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Abstract

This paper deals with the existence of traveling wave solutions for m-dimensional delayed lattice dynamical systems with
competitive quasimonotone and global interaction. By using Schauder’s fixed point theorem and a cross-iteration scheme, we
reduce the existence of traveling wave solutions to the existence of a pair of upper and lower solutions. The general results
obtained will be applied to m-dimensional delayed lattice dynamical systems with Lotka-Volterra type competitive reaction
terms and global interaction. (©2017 All rights reserved.
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1. Introduction

Lattice differential systems are infinite systems of ordinary differential equations indexed by points in
a lattice, such as the D-dimensional integer lattice ZP which involve some aspect of the spatial structure
of the lattice. Such systems arise from practical backgrounds, such as modeling population growth over
patchy environments [8, 16, 20] and modeling the phase transitions [1, 2]. On the other hand, they are also
the natural results of discretization of spatial variable for the continuous models such as partial differential
equations [7, 9, 18]. We refer to the surveys of lattice dynamical systems by Chow [6]. Particularly, many
researchers have paid attention to the traveling wave solutions of lattice dynamical systems due to its
significant sense in mathematical theory and practical fields. More precisely, they can determine the
asymptotical behavior of the corresponding initial value problem for the lattice dynamical systems, and
also describe many important phenomena in population dynamics, physical science and other practical
areas.

In the past years, traveling wave solutions for lattice differential equations with or without time delays
have been widely studied by many authors. For the single lattice differential equation , Bell and Cosner
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[3] used

dun (t)

dt

to model myelinated axons in nerve systems. They studied the long time behavior of solutions to (1.1) for
some nonlinear function f. When the nonlinear term f is a monostable/bistable type, there are extensive
results about the traveling wave solutions for equation (1.1), some of which have revealed some essential
differences between a discrete model and its corresponding continuous one. For details, see for example,
[4, 5, 23, 24]. Taking into account time delay in population dynamics, Wu and Zou [21] considered the
delayed lattice differential equations and studied the existence of traveling wave solutions.

As mentioned in Weinberger et al. [19], the most interesting population model should involve the
interactions of different species, and there are also some concrete system of lattice differential equations
which are derived in population dynamics. For example, Huang and Lu [10] and Huang et al. [11]
considered the following delayed lattice dynamical systems

=Dluni1(t) —2un(t) +un_1 ()] +flun(t)), nezZ, t>0, (1.1)

et Za; 9(un+5(t) = 2g(un (1)) + g(un—; ()] + f1 (un (t — 1), v (t— 1)),
(1.2)

Talt Za] 9(Vnsi (£) — 2g(va (£)) + g(vn—; (£))] + falttm (t — ), v (t — 1)),
j=1

where n € Z,m > 1 is an integer, a;j,b; > 0, f; : C([-T, 0,R?) - R and g : R — R are continuous
functions. By using the method of monotone iteration and upper-lower solution, they established the
existence of traveling wave solutions for system (1.2) connecting the trivial equilibrium and the positive
one, if the reaction terms satisfy the so-called (exponential) quasimonotone condition or the partial (ex-
ponential) quasimonotone condition. Later, Lin and Li [12] considered the delayed system of two lattice
ODEs

dvn (t) (13)

—dt = 92(vns1(t)) + g2(vin—1(t)) —2g2(vn (t)) + f2(Unt, vnt),

where fi,1 = 1,2 satisfy the (exponential) competitive quasimonotone condition, and obtained the exis-
tence of traveling wave solutions for system (1.3).

Besides the lattice dynamical systems mentioned above, there are also some literatures consider the
lattice differential equations with global interaction. For example, Ma et al. [17] derived a discrete model
for a single species in one-dimensional patchy environment with infinite number of patches connected
non-locally by diffusion, which takes the form

{ Qnlt) — g (Un 41 (1) + g1 (Un_1(t) — 291 (n (1)) + 1 (Unt, Vit),

du
n Z] Duni(t) —un(t)] —dun (t +ZK (Un_i(t—1)), neZ.
ieZy ieZ

Recently, Lin et al. [14] considered the traveling wavefronts of the following general system of lattice
differential equations

= 3 TR (0) — i (1)

kEeZy

+f <lel n+l t T‘Ll lem n+l Tim))r ne Z;

ez ez

(1.4)

where U,, = (u}uufl,- oum) e R™iel={1,2,---,m},Ji(k) is summable for k € Zy :=Z \ {0}, and f;
satisfy the (exponential) quasimonotone condition.

Motivated by the work [13-15, 22], in this paper, we will consider the existence of traveling wave
solutions for system (1.4) with the nonlinearities f; satisfying the (exponential) competitive quasimono-
tone condition. By using the cross-iteration scheme and upper-lower solution method, we consider the
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traveling-wave solution problem for system (1.4), and give the existence result of traveling wave solutions
for a delayed lattice competitive Lotka-Volterra system.

The rest of this paper is organized as follows. In Section 2, we reduce the existence of traveling wave
solutions to the existence of fixed point of the operator F. In Section 3, we obtain the existence of traveling
wave solutions for system (1.4). In the last section, we apply our main results to an m-dimensional
delayed lattice dynamical systems with competitive interaction and prove the existence of traveling wave
solutions.

2. Preliminaries

Throughout this paper, we employ the usual notations for the standard ordering in R™. That is, for
u=(uy, -, up)andv=(vy, - ,vm), wedenoteu <vifu; <vy,i=1,--- ,m,andu<vifu<v, but
u #v. If u <v, we also denote [u,v] ={w € R™,u < w < v}. We use || to denote the Euclidean norm in
R™ and || - || to denote the supremum norm in C([—T,0], R™).

A traveling wave solution of (1.4) is a special translation invariant solution of the form

uh(t):d)l(n—i_(:t)/ 161:{1/2//m}/

where ¢ > 0 is the wave speed and @ = ({1, -+, dm) is the wave profile function. Substituting ul, (t) =
¢di(n + ct) into (1.4) and denoting n + ct still by t, we obtain the corresponding wave equations

= > Jilk)di(t+k) = di(t)]

keZy
(2.1)
+1; (Z]ﬂ Jhr(t+1—ctir), . D Jim(Udm(t+1— c*rlm)> iel
leZ lez
Note that, (2.1) is a mixed functional differential equations. For convenience, we denote
]?1((1)) _f <Z]11 q)l t+]~_CT11 lem ¢m(t+]~_CT1m)>
ez ez
then (2.1) can be reduced to
= Y JiK)bi(t+k) — i (0] +Fi(D)(t), i€l 22)

keZy

In this paper, we are only interested in traveling wave solutions satisfying the following asymptotic bound-
ary conditions
lim ®(t)=0, lim O(t)=K=:(kq,---,km), (2.3)

t——o00 t—+o00

where 0 and K are two equilibria of (1.4).
Firstly, we give the (exponential) competitive quasimonotone condition (CQM or ECQM) and some
assumptions for (1.4):

CQM: There exist positive constants (3;, such that

fi<Z]ii(Uu;+1(S)/Z]ﬁ(L Un (s ) <Z]u V(s Z]u Up (s >

ez lez . lez ez
2 2 ez, Jilk)[uy (0) *VR(O)] — Biful (0) — v} (0)], (2.4)
fi(z Ji(Wuhia(s), ) Jia(Dup(s ) —fi (Z Ji(Wupals), Y Ji(Wvnaals ) <0,
lez lez lez =

for vi (s),ul(s) € C([~7,0,R), vi(s) < ul(s),s € [-1,0, i€, necZ 1= max{Ti;}, for all

ij€el
Tel =1\ {i.
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ECQM: There exist positive constants 3, such that (2.4) holds for vi (s),ul, (s) € C([-7,0],R), i€, n €
Z, T= ma>l<{’rij ), forall i e I; =: 1\ {i} with
1,)€

(i) vi(s) <ul(s), s € [-7,0]

S
(ii) ebis [uil(s) — vy, (s)] is nondecreasing for s € [—T,0].

m
(A1) fi(0,---,0) =fi(ky,- -, km) =0withk; >0, i,j €I, and H[O, Mil(My > ki) is a positive invariant
i=1
region of the corresponding ODEs
du(t)
dt

=fi(w(t), -, um(t)), iel

(A2) There exist constants L; > 0,1 € I such that
Ifilur, - um) —filvy, -, vm) [ S LU—-V], 1€l
where 0 < U = (ug, -+ ,um),V=_(v,- - ,vin) KM= (Mg, -, Myu).

(A3) Ji(k) >0,k € Zg,and 0 < ) Ji(k)eM ! < +oo,i € TwithA € (0, min{;/c}).
1€
keZy

(A9 > Jy(U=1and ) [Ji(VeM] < +o0, where i,j €1, A€ (0,min{By/c}).
1
leZ leZ

Throughout this paper, we assume that (1.4) satisfies the conditions (A1)-(A4).
Let
C[O,M](]R/lRm) = {((I)l/ Tty d)m) € C(R/]Rm) 0 (I)l(t) < Mi,i € I/t € IR}

$1,-, dm) € Cpom(R,R™), define the operator H = (Hy, -+, Hm) : Cpopay(R,R™) —

Hi(@)(t) = Bidi(t) + ) Ja(K)[dbi(t+k) — bi(t)] +Fi(D)(t).

kKEeZy

Then (2.2) can be rewritten as follows

chi(t) + Bidi(t) —Hi(D)(t) =0.
Furthermore, we define the operator F = (Fy,- -+, Frn) : Cjomy (R, R™) — C(R,R™) by

1 sy [V B
Fi(®)(t) = e J e *Hy(D)(s)ds. (2.5)
We can easily see that F is well-defined and a fixed point of F is a solution of (2.1), which is a traveling
wave solution of (1.4) connecting 0 with K if it satisfies (2.3).

ForO < u< min{%,i € I}, we define the exponential decay norm

|@,, = sup |®(t)[e M,
teR

for set C(IR,IR™). Denote
Bu(R,R™) ={®: D € C(R,R™) : |D], < oo}

Then it is easy to check that (B, (R,R™),|-[,,) is a Banach space.
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3. Existence of traveling wave solutions of system (1.4)

In this section, we study the existence of traveling wave solutions of (1.4) when f satisfies the condition
CQM or ECQM respectively. Because the similarity in the verification of the following lemmas, we will
give them parallelly. First, we give some nice properties of H, F as follows.

Lemma 3.1. Assume that CQM (ECQM) holds. Then

Hi(b1, P2, b3, -+, bm) (1)
Ha (P1, do, B3, -+, b ) ()

Hy (1, b2, b3, -+, dm) (1),
HZ(d)lzll)Z/ ¢3/ Tty d)m)(t)/

2
Z

Hm(d)lllerll)?)r Uty d)m)(t) = Hm(d)ll ¢’2/ ¢3/ tee /Il)m)(t)r

and

Fl(q)llleIl‘l)?)l e /Il)m)(t)
Fa(P1, d2, 3, -, b ) (1)

Fl (ll)ll cbZ/ ¢)3/ Tty q)m)(t)/
FZ(Cbl/IbZ/ d)31 Tty d)m)(t)/

Z
Z

Fm(wllll)Zrlb?)/ Tty (bm)(t) = Fm(d)l/ q)Z/ (133/ U /wm)(t)r
fOT' O = (d)l/' o /(bm)/\y = (ll)lr' o /ll’m) € C(IerRm) with

1) 0<hit) <di(t) <My, teR, i€
(ii) e%t[(bi(t) —1i(t)] is nondecreasing for t € R.

Proof. We only prove it when f satisfies ECQM condition. According to ECQM, (A3) and the definition of
operator H, we have

Hi(d1, b2, 3, -+ b ) (t) —Hi(b1, d2, b3, - -+, dm)(t)
= Hi(d1, P2, 03, -, b ) (L)
—Hi(b1, b2, %3, -+, bm) (1)
+H1(P1, b2, 3, -+, ) (1)
—Hi(b1, 2, b3, -+, dm) (L)
= B1(P1(t) =1 (t))
= (1) =1 (1)
KeZy
+ (1,2, -, W) (1) — F1 (W1, b2, - -+, i) (1)
+ 1 (V1,2 W) (1) = FL (1, b2, -+, dm) (1)

+ ) 01t +1K) —i(t+K)

kEZO

> D iK1t +K) =i (t+k)) > 0.

keZy

It follows from (2.5) and property of H; that

Fl(d)lrll)Zrlb?)/ e rl-l)m)(t) = Fl(l‘l)ll (I)Z/ ¢3/ e /(bm)(t)

The other inequalities can be verified in the same method. This completes the proof. O
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Similar to [14, Lemmas 3.5, 3.6], we have the following.

Lemma 3.2.
F= (Fll' o /Fm) : C[O,M](R/:[Rm) — C(R/Rm)/

is continuous and compact with respect to the decay norm |- |,,.
Nxet, we assume that (2.1) has a pair of upper and lower solutions as below.

Definition 3.3. A pair of continuous functions ® = (¢, -, d,,) and @ = (¢,,---,d,,) are called an

upper solution and a lower solution of (2.1), respectively, if ® and @ are continuous differentiable in
R\ T and satisfy

kZZ ]1 t + k) 61(1—')] +¥i(91/ e 1$1_1/$ir$i+1/ U /Qm)(t)z
€20
Z Ji(k), (t+%) = (O] +Fildy, -, i1, b, bir, - D) (L),
keZy

forie,t e R\T,where T ={T,Tp,--- , TsJwithTi <Th <---<T;.
Furthermore, we give some hypotheses (P1)-(P3):

P 0< (@ b, )< (B, o) < M;

(P2) Tim (§y,-, p) =0, lim (b, b )= Hm (&1, , &) = K

t——o0 t—+oo — t—+oo
(P3) e%t@i(t) — ¢, (t)],1 € T are nondecreasing for t € R.
We define the wave profile set
F={® =(¢1,---, dm) € ComBRR™) = (P, -+, b ) < (b1, dm) < (D1, P}
when the upper-lower solutions satisfy hypotheses (P1)-(P2), and I'* by
(i) (-, 0, ) < (D1, dm) < (D1, Di);
= (b1, Pm) € Cloag(RR™) ¢ (i) ety (t) — s (t)] and e'e s (¢) — ¢, ()] ,

are nondecreasingont € R,i € L.

r‘*

when the upper-lower solutions satisfy hypotheses (P1)-(P3), respectively. It is easy to see that I' and I'*
are non-empty, closed and bounded convex subsets of B, (R, R™).

Lemma 3.4. Assume that CQM and (P1)-(P2) hold, then F(I') C T.
Lemma 3.5. Assume that ECQM and (P1)-(P3) hold, then F(T™*) C T'*.

Proof. First of all, we prove that F(®) satisfies (i) of I'*.
For any @ = (¢1, -+, dm) € I'*, by Lemma 3.1, it suffices to verify that

Fl (911$2/ e /$m)(t)
F2($1/921 e r$m)(t)

F1($1/$21' o /(b )(t)

b1 (t),
F2(91/$2/”' IQ )(t) ¢

$o(t),

<
<

N IN

<
<
(3.1)

Qm(t) < Fm($1/ U /$m71/9m)(t) < Fm(Qll o /$m711$m)(t) < d)m(t)



K. Zhou, J. Nonlinear Sci. Appl., 10 (2017), 3630-3642 3636

According to the definitions of upper and lower solutions, we obtain

i (t) + B () —Hildy, -, b, 1, b by, b, () >0,
fort e R\T, iel
Let T = —oc0 and Ts,1 = +00. Then
— 1 e [t 1 —
F@p by, b, )(E) = Ceﬁctj_ e ¢S H (By, by -+, b, )(s)ds

i—1 T t 1 — -
(S e )

T Tig
=d1(t), T <t<Ty,
wherei=1,2,---,s+1, and the continuity of F; (El,Qz, e ,Qm)(t) and ¢ (t) implies
Fi(d1, &, -, b, (1) < dq(t),

for all t € R. By a similar argument, the remainders of (3.1) are also valid.
Next we need to verify the condition (ii) of I'*. According to the definition of F, we have

. . i4— t i
B0 il om0 =0 L[ il bm)ls)as

c

then,

_ est(ﬁ(jcbim +¢i(t)> LR on - om
t

1 i —/ -
— < edi(t) + Bii(t) ~ Hildr, ) (1)

1 8 -
= Ee%t |:Hi(d)1/ to /9i71/ Cbi/Qile/ to Iﬁm)(t) - Hi(d)ll Tty d)m)(t)
>0, teR\T

By continuity of Fi(¢p1, d2, -+, dm)(t) and ¢;(t), we see that e%t@i(t) —Fi(d1,- -+, dm)(t)] is nonde-

creasing in t € R. Also, we can similarly prove that e%t[Fi(cbl, v, bm)(t) — Qi(t)] is nondecreasing in
t € R. This completes the proof. O

Now, we are in a position to state the following main theorem.

Theorem 3.6. Assume CQM holds, and further that (2.1) has a pair of upper-lower solution ® = (bq,- -+, b)),
D= (¢, ,Qm) satisfying (P1)-(P2). Then (1.4) has a traveling wave solution satisfying (2.3).

Theorem 3.7. Assume that ECQM holds, and further that (2.1) has a pair of upper-lower solution
D= (P, , ), @ = (-, ¢, ) satisfying (P1)-(P3). Then (1.4) has a traveling wave solution satisfying
2.3).

Proof. From Lemmas 3.2 and 3.5, we know that F(I'™*) C I'* and F is compact. By the Schauder’s fixed
point theorem, there exists a fixed point (¢, -+, d3,) € I'*, which is a solution of (2.1), that is a traveling
wave solution of (1.4).
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Next, we verify the boundary conditions (2.3).
By (P2) and the inequality

0< (Qll'.. ’Qm) < (d)T/rd):n) < (61/"'/6111) < (Mlz"'/Mm)/

we see that

lim (¢p7(t), -+, b () =(0,---,0), lm (dy(t), -, 7 () = (ki, -+, km).

t——o0 t—+o0

Therefore, the fixed point (pj(t), -, Py, (t)) satisfies the boundary conditions (2.3). The proof is com-
plete. O

4. Applications

In this section, we employ our conclusions to establish the existence of traveling wave solutions for
the following system.

Example 4.1. Consider the following m-dimensional delayed lattice dynamical systems with CQM con-
dition and global interaction

Z J1() gy e (1) —up, (£)] + Tk (1) [1 — agquh ( Z ajyu, (t—15)],
keZy jely

(4.1)
= Y Jm QT () —ul Ol + T u (O — Y amyd, (t—Tmj) — Ammul ()],

kKEZy j€EIm

where 1; > 0, ai; > 0, Ji(k), i € I satisfy condition (A3), I; = '\ {i}. (4.1) has a trivial steady state Eg =
(0,0,---,0). Moreover, we assume that there exists E* = (kq1,ks,- -+, km), ki > 0 such that Z aijjkj =1,
jel

aiiki > Z aijkj, iel (42)
jel

and

Thus, we are interested with the existence of traveling wave solutions of (4.1) connecting Eg and E*. Let
M= (My, -, M) with M; = a%i’ then [0, M] is an invariant region of the corresponding ODEs.

Substituting ul, (t) = ¢i(n + ct) into (4.1) and denoting n + ct still by t, we derive the corresponding
wave equations

chi(t) = Y iK1t +k) — p1()] + r1dr ()1 — anrdr(t) — D arjdm(t—cy;)],

k€Zy jeh
(4.3)

Cd)m Z ]m NPm(t+k) —dm(t)]+rmdPm(t)[1— Z amj‘bm(t - Cle) — amm®m ()]

keZ, jE€ELm

For ¢1,- -+, dm € C([—7,0],R), denote

fi(dpr, -, dm) =11$1(0)[1 — a1 d1(0 Z atjGm (t—115)],

jel

m(P1, -, dm) = Tmdm (0)[1 — Z am]d)m(t Tm)) — Amm$m (0)].

jeh

Obviously, f = (fy,-- -, fm) satisfies assumptions (A1), (A2) and CQM condition.
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In order to apply Theorem 3.6, we need to construct an upper solution and a lower solution for (4.3).
Forc >0, A > 0, we define

A e)= > Jik)(eM—1) —cA+ i
keZ

Then A;i(A, c) is well-defined. Furthermore, we have the following lemma.

Lemma 4.2. There exist c; > 0, i € I such that the following hold:
if ¢ > ¢y, Ai(A, c) has two distinct positive roots Ai1 < Aiz, and

> O/ A€ (01 }\il) U (AiZI OO),

Ai(A c) =
i) {< 0, A€ (Air,Ai2),

if ¢ < ¢y, Ai(A, ¢) has no positive root.

Let ¢* = max{cy, c2, - - ,cm}, we always assume that ¢ > c¢*. Assume that q > 1 holds and n satisfies

. A2 A+ Aj1
1, —,—— . 4.4
ne < Dt {7\11 A1 @4

Define 1;(t) = e*1t — ge"™ut,i € 1. Noting that 1;(t) are unimodal functions, and by careful calculation,
we can derive that 1;(t),i € [ have a common maximum expressed by

o=(Mn-1nTiqTi >0, 4.5)

which correct the inappropriate statement in [13, 22], and can simplify the verification of upper-lower
solution for system (4.3).
Furthermore, we denote constants t;i3 such that

ti3 = max {t Li(t) = g}
Let A € (0,1) be small enough such that

ki — <ki — G) e*)‘t” >

> (4.6)

o
1

Then, for every i € I, we can define the continuous function @ (t) = (Ql(t),‘ e, @m(t)) by

TR L I R
—t B ki - (kl - %)ei)\t/ t>t 27

1

where ti, > tij3 foralli e L.

Remark 4.3. By calculating, we can conclude that ti, is dependent on parameter q. Thus, we can choose q
large enough such that t;, < 0, which is crucial in the verifications of upper-lower solutions.

Define the continuous function @ (t) = (d;(t),---, ¢, (t)) as follows:

— min{M;, eM1t},
d)l(t) = 1,)@
ki +kie ,

t <ty
t > ti1.
Remark 4.4. In view of (4.2), there exists €; € (0, ki) such that

aiikiy > Z aij€j, Qaii€i > Z Cli]'kj, (4.7)
jel jel

hold for any €; € [€j, ki], which are useful in the following demonstrations.
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Lemma 4.5. For q > 1 being large enough, the following statements

Ti Zjel aij
— 41>, 4.8
4= { —Ai(MAi1, ) " (*.8)
ki — & > g, (4.9)
min{ti;} > max{ti>} + cT. (4.10)
iel i€l

are valid.

Proof. By Lemma 4.2 and (4.4), we have (4.8) holds. From (4.5), we know that o is decreasing with respect
to . Then, we can choose q large enough such that (4.9) holds. For (4.10), we have ti; > ln}\]fi. Since
Qi(t), i € I are continuous functions, we obtain that

s s O, _at:
qeﬂ7\11t12 — tutia _ ki + (ki — E)e Atia . N;i.

Thus, tip = (ln N;i —1In q). Therefore, there exists q > 1 sufficiently large such that (4.10) holds. O

It is easy to see that @(t), @(t) satisfy (P1), (P2). We now prove that ®(t) and ®(t) are an upper
solution and a lower solution of (4.3), respectively.

Lemma 4.6. Assume that (4.2) and (4.4) hold. Then ($1(t), da(t), -+, (t)) is an upper solution of (4.3).
Proof. For ¢4(t), it suffices to prove that
=Y (k)1 (t+k) — by ()] — ey (1) + 1163 (1) {1 —andy(t)— ) ad;(t— cn])} <0 (411)
keZy jely
When t < tq1, noting that for any k € Z,
b1 (t+k) < My(= kg + ke M), (4.12)
equation (4.11) is clear if ¢ (t) = M. B
If $q(t) = eMt, noting that for any k € Zg, ¢, (t+k) < eMi(t+k) and Qj (t—cm;) > 0,j € I, we have
< Y NI [t +K) — ()] — ey () + 7161 (1)
keZy

< exllt[ > (eM*—1)—chy+1i| =0.
keZy

When t > t11, then §;(t) = k1 + kie™**. Due to (4.10), we have ¢, (t —cTy;) = kj — (kj — §)e Mt=em),
j € I;. By (4.12), we have

) < ) i)k + ke M — (kg + ke M) 4 cAke M 41y (kg + ke M)

keZy
jely
gkle { Z Il —7\ (ti1—t) 1]+C}\+T1(1+e_)\t)

keZy
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[Z a;(k JereT — ankl] }

jel
= ke ML (A).

Since

(0}
0) =2r; [ Z aj(kj — E) - allkl} <0,

jeh

then there exists A > 0 such that I;(A) < 0 for any A € (0,A7). Thus, L;(t) < 0 holds for A € (0,A}) if
t > 1.
Similarly, we can prove that

Z I t + k) 61“)] - C${(t) +Ti$i(t) [1 - aud) Z al)d) CTl)):| <0,

keZy jeli
fori=2,---,m.
By the above argument, we see that ¢, (t), d,(t), -+, d. (t) is an upper solution of (4.3). O

Lemma 4.7. Assume that (4.2) and (4.4) hold. Then @1(’(),Q2(t),- . ,Qm(t)) is a lower solution of (4.3).

Proof. For ¢, (t), it suffices to prove that

= Y R, (t+K) — b, (¢ )ch»;(t)mcpl(t)[ Cand,(t

kKEZy

Z Cll)(l)] CTl)):| > 0.

jeh
When t < typ, then ¢, (t) = et _ qe“Allt,Ej (t—ctyj) < eM(t=¢T), Noting that for any k € Z,
Ql(t +k) > eM(t+k) qeﬂ7\11(t+k),

we have

Z Il |: A1 (t+k) }\111: - qu]}\l]t(eT]}\nk - 1):| o C(e)\llt - qeﬂ}\llt)/
keZy

—i—fl(e?\ut _ qeﬂ7\11t) [1 o all(exllt 6117\11’[ Z aij 67\11 (t—cmyj :|

jel

Mt[Zh (eMnk— )—cm+r1}_qem“t[zh(k)(e““lk—1)—cn7\u+n (4.13)
keZy keZy

Ant At At Ant A1 (t—cTy;

—ri(eMt — gen™n )|:(111(€ ut _ genin )+Za1je 1l 1;):|
jeh

At At A11ty2 At A1 (t—cTy;

> _qeﬂ 1A (M1, ¢) — Tragg (e _qeﬂ ut)2 _ . etn Zalje 11( 1)
jel

At 2A11t 2A11t

> —qe"™ 1 A (A, ¢) —Trap et =1y ) agjetit,

jely

Noting that t1» < 0, by (4.8) and (4.13), we have

Li(t) > Mt [—qAi (Mg, ¢) —Tiair =11 ) a] > 0.
jel

When t > ty, then 91 (t) = k1 — (kg — %)677\'(’6].(4( — Cle) < k]’ + k)' eix(ticﬁj), j € I1. Noting that for
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any k € Z,,
E)e—x(tJrk)

b, (t+K) > K —(ka — 3

4
we have

_ o, _
> ) Tilk |:k1_) A —(ka—5)e }\(Hk)} 7\(k1—§) M |:k1 (kl_i)e M
kEZO

[1 —an [kl (ki — M] Z arjk; Z ajjkje” Alt— ”U)}

jelh jel

o o (4.14)
> G_M{(kl — E) Z Ji(k)(1— e M) —eA(ky — E)
keZy
+m {kl — (kg — g)e A ] [an ki — = Z aijk; e)‘”h} }

Due to (4.6) and (4.14), we have

L) > e—“{(kl—‘;) > 91— e ) el — J)

keZy 2
+ T [au ki —+ Z apjk; e}‘CTll} }
jel
= e ML(A).
By (4.7) and (4.9), we have
10
1>(0) = Z [011 ki——)— ) ak ]

jeh

O'
> 74 (11161 Z (1_1J
jely

Then there exists A; > 0 such that I;(A) > 0 for any A € (0,A;). Thus, L;(t) > 0 holds for A € (0,A;) if
t > tpo.
Similarly, we can prove that

S T, (t ) — d>()]—cd>{(t)+nd>i(t)[ aud(t

keZy

Z aij d)] CTl)):| >0,

jely

fori=2,---,m.
By the above argument, we see that b, (1), Qz(t), cee, cbm(t) is a lower solution of (4.3). O

By Theorem 3.6, we have the following result.

Theorem 4.8. Assume that (4.2) holds. Then for every ¢ > c*, system (4.1) has a traveling wave solution with
speed c connecting the trivial steady state Ey and the positive steady state E*.
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