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Abstract

The aim of this paper is to enrich the theory of fuzzy metric spaces through vectors. Additionally we define the concept of
fuzzy vector diameter to be able to prove Cantor’s intersection theorem and Baire’s theorem in a different way. (©2017 All rights
reserved.
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1. Introduction and preliminaries

The theory of Zadeh’s fuzzy sets [14] continues to be applied in many areas of mathematics. One of
these is the study of Kramosil and Michalek, in which the concept of fuzziness is applied to the classical
notions of metric spaces [7]. Later, George and Veeramani defined it again by making some modifications
and gave some new results [5, 6]. They associated the distance between two points of a set with a single
non-negative real number, which is denoted by t. On the other hand, the notions of vector metric spaces
in which the metric takes values of a Riesz space was firstly defined in [4]. Then, continuous functions
between any two vector metric spaces were studied [3]. Our aim in this paper is to enrich the concept
of fuzzy metric that is in the sense of George and Veeramani. Instead of the number t we take in this
paper any element of a Riesz space [2, 8], namely any vector. In the space of continuous functions which
is a Riesz space if we take the vector t as a constant function, in this case every fuzzy metric is a fuzzy
vector metric. To support our study in non-stationary fuzzy metric examples we consider normed Riesz
spaces. Moreover, through lattice norm condition we can switch from order convergence in domain of the
membership function to convergence in its range. Thus, we updated the continuity for the relevant fuzzy
metric condition. Towards the end of the paper we define the concept of fuzzy vector diameter based
on [11, 12] to give proof of some theorems in a different way from [5, 6]. These theorems are located in
functional analysis and topological spaces [1, 9, 10, 13] such as Cantor’s intersection theorem and Baire’s
theorem.

Firstly we present basic concepts and results of [2, 8].
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Definition 1.1. Let E be a real vector space. If E has an order relation < (i.e., < is a reflexive, antisymmetric
and transitive binary relation on E) which is compatible with the algebraic structure of E in the sense that
it satisfies the following conditions:

(1) if s < t, thens+v < t+vholds forall v € E;
(2) if s < t, then as < ot holds for all x € R,
then E is called ordered vector space.

For any two vectors s and t in E we write s < t to indicate s < t but s # t. The notation s > tist <s
and the other notation s >t is t < s. A vector t in ordered vector space E is called positive if t > 6 holds.
We denote the set of all positive vectors of E with E*.

An ordered vector space E is called Riesz space if E has the supremum and the infimum of the set
{s, t} for s, t € E. We show the classical notation as follows:

sVt=sup{s,t} and sAt=inf{s,t}.

The absolute value of any vector t in a Riesz space E is defined by [t| =tV (—t).

Function spaces are the important examples of Riesz spaces. A function space is an ordered vector
space E of real-valued functions on a set () with the pointwise ordering, that is f < g holds in E if and
only if f(x) < g(x) for all x € Q. The lattice operations in any function spaces E for each pair f,g € E is
denoted by

(fV g)(x) = max{f(x), g(x)} and (f/g)(x) =min{f(x), g(x)}.

A sequence (tn) in a Riesz space is called decreasing, which is denoted by t, | if n > m implies
tn < tm. The symbol t, | t means that t, | and inf{t,,} = t both hold. The meanings of t,, T and t, 1t
are similar.

Definition 1.2. Let E be a Riesz space. A sequence (t,) in E is order convergent to some vector t, denoted
tn — t, if there exists another sequence (sy ) satisfying [tn —t| < sn | 0.

Definition 1.3. Let E be a Riesz space. A norm ||-|| on E is called lattice norm if [t| < [s| implies |[t]| < ||s]|.
A Riesz space with lattice norm is said to be a normed Riesz space.

Vector metric spaces are first introduced in [4]. The values of the distance function are taken in a Riesz
space.

Definition 1.4. Let X be a non-empty set and E be a Riesz space. The function d : X x X — E is called
vector metric (or E-metric) if it satisfies the following conditions:

(vm1) 6 < d(x,y);

(vn2) d(x,y) = 0 if and only if x = y;
(vm3) d(x,y) = d(y,x);

(vm4) d(x,z) < d(x,y) +d(y,z),

for all x,y,z € X. Then (X, d) is called vector metric space.

Because the set of real numbers R with the usual order < is a Riesz space, every metric space is a
vector metric space. Let E be a Riesz space. The function d : E x E — E defined as d(x,y) = [x—ylis a
vector metric. Hence, every Riesz space is a vector metric space.
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2. Fuzzy vector metric spaces

Definition 2.1 ([11]). A binary operation x : [0,1] x [0,1] — [0,1] is a continuous t-norm if  satisfies the
following conditions:

(ctl) * is associative and commutative;

(ct2) x is continuous;

(ct3) ax1=aq, foralla €[0,1];

(ctd) axb < c*d whenever a <cand b <d,
foralla,b,c,d < [0,1].

To establish the concept of fuzzy vector metric space we utilize the definition of fuzzy metric space
that is in the sense of George and Veeramani.

Definition 2.2 ([5]). Let X be a non-empty set and * be a continuous t-norm. The triple (X, M, ) is called
a fuzzy metric space if the fuzzy set M on X x X x (0, o) satisfies the following conditions:

(fm1) M(x,y,t) > 0;

(fm2) M(x,y,t) =1if and only if x =y;
(fm3) M(x,y,t) = M(y,x, t);

(fm4) M(x,y,t) * M(y,z,s) < M(x,z,t+s);
(fm5) M(x,y,.): (0,00) — [0, 1] is continuous,

forall x,y,z € Xand all t,s > 0. If (X, M, ) is a fuzzy metric space, we will say that (M, *) or simply M
is a fuzzy metric on X.

Let us give the continuity for functionals defined on a Riesz space.

Definition 2.3. Let E be a Riesz space a map ¢ from E to IR is called continuous if for any sequence (tn)
andt € E, tn >t implies @(tn) — @(t) in R.

We can now offer the fuzzy vector metric space concept based on the above definition.

Definition 2.4. Let X be a non-empty set, E be a Riesz space and * be a continuous t-norm. The triple
(X, ME, %) is called a fuzzy vector metric space if the fuzzy set MF on X x X x E* satisfies the following
conditions:

(fvm1) ME(x,y,t) > 0;

(fvm2) MFE(x,y,t) = 1if and only if x =y;
(fvm3) ME(x,y,t) = ME(y,x,t);

(fvm4) ME(x,y,t) * ME(y,z,5) < ME(x,z,t +5);
(fvm5) ME(x,y,.) : ET — [0,1] is continuous,

forall x,y,z € Xand all t,s € E*. If (X, MF, %) isa fuzzy vector metric space, we will say that (ME, %) or
simply MF is a fuzzy vector metric on X.

It is obvious that both fuzzy metric spaces and vector metric spaces are fuzzy vector metric spaces.
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Lemma 2.5. M¥(x,y,.): E* — [0,1] is nondecreasing for all x,y € X.

Example 2.6. Let X be a non-empty set and E be a normed Riesz space and d : X x X — E be a vector
metric on E. Define a * b = min{a, b} and

¢
ME(x,y,t) = H—,
[+ laGo

forall x,y € Xand t € E*. Then (X, M}, %) is a fuzzy vector metric space.

Proof. We only show the fifth condition. Let (t,,) be an order convergent sequence to t. Then, there
exists another sequence (s, ) satisfying [t, —t| < sy, | 0. From the lattice norm condition and the inverse
triangle inequality of norm we obtain

I[tnll = It < fltn =t < lsnll 1 O,

foralln € N*. So we get

hm ME(X/U/tn) - - r}gr;o thH _ ||t“ == ME(X/U/t)-
n—oo Jim itn ||+ [[d0o )l (It + [ d0 y)l

Example 2.7. Let X = R\{0} and E be a Riesz space. Define a *b = a.b and

Ixl/lyl,  IxI <Wyl,
ME(x,y,t) =
by, 1 {MVRL yl < x|,

for all x,y € X. Then (X, MF, %) is a fuzzy vector metric space.

Example 2.8. Let X be a non-empty set, E be a normed Riesz space and ¢ : (0,00) — [0,1] an increasing
continuous function. Define a * b = a.b and

1 X =1y,

ME(x,y,t) = !
(oyt) {@mwx x 43,
forall x,y € Xand t € E*. Then (X, MF, %) is a fuzzy vector metric space.

Example 2.9. Let X be a normed Riesz space and E be a Riesz space. Define a xb = a.b and

1 xX=y
ME(x,y,t) = { ’ ’
FAEZU vl IV x £,
forall x,y € Xand t € E*. Then (X, MF, %) is a fuzzy vector metric space.
Now let us introduce some topological concepts for fuzzy vector metric spaces.

Definition 2.10. Let (X, ME, %) be a fuzzy vector metric space. We define open ball BE(x,r,t) and closed
ball BE[x, T, t] for t € ET with centre x € X and radius r, 0 < r < 1 as

B (x,1,t) ={y € X: M (x,y,t) > 1—1],

BE[x, T, 1] ={yeX: ME(x,y,t) >1-—r},

respectively.
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Definition 2.11.

(a) Let (X, ME, x) be a fuzzy vector metric space and A C X. Then A is called Fg-bounded if for every
x,y € A and t € ET there exists an v € (0,1) such that M¥(x,y,t) > 1 —r. Furthermore, a sequence
(xn) in X is said to be Fg-bounded if for all t € E™ and for all n € IN™ there exists an r € (0,1) such
that (xn) € BE[x, 1, ).

(b) A sequence (xy,) in fuzzy vector metric space (X, M, ¥) converges to x € X if for each ¢ € (0,1) and
t € ET there exists ng = ng(e) € N such that ME(xp, x,t) > 1 —¢ for all n > ng and it is denoted by

. E ME
Lim M (xn,x,t) =10r x, — x.
n—oo

(c) A sequence (xn) in a fuzzy vector metric space (X, ME, %) is called Cauchy if for each ¢ € (0,1) and
t € ET there exists ng € N such that MF(xp, Xxm,t) > 1 —¢ for all n, m > n,.

(d) A fuzzy vector metric space (X, MF, %) is called complete if every Cauchy sequence in X converges.

(e) A subset Y of a fuzzy vector metric space (X, ME, %) is called closed if (xn) € Y and xn ’\if x imply
x €Y.

Theorem 2.12. Let (X, ME, %) be a fuzzy vector metric space and (xn) be a convergent sequence in X. Then

(i) (xn) is FE-bounded and its limit is unique;
(ii) (xn) is a Cauchy sequence in X;
(iii) every subsequence of (xn) converges to the same limit.

Proof.

E
(i) First, we show that the convergent sequence (x,,) is FE-bounded. Suppose that x,, M X. Then, for each
¢ €(0,1) and t € ET, there exists ng € IN such that ME(x,,, x,t/2) > 1 —¢ for all n > ng. Now, for xg € X
and s € (0,1), let MF(xg,x,t/2) >1—s and, for k € (0,1), let

min{ME(xn,x,t/2) n=12,--- ,nlt=1-—k.
Then we can find a number r € (0,1) such that
min{(1—s)*(1—%),(1—s)x(1—¢)}=1—r.
So, for all mn € N we have
ME (xg, xn, t) = ME(x0, %, t/2) * ME(xn, x, t/2) > 1—.

Thus, for all n € INt, (x) € BE[xq, 1, t], that is, (xn) is Fe-bounded.

Now, we show that the limit of (x,) is unique. We assume that the convergent sequence (x;,) has two
different limits x and y. For any t € E* and any ¢ € (0,1), we can find a number v € (0,1) such that
(1—7)*(1—1) >1—¢. Lete =1—ME(x,y,t). According to our assumption there exists n; € IN such
that M (xn,x,t/2) > 1 —1, for all n > ny and there exists n, € N such that M¥(x,,,y,t/2) > 1 —, for all
n > ny. When we take ng = max{n, n,}, then for n > ny we have

ME(x,y,t) = ME(xn, x, t/2) * ME(xr,y,t/2) > (1 —1) % (1—1) > 1—e = ME(x,y, 1),

that is, MF(x,y,t) > M¥(x,y, t), which is not possible.
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(ii) Let t € E* and ¢ € (0,1). We can find a number r € (0,1) such that (1—71)* (1 —1) > (1—¢). Since
(xn) is a convergent sequence, there exists ng € IN such that ME (xn,x,t/2) > 1 —7, for all n > nyg. For all
n,m 2= ny we get

ME (xr, xm, 1) = ME(xn, %, 1/2) « ME(x, xm, t/2) = (1—1) % (1 —7) > (1 —¢).
(iii) Let (xn,) be a subsequence of (xn). If xn Aﬁf x, then for each ¢ € (0,1) and t € ET, there exists

ng € N such that ME(xn,x,t/2) > 1—¢, for all n > ng. If k > ng, then ng < k < ny and hence
ME(xnk,x,t) >1—c¢. O

Proposition 2.13. Suppose that (Xq, MlE, x) and (X, MZE, ) are two fuzzy vector metric spaces. The fuzzy set
ME defined as
ME ( (Xll XZ)/ (Ulz 92)/ t) = M}E (le Y1, t) * ME (XZI Y2, t)/
for (x1,%2), (Y1,Y2) € X1 X Xo,t € ET is a fuzzy vector metric on X1 x Xa.
Therefore, we can give the following result.

Theorem 2.14. Let (X1, MlE, x) and (X, MZE, ) be two fuzzy vector metric spaces and ME be the fuzzy vector

ME ME
metric as in Proposition 2.13. For any two sequences (xn) and (Yn), if Xn — xin Xy and yn — y in Xo, then

ME .
(xn,Yyn) — (x,y) in X1 X Xa.

Proof. Let t € ET and ¢ € (0,1). We can find a number r € (0,1) such that (1—7)*(1—71) > (1—¢).
Then, there exists n; € IN such that MlE(xn, x,t) > 1—r, for all n > ny and there exists n, € IN such that
ME (Un,y,t) > 1 —r, for all n > ny. Choosing ng = max{ny, ny}, we have

ME((Xn/yn)/ (le)lt) = MF(XnIX/t) * MzE(UmUIt) > (1 _T) * (1 —T) > (1 - 8)'
This completes the proof of theorem. O

Theorem 2.15. For the fuzzy vector metric space (X, ME, x) the followings hold:

(i) every convergent sequence is a Cauchy sequence;
(ii) every Cauchy sequence is FE-bounded;

E E
(iii) if a Cauchy sequence (xn) in X has a subsequence (xn, ) such that xn, M X, then xn ™ x.
Proof.

(i) Lett € E* and ¢ € (0,1). We can find a number r € (0,1) such that (1 —7)* (1—71) >1—¢. If x» I\g X,
then there exists ng € IN such that ME(x,,,x,t/2) > 1 —r, for all n > ng. Hence for n, m > ng, we have

ME (xr, xm, t) = ME (xn, %, 1/2) *« ME (xmm, %, t/2) > (1—1) % (1 —71) > 1—¢.

(ii) Let (xn) be a Cauchy sequence in X. Then, for each ¢ € (0,1) and t € EY, there exists ng € N such
that M (x,, xm, t) > 1 —¢, for all n, m > ny. So, for n > ng we have M¥(xy, xn,,t) > 1 —¢. Let

r=1 —min{ME(xn,xno,t) n=12,--- ,ny—1},
and choose s = max{¢, r}. Then {x, :n=1,2,---} C g(xno, s, t), that is, (xn) is Fg-bounded.

(iii) Let t € ET and ¢ € (0,1). We can find r € (0,1) such that (1—71)* (1—71) > 1—¢. Since (x) is a
Cauchy sequence in X, there exists ng € IN such that ME (xn, Xm,t/2) > 1 —r, for all m,n > ngy. From

E
Xy M, X there exists positive integer i such that i, > ng and M¥(x;,,x,t/2) > 1 —7. For every n > ny,
we have
ME (xn, %, 1) = M5 (xn, x4, 1/2) « ME(x, %, 1/2) > (1—1) % (1—7) > 1—¢,

ME
and so, xn — X. O



S. Eminoglu, C. Cevik, J. Nonlinear Sci. Appl., 10 (2017), 3429-3436 3435

Definition 2.16. Let (X, ME, %) be a fuzzy vector metric space and A be a non-empty subset of X. We
define fuzzy vector diameter D§ as

DE\ = sup {inf ME(x,y,t) 1 x,y € A}
teE+

Theorem 2.17. The fuzzy vector diameter DY has the following properties.

(i) D& =1ifand only if A is a singleton set.
(ii) If A C B, then D§ > DE.
(111) Forany x,y € A, ME (x,y,t) > DE holds.
(iv) If A ={x,y}, then D§ = ME(x,y,1).
(v) If AN B is nonempty set, then D§ 5 > D = DE.

Definition 2.18. Let (X, ME, %) be a fuzzy vector metric space and (A, ) be a sequence of non-empty
subsets in X. We call the sequence (A, ) has appearing fuzzy vector diameter if

Jm bR, =1

Then, for each r € (0,1) and t € E*, there exists ng € IN such that M®(x,y,t) >1—, forall x,y € Ang-

Theorem 2.19 (Cantor’s intersection theorem). Let (X, ME, %) be a fuzzy vector metric space and (An) be any
decreasing sequence of nonempty closed subsets of X with appearing fuzzy vector diameter. X is complete if and only
if there is exactly one point x € X such that (\7_; An = {x}.

Proof. Let the fuzzy vector metric space X be complete. We can form a sequence (xy,) by taking a point
Xn € An for each n € IN. If we choose m > n, we get A, € Ay, so that all points {x;, : m > n} of
the sequence belong to the set A,,. So, for each t € ET we obtain ME (X1, Xn, t) > DE\n forallm >n
and, consequently 11m T\/lE (Xm,Xn,t) = 1. In this case (xn ) is a Cauchy sequence. Since X is complete,
there exists a pomt X € X such that lim ME(x,,,x,t) = 1. We take a set An,. The limit of the sequence

n—oo
{Xn 1M > np} C Ay, is of course the same point x. Furthermore, since A, is closed, x € A,,,. This means

that x belongs to every member of the sequence (A, ). Hence we get x € (h_; An. Now we consider
another point X' € (\o_; An. Then, for all t € E* the relation MF(x,x/,t) > D%n must hold and, this
implies that ME(x,x’, t) = 1. This means that (\%_; A = {x} because of x = x'.

Conversely, let (x,) be a Cauchy sequence in X and for n € N, A, = {x; : m > n} be a closed,
nonempty subset of X. Since the sequence (A, ) is decreasing and since (x,) is a Cauchy sequence, we
must have nlg}rgo D E\n = 1. To our assumption the intersection of all these sets contains only a single point

of the space X. Let us assume that (5_; An = {x}. For each ¢ € (0,1), there exists ng € N such that
DE\ > 1—¢. We know that x € A,,, thus for each ¢ € (0,1) and t € E* we get ME(xp,x,t) > 1—¢ for

all n ng. Therefore, the arbitrary Cauchy sequence (xn ) converges to the point x. This means that the
fuzzy vector metric space X is complete. O

Theorem 2.20 (Baire’s theorem). Let X be a complete fuzzy vector metric space and let {A, C X:n=1,2,---}
be a countable family of open subsets which are dense in X. Then the set (\j_, An is also dense in X.

Proof. In order to prove the theorem, we have to show, forall x € X,0 <r < 1and t € E*, the intersection
of open ball BE(x,1,t) with the set N1 An is not empty. First we take the set A;. Since A; is dense in
X, BE(x,1,t) N A7 is open and non-empty. Let x; € BE(x,1,t) N A1, then there exist r; € (0,1) and t; € E*
such that BE[xy, 71, t;] € BE(x,1,t) N A;. Let BlE = BE(x;,71,t1). Since A, is dense in X, B}:— N A; is open
and nonempty. Let x; € BlE N Ay, then there exist 7, € (0, %) and t, € ET such that BE[xy, 1, t5] C BlE NA,.
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Let BzE = BE(xp, 19, t2). If we proceed inductively, we obtain a sequence (x,) in X and a sequence (1) of
positive real numbers such that

1
BE[Xn+1rrn+1/tTl+1] - BE N An+1 C BE[XTL/ Tn, tn] and Th € (0/ Tl> s

for all n € N. Theorem 2.19 guarantees that ();_; BE[Xn, Th, tn] is a singleton. From

o0 o
m BE[XHI Tn/ tTJ C BE(X/ T/ t) ﬁ ﬂ ATL 7
n=1 n=1
we obtain that BE(x,1,t) N (N, An) # 2. -
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