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Abstract

We provide sufficient conditions under which the set of common fixed points of two self-mappings f, g : X — X is nonempty,
and every common fixed point of f and g is the zero of a given function ¢ : X — [0, 00). Next, we show the usefulness of our
obtained result in partial metric fixed point theory. (©2017 All rights reserved.
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1. Introduction and preliminaries

Recently, Karapimnar et al. [6] studied the following problem: for a given mapping T : X — X and a
given function ¢ : X — [0, 0o), find sufficient conditions for which the set of fixed points of T is nonempty,
and every fixed point of T is a zero of the function ¢. In order to solve the above problem, the following
concepts were introduced in [6]. Let Fr be the set of fixed points of T, that is,

Fr={xeX: Tx=x},

and Z, be the set of zeros of ¢, that is,
Zo =@ ((0)).

The set Fr is said to be @-admissible iff Fy # () and Fr C Z,,,.
Let F be the set of functions F : [0, 00)% — [0, c0) satisfying the following conditions:

(F1) max{a, b} < F(a,b,c) forall a,b,c > 0;
(F2) F(a,0,0) =aforall a > 0;

(F3) Fis continuous.
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For examples of functions F: [0,00)® — [0, 00) that belong to the set F, we refer to [6].
Let ¥ be the set of functions 1 : [0, co) — [0, co) satisfying the following conditions:

(W1) 1 is upper semi-continuous from the right;
(Y2) P(t) < tforall t > 0.

Let (X, d) be a metric space. For given functions ¢ : X — [0,00), F € F, and P € ¥, let T(¢, F, ) be the
class of mappings T : X — X satisfying

F(d(Tx, Ty), o(Tx), (Ty)) < Y(F(d(x,y), @(x), @(y))), (xy)eXxX

The following theorem is the main result obtained in [6].

Theorem 1.1. Let (X, d) be a complete metric space and T : X — X be a given operator. Suppose that the following
conditions are satisfied:

(1) thereexist ¢ : X — [0,00), F € F, and b € V¥ such that T € T(@, F,);
(ii) o is lower semi-continuous.
Then the set Fr is @-admissible. Moreover, the mapping T has a unique fixed point.

It was proved in [6] that Theorem 1.1 generalizes several theorems from the literature, including a
partial metric version of Boyd-Wong fixed point theorem [3].

Motivated by the contribution [6], in this paper we study the following problem: for given mappings
f,g : X = X and a given function ¢ : X — [0, ), find sufficient conditions for which the set of common
fixed points of f and g is nonempty, and every common fixed point of f and g is a zero of the function ¢.

Let us denote by C¢ 4 the set of common fixed points of f, g : X — X, that is,

Crg ={x€X:x="fx=gxl

Definition 1.2. Let f,g : X — X be two given mappings, and let ¢ : X — [0,00). We say that Cy 4 is
@-admissible iff C¢ g # 0 and Cs,g C Z.

Let (X, d) be a metric space. For given functions ¢ : X — [0,00), F € F, and { € ¥, we denote by
T2(@, F, ) the set of pair of mappings f, g : X — X satisfying:

F(d(fx, fy), @(fx), o(fy)) < w(F(d(gx, gy), @(gx), @(gy))), (x,y) € X x X. (1.1)

The aim of this paper is to study the ¢-admissibility of the set C¢ 4, where the pair of mappings
f,g : X = X belongs to the set To(@,F, ), F € F, ¢ € ¥. Next, we show the usefulness of our obtained
result in partial metric fixed point theory.

2. A @-admissibility result

The following theorem, which is the main result in this paper, provides sufficient conditions for the
@-admissibility of the set Cs 4.

Theorem 2.1. Let (X, d) be a complete metric space, @ : X — [0,00) be a given function, and f,g : X — X be a
given pair of mappings. Suppose that

(i) fand g are weakly compatible mappings, that is,

fx =gx, x € X = fgx = gfx.
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(i) f(X) C g(X) and g(X) is closed.

(iii) there exist F € F and \p € V¥ such that the pair (f, g) € T2(@, F, ).

(iv) o is lower semi-continuous.
Then the set C¢ g is @-admissible. Moreover, the mappings f and g have a unique common fixed point.
Proof. Let & be an arbitrary element of the set C¢ g, that is,

EeX, fE=9gE =&
Taking x =y = £ in (1.1), we obtain
F(0, 9(&), (&) < W(F(0, (&), @(£))).

If W(F(0, 9 (&), 9(&))) # 0, from property (¥2), we have

W(F(0, 9(&), (&) < F(0, 0(&), @ (&),

which yields
F(0, 9(&), @(&)) < F(0, @(&), @(&)),
a contradiction. Then F(0, (&), ¢(&)) = 0, which implies from (F1) that

@(&) <F0,9(&),9(E)) =0,

and hence, & € Z,. Therefore, we proved that C¢ 4 C Z,,.
Next, we have to prove that the set C¢ 4 is nonempty. Taking yo = fxo, where x¢ is an arbitrary point
in X, from (ii), there exists x; € X such that

Yo = fxo = gx1.
Again, from (ii), there exists x, € X such that
Y1 == fx1 = gxa.
Continuing this process, by induction we may construct two sequences {xn },{yn} C X defined by
Yn = fXn =gxny1, M =0

We distinguish two cases.

Case 1. There exists ng > 0 such that yn, = yn,+1-
Taking (x,Y) = (Xny+1,Yne+1) in (1.1), we obtain

F(d(anOH/ fyngﬂ)/ (P(fxnoﬂ)/ (P(fyno+1)) < IP(F(d(QXnoH/ 99n0+1)/ (P(anoﬂ)/ (P(Qyno+1)))~ (2.1)
On the other hand, from yn, = yn,+1, we have
fXng+1 = Yng+1 =Yn, and  fyngi1 = fyn,. (2.2)
Again, from Yn, = Yn,+1, we have

Yng = Ynp+1 = fXTL0+1 = JXng+1,

which from (i) yields
9Yno+1 = 9fxno11 = FgXn 1 = fyn,.
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Hence,
9Xny+1 = Yng and 9Yny+1 = ﬁ;)no- (2.3)
Substituting (2.2) and (2.3) into (2.1), we obtain

F(d(Yng, TYng)s @(Yng), @(Tyn,)) < W(F(A(Yny, fYn,), @(Yno), @(fyn,))).
Therefore, if F(d(Yn,, fUn,), ©(Yn,), @(fyn,)) # 0, from property (¥2), we obtain

F(A(Yng, FYne)s @(Yng), @ (Ffyn,)) < F(A(Yng, fUny), @(Uny), @(fyn,)),

which is a contradiction. Hence, we have

F(d(Yno, fUng), @(Yny), @(fyn,)) =0,
which implies from (F1) that
d(Yng, fyn,) =0,
that is,
Yny = fYny = gYn,-
Then we have yn, € Cs 4.

Case 2. Yyn # Yn41, for every n > 0.
In view of (1.1), foralln > 1,

Fd(fxny1, fxn), @(fxni1), @ (fxn)) < P(F(A(gxn 1, gxn), @(gxn11), @(gxn))),
that is,
Fld(Yn+1,Yn), @(Yn+1), @(yn)) < O(F(d(Yn, Yn—1), @(Yn), @(yn-1))), n=>1 (2.4)

If for some N > 1, we have
Fldyn,yn—1), @(yn), @(yn-1)) =0,

then in view of property (F1), we get d(yn,yn—1) =0, that is, yn = yn—1, which is a contradiction with
the fact that yn # yn1 for every n > 0. Therefore,
F(d(yn/yn—l)/ (P(Un)/ (P(Un—l)) > O/ n > 1.

Hence, by property (¥2), we obtain

Fld(Ynt+1,Yn), @(Yns1), @(yn)) < Fd(Yn,Yn-1), ¢(Yn), ©(yn-1)), n =1

As consequence, there exists some ¢ > 0 such that

lim F(d(Yn, Yn—1), @(yn), @(yn—1)) =c™.

n—o00
Let us suppose that ¢ > 0. Therefore, passing to the limsup as n — oo in (2.4) and using properties (V1)
and (¥2), we obtain

¢ < limsup P (F(d(yn,Yn—1), @(yn), @(yn—1))) <W(c) <c,

n—oo

which is a contradiction. Then, we deduce that ¢ = 0, that is,

lim F(d(yn/ynfl)l @(Un)/ <P(Un71)) = 0/

n—oo
which yields from (F1) that
lim d(yn—1,Yyn) = lim @(yn) =0. (2.5)
n—oo n—o0

Now, we shall prove that {y,} is a Cauchy sequence in the metric space (X, d). Suppose that it is not the
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case. Then, there exists ¢ > 0 for which we can find two sequences of positive integers {m(k)} and {n(k)}
such that for all k > 0,

n(k) > m(k) >k, d([Ym) Ynx)) = & AYmx) Ynx)—1) < & (2.6)

Using (2.6), for all k > 0, we have

€ < AdYmx)Yn) < AYmx), Ynm)—1) + dUn)-1,Yn) < €+ dYnm)—1,Yn))s
which yields
e < Ad[Ymk) Ynx)) <€+ dUnm)-1,Ynw)), k=0
Passing to the limit as k — oo and using (2.5), we obtain

M d(Ym k), Ynp) =€ (2.7)

k—o0

From (2.5) and (2.7), and in view of properties (F1), (F2), and (F3), we get

lim F(d(Yn k), Ymx))r @Unx), @ (Umk))) = F(,0,0) = ¢™.

k—o00

Hence, by property (Y1), we obtain

lim sup $(F(A(Yn k), Ymk)), @(YUnx), @(Ym)))) < b(e). (2.8)

k—o0

On the other hand, using (1.1) and (F1), for all k > 0, we have

€ < d(Yn(x), Ym(k))
< dYnx) Yno+1) + AUno+1 Ymr)+1) + AYmo)+1 Ymx)
= d(Yn k) Yn)+1) + Afxn 041, Xmo+1) + AYma) 11, Ymx))
< dYno) Yn(x)+1) + FAFxn 041, Xm0 +1), @ (FXn () 41), @ (Xm0 +1)) + dYm o) +1, Ymx))
< dYn k) Yn(o)+1) FOFIAGXn ()11, 9X¥m ) +1), @(9%n (1) 1+1), @(9Xm(k)+1))) + AYm )11, Ym (k)
= dYn(k), Yn(x)+1) T WFAYn 1), Ym) ) @(Uni)) @(Ymao))) + AYmao+1 Yme))s
which yields

€ < dYnk) Yno)+1) TV FAYnk), Ymx)) @Unk)) @Umaa))) + AYm o) +1, Ymx))
for all k > 0. Passing to lim sup as k — oo, using (2.5), (2.8), and property (¥2), we obtain
e <W(e) <,

which is a contradiction. As consequence, we deduce that {yn} is a Cauchy sequence in the metric space
(X, d).
Due to the fact that (X, d) is a complete metric space, there is some z € X such that

lim yn, = lim gxn, = lim fx, =z. (2.9)
n—oo n—oo n—oo
Now, from lower semi-continuity of ¢, and using (2.5), we obtain

0 < @(z) <liminf @(yn) =0,
n—,oo

which implies that
z2€Lyp. (2.10)
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On the other hand, Since g(X) is a closed set, there exists some p € X such that z = gp. Then, In view of
(1.1) and (2.10), we obtain

F(d(fp, yn+1), @(fp), @(yn+1)) < V(F(d(z,yn), 0, 0(yn))), n =1,
which yields from (F1)
d(fp, yn+1) < W(F(d(z,yn), 0, 0(yn))), n=1.

Passing to the limit as n — oo, using the continuity of F, properties (F2) and (¥2), (2.9) and (2.5), we
obtain
d(fp,z) = lim d(fp,yns1) =0,
n—oo

which yields
z = fp = gp.

Now, we shall prove that z is a common fixed point of f and g. Since f and g are weakly compatible,
therefore, fgp = gfp, i.e.,
fz = gz. (2.11)

From (1.1), we have
F(d(fz, fp), @(fz), @(fp)) < W(F(d(gz, gp), #(9z), ©(gp))),

that is,
F(d(fz, z), (fz), @(z)) < W(F(d(fz, z), 9(fz), @(2))).

Therefore, F(d(fz,z), (fz), ¢(z)) = 0. Otherwise, from property (¥2), we obtain F(d(fz, z), ¢(fz), ¢(z)) <
F(d(fz, z), (fz), ¢(z)), which is a contradiction. Hence, by property (F1), we get d(fz, z) = 0, that is,

z = fz. (2.12)

Next, it follows from (2.11) and (2.12) that
z="Fz=gz,

which yields z € C¢ 4. As consequence, we deduce that the set C¢ 4 is ¢-admissible.
Finally, we have to prove that z is the unique common fixed point of f and g. Let us assume that
w € Cg 4, that is,
w = fw = gw.

Since the set C¢ 4 is @-admissible, we have z, w € Z, that is,

Now, taking (x,y) = (z, w) in (1.1), we obtain

F(d(fz, fw), o(fz), o(fw)) < P(F(d(gz, gw), ©(gz), 9(gw))),

that is,
F(d(z,w),0,0) < b(F(d(z,w),0,0)),

which yields F(d(z,w),0,0) = 0. Otherwise, from property (¥2), we obtain
F(d(z,w),0,0) < F(d(z,w),0,0),

which is a contradiction. Therefore, by property (F1), we obtain d(z,w) = 0, that is, z = w. As conse-
quence, we deduce that z € X is the unique common fixed point of f and g. O

We present the following example in order to illustrate the result given by Theorem 2.1.
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Example 2.2. We endow the finite set X = {0, 1,2} with the standard metric
dlx,y)=kx—yl, (xy)eXxX

Let f, g : X = X be the mappings defined by

(012 (01 2
“Nto10/)97 021/

We observe easily that the mappings f and g satisfy conditions (i) and (ii) of Theorem 2.1. Let ¢ : X —

[0, 00) be the function defined by

e(x) =x*, xeX.

Let F: [0,00)% — [0, 00) be the function defined by
F(a,b,c)=a+b+c, a,b,c>=0.

Let 1 : [0,00) — [0, 00) be the function defined by

It can be easily seen that F € F and { € V.
We claim that the pair of mappings (f, g) € T2(¢n, F, ), that is,

[fx — fy| + (fx)* + (fy)* < Z (lgx—gyl+ (gx)*+(gy)®),  (x,y) € X x X, (2.13)

In order to prove our claim, we discuss different cases.

Case 1. (x,y) =(0,1).
In this case, we have
Ifx — fy|+ (fx)?>+ (fy) > =0—1/+0+1=2

and 3 3 9
1 (9% =gyl + (gx)* + (gy)?) = 7 (10-2/+0+4) = 2.
Therefore, (2.13) is satisfied.
Case 2. (x,y) = (0,2).
In this case, we have
[fx — fy| + (fx)* + (fy)* = 0.
Therefore, (2.13) is satisfied.
Case 3. (x,y) = (1,2).
In this case, we have
Ifx — fyl+ (fx)?> + (fy)? =[1—0/+14+0=2
and
3 ’ ’ 3 9
7 lgx—gul+(9)* +(gy)?) = (2= 1 +4+1) = 3.

Therefore, (2.13) is satisfied. The other cases follow by symmetry. Then (f, g) € T2(¢n, F, V).
Next, by Theorem 2.1, the set C¢ 4 is ¢-admissible, and the mappings f and g have a unique common
fixed point. In this example, we have
Crg =1{0} = Z.

Remark 2.3. Taking g = Ix (the identity mapping) in Theorem 2.1, we obtain the @-admissibility result
given by Theorem 1.1.
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3. Applications to partial metric fixed point theory

The notion of a partial metric space was introduced in 1994 by Matthews [7] as a part of the study of
denotational semantics of data-flow networks, showing that Banach contraction principle can be general-
ized to the partial metric context for applications in program verification. In this section, as an application
of Theorem 2.1, we obtain a common fixed point theorem for two mappings satisfying a Boyd-Wong type
contraction on a complete partial metric space. The obtained result is not new (see for instance [1]), how-
ever our used techniques are different to those in [1]. More precisely, our main idea consists to rewrite
Boyd-Wong contraction on a partial metric space in the form of a generalized Boyd-Wong contraction on
a metric space. Next, by applying Theorem 2.1, we deduce the existence and uniqueness of a common
fixed point. Our strategy can be used also for different types of contractions defined on a partial metric
space.

We suppose that the reader is familiarized with the basic concepts of partial metric spaces and we
address him to the classic literature to clarify the doubts, in particular the papers [1, 2, 4, 5, 7-12]. We just
recall the following result, which is the main key of our approach.

Lemma 3.1 ([6]). Let (X,p) be a partial metric space. Let dp, : X x X — [0, 00) be the mapping defined by

dp(x,y) =2p(x,y) —p(x,x) —ply,y), (xy)eXxX 3.1)
Then

(i) dp is a metric on X;
(ii) (X,p) is a complete partial metric space if and only if (X, dp) is a complete metric space;
(iii) the function X 3 x — p(x,x) is continuous on X with respect to the topology induced by the metric dp;
(iv) A subset M C X is closed with respect to the topology induced by the partial metric p if and only if it is closed
with respect to the topology induced by the metric d,.

Let (X, p) be a partial metric space. For a given function { € ¥, let T>(1)) be the set of pair of mappings
f, g : X — X satisfying the following Boyd-Wong type contraction

p(fx, fy) < v(plgx, gy)), (x,y) € X x X, 3.2)
We have the following observation.

Lemma 3.2. There exist F € F and ¢ : X — [0, 00) such that

‘IZ(lJ)) CTQ((P,F,ﬂ)), ll) eV

Proof. The proof follows from Lemma 3.1. Indeed, let f, g : X — X be such that (f, g) € T>() for a certain
function \ € V. Therefore, (3.2) holds for every (x,y) € X x X. On the other hand, from (3.1) we have

dp(x,y) n p(x,x) n Py,y)

> > y (x,y) € Xx X.

P(X/U) -

Hence, we obtain

dp(f;c,fg)+p(f>;,fx)+p(fyz,fy) <1l)<dp(9;<,gy)er(9>;,9><)+p(gyzr9y)>

for every (x,y) € X x X. Next, let us define the functions F: [0, 00)®> — [0,00) and ¢ : X — [0, o) by
F(a,b,c¢)=a+b+c¢, ab,c>0,

and
P(x) = , x=0. (3.3)
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We obtain

F(Dy (fx, fy), @(fx), o (fy)) < W(F(Dp(gx, gy), @(gx), @(gy))), (x,y) € X xX,

where D, is the metric on X defined by

dp(x,y)

y (x,y) € XxX.

Dy(x,y) =
O

Remark 3.3. Note that from Lemma 3.1 (iii), the function ¢ defined by (3.3) is continuous on X with respect
to the topology induced by the metric D,,.

Now, using Lemma 3.1, Lemma 3.2, Remark 3.3, and Theorem 2.1, we deduce immediately the follow-
ing common fixed point result on a partial metric space.

Corollary 3.4. Let (X,p) be a complete metric space, and let f,g : X — X be a given pair of mappings. Suppose
that

(i) fand g are weakly compatible mappings;
(i) f(X) C g(X) and g(X) is closed;
(iii) there exists \p € W such that the pair (f, g) € T2 ().

Then f and g have a unique common fixed point x* € X. Moreover, we have p(x*,x*) = 0.
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