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Abstract

Four fixed point theorems for mappings satisfying contractive conditions of integral type in complete metric spaces are
proved. The results presented in this paper extend and improve a few results existing in literature. Two examples involving the
contractive mappings of integral type are constructed. (©)2017 All rights reserved.
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1. Introduction and preliminaries

It is well-known that the Banach contraction principle is a very important result in the fixed point the-
ory and has various generalizations and applications ([1-19]). In 2001, Rhoades [18] introduced the notion
of @-weakly contractive mappings and proved the following fixed point theorem, which generalizes the
Banach contraction principle.

Theorem 1.1 ([18]). Let f be a mapping from a complete metric space (X, d) into itself satisfying
d(fX/ fy) < d(X,U) - (P(d(X,U))/ VX,U € X/ (11)

where

@ :[0,4+00) — [0, +00) is continuous and nondecreasing such that ¢ is positive on (0,400),

©(0) =0, and lLim ¢(t) = +oo. (1.2)
t—+o0

Then f has a unique fixed point in X.
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In 2008, Dutta and Choudhury [5] introduced the notion of (), ¢ )-weakly contractive mappings and
showed the following fixed point theorem, which extends Theorem 1.1.

Theorem 1.2 ([5]). Let f be a mapping from a complete metric space (X, d) into itself satisfying
b(d(fx, fy)) < b(d(x,y)) —eldlxy)), vxyeX, (1.3)

where
P : [0, +00) — [0, +00) is continuous and nondecreasing function and @ : [0, +00) — [0, +00)
is lower semicontinuous and nondecreasing function such that \p(t) = 0 = @(t) if and only if (1.4)
t=0.

Then f has a unique fixed point in X.

In 2002, Branciari [3] gave an integral version of the Banach contraction principle and became the first
to research on the existence of fixed points for contractive mappings of integral type.

Theorem 1.3 ([3]). Let f be a mapping from a complete metric space (X, d) into itself satisfying

d(fx,fy) d(xy)
J e(t)dt < CJ e(t)dt, Vx,yeX, (1.5)
0 0

where
@ : [0,400) — [0, +00) is Lebesgue integrable which is summable on each compact

€ 1.6
subset of [0, +00), nonnegative, and such that for each ¢ > 0, J e(t)dt > 0. (16)
0

Then f has a unique fixed point a € X such that lim,, o f™x = a for each x € X.

Later on, the authors [2, 4, 7-14, 16, 17] continued the study of Branciari and established a lot of fixed
and common fixed point theorems for mappings satisfying contractive conditions of integral type. In
particular, Rhoades [19] proved two fixed point theorems for mappings satisfying a general contractive
inequality of integral type and generalized Theorem 1.3. Liu et al. [15] introduced some contractive
mappings of integral type and proved the following fixed point results.

Theorem 1.4 ([15]). Let f be a mapping from a complete metric space (X, d) into itself satisfying

d(xy) Y (d(xy))
(p(t)dt—J e(t)dt, Vx,yeX, (1.7)

d(fx,fy)
| 0

cp(t)dt<J

0 0

where
@ : [0,4+00) — [0, +00) is Lebesgue integrable, summable on each compact subset of [0, 4+o00)

&
and J @(t)dt > 0 for each e >0, P : [0,+00) — [0, +-00) is lower semicontinuous function (1.8)
0

with P(0) =0 and P(t) > 0 for each t > 0.
Then f has a unique fixed point a € X such that lim, _, f™x = a for each x € X.
Theorem 1.5 ([15]). Let f be a mapping from a complete metric space (X, d) into itself satisfying
P (M(xy))

e(t)dt— L e(t)dt, Vx,yeX, (1.9)

Jd(fx,fy) M (x,y)

ot)dt <J

0 0

where .
M(x,y) = max {d(x,y), d(x, fx), d(y, fy), E[d(x, fy) +d(y, fx}]}

and @ :[0,4+00) — [0, +00) is Lebesgue integrable, summable on each compact subset of [0, +o0)and fé e(t)dt >
0 for each ¢ > 0, ¥ : [0,4+00) — [0,+00) is lower semicontinuous function with Pp(0) = 0 and P(t) > 0 for each
t > 0. Then f has a unique fixed point a € X such that lim,_, f™x = a for each x € X.
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The aim of this paper is to prove the existence, uniqueness and iterative approximations of fixed points
for four classes of contractive mappings satisfying contractive conditions of integral type, which include
the mappings (1.1), (1.3), (1.7), and (1.9) as special cases. Our results generalize Theorems 1.1, 1.2, 1.4,

and 1.5. Two examples are constructed to show that our results differ from Theorems 1.1-1.4.
Throughout this paper, we assume that R* = [0,+00), Ny = {0} UIN, where IN denotes the set of all
positive integers. Let (X, d) be a metric space. For f : X — X, define

Xn+1 = fxnr dTL = d(xn/ XTL+1)1 \V/(Tl, XO) € NO X X/

1 d(x, fx)d(y, f d(x, fy)d(y, f
ma(%y) —max{d(x,y),d(x,fo,d(y,fy),Z[a(x,ny+d(y,fxn, (1"+ zzﬁf”fy;”, (1"+ ggﬁfyfy)"),

d(x, fx)d(y, fy) d(x, fy)d(y, fx)
1+d(x,y) ~ 1+dxy) }' Xy €X,
1 d(x, fy)[1 +d(y, )] d(y, fx)[1 + d(x, f
ma(x, ) = max {d(x,y), al, ), dly, fy), 11l ) + dly, o, (Xzﬁ”i ;(X SJ)] L1y (yz[ﬂ d+(x S‘H vl
d(x, fx)[1+d(y, fy)l d(y, fy)[1+ d(x, fx)]
1+ d(x,y) ’ 1+ d(x,y) }' ™y eXx

msz(x,y) = max {d(x,y), d(x, fx), d(y, fy), %[d(x, fy) + d(y,fx)]}, vx,y € X.

Let

e O ={¢|@:R" — R" satisfies that ¢ is Lebesgue integrable, summable on each compact subset
of R* and [ ¢(t)dt > 0 for each ¢ > 0};

e O, ={p | ¢:R" — R" is nondecreasing continuous in R* \ {0} and ¢(t) =0 < t =0};
e O3 ={¢p|¢@:R" — R" is a lower semicontinuous function and ¢(t) > 0 for each t > 0}.

Lemma 1.6 ([11]). Let ¢ € @1 and {rn}nen be a nonnegative sequence with limp oo T, = a. Then
Th a
lim J e(t)dt = J e(t)dt.

2. Several fixed point theorems

In this section we show the existence, uniqueness and iterative approximations of fixed points for the
contractive mappings (2.1), (2.14), (2.17), and (2.18).

Theorem 2.1. Let f be a mapping from a complete metric space (X, d) into itself satisfying
d(fx,fy) mi(xy) b (mi(x,y))
d)(J @(t)dt> < ¢<j cp(t)dt> -| o(D)dt, VxyeX, @1)
0 0 0

where (@, d, ) € ©1 x Oy x @3. Then f has a unique fixed point a € X and limy o, f™%o = a for each xp € X.

Proof. Let xq be an arbitrary point in X. Suppose that there exists some ng € Ny with x, = xp,41. Clearly,
Xny = fXn, = limn o0 f™xn,, that is, xn, is a fixed point of X. Suppose that x, # xn 41 for each n € INy. It
follows that

1
mq (anl/ Xn) = max {d(an, Xn)/ d(xnflr fxnfl)/ d(xn/ an), E [d(xnflr an) + d(Xn, fxnfl)]/

d(xn—1, fxn_1)d(xn, fxn) d(xn—1,fxn)d(xn, fxn—_1)
1+ d(xn—1,%n) ’ 1+ d(xn—1,%n)
d(xnflr fXn_1 ) d(xn/ an) d(xnfl/ an) d(Xn/ fXnfl)
1+ d(fxn_1,fxn) ! 1+ d(fxn_1, fxn)

7
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1
= max {d(xn—ll XTL)/ d(Xn_], XTL)/ d(XTlIXTL+1)I E [d(xn—ll XTL+1) + d(xn; Xn)]/ (22)
d(xn—1,%n)d(xn, Xn+1) d(xn—1, Xn+1)d(xn/ Xn)
1+ d(xn—1,%n) 1+ d(xn—1,%n)
d(xn—1,%n)d(xn, Xn41) d(xn—1,Xn4+1)d(Xn, xn) }
1+ d(xn, Xn+1) ’ 14 d(xn, Xn+1)
1 dn_1d dn_1d
= max {dnl/ dnflr dn/ Ed(XT‘L*lI XnJrl)/ 1 _'Tt d:lnjl A 1Tl+ 1dnn ’ 0}
=max{dn_1,dn}, Vn e N.
Firstly, we show that
dn <dn_1, VYneNN. (2.3)
Suppose that (2.3) does not hold. It follows that there exists some ny € IN satisfying
dn, > dng—1- (2.4)
Making use of (2.1), (2.2), (2.4), and (@, d,P) € @1 x Oy x O3, we conclude immediately that
d“’O rd (Xno Xng+1 )
0<¢(J @(t)dt) =c|>( cp(t)dt)
0 Jo
(g 1,fxny)
(], o(t)at)
(i (Xng—1,Xng ) P (M (Xng—1,%ng))
< cb( <p(t)dt> -| o(t)dt
Jo 0
rmax{dng1,dn,} ¥ (max{dny1,dng))
o] oar) - [ ot
"dno 1b(dn0) dno
o] " otva) - [ etar<o( [ M omar),
Jo 0 0
which is a contradiction. Note that (2.3) means that there exists a constant ¢ with
lim d,, =c > 0. (2.5)

n—oo

Secondly, we show that ¢ = 0. Suppose that ¢ > 0. Set liminf,, ;o P(dn) = «. Obviously, there
exists a subsequence {d, (x)_1lken Of {dn}nen, such that limy .o P(dy(k)—1) = «. Since P is lower
semicontinuous, it follows from { € @3 that o« > 1 (c) > 0. On account of (2.1), (2.2), (2.3), (2.5), Lemma
1.6, and (¢, ¢, ) € 1 x O, x O3, we obtain that

C "dn(k)
O<d>(J (p(t)dt> zlimsupd)< (p(t)dt)
0 k—o0 JO
rd(%n (k) Xn(k)+1)
= limsup ¢ ( (p(t)dt)
k—o00 JO
rd(fxno-1, X))
= limsup ¢ < (p(t)dt>
k—o0 JO
M (X (k)—1%n(k)) W (M (Xn (k) —1Xn(k)))
< limsup [d) <J (p(t)dt> — J (p(t)dt}
k—o0 0 0
max{dn (k)—1,dn(k)} W (max{dn (k)—1,dn(k)})
= lim sup {d) <J (p(t)dt> — J (p(t)dt]
k—o0 0 0
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dnk)—1 W (dnx)—1)
= limsup {d) (J (p(t)dt> — J (p(t)dt]
k—o00 0 0
dn k)1 W (dnk)—1)
< limsup ¢ (J (p(t)dt) —lim ian e(t)dt
k—o00 0 k—o0 Jo
C @
- ¢<JO «p(t)dt> [ owar
c P(c) c
<¢<J cp(t)dt>—J <p(t)dt<¢(j @(t)dt),
0 0 0
which is a contradiction. Hence ¢ = 0 and
lim d, = 0. (2.6)
n—oo

Thirdly, we show that {xnnecnN, is a Cauchy sequence. Suppose that {xnnecnN, is not a Cauchy se-
quence. It follows that there is a constant ¢ > 0 and two subsequences {X,, (k)}ken and {x, (k)}ken of
{XntnenN, such that m(k) is minimal in the sense that m(k) > n(k) > k and d(x (k), Xn(k)) > €. It follows

that d (X (k)—1,Xn(k)) < €. Observe that

€ < d(Xm (k) Xn(k))
< d(Xm) Xm)—1) + AXm (k)=1, Xn (k)—=1) + A(Xn () =1, Xn (1))
< dmk)—1 + dXm ) =1, Xn (k) + AXn (k) Xn () —1) + dn(k)—1
<dmk)—1te€+2dn)—1, VkeN

and
A (X (k)1 Xn (k) —1) — A(Xm (k)1 Xn (k)|

| d(Xm (k-1 %n (k) —1) — (Xm (k) Xn (k) —1)
Letting k — oo in (2.7), (2.8) and using (2.6), we infer that

e= lim d , = lim d _1,
Jim (Xm (k) Xn(x)) Jim (Xm(k)—1, Xn (k)

= lim d(xm k), Xnk)—1) = im d(Xma)—1,Xn(k)-1)-

k—o00 k—o0
On account of (2.6) and (2.9), we receive that
kli_rgoml(xm(k)flzxn(k)fl)
= lim max {d(xm(k)lrxn(k)l)/ d(Xm (k) =1, FXm ) —1), AXn () —1, Xr () —1),

k—o0
1

Sld(xm =1, X 0)—1) + d(xn () =1, FXm ) =1)1,

aoN

(Xm (k) =1, TXm (k)=1) A(Xn (0) =1, FXn (1) —1)
1T+ d(Xm(k)—1, Xn(k)—1)
d(Xm (k)1 TXn (k)=1) d(Xn (0 =1, Xm (1) —1)
1+ d(Xm (k) =1/ Xn(k)—1)
d(Xm (k)1 Xm (k)=1) d(Xn (0)—1, TXn (1) —1)
1+ d(fxm ) -1, PXn()—1)
d(Xm (k)1 TXn (k)=1) d(Xn (0 =1, Xm (10)—1) }
1+ d(fxm ) —1, PXn()—1)

7

4

4

2.7)

(2.8)

2.9)

(2.10)
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= ]}g{}o max {d(xm(k)lrxn(k)l)/ d(Xm(0)—1, Xm (k) ) AXn () =1, Xn (k) )
1

A (X () =1, Xn (1)) + d(Xn (0)—1, Xm (1)),

aoN

(Xm (k) =1, Xm (k) A(Xn 0 =1, Xn (k) AXm ()—1, Xn (k) A(Xn () =1, Xm (1))
1+ d(Xm k) =1, Xn(k)—1) ’ T+ d(m (k) =1, %n(k)—1)
d(Xm (k)1 Xm (k) A(Xn (1) =1, Xn (1)) d(xm(k)lrxn(k))d(xn(k)1/Xm(k))}
1+ d(%m k), Xn (k) ! 1+ d(xm (k) Xn (k)

7

1 £-¢€ £-¢€
— 1010/7 /0/71017
max{s 2(£+5) TTe 1+€}

= E.

Put
Eminf(ms (em )1, Xn(x)-1)) = B (2.11)

Clearly, there exists a subsequence {m (X (k;)—1, Xn (k;)—1)}jeN Of {d (X (k) ~1, Xn (k) —1)}ken such that

lim Y (my (X (1)~ 1, Xn (k;)—1)) = B- (2.12)

j—o0 ) )

Since 1 is lower semicontinuous, it follows from (2.10)-(2.12) that f > P(e) > 0. In view of (2.1), (2.9)-
(2.12), Lemma 1.6, and (¢, $,P) € @1 x O, x O3, we deduce that

€ d(xm(kj]/xn[kj))
O<¢<J (p(t)dt) zlimsupd)(J (p(t)dt>
0

0 j—00
A(FXm (1)1, %n (1) 1)
= limsup {d)(J (p(t)dt)]
j—00 0
M (X (k)1 %m (k) -1) W (M (Xm (1)1 %n () -1))
< limsup [d) (J (p(t)dt) — J (p(t)dt]
j—00 0 0
M (Xm (k)1 %m (k) -1) W (M (xm (i) —1%n (1) 1))
< lim supd)(J (p(t)dt> —limian e(t)dt
j—o0 0 )—o0 Jo

- ¢<J; cp(t)dt> —J: o(t)dt < cb(J; cp(t)dt> —J:(E) olt)dt < ¢(L€ @(t)dt),

which is a contradiction. Thus, {xn }necn, is a Cauchy sequence. Since (X, d) is a complete metric space, it
follows that there exists a point a € X such that lim,,_, xn = a.
Now we assert that a = fa. Suppose that a # fa. Note that

lim mq(xn,a) = lim max {d(xn, a),d(xn, fxn),d(a,fa), 1[d(xn, fa) +d(a, fxn)],
n—,oo n—oo 2
d(xn, fxn)d(a,fa) d(xn,fa)d(a, fxn)
1+d(xn,a) ~  1+4+d(xn,a)
d(xn, fxn),d(a,fa) d(xn,fa)d(a, fxn) }

1+d(fxn,fa) ~ 1+ d(fxn,fa)

4

1
= 1i_{ﬂ max {d(xn, a), d(xn,xn41),d(a, fa), E[d(xn/ fa) +d(a, xny1)], (2.13)
n o0
d(XTL/XnJrl)d(a/ fa) d(an f(l)d(a, Xn+l)
1+d(xn,a) "~ 1+d(xn,a)
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d(xn,Xn+1)d(a, fa) d(xn,fa)d(a,xn+1)}
1+ d(xn-l-l/ fa) ’ 1+ d(xn+1/fa)

1
= max {O, 0,d(a,fa), Ed(a, fa),0,0, 0,0} =d(a,fa).

Put

Iminf{(mq(xn,a)) =7.
n—oo

Clearly, there exists a subsequence {my(xy(j), a)}jen of {mi(xn, a)lnen such that

hm w(ml(xn()')l a)) =Y =2 w(d(alf‘l)) > 0.

j—o0
In view of (2.1), (2.13), Lemma 1.6, and (¢, ,1)) € @ x Oy x O3, we deduce that

d(a,fa) d(xn(j)+1,fa)
0<¢<J (p(t)dt) zlimsup¢<J (p(t)dt)
0

0 j—o0

d(fxn(),fa)
= limsup ¢ (J (p(t)dt)
0

j—ro0

my (Xn(j),a) W (M (xn(5),a))
< limsup [d) (J (p(t)dt> — J (p(t)dt]
0

j—o0 0

P (my(xn().a))
| o(t)dt

ml(xn(j)/a)
< limsup ¢ <J (p(t)dt> — liminf
0

j—o0 )=

d(a,fa) Y
o] etar) - | oltlar
d(a,fa) P(d(a,fa)) d(a,fa)
<o wtwar) - | owar<a( [ otar),
0 0 0
which is a contradiction. Thus, a = fa is a fixed point of f in X. Suppose that f has another fixed point
b € X\ {a}. Notice that

0

d(a,fa)d(b,fb) d(a,fb)d(b,fa)
1+d(a,b) ~ 1+d(ab) ’

mq(a,b) = max {d(a,b), d(a,fa),d(b,fb), %[d(a, fb) + d(b, fa)],

d(a,fa)d(b,fb) d(a,fb)d(b,fa)
1+d(fa,fb) * 1+ d(fa,fb) }

d?*(a,b) d*(a,b)
"1+d(a,b)" "1+d(a,b)

:max{d(a,b),0,0, d(a,b),0 } =d(a,b),

which together with (2.1), ¥(d(a, b)) > 0, and (¢, d,P) € ©1 x O, x O3 means that

d(a,b) rd(fa,fb)
cb(J cp(t)dt) =¢< (p(t)dt>

0 0

my(a,b) P(my(a,b))
q>< 0 «p(t)dt)— (bt

rd(a,b) v(d(a,b)) d(a,b)
=¢( cp(t)dt>—j @(t)dt<d><J cp(t)dt>,

0 0

N

which is a contradiction. This completes the proof. O
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Theorem 2.2. Let f be a mapping from a complete metric space (X, d) into itself satisfying

d(fxlfy) mZ(Xry) Il’(mZ(Xry))
q><j cp(t)dt) < d><j cp(t)dt> —J oL, Yxy e X, (2.14)
0 0 0

where (@, b, ) € ©1 x Oy x @3. Then f has a unique fixed point a € X and limy o, f™xo = a for each xp € X.
Proof. Let xq be an arbitrary point in X. Suppose that there exists some ng € No with x, = X ,41. Clearly,

Xny = fXn, = limn 0 f™*xn,, that is, xy, is a fixed point of f. Suppose that xn, # xn41 for each n € INp.
Note that

{2812), a(lljc;b) } <max{a,b}, Va,beRT"

and

1

’ E[d(xn—ll fXTL) + d(xnl an_1)],

d(xnflr fxnfl)[l + d(an fXTL)] d(x'ru an)[l + d(xnflr 1:anl )]

1+ d(anl, Xn) ! 1+ d(anl, Xn)

d(xn_1, fxn )1+ d(xn, fxn_1)] d(xn, fxn_1)[1 4+ d(xn_1, fxn)]

201+ d(xnflz Xn)] ’ 2[1+ d(xnflz Xn)] }

mZ(Xn—llXT‘L) = max {d(xn—llxn)r d(xn—ll fXTL—l)I d(XTU an)

7

1
s d —1s d ’ 7
2[ (Xn—1,Xn+1) + d(xn, xn)] 2.15)
d(xn_1, Xn)[l + d(xnl Xn+1)] d(xnl Xn+1) 1+ d(xn—lz Xn”
1+ d(anll Xn) ’ 1+ d(xnflr Xn)

d(xn—1, XTL+1) 1+ d(xn, xn)] d(xn, xn) 1+ d(xn—1, Xn—!—lﬂ }

= maXx {d(xnlz Xn)r d(xnflz Xn)/ d(xn/ Xn+1)

7

2[1 + d(xn_l, Xn)] ’ 2[1 + d(xn—llxn)]
1 dn—1(1+dn) d(Xn—1,%n+1)
= df,df,d ,7d n—1, 7 /d/ 4
max{ net nty o A0y X = g T A g g ) 0}

=max{dn_1,dn}, VYn e N.

Firstly, we show that (2.3) holds. Suppose that (2.3) does not hold. It follows that there exists some
ng € IN satisfying (2.4). Using (2.4), (2.14), (2.15), and (@, d, ) € @1 x @, x D3, we obtain that

dn‘O “d(XnO/Xn0+1)
0<¢<J <p(t)dt> =<1>< @(t)dt)

0 0
d(fxno,l,fxn0
s ( t)dt>

)
o
JO
(2 (Xng—1,%Xng) P (M2 (xny—1,%ng))
< d>< <p(t)dt> —J e(t)dt
JO 0
rmax{dn,—1,dn,} P (max{dn,—1,dn,})
=d>< 0 o(t)dt —JO (bt

(dno W (dn) dng
=<1>( @(t)dt)—J <p(t)dt<¢(j @(t)dt),

0 0 0
which is impossible and hence (2.3) holds. Note that (2.3) means that (2.5) holds.

Next, we show that ¢ = 0. Suppose that ¢ > 0. Set liminf, P (dn) = & Obviously, there exists a
subsequence {d, (k) Jken Of {dn}nen, such that limy_,o P(d;, (1)—1) = &. Since 1 is lower semicontinuous,
it follows from 1V € @3 that & > {P(c) > 0. On account of (2.5), (2.14), (2.15), Lemma 1.6, and (¢, $, ) €
O x @y x O3, we deduce that

c dn (k)
O<¢<J (p(t)dt> zlimsupd)<L (p(t)dt)

0 k—o0
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d(Xn (1) Xn(k)+1)
= limsup ¢ <J (p(t)dt)
0

k—o0
d(fxn-1,fxn))
= limsup ¢ (J (p(t)dt)
k—o0 0
r rm2 (Xn (k) —1,%n(k)) W (ma (Xn (k) -1, %n(k)))
< limsup d)< (p(t)dt> — J (p(t)dt]
k—o00 JO 0
r rmax{d (i)—1,dn )} W (max{dn (k)—1,dn()})
= limsup d)( (p(t)dt> — (p(t)dt}
k—o0 JO 0
r dnk)—1 WP (dn(k)—1)
=limsup |} ( (p(t)dt) — J (p(t)dt]
k—o0 JO 0
dn(k)—1 Y (dn(i)—1)
< limsup d)(J (p(t)dt) —limian e(t)dt
k—s 00 0 k—o0 Jo

- (L cp(t)dt) —Jj olt)dtt < ¢<LC @(t)dt) —LW o(t)d < cb(JOC (p(t)dt),

which is a contradiction. Hence (2.6) holds.

Secondly, we prove that {xn}nen, is a Cauchy sequence. Suppose that {xn}nen, is not a Cauchy
sequence. It follows that there is a constant ¢ > 0 and two subsequences {X,; (x)}ken and {xy (x)}ken of
{Xn}nen, such that m(k) is minimal in the sense that m(k) > n(k) > k and d(x; k), Xn(k)) > €. It follows
that d(x;m(k)—1,%n(k)) < ¢ for all k € IN. Similar to the proof of Theorem 2.1, we deduce (2.7)-(2.9). It
follows that

Iim m. 1, _
Jim 2(Xm (k) =1/ Xn(k)—1)

= klgrolo max {d(xm(k]—1,Xn(k)—1), d(m(e)—1, Xm(k)—1), AXn(0)—1, TXn ()~ 1),
1

E[d(xm(k)flrfxn(k)fl) + d(xn (k) =1, PXm )11,
d(%m (10)—1, Xm0 —1) [+ d(xn i) =1, X (1) —1)]
1+ d(Xm ) -1, Xn(k)—1)
d(xn (10)—1, TXn () —1) (1 + d(Xm (10)—1, PXm (1) —1)]
1+ d(Xm ) -1, Xn(k)—1)

d(m )—1, Xm0 —1) [+ d(xn () =1, PXm (k) —1)]
2[1+ d(Xm(k)—1, Xn(k)—1)]
d(Xn (10)—1, PXm 0=+ d(Xm () =1, X (1) —1)] } (2.16)

2[1 + d(xm () =1, Xn (k)—1)]

7

4

7

= kh_{rgo max {d(xm(k)—1,xn(k)—1), d(Xm()—1, Xm (k) ), AXn ()~ 1, Xn (k) )
1

i[d(xm(k]—lrxn(k)) + d (X (k) =1, Xm (k)
d(Xm () =1, Xm (k) I+ d(Xn(0)—1, Xn 0] A(Xn()—1, %n 10)) [+ d(Xm () =1, Xm (k) )]
1+ d(xm ) —1, Xn(k)—1) ’ 1+ d(Xm k) —1, Xn(k)—1)
d(xm ) —1 Xn (k) I+ d(xXn o) =1, Xm0 A(Xn )1, Xm0)) [+ d(Xm () —1, Xn (k) )] }
201+ d(Xm (k) =1, Xn (k)—1)] ’ 201+ d(Xm (k) =1, Xn (k)—1)]

7

- 1 e(1+e) e(1+¢)
max{5,0,0/2(5+£)’0’0’ 2(1+¢)"2(1+¢)
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It is clear that (2.11) and (2.12) hold. It follows from (2.11) and (2.12) that 3 > {(e) > 0. In light of (2.14),
(2.16), Lemma 1.6, and (@, d,{) € @1 x O, x O3, we deduce that

€ ) A (Xm(k;)Xn(k;))
0<c|)<J (p(t)dt> zhmsupd)<L (p(t)dt)

0

j—o0
d(fxm(kj)—llfxn(kj]—l)
= lim sup [d) <J (p(t)dt)]
j—ro0 0
M2 (Xm (k5) -1/ %n (k) -1) W (M2 (Xm (i) -1 %n (1) 1))
< limsup [cb (J (p(t)dt) — J (p(t)dt]
j—o0 0 0
M2 (Xm (k5)~1/%n (k) -1) W (M2 (Xm (1)) 1% (k5) 1))
< limsup ¢ <J (p(t)dt> —lim infj e(t)dt
j—o0 0 n—oo Jo

- ¢<E cp(t)dt) —j: o(t)dt < ¢<E cp(t)dt) —fm o(t)dt < d><j: (p(t)dt>,

which is a contradiction. Thus, {xn }necnN, is @ Cauchy sequence. Since (X, d) is a complete metric space, it
follows that there exists a point a € X such that lim,_, xn = a.
Thirdly, we assert that a = fa. Suppose that a # fa. Note that (2.6) and limy o, Xn = a yield that

lim my(xn,a) = lim max {d(xn, a), d(xn, fxn),d(a, fa), 1[d(xn,fa) + d(a, fxn)l,

n—oo n—oo 2
d(xn, fxn)[1+d(a,fa)] d(a,fa)l+ d(xn, fxn)]
1+ d(xn,a) ’ 14 d(xn,a) ’

d(xn, fa)[1+d(a, fxn)] d(a, fxn)1+ d(xn, fa)] }
2[1+ d(xn, a)] ’ 2[1+ d(xn, a)]

= T}E};o max {d(xnl a)/ d(an Xn+1)/ d(a, f(l), %[d(xnr f(l) + d(a, Xn+1)]z
d(xn/ Xn+1) [1 + d(a/ fa)] d(a/ fa) [1 + d(xn/ Xn+1)]

1+ d(xn,a) ! 1+ d(xn,a)
d(xn, fa)[l1 +d(a,xn11)] dla,xn 1)1+ d(xn, fa)l }

2[1+d(xn, a)l ’ 2[14 d(xn, a)]

7

d(a,fa)

1
= max {O, 0,d(a,fa), Ed(a, fa),0,d(a,fa), ,0} =d(a,fa).

Put
liminfp(my(a,xn)) =n.
n—o0

Clearly, there exists a subsequence {mz(a, X, (j))}jen of {m2(a, xn)}lnen such that

lim Pp(ma(a,xn(5))) =n = b(d(a, fa)).

)—00

In view of (2.14), Lemma 1.6, and (¢, ¢, ) € @1 x Oy x O3, we give that

d(a,fa) d(xn()+1,fa)
O<¢<J (p(t)dt> :limsupcb(J cp(t)dt)

0 j—o0 0
d(fxn(j],fa)
= limsup ¢ <J (p(t)dt)
j—00 0

ma (Xn(j),a) B (M2 (xng),a))
< limsup {q)(J (p(t)dt> —J e(t)dt
0

j—o0 0
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P (M2 (xn(),a))
J e(t)dt

mZ(Xn[)]/a)
< limsup ¢ <J (p(t)dt> — liminf

j—00 0 )00

d(a,fa) M
- ¢(JO <p(t)dt> - | et
d(a,fa) W(d(a,fa)) d(a,fa)
<¢<J cp(t)dt) -] cp(t)dt<¢(J <p(t)dt>,

0 0 0
which is impossible. Thus, a = fa. Suppose that f has another fixed point b € X\ {a}. Note that

0

%[d(a, fb) + d(b, fa)],

d(a,fa)[l+d(b,fb)] d(b,fb)[1 + d(a,fa)]
1+d(a,b) 1+d(a,b) !
d(a, fb)[1+d(b,fa)] d(b,fa)[l+ d(a,fb)]
21+d(a,b)] ~  2[1+d(a,b)] }

my(a,b) = max {d(a,b), d(a,fa),d(b, fb),

d(a,b) d(a,b
—max{d(a,b),o,o,d(a,b),o,o, (‘; ), (C; )}—d(a,b),

which together with (2.14), {(d(a, b)) > 0, and (¢, d,P) € ©1 x @, x O3 means that

d(a,b) d(fa,fb)
o [ owar) = [ o)

r-mg a, b mg a, b

<o [ otma) - [ g
Jr‘ d(a,b)

o[ ewad) - [T pwac< o [ prar),
Jo 0 0

which is impossible. This completes the proof. O

Similar to the proofs of Theorems 2.1 and 2.2, we have the following results.
Theorem 2.3. Let f be a mapping from a complete metric space (X, d) into itself satisfying
d(fxtfy) ms(XrU) ll)(mS(Xry))
o[ ewar) <o [T otar) | oltia, WyeX,  @217)
0 0 0

where (@, d, ) € ©1 x Oy x @3. Then f has a unique fixed point a € X and limy o, f™xo = a for each xp € X.

Theorem 2.4. Let f be a mapping from a complete metric space (X, d) into itself satisfying

d(fx,fy) d(x,y) P(d(xy))
¢( J cp(t)dt) < <b< J cp(t)dt> —J o(0)dt, ¥y € X, 2.18)

0 0 0
where (@, d, ) € ©1 x Oy x @3. Then f has a unique fixed point a € X and limy o f™xo = a for each xg € X.

Remark 2.5. It is clear that Theorem 2.3 extends Theorem 1.5, and Theorem 2.4 generalizes Theorems 1.1,
1.2, and 1.4. The examples below are applications of Theorems 2.1-2.4 and show that Theorems 2.1-2.3
differ from Theorems 1.1-1.4.

Example 2.6. Let X = R™" be endowed with Euclidean metricd = ||, f: X — X and ¢, ¢, : RT — R*
be defined by

7

1 +y\ 0l
fX:{, W€ RO\
87 X:g,
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and
3, Vte [0, 3),
I Vte [} +o).

[uy

e(t) =4t ¢(t)=t, VteR", ll)(t):{

Clearly, (X, d) is a complete metric space and (¢, d,p) € @1 x Oy x O3. Let x,y € X. In order to verify
(2.1), (2.14), and (2.17), we have to consider the following two possible cases.

Case 1. x,y € R \{%} orx=y= %. Observe that P(t) < t, for all t € R*. Obviously,
d(fx,fy)
o[ oltiat) =000 =0 < (milx y)*~ (omix,y))*

0
mi(X/U) ‘-P(ml(X/U))
=¢<J qme—J o(0dt, ie1,2,3)
0 0

Case 2. x € R" \{%} andy = % or x = % andy € R" \{%}. Note that ¢ is nondecreasing in R*. It follows
that

3
mi(xl U) 2 maX{‘X - fX|/ |U - fy|} 2 Z/ i S {1/2/ 3}/

and

d(fxfy) 1 1 81 1
¢<L @mm>:¢<%>:4W6<2%_%6
3\* 3\\*
=o((3) )~ (+(3))
i W(F)
(J @(t)dt) J @(t)dt
0 0
m;(x,y)

i(x, P (mi(x,y))
<J (p(t)dt> —J e(t)dt, i1e({1,2,3}
0

0
That is, (2.1), (2.14), and (2.17) hold. Thus each of Theorems 2.1-2.3 guarantees that f has a unique fixed
point in X.
However, Theorems 1.1-1.4 are useless in proving the existence of fixed points of f in X.

Suppose that f satisfies the conditions of Theorem 1.1. That is, there exists ¢ : RT™ — R™ satisfying
(1.1) and (1.2). It follows from (1.1) and (1.2) that

Toale DY e LY gL\ 2L (iYL
8 \'167'8) S%N1678) P\ “N168)) 16 ®\16) " 16

which is a contradiction.
Suppose that f satisfies the conditions of Theorem 1.2. That is, there exist P, ¢ : R — R satisfying
(1.3) and (1.4). Using (1.3) and (1.4), we infer that

o(2)~o(a(rd)) <0(o(t))-+(o( ) ~4(2) ()

3 3 1
"<yl =) —w(=]) <
0<o(5) <v(5)-(5) <o
which is impossible.

Suppose that f satisfies the conditions of Theorem 1.3. That is, there exists ¢ : Rt — R™ satisfying
(1.5) and (1.6). In view of (1.5) and (1.6), we conclude that

=¢
¢

<

that is,

. d(1,%) d(fx,f3) d(x,3)
O<J cp(t)dt—J e(t)dt = limJ e(t)dt < lim CJ e(t)dt =0,

0 0 x—3$Jo x—3 Jo



Z. Liu, Y. Wang, S. M. Kang, Y. C. Kwun, J. Nonlinear Sci. Appl., 10 (2017), 3566-3580 3578

which is a contradiction.
Suppose that f satisfies the conditions of Theorem 1.4. That is, there exist {, ¢ : R* — R satisfying
(1.7) and (1.8). In light of (1.7) and (1.8), we deduce that

3 d(Z1) d(fgfy)
0<J (p(t)dt:J e(t)dt = lim J e(t)dt
0 0 y—iJo

d(3.y) P(d(gy)) d(3.y)
< lim <J (p(t)dt—J (p(t)dt> < limJ e(t)dt =0,

1
Y—s

which is absurd.

Example 2.7. Let X = [O, %] U{1,3} be endowed with Euclidean metricd = |-|, f: X — X and ¢, $,V :
R* — R be defined by

X wxelo 1],
2 0 ] 2t, Vtelo, 1]
fx=<¢0, x=1, e(t) =
1, vt € (1, +00),
1, x=3,

and
vt e [0, 1),

It vt e [0, 1], _
(b(t) - {tJrl ‘ll)(t) o { P Vt S [1, +OO)

s Vt € (1, +OO),

Obviously, (X, d) is a complete metric space and (@, d,p) € @1 x Dy x P3. Let x,y € X with x < y. In
order to verify (2.18), we have to consider the following cases.

Case 1. x,y € [0, %] It follows that

d(fx,fy) 3ly—x|
cb(J (p(t)dt> _ ¢(J cp(t)dt)
0 0

Case 2. x € (O f] and y = 1. Note that

() o))
B

/\

Case 3. x =0 and y = 1. It is clear that

d(fo,f1) 1 a1) w(d(01))
o[ ewar)—o<i-f—o( [ etwa) - [ eway
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Case 4. x €

d

J

[O, %] and y = 3. It is clear that
d(fx,fy) x 2% 2 7y 2
[, ewa) e[ ewa)=o((377) ) - (*7°)
1<2—"—1=¢(1+2—x)—F (t)dt
2 16 0 ?
1 3—x P (3—x)
:¢( ot | cp(t)dt> -7 e
Jo 1 0
r3—x P (3—x)
:d>< O cp(t)dt>—L o(t)dt
rd(xy) P (d(xy))
- q>( «p(t)dt> - o(t)dt;
Jo 0
Case 5. x =1 and y = 3. It is easy to verify that
d(fx,fy) 1
| cp(t)dt) - ¢(L cp(t)dt) — o) =1
3 1
2 16
—(2)- | p(tat
0
rl 2 W (2)
=¢< ot | cp(t)dt) -7 et
JO 1 0
r2 W (2)
=¢< cp(t)dt> [ et
JO 0
rd(xy) P (d(xy))
= q)( (p(t)dt) —J @(t)dt.
0 0

That is, (2.18) holds. Thus the conditions of Theorem 2.4 are satisfied. It follows from Theorem 2.4 that f
has a unique fixed point in X.
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