < (1 —Ur,
where a,b, and c are non-negative real numbers with | = ;—— < 1. Suppose that there exist xg € X, x1 € B(xo, 1)
such that o(xp,x1) > 1. Assume that if {xn} is a sequence in B(xo, ) sitch that o(xn,Xny1) = 1and xn — was
n — 400, then o(xn,w) = 1 for all n. Then, there exists a point x* in B(xo,v) such that x* € Sx* N Tx*.

Corollary 2.21. Let T : X — CB (X) be a*-admissible mapping on complete metric space (X,d), xo € X and
0<reR IfSand T satisfy

d(x,Tx)d(y, Ty)

o (Tx, Ty H(Tx, Ty) < ad(x, Tx) +bd(y, Ty) +¢ 1+dxy)

for all x,y € B(xq,T), then
d(XO/ TXO) (1 - 1)
where a,b, and c are non-negative real numbers with | = m < 1. Suppose that there exist xo € X, x1 € B(xq, 1)

such that o(xo,x1) > 1. Assume that if {xn} is a sequence in B(xq, 1) sitch that &(xn, Xni1) = 1 and x, — uas
n — o0, then o(xn,u) > 1 for all n. Then, there exists a point x* in B(xo, 1) such that x* € Tx*.

3. Applications
As an application, we prove the following homotopy result.

Theorem 3.1. Let (X,d) be a complete complex-valued metric space with U be an open subset of X. Let F :
[0,1] x U — CB (X) be multivalued mapping with .L.b property. Suppose there exists { € X and 0 < v € C such
that

(@) ¢ & [F(t,Q)l, for each ¢ € dU and each t € [0,1];

(b) F(t, ) U — CB(X) be a multivalued mapping satisfying

L wd (¢, F(t,0)d ((F(E ) +vd (¢ F(t, Q) d (¢ F(E D) .

1+d 0 s(F(t, ¢), F(t, 0))

Ad(¢, )

and
(1—Kk)r € s( F(t, ),
where k = = < 1;
(c) there exists a contznuous increasing function ¢ : (0,1] — P U{0} such that;

®(s) —@(t) € s(F(s,Q), F(t, ) and ¢(s) € o(t)
forall s, t € [0,1] and each ¢ € U where P ={z € C:z > 0}
Then F(0,-) has a fixed point if and only if F(1, -) has a fixed point.
Proof. Suppose F(0, -) has a fixed point z, so z € F(0,z). From (a), z € U. Define
Q:={(t,0) € [0,1] x U: ¢ € F(C, t)}.
Clearly Q # ¢. We define the partial ordering in Q as;

2
—1—k
Let M be a totally ordered subset of Q and t = sup{t : (t, () € M}. Consider a sequence {(tn, Cn)nzotin M

(t,0) 3 (s, ) e t<sand d(¢, Q) = ——(o@(s) — @(t)).
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such that, (tn, (n) 3 (tne1, Cne1) and t, — t as 1 — oco. Then for m > n, we have

Aim, ) = 1o (0(tm) — 0ltn)) =0, as m,m — oo,

which implies that {(,,} is a Cauchy sequence. Since (X, d) is complete complex-valued metric space, so
there exists ¢ € X, such that (,, — (. Choose ng € N, such that for all n > ng, we have

ud (Cn, Fltn, Gn)) d (& F(E Q) +vd (& F(tn, ) d (Gn, F(E, 0))
1+ d(Cn, &)

ud (En, Fltn, Gn)) d (EF(E Q) +vd (& Fltn, Cn)) d (Gn, F(E 0))
1+ d(Cn, &)

Ad(Cn, €) + e s(F(tn, Cn), F(E, &),

Ad(Cn, €) + e s(in, F(1,0)),

since (n € F(tn, (n). So there exists some (. € F({, 2), such that

o Bd (G, Fltn, ¢n)) d (& F(E Q) +vd (& Fltn, Gn)) d (Cn, F(E, Q)
A(Cn, G) < AA(Cn, A
(Cry C) (Cn, &) + TN

By using the greatest lower bound property (g.1.b property) of F, we get

vd (& ¢n) d(Cn, Ck)

d(Cn, Gk) = AA(C, ¢ .
(Cn, Cx) (Cn, Q)+ AT

4

which implies that

d(Cn, < Ald n’é T (
1d(Cn, Gl < Nd(Cn, &) 1+ d(Cn, O

7

since |1+ d(Cn, z)l > [d(Cn, é)l, so we have

o A o
1d(Cn, QI < Ald(Gn, O+ YId (Cn, Q) |, 1A (G, QI < ﬂ\d((ﬁn, Q.

Consider

o ° 0 A 0
|d(C, Gi)l < 1d(C, Cn)l +1d(Cn, Ck)| <d(G Cn)l + ﬂkﬂCn/ ¢)] = 0 forall n > ny.

Thus {x — ¢ € F({,¢) and hence ¢ € U implies (t,¢) € Q. Thus (t, Q) = (t,¢) for all (t,¢) € M, this gives
that (f, z) is an upper bound of M. Hence by Zorn’s Lemma Q has maximal element (t,0). Weclaimt =1,
on the contrary suppose that 1 <1, choose 0 < r € C, and t < t, such that

B(¢,r) c U, wherer = ﬁ((p(t) — (1)

Using (c), we have

@(t) — (1) € s(F(t,Q), F(t,Q),
o(t) — () €5 ({F(t, Q) forall L€ F(i, ).

So there exists some ( € F(t, (), such that

so that
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which implies that

1d(¢, Q) < (1=K
Also by using (b), we conclude that the mapping F(t,-) : B(¢,v) — CB(X
Corollary 2.12 for all t € [0,1]. Hence for all t € [0,1] there exists ( € B(¢,
(¢, t) € Q. Since

satisfies all assumptions of

)
1) such that ¢ € F(t, (). Thus

o 2 o
d(¢, ¢ <r= m(@(t) — (1)),
which implies (t,0) = (t,¢) a contradiction, so t = 1. Hence F(-,1) has a fixed point. Conversely if F(1,-)
has a fixed point, then on the same way we can prove that F(0, ) has a fixed point. O
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