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Abstract

In this paper, we consider the determinant and the inverse of the Gaussian Fibonacci skew-Hermitian Toeplitz matrix.
We first give the definition of the Gaussian Fibonacci skew-Hermitian Toeplitz matrix. Then we compute the determinant and
inverse of the Gaussian Fibonacci skew-Hermitian Toeplitz matrix by constructing the transformation matrices. (©2017 All rights
reserved.
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1. Introduction
The Gaussian Fibonacci sequence [9, 10] is defined by the following recurrence relations:
Ghi1=Gn+Gnq, n2>1,
with the initial condition Go =i, G; = 1. The {Gn} is given by the formula

(1_1[3)0(11"‘(10(—1)[3“ _ o(n_Bn+ (O(n_l_ﬁn_l)i
OC_B o (X_B 7

2

Gn =

where o and B are the roots of the characteristic equation x> —x —1 = 0. We can observe that G, 11 =
Gn+Gn_1, n>1and G,, = F, +iF,_;, where F,, is Fibonacci number [1].

On the other hand, skew-Hermitian Toeplitz matrix [3, 4, 21] and Hermitian Toeplitz matrix have
important applications in various disciplines including image processing, signal processing, and solving
least squares problems [7, 8, 20].

It is an ideal research area and hot topic for the inverses of the Toeplitz matrices [15, 25]. Some schol-
ars showed the explicit determinants and inverses of the special matrices involving famous numbers.

*Corresponding author
Email addresses: jzh1208@sina.com (Zhaolin Jiang), sunjixiu1314@163. com (Jixiu Sun)

doi:10.22436 /jnsa.010.07.27
Received 2017-02-17


http://dx.doi.org/10.22436/jnsa.010.07.27

Z. Jiang, J. Sun, J. Nonlinear Sci. Appl., 10 (2017), 3694-3707 3695

Dazheng showed the determinant of the Fibonacci-Lucas quasi-cyclic matrices in [6]. Circulant matri-
ces with Fibonacci and Lucas numbers are discussed and their explicit determinants and inverses are
proposed in [22]. The authors provided determinants and inverses of circulant matrices with Jacobsthal
and Jacobsthal-Lucas numbers in [2]. The explicit determinants of circulant and left circulant matrices
including Tribonacci numbers and generalized Lucas numbers are shown based on Tribonacci numbers
and generalized Lucas numbers in [17]. In [12], circulant type matrices with the k-Fibonacci and k-Lucas
numbers are considered and the explicit determinants and inverse matrices are presented by constructing
the transformation matrices. Jiang et al. [11] gave the invertibility of circulant type matrices with the sum
and product of Fibonacci and Lucas numbers and provided the determinants and the inverses of these
matrices. In [13], Jiang and Hong gave the exact determinants of the RSFPLR circulant matrices and the
RSLPFL circulant matrices involving Padovan, Perrin, Tribonacci, and the generalized Lucas numbers by
the inverse factorization of polynomial. It should be noted that Jiang and Zhou [16] obtained the explicit
formula for spectral norm of an r-circulant matrix whose entries in the first row are alternately positive
and negative, and the authors [26] investigated explicit formulas of spectral norms for g-circulant matri-
ces with Fibonacci and Lucas numbers. Furthermore, in [14] the determinants and inverses are discussed
and evaluated for Tribonacci skew circulant type matrices. The authors [24] proposed the invertibility
criterium of the generalized Lucas skew circulant type matrices and provided their determinants and the
inverse matrices. The determinants and inverses of Tribonacci circulant type matrices are discussed in
[18]. Sun and Jiang [23] gave the determinant and inverse of the complex Fibonacci Hermitian Toeplitz
matrix by constructing the transformation matrices. Determinants and inverses of Fibonacci and Lucas
skew symmetric Toeplitz matrices are given by constructing the special transformation matrices in [5].

The purpose of this paper is to obtain better results for the determinant and inverse of Gaussian
Fibonacci skew-Hermitian Toeplitz type matrix. In this paper we adopt the following two conventions
0% =1, i2 = —1, and we define a kind of special matrix as follows.

Definition 1.1. A Gaussian Fibonacci skew-Hermitian Toeplitz matrix is a square matrix of the form

Go Gy G v Gnoa Gnoao Gno
-Gy Go G1 Gn3 Gno
—Gy —Gy Go . Gnos

Ton = ,
—Gns . Gy G G
R
~Gnq4 -Gnoy —Gns -~ -Gy -G Gy

nxn

where Gg, Gy,---, Gn_1 are the Gaussian Fibonacci numbers. It is evidently determined by its first row.

2. Preliminaries

The determinant and the inverse of some special structured matrices are discussed in this section.
These matrices can be met in course of Gaussian Fibonacci skew-Hermitian Toeplitz matrix determinant-
calculation (or inverse-calculation).

Lemma 2.1 ([19]). A Toeplitz-Hessenberg matrix is an 1. x n matrix of the form
ki, kg O -+ - 0

K2 K1 Ko

_ K K» K1 Ko o
TH - 4 2 1 0 7 KO # 0/

0

Kn—1 K2 K1 Kp

Kn .. ... PR Kz Kl

nxn
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where k; # 0 for at least one i > 0.
Let n be a positive integer. Then the determinant of an n x n Toeplitz-Hessenberg matrix is

B tl 4+ tTl n—ty—-—tn t1 _to th

detTy = Z ( t, - ,tn >(—K0) Ky Koo Kny
t 2t 4 Fnty=n

where

t1+---+1ta _(tlJF"'JFtn)!
tll'” ItTL tl'tn'

is the multinomial coefficient and 1 = t; + 2ty + - - - +nty, is a partition of the positive integer n where each positive
integer i appears t; times.

Lemma 2.2. Define an i x i lower-triangular Toeplitz-like matrix by

Hi Hi—1 Hi—2 Hi-3 Hi4 - H2 o g
K1 Ko 0 e B 0|
Ko K1 Ko
i K3 Ko K1 Ko . :
Villmk—1 ko, k1, Kim1) = , . , ko #0,
Ky K3 Ko K1 Ko ‘. .
K3 K2 K1 Ko 0
Ki—1 Kq K3 K2 K1 Ko

ix1i
we have

detVi(p1) = W,

det Vi ([ —q, Ko, K1, -, Ki_1)

i1

i ; i1 t1+-- 4+t S ty—e—ts T t; .

= piky ) (D)) > ( ty, - . ) (=xo) T SR SU PR 8
i—1 2t -t =) oy

et trod )]
where(thL +t)):(l+ +)).

1,-~,tj tll"‘tj!

Proof. By using the Laplace expansion of matrix Vi([uk]i:y Ko, K1, -+ ,Ki—1) (1 = 2) along the first row
and Lemma 2.1, it is easy to check that

det Vi ([, Ko, K1, -+, Ki_1)

= (1" kg

i t _
P a2 () o
=1

i— 1+t .
+ (=D Y ( L >(_K0)2 t-tzticta
t+2tp=2 1,52

14 t1 4+ -+t P Tty ——tyq Lt ti_
+ (=) g > ( to ot ) RO T
2t (A1)t =i—1 oo
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i-1
_ i—1 24 i—j—1 b+ Sttt
— o Y g I () L T
j=1 t1+2t+- it =]
t t; t+...+t.]
where< Lty >:(11)
ty, ot !t
Lemma 2.3. Define an i x i lower-triangular Toeplitz-like matrix by
Hi  Hi-1 Hi2 Hi—3 Hi4 - H2 M
K1 Ko
. K2 K1 Ko
Ji(ldy—1, ko, K1, -, Ki2) =
K3 Ko K1 Ko
K:Lf3 e e K2 Kl KO
Kifz e e e Kz Kl Ko O -i'><-'L
with w Ko # 0, then its inverse Hfl(mk]i:l, Ko, K1, -, Ki—2) is given by
0 by 0 -0 e 0
0 b, b :
0 b3 b by
31"_1([“'k]]i<:]r Ko, K1, 1K172) = 0
0
0 bi1 bio -+ -+ b3 by by
By B B3y -+ - Bia Biog Bi /4
where
1
bl — T
Ko
o i1 —j t1+--+t1 (G—1)—ty—-—ts_q T t;
b= > ( R L e
t1+2t+ -+ (1)t =j—1
2<j<i-1,
1
Bl - T
H1
1P 1det Vi g (i 27, ko, ke, -+, Ko
Bj:( ) i+1 ](H;:_]f:jz 0,81 i ]), (2<]<1),
H1Ky

with

det Vi (u2) = ua,

det Vi ([, ko, k1, -+, ki)

Y
] 7

i—1
i— ; i—j—1 t1+--- 1t St —e— st t; .
T ) et T S (WA Yoy ) ix2,
N 4 ’77)
j=1

t1+2t++jtyj=j
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et Tt )]
g (BT ) )t
ty, ot !t

Proof. By using the Laplace expansion of matrix Ji([px]i_;, Ko, K1, -+, Ki—2) along the last column, it is
easy to check that . o

detJi ([mdk_q, %0, K1, -+, ki—2) = (=1 b1 #£0,
according to the sufficient and necessary conditions for the invertibility of matrices, we obtain that

51([Mk]1i<:1/ Ko, K1, -+ ,Ki—p) is invertible, and the augmented matrix of 31([Uk]1i<:1r Ko, K1,* "+ ,Ki_p) is as
follows

!/

0 b 0 - e ... 0
0 b, b
0 by b, by
8?([”](}]1(:1/ Ko, K1, Ki*Z) = 0 ’
0
0 by b, bbb
B, B, B, Bi, By By ixi

by = (1) kg > ( R ) (—ko) Dt =t b

2t (1)t =j—1 ty, o, i—1 | -
2<j<i—1,
Bi _ (_1)1+1K6f1,
B = (—1)5 i 2 det Vi (S ko k1, ki), 255 <4,
with

det Vi(u2) = up,

det Vi ([l ko k1, ki)

i—1

— . i—1 245, i—j—1 b4+ Sty —ee—ts Y 1 .

= Hit+1Kg +.§1(—1) THij11Kg ( > ( oty (—ko) 1 itk |, 122,
]:

t1+2t+Hjtj=j

and<t1+”'+tj ):M

ty, et !t
Then gfl(mk]]i:p Ko, K1, - ,Ki—2) = Wﬂ?([uﬂi:p Ko, K1, - ,Ki—2), and we obtain the
. - 0
inverse of J; ([uily_1, Ko, K1, -+, Ki—2) as described in Lemma 2.3. O

3. Determinant and inverse of the Gaussian Fibonacci skew-Hermitian Toeplitz matrix

Let Tgn be an invertible Gaussian Fibonacci skew-Hermitian Toeplitz matrix. In this section, we give
the determinant and inverse of the matrix Tg .
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Theorem 3.1. Let Tg n, be a Gaussian Fibonacci skew-Hermitian Toeplitz matrix, then we have

detTG,1 =i, det TG,Z =0, det T(;,g = 5i, det TG,4 = -5,

and
det T n = (1) 1241726yl (29 G, ) 1Snt
’ Go Go
Gn1Gk Gn-1G1 = Gn—2Gn-1
+ZAn 1-x( Go —Gn_1_k)]—(“GiO—an2)[%+G1 (3.1)
261 (GnoaGna g )+nZSA (Cn2Ck g L) n>d
2+1 GO 0 = n—1—k GO n—2—k 7 7
where
Ao=1, Ay =201 A-——L(G-—i—lZG Ay), 2<i<n—3)
0— 41, A1 = 2+1 i= 241 i — kB2i—k)s X lx .

Proof. Let Tgn be a Gaussian Fibonacci skew-Hermitian Toeplitz matrix, and we can easily get the fol-
lowing conclusions:

detTg =1, detTgo =0, detTgs =51, detTgs = —5.

We can introduce the following two transformation matrices when n > 4,

1 0 -vv v ve e e 0
X 1
y 1 0
M = 0 1 1 -1 /
1 1 -1 0
0
01 1 -1 0 0
nxn
and
1 0 0 0
0 0 : 1
An_3 1 0
0
A1
0 Ay O 0
nxn
where

G n— 2G 2
w= Snot_Gna g6 2201 Av=—5—(Gi+ Y GrAi), 2<i<n—3).
i 2+i =
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By using Mj, Nj, and the recurrence relations of the Gaussian Fibonacci sequences, the matrix Tg
is changed into the following form,

Go Ky Gn2 Gngsz -+ Gy G3 G2 Gy
0 Ky &n2 & -+ & & & &
K3 Mno2 Mn3 =+ M M3 M m
0 o 0 i eei el 0
MlTG,an = 2G1 (0.8 ’
ot 2Gy  2Gyp ' :
(5 0 26;1,4 s cee 262 2G1 x 0 nxn
where
n—1 n—1 n—1
Ki=) GrAn 1k Ko=) &An 1t K= ) MAn1 1
k=2 k=2 k=2
£ =xGi—Gn_i—1, (1<i<n—-2), & 1=xGn_1+Gy,
M =YGi—Gn_i» (1<i<n—=3), mnMn2=yGn2+Gy, Mn-1=YGn 1+Gy, x=2+1.

By using the Laplace expansion of matrix M;Tg N along the first column, we can get that

det(M;TgnN1) = (—1)™ ™3 Go(Kang — Kz&y),

Gn_zcl A Gn—lcnfl

—(—1 n—1 2 :\n—3 B
(D" (2+1)" Gofl( Co Gns)l Co +Go
n—2 = _ _
Gn1Gx A Gn1G1 = Gn2Gn 1
A 1 - - ™ 1 (= = . s - -
+kZ_2 nt-k( =g =~ Gnord) = (Fg = — Gl [ + G
ZGl C_1\717267172 = Gn72Gk =
- A (—— — Gn_o_
7 1i Go +Go)+kz_2 n-1-kl( Gy Gn—x)l},
while
(n—1)(n—-2)
det My = detN; = (—1) 2,
we can obtain det Tg ,, as (3.1), which completes the proof. O

Theorem 3.2. Let Ty be an invertible Gaussian Fibonacci skew-Hermitian Toeplitz matrix and n. > 5. Then we
have

P11 P12 P13 0 Win2 Yino1 Yin
—P12 P22 Yoz o 0 U1 Wit
—13 —23 P33 B i R VT
Ta,]n = : . . > - . : ,
—P1n—2 R B ooz U3 Wi
—Pin-1 —Pon1 o= e bip
—Y1n —WPin1 P2 0 —b1z P12 Y1 nxn
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where
1 K1X K3X
- _ DB (— 3%
P11 Go  Goka + DBy K, +y),
P12 = Doby +D1Br2,
P13 = D3by + Da(by +by) + D1(Br_3+Bn_2),

P15 = Djb1 +Dj_1(b2 +b1) + D1(Bn—j +Bnj41 — Bn_ji2)

j—2
+ Z Dy(bj_x41+bj_k—bj_k-1), 4<j<n—-2),
k=2
n—-3
P1,n—1=Dn 2b1 +D1(B1 +B;—Bs)+ ) Di(bn_11—bn 2 1),
k=2
Kq K3Bl
=— —D B») Dxb ,
Yin Goks 1 + B2) Z Kbn—1-k

P22 =Bn 2, P23 =Bn 3+Bn 2, 11)2,]' =Bnj+Bnji1—Bnji2, 4<j<n—1),
P33 = an—33b1 +an_32(ba+by) +an_31(Bn_3+Bn_),

Yij=an_ijbr+an_ij-1(b2+by)+an_i1(Bnj+Bn_ji1—Bn_ji2)
j—2

. n+1| . . .
+ Z an—ik(bj_kr1+bjk—bjx 1), B<i< [2} ;1<) <n+1—1; except P33),
k=2
in which
Ki& Gy .
Di = G(l)Kl2 - E;, (1 <1< TL—Z), wi = —E£i+ﬂ1, (1 <1< Tl—Z),
A
CEA
aij = aKﬁ 0<i<n—3,1<j<n—2),
] 1 . . — 1
K + 1+)=mn
1
bl =
o
by = (—1) T la Z ( ti 4t > (*OL)(i_l)_tl_"'_tHZGF '--ZGJ.‘L‘{ /
ty, - i i
t1+2t -+ (i—1D)ti1=1—1
1
Bl -
w1
B, — (—1)? 1 det Vi_1—i ([wid oy, «,2G1,2Gy, - - - /2Gn—2—i)’ D<i<n_2),

wl(xnflfi
detVi(ws) = wo,

det vl([wk]lkilzl x, 2G1,. .. /ZGifl) = (UiJrl(Xi*l 4 Z(—1)2+) wi—jJrlo‘iijil
S (s et ) 2esns
t1+2ta++jty=j v Y

c 4t it
with < ateth ) Sy K K K, AD S <n3), 1< n1), &1 <
1,°°° ] 1800 ]-.
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i<n—1)asin Theorem 3.1, [x] =m, m < x <m+1, mis an integer.

We can observe that T, is not only a skew-Hermitian matrix, but also a symmetric matrix along its
secondary diagonal, i.e., sub-symmetric matrix.

Proof. We can introduce the following two transformation matrices when n > 5,

D U ||
0 1
K
_Ki 1
M, = 0 0 1 ,
: 1 0
0 0 0 o 1/ ..
K
1 —G—; Dn Dnos D, Dy
0 1 _an—Z _E,n—B _é _i
Ky Ky Ko Ky
1 0 0
Nz— 7
0
0 0 1 en
where D; = Ki&i —&, 1<ig<n—-2).
GoKsp Gy
If we multiply M;TN1 by M, and N», the M; and Nj are as in the proof of Theorem 3.1, so we obtain
Gy O P
0 K, 0 P o
0 wno wp3 -+ wWg w3z wy wg
o 0 O 0
MleTnN1N2 = 261 x ,
2G, 2G;
0 0 2Gp—g4 -+ -+ 2Gy 2G; o O

nxn

K
where w; = —K—3£i +1n, (I€<ig<n—2).
2
We have
MoMiTaNIN, = D D A,
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where © = ( %0 ]g > is a diagonal matrix, and A is a lower-triangular Toeplitz-like matrix
2

Wn—2 Wn-3 Wn—4 Wn_s5

Wy w3 wWo W1
261 x
2G2 261 x
/\ - E 2G2 ZG] [0 6 7
: 2G1 0.8 . :
2Gn74 2G2 2@1 10 d 0

(n—2)x(n—2)
O @ A is the direct sum of ® and A. Let M = M,yM;, N = N1N,, then we obtain

0
X 1
K3 K3
_ 3 1 3
sz +y s
M= 0 1 1 -1 .
) 0
0o .- :
0 1 1 -1 0 o /) .
K1
1 N Dn2 Dn-3 D> D1
0
0 . 0 1
An_3 aAn—3n—2 0an—3n-3 an—-32 an-31
N= An_4 Qn4n—2 Qn—4n-3 An—42 Qn-41 !
LY ain—2 ain—3 aip ain
0 1 apmn—2 aon—3 ap a1/
where
A
—@, i+j#n—1,
ai;j = 5'.%. 0<i<n—3 1<j<n—2)
—2= 41, i+j=n-—1,
Ko
1
N 0
We can observe that the inverse matrix of @ is 0 1
0 _
K2 / 2x2
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According to Lemma 2.3, we have

0 b1 0 0
. b, by
bz b,
Al = : : ,
. . bz b1 0
0 bnos bs bs by
Bi By Bs Bn4 Bns Bna2/ 1 omoo
where
1
b1 =
14
bi — ( 1)1—10‘—1 Z ( tlt—i-...—:tifl > (_ )(i_l)_t]_m_ti_IZGI] ZGF:ll
X . 1,7, -1
42ty (i—1) g =i—1
1
Bl -
w1
_1)2i—1 . n—i o .
Bi _ ( 1) detvn*lfl([wk]kzzi’loi/.zGll2G2/ /2Gn—2—1)’ (2 < i < TI.—Z),
W™ i
in which
detVl(wz) = Wy,
det Vl([wk]}(ilzl X, 2G1/ e lzei—l)
i1
= wipa T+ (1w et
j=1
Z < tlt_‘_::: _it) ) (_o()jftlf...ft,-ZGiﬁl . «ZGjtj , (2 <i<n—3)
42t 4t =] L
and ti+- Y :(t1—|—"'+tj)!‘
t, ot ! !
We obtain that
1
— 0 0 0
Gy .
° %
0 : by
-1 -1 _ .
q) @ /\ - b2 b] 7
. by
0
0 0 By By Bs Bns Bno2

nxn
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then we have

Toh =N@ToA™HM
P11 P12 P13 1|)1 n—2 Vin-1 Yin
—P12 P2 Yo - WYono1 Yin
—13 —n3 P33 - T R U} P
—P1n2 R e R % R 7 ¥ S TR
“P1n-1 —Pon-1 oo =g o P12
—P1n —WYin-1 Y2 o0~z P12 Y

nxn

where [i;](1 < 1 < [“Tl] ;1< j <n+1-—1) are the same as in Theorem 3.2, which completes the

proof. O

4. Numerical example

In this section, an example demonstrates the method which introduced above for the calculation of
determinant and inverse of the Gaussian Fibonacci skew-Hermitian Toeplitz matrix. Here, we consider a
6 x 6 matrix:

i 1 1+i 241 3421 543i
-1 i 1 1+i 2+i 3+2i
T —1+i -1 i 1 1+i 2+i
G671 241 —1+i -1 i 1 1+i
—3+21 -2+4i —-1+i —1 i 1
—5+31 -3+2i 2+i —1+4+i -1 i 66
Using the corresponding formulas in Theorem 3.1, we get
4 2 18 26, 14 48 .
Ar=—g gl Ao =55~ o5l A= 5 g5t
From (3.1), we obtain
G4G GsG
det T = (~1)°(2+1)°Gol( =5+ — Ga) =& + Go
Go 0
4 ~ = -
Gs5Gx G5G1  ~ ,;G4Gs
As_ — Gs_y)] — -G G
+];2 5k | Go 5-1)] — Go a)l G, &
G4Ga G4Gk ~
A Go) A — Gy )]} =—45
+ Aq( G, "o +Z 5kl G, a—i)l}

k=2

As the inverse calculation, if we use the corresponding formulas in Theorem 3.2, we get

4. 2 5. 2 2 2
P11 =—5l b2 =—5+5 P13 =—5 bia=3+5l

4 22, 7 8. 5. 2 1,
Y5 = 45 + Ell P16 = 45 ﬁll Pop = _61' Pz = 9~ §1,

4 4, 4 16, 1. 10 1.
P4 = 9~ §1/ Y5 = 15 Elr P33 = —51, P34 = 9 + gll
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so we can get

_ 4. _ 2 5 _2 2,2 _ 4 ., 22 7 _ 8:
gl g+ gl 9 3+51 5 T35 35 15!
2 | 5; . 2 1 4 4. 4 16; 4 | 22
5 T ol —ol 575l —9g—9ol 157l T3 T
2 2 _ 1 _ 1 10,1 _4_ 4 2 4 25
B 5 g ol gl 9 T3l 9 ol 5t 3l
TG’6: 2,2 4 4 10 , 1 1 2 1 2
—5T5l 9=l gtz —5l  —5—gl 5
4, 2. 4 16; 4 4. 2 1 5 2,5:
5 T 35! 75 451 9§ 9l g ol gl 5+ gl
7 _ 8 4 2. 2, 2 2 2, 5; _ 4
5 150 35 T35l 53T 31 5 5+ 3l 91 6x6

5. Conclusion

We deal with two kinds of lower triangular Toeplitz-like matrices base on the determinant of the
Toeplitz-Hessenberg matrix, the determinants and inverses of such special matrices are presented respec-
tively. By constructing the special transformation matrices and using the determinant of the lower trian-
gular Toeplitz-like matrix, we obtain the determinant and inverse of a Gaussian Fibonacci skew-Hermitian
Toeplitz matrix.
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