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1. Introduction and preliminaries

Metric fixed point theory is one of the most interesting research area in the development of non-linear
analysis. In this field the first significant result was proved by Banach, known as Banach contraction
principle. This principle has been generalized by a lot of authors either by changing the contractive
condition or by changing the underlying spaces, one of these generalizations is (ψ,φ)-weak contraction.
The (ψ,φ)-weak contraction and generalized (ψ,φ)-weak contraction have been used in many papers for
the study of fixed point in complete metric spaces. Some of these valuable works are noted in [1, 7, 8, 13].

Partial order metric spaces are the interesting generalization of metric spaces, which was introduced
by Ran and Reurings [16] for the existence of fixed point. Using (ψ,φ)-weak contraction, coincidence
point and fixed point results are established by many authors in partial ordered b-metric spaces (for
detail see [14, 15, 17, 18, 22]).

Presently, the study of (ψ,φ)-weak contraction in partial ordered b-metric spaces gain the attraction of
many researchers. In this direction fixed point results, coincidence point results and their application to
the solution of linear and nonlinear integral equations are investigated (see [3, 4, 19–21] and the reference
cited therein).
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In the current work, coincidence point results for compatible and weakly increasing mappings in
partial ordered complete b-metric spaces with (ψ,φ)-weak contractive conditions are studied. The derived
results generalize some well-known results from the existing literature.

Definition 1.1 ([2]). Let G , H : Y → Y be two mappings on the partial order set Y. The pair of mappings
(G,H) is called:

(1) weakly increasing if Gu � H(Gu) and Hu � G(Hu) for all u ∈ Y;
(2) partially weakly increasing if for all u ∈ Y, Gu � H(Gu).

Definition 1.2 ([9, 14]). Let G, H, L : Y → Y be three mappings on partial order set (Y,�) such that
Gu ⊆ Lu and Hu ⊆ Lu. The pair of mappings (G,H) is called:

(i) weakly increasing with respect to L if and only if for all u ∈ Y, Gu � Hw for all w ∈ L−1(Gu) and
Hu � Gw for all w ∈ L−1(Hu);

(ii) partially weakly increasing with respect to L if and only if Gu � Hw for all w ∈ L−1(Gu).

Definition 1.3 ([11]). Let G, H : Y → Y be two mappings on metric space (Y,d1). A pair of mappings
(G,H) is compatible if and only if

lim
m→∞d(GHum,HGum) = 0,

whenever {um} is a sequence such that

lim
m→∞Gum = lim

m→∞Hum = r with r ∈ Y.

Definition 1.4 ([12]). Let G,H : Y → Y be two mappings on metric space (Y,d1). A pair of mappings
(G,H) is said to be weakly compatible if they commute at coincidence points, that is, if Gu = Hu for some
u ∈ Y, then HGu = GHu.

Definition 1.5 ([6]). Let Y be a nonempty set and the mapping d1 : Y × Y → R+ satisfies:

b1) d1(p,q) = 0 if and only if p = q;
b2) d1(p,q) = d1(q,p);
b3) there exists a real number s > 1 such that d1(p, r) 6 s

(
d1(p,q) + d1(q, r)

)
for all p,q, r ∈ Y.

Then d1 is a b-metric while the pair (Y,d1) is called b-metric space. If d1 is defined on a partial order set
(Y,�), then such a b-metric space is called partial order b-metric space.

Definition 1.6 ([5]). A sequence {um} is called b-Cauchy in a b-metric space (Y,d1) if and only if

lim
m,n→∞d1(um,un) = 0.

Definition 1.7 ([5]). A sequence {wm} is called b-convergent in a b-metric space (Y,d1) if and only if there
exists w ∈ Y such that lim

m→∞d(wm,w) = 0.

Definition 1.8 ([20]). A partial order b-metric space (Y,d �) is said to be regular if the following conditions
are satisfied:

(i) if non-decreasing sequence wm → w then wm � w for all m;
(ii) if non-increasing sequence um → u then um � u for all m.

In what follows, we shall make use of the following lemma.

Lemma 1.9 ([10]). Let {wm} be a sequence in b-metric space (Y,d1) and s > 1 such that,

d1(wm,wm+1) 6 kd1(wm−1,wm)

for some k, 0 < k < 1
s , for m = 1, 2, · · · . Then {wm} is a Cauchy sequence in (Y,d1).
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In [20], the authors proved the following theorem with M(x,y) define by

M(x,y) ∈
{
d(Sx,Ry),

d(Sx, fx) + d(Ry,gy)
2s

,
d(Sx,gy) + d(Ry, fx)

2s2

}
for all x,y ∈ X.

Theorem 1.10. Let (X,�,d) be a partial ordered complete b-metric space and f,g,R, S : X→ X be four mappings
such that f(X)⊆R(X) and g(X)⊆S(X). Suppose that for every x,y ∈ X with comparable elements Sx, Ry, the
following condition holds

ψ(s4d1(fx,gy)) 6 ψ(M(x,y)) −φ(M(x,y)) for all x,y ∈ X, (1.1)

where φ,ψ : [0,∞)→ [0,∞) are altering distance functions. Let f,g,R, S : X → X be continuous mappings, let
(f,S) and (g,R) be compatible pairs and let (f,g) and (g, f) be partially weakly increasing pairs with respect to R
and S, respectively. Then the pairs (f,S) and (g,R) have a coincidence point z in X. Moreover, if Rz and Sz are
comparable then z is coincidence point of f,g,R, and S.

2. Main results

In this section, we generalize some recent coincidence point results in partial order complete b-metric
spaces under generalized (ψ,φ)-weak contraction. Throughout the paper, for all u,w ∈ Y and α > 1,

M(u,w) ∈
{
d1(Lu, Jw),

d1(Lu,Gu) + d1(Jw,Hw)
2sα−1 ,

d1(Lu,Hw) + d1(Jw,Gu)
2sα

}
.

Here, R+ is the set of positive real numbers.

Theorem 2.1. Let G,H,L, J : Y → Y be continuous mappings on a partial ordered complete b-metric space
(Y,�,d1) such that G(Y)⊆J(Y) and H(Y)⊆L(Y). Assume that for ε > 1 the compatible pairs (G,L) and (H, J)
satisfy the contractive condition

ψ(sεd1(Gu,Hw)) 6 ψ(M(u,w)) −φ(M(u,w)) for all u,w ∈ Y, (2.1)

whenever φ,ψ : [0,∞)→ [0,∞) are altering distance functions and the pairs (G,H) and (H,G) are partially
weakly increasing with respect to J and L, respectively. Then the pairs (G,L) and (H, J) have a coincidence point.
Further, if Lw and Jw are comparable then w is coincidence point of G,H, J, and L.

Proof. Let u0 be an arbitrary point of Y. Since G(Y) ⊂ J(Y) and H(Y) ⊂ L(Y), there exist u1,u2 ∈ Y such
that Gu0 = Ju1 and Hu1 = Lu2. Construct a sequence {wm} defined by

w2m+1 = Gu2m = Ju2m+1, w2m+2 = Hu2m+1 = Lu2m+2, for m = 0, 1, 2, · · ·.

As (G,H) and (H,G) are partially weakly increasing with respect to J and L, respectively, we have
u1 ∈ J−1(Gu0) and u2 ∈ L−1(Hu1). Thus

Ju1 = Gu0 � Hu1 = Lu2 � Gu2 = Ju3.

Repeating this process, we obtain

w2m+1 � w2m+2, for all m ∈ N∪ {0}.

Without loss of generality, we can assume that

wm 6= wm+1 for all m ∈ N. (2.2)

We will complete the proof in three steps.
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Step I. We will prove that d1(w2m+1,w2m) 6 d1(w2m,w2m−1).
Since Lu2m = w2m and Ju2m+1 = w2m+1 are comparable, from (2.1) we have

ψ(sεd1(w2m+1,w2m)) = ψ(sεd1(Gu2m,Hu2m−1)) 6 ψ(M(u2m,u2m−1)) −φ(M(u2m,u2m−1)) (2.3)

with

M(u2m,u2m−1)

∈
{
d1(w2m,w2m−1),

d1(w2m,w2m+1) + d1(w2m−1,w2m)

2sα−1 ,
d1(w2m,w2m) + d1(w2m−1,w2m+1)

2sα

}
,

M(u2m,u2m−1)

∈
{
d1(w2m,w2m−1),

d1(w2m,w2m+1) + d1(w2m−1,w2m)

2sα−1 ,
d1(w2m+1,w2m−1)

2sα

}
.

Assume that d1(w2m−1,w2m) < d1(w2m,w2m+1). We have the following three possible cases.

Case (1): M(u2m,u2m−1) = d1(w2m,w2m−1). Then

ψ(sεd1(w2m,w2m+1)) 6 ψ
(
d1(w2m,w2m−1)

)
−φ

(
d1(w2m,w2m−1)

)
6 ψ(d1(w2m,w2m−1)).

Since ψ is non-decreasing, one has

sεd1(w2m,w2m+1) 6 d1(w2m,w2m−1),

a contradiction. We conclude that d1(w2m+1,w2m) 6 d1(w2m,w2m−1).

Case (2): M(u2m,u2m−1) =
d1(w2m,w2m+1)+d1(w2m−1,w2m)

2sα−1 .

Since d1(w2m,w2m+1)+d1(w2m−1,w2m)
2sα−1 6 d1(w2m+1,w2m)

sα−1 , we have

ψ(sεd1(w2m,w2m+1)) 6 ψ
(d1(w2m,w2m+1)

sα−1

)
−φ

(d1(w2m,w2m+1) + d1(w2m−1,w2m)

2sα−1

)
6 ψ(sεd1(w2m+1,w2m)) −φ

(
d1(w2m,w2m+1) + d1(w2m−1,w2m)

2sα−1

)
.

This is only possible if

φ

(
d1(w2m,w2m+1) + d1(w2m−1,w2m)

2sα−1

)
6 0.

By φ is altering distance function, we obtain

d1(w2m,w2m+1) + d1(w2m−1,w2m)

2sα−1 = 0.

Hence d1(w2m,w2m+1) = 0. That is, w2m = w2m+1, a contradiction to (2.2). Hence d1(w2m+1,w2m) 6
d1(w2m,w2m−1).

Similarly, it can be proved for third case that,

d1(w2m+1,w2m) 6 d1(w2m,w2m−1). (2.4)

Step II. We will show that the theorem with the help of Lemma 1.9. We claim that

d1(wm+1,wm+2) 6 kd1(wm,wm+1) for all m ∈ N, where k ∈ [0,
1
s
). (2.5)

We will divide the proof into three cases to establish above inequality.
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Case (1): M(u2m,u2m−1) = d1(w2m,w2m−1).
From (2.3), we have

ψ(sεd1(w2m,w2m+1)) 6 ψ
(
d1(w2m,w2m−1)

)
−φ

(
d1(w2m,w2m−1)

)
.

Since φ(t) > 0 for t > 0, we get

ψ(sεd1(w2m,w2m+1)) 6 ψ
(
d1(w2m,w2m−1)

)
.

By ψ being non-decreasing, we obtain

sεd1(w2m,w2m+1) 6 d1(w2m,w2m−1), d1(w2m,w2m+1) 6
1
sε
d1(w2m,w2m−1).

Take k = 1
sε , then k ∈ [0, 1

s),
d1(w2m,w2m+1) 6 kd1(w2m,w2m−1).

Case (2): Taking M(u2m,u2m−1) =
d1(w2m,w2m+1)+d1(w2m,w2m−1)

2sα−1 and using (2.4), we have

M(u2m,u2m−1) =
d1(w2m,w2m+1) + d1(w2m,w2m−1)

2sα−1 6
d1(w2m−1,w2m)

sα−1 6 d1(w2m−1,w2m).

From (2.3), we obtain

ψ(sεd1(w2m,w2m+1)) 6 ψ
(
d1(w2m,w2m−1)

)
−φ

(d1(w2m,w2m+1) + d1(w2m,w2m−1)

2sα−1

)
.

Since φ(t) > 0 for t > 0, we have

ψ(sεd1(w2m,w2m+1)) 6 ψ
(
d1(w2m,w2m−1)

)
.

Also ψ is non-decreasing, therefore

sεd1(w2m,w2m+1) 6 d1(w2m,w2m−1), d1(w2m,w2m+1) 6
1
sε
d1(w2m,w2m−1).

Take, k = 1
sε , then k ∈ [0, 1

s).

Case (3): If M(u2m,u2m−1) =
d1(w2m+1,w2m−1)

2sα , then by using triangle inequality and (2.4), we can bring
again to Case (2). Hence (2.5) holds for all three cases.

Similarly, by taking Lu2m+1 = w2m+1 and Ju2m+2 = w2m+2, one can easily prove that

d1(w2m+1,w2m+2) 6 kd1(w2m,w2m+1).

From the above discussion it is clear that

d1(wm+1,wm+2) 6 kd1(wm,wm+1) for wm 6= wm+1, for all m ∈ N.

Define dk = d1(wk,wk+1). Suppose dk0 = 0 for some k0, then wk0 = wk0+1 . If k0 = 2m then
w2m = w2m+1, thus

M(u2m,u2m+1) ∈
{

0,
d1(w2m+1,w2m+2) + 0

2sα−1 ,
0 + d1(w2m,w2m+2)

2sα

}
=

{
0,
d1(w2m+2,w2m+1)

2sα−1 ,
d1(w2m+2,w2m)

2sα

}
.
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We notice that if

M(u2m,u2m+1) =
d1(w2m+2,w2m+1)

2sα−1 ,

by (2.3), we obtain

ψ(sεd1(w2m+1,w2m+2)) 6 ψ
(d1(w2m+2,w2m+1)

2sα−1

)
−φ

(d1(w2m+2,w2m+1)

2sα−1

)
.

Thus

ψ
(
sεd1(w2m+1,w2m+2)

)
6 ψ

(
d1(w2m+1,w2m+2)

2sα−1

)
.

Since ψ is non-decreasing, we have

sεd1(w2m+1,w2m+2) 6
d1(w2m+1,w2m+2)

2sα−1 , d1(w2m+1,w2m+2) 6
d1(w2m+1,w2m+2)

2sα+ε−1 .

This is only possible in the case in which d1(w2m+1,w2m+2) = 0. Hence w2m+1 = w2m+2. Thus w2m =
w2m+1 = w2m+2.

Analogously, we can prove the remaining cases.
Consequently, the sequence {wk} is a constant sequence for k > k0. Hence (2.5) also holds for constant

sequence.
By (2.5) and Lemma 1.9, we conclude that sequence {wm} is a b-Cauchy. Now, taking into account

that a b-Cauchy sequence is convergent and Y is complete, there exists some w ∈ Y such that wm → w.
Therefore the following subsequences are also convergent to w ∈ Y. That is Gu2m → w,Hu2m+1 →
w, Ju2m+1 → w, and Lu2m → w.

Step III. We will prove that coincidence point of G and L is w. Since

lim
m→∞d1(Gu2m,w) = lim

m→∞d1(Ju2m+1,w) = lim
m→∞d1(w2m+1,w) = 0,

lim
m→∞d1(Hu2m+1,w) = lim

m→∞d1(Lu2m+2,w) = lim
m→∞d1(w2m+2,w) = 0,

and (G,L) is compatible, we have

lim
m→∞d1(LGu2m,GLu2m) = 0. (2.6)

Moreover, lim
m→∞d1(Gu2m,w) = 0 and lim

m→∞d1(Lu2m,w) = 0. Also, G and L are continuous mappings,
therefore

lim
m→∞d1(LGu2m,Lw) = lim

m→∞d1(GLu2m,Gw) = 0. (2.7)

From triangle inequality, one can write

d1(Lw,Gw) 6 s(d1(Lw,LGu2m) + d1(LGu2m,Gw)).

Again, applying the triangle inequality to the second term of the right hand side, we get

d1(Lw,Gw) 6 sd1(Lw,LGu2m) + s2(d1(LGu2m,GLu2m) + d1(GLu2m,Gw)).

Using (2.6) and (2.7) in above inequality and taking limit m→∞, we have

d1(Lw,Gw) 6 0.

Therefore, d1(Lw,Gw) = 0. This implies that Gw = Lw. Hence w is coincidence point of G and L.
Similarly, we can show that w is coincidence point of H and J.
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Further, if Lw and Jw are comparable then by using (2.1), we have

ψ(sεd1(Gw,Hw)) 6 ψ(M(w,w)) −φ(M(w,w)),

where

M(w,w) ∈

{
d1(Lw, Jw),

d1(Lw,Gw) + d1(Jw,Hw)
2sα−1 ,

d1(Lw,Hw) + d1(Jw,Gw)
2sα

}
,

=

{
d1(Gw,Hw), 0,

d1(Gw,Hw)
sα

}
.

If M(w,w) = d1(Gw,Hw), then

ψ(sεd1(Gw,Hw)) 6 ψ(d1(Gw,Hw)) −φ(d1(Gw,Hw)).

This is possible if Gw = Hw. Hence w is coincidence point of G, H, J, and L.
Similarly, for remaining two cases, one can easily prove that w is coincidence point of G, H, J, and L.

This completes the proof.

In the following theorem we vanish the continuity assumption of G, H, J, and L and replace compati-
bility by weak compatibility.

Theorem 2.2. Let G,H,L, J : Y → Y be mappings on a regular partial ordered complete b-metric space (Y,�,d1)
such that G(Y)⊆J(Y), H(Y)⊆L(Y), and J(Y) and L(Y) are b-closed subsets of Y. Assume that for ε > 1 the weakly
compatible pairs (G,L) and (H, J) satisfy the following contraction condition

ψ(sεd1(Gu,Hw)) 6 ψ(M(u,w)) −φ(M(u,w)) for all u,w ∈ Y, (2.8)

whenever φ,ψ : [0,∞)→ [0,∞) are altering distance functions. Suppose that the pairs (G,H) and (H,G) are
partially weakly increasing with respect to J and L, respectively, then the pairs (G,L) and (H, J) have a coincidence
point. Further, if Lw and Jw are comparable then w is coincidence point of G,H, J, and L.

Proof. By following the proof of Theorem 2.1, we conclude that for a sequence {wm} there exists w ∈ Y,
such that

lim
m→∞d1(wm,w) = 0.

Since L(Y), J(Y) are b-closed subsets of Y, then for {w2m+1} ⊆ J(Y) , {w2m+2} ⊆ L(Y) there exist x,y ∈ Y,
such that w = Jx and w = Ly. Therefore

lim
m→∞ Ju2m+1 = lim

m→∞w2m+1 = w = Ly, lim
m→∞Hu2m+1 = lim

m→∞w2m+2 = w = Ly.

We will show that G and L have a coincidence point w. Since Ju2m+1 � Ly and Hu2m+1 � Ly, by
using regularity of partial ordered complete b-metric space (Y,�,d1) and (2.8), we have

ψ(sεd1(Gy,Hu2m+1)) 6 ψ(M(y,u2m+1)) −φ(M(y,u2m+1)), (2.9)

where

M(y,u2m+1)

∈
{
d1(Ly, Ju2m+1),

d1(Ly,Gy) + d1(Ju2m+1,Hu2m+1)

2sα−1 ,
d1(Ly,Hu2m+1) + d1(Ju2m+1,Gy)

2sα

}
6

{
d1(Ly, Ju2m+1),

d1(Ly,Gy) + d1(Ju2m+1,Hu2m+1)

2sα−1 ,
d1(Ly,Hu2m+1)

2sα
(2.10)
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+
d1(Ju2m+1,Ly) + d1(Ly,Gy)

2sα−1

}
6

{
0,
d1(Ly,Gy)

2sα−1 ,
d1(Ly,Gy)

2sα−1

}
.

Using (2.10) in (2.9), one has

ψ
(
sεd1(Gy,Ly)

)
6 ψ

(d1(Ly,Gy)
2sα−1

)
−φ

(d1(Ly,Gy)
2sα−1

)
6 ψ

(
2sε+α−1d1(Ly,Gy)

2sα−1

)
−φ

(d1(Ly,Gy)
2sα−1

)
= ψ

(
sεd1(Ly,Gy)

)
−φ

(d1(Ly,Gy)
2sα−1

)
.

This is only possible if d1(Ly,Gy) = 0. It implies that Ly = Gy. Hence w = Ly = Gy. Now from
compatibility of G and L, we can write Gw = GLy = LGy = Lw. Hence w is coincidence point of G and
L.

Similarly, we can show that w is coincidence point of H and J. The remaining proof is the same as the
proof of Theorem 2.1 and therefore we omit it.

From above theorems one can easily prove the following corollaries.
By taking J = I (the identity mapping of Y) in Theorem 2.2 and for all u,w ∈ Y and α > 1,

M(u,w) ∈
{
d1(Lu,w),

d1(Lu,Gu) + d1(w,Hw)
2sα−1 ,

d1(Lu,Hw) + d1(w,Gu)
2sα

}
,

we have the following common fixed point result for three mappings.

Corollary 2.3. Let G, H , L : Y → Y be mappings on regular partial ordered complete b-metric space (Y,�,d1)
such that G(Y)⊆Y and H(Y)⊆L(Y). Assume that for ε > 1 the weakly compatible pairs (G,L) and (H, J) satisfy
the contractive condition

ψ(sεd1(Gu,Hw)) 6 ψ(M(u,w)) −φ(M(u,w)) for all u,w ∈ Y,

whenever φ,ψ : [0,∞)→ [0,∞) are altering distance functions. Further, we assume that pairs (G,H) and (H,G)
are partially weakly increasing and partially weakly increasing with respect to L, respectively. If Lw and w are
comparable then w is coincidence point of G,H, and L.

By setting L = J in Theorem 2.1 with

M(u,w) ∈
{
d1(Ju, Jw),

d1(Ju,Gu) + d1(Jw,Hw)
2sα−1 ,

d1(Ju,Hw) + d1(Jw,Gu)
2sα

}
,

we have the following corollary.

Corollary 2.4. Let G, H, J : Y → Y be mappings on a partial ordered complete b-metric space (Y,�,d1) such that
G(Y) ∪H(Y)⊆J(Y) where J(Y) is continuous. Let (G,H) be a partially weakly increasing pair with respect to J.
Further, we assume that one of the following conditions are true

(i) G is continuous and (G, J) is compatible;
(ii) H is continuous and (H, J) is compatible.

If for altering distance functions φ,ψ : [0,∞)→ [0,∞) the following condition holds

ψ(sεd1(Gu,Hw)) 6 ψ(M(u,w)) −φ(M(u,w)) for all u,w ∈ Y,

whenever ε > 1, then G,H, and J have a coincidence point.
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By setting L = J and G = H in Theorem 2.1 with

M(u,w) ∈
{
d1(Ju, Jw),

d1(Ju,Gu) + d1(Jw,Gw)
2sα−1 ,

d1(Ju,Gw) + d1(Jw,Gu)
2sα

}
,

we arrive to the following corollary.

Corollary 2.5. Let G, J : Y → Y be mappings on a partial ordered complete b-metric space (Y,�,d1) such that
G(Y)⊆J(Y) where J and G are continuous. Let us take G partially weakly increasing with respect to J and let (G, J)
be compatible. If for altering distance functions φ,ψ : [0,∞)→ [0,∞) the following condition holds

ψ(sεd1(Gu,Gw)) 6 ψ(M(u,w)) −φ(M(u,w)) for all u,w ∈ Y,

whenever ε > 1, then G and J have a coincidence point.

By setting L = J in Theorem 2.2 with

M(u,w) ∈
{
d1(Ju, Jw),

d1(Ju,Gu) + d1(Jw,Hw)
2sα−1 ,

d1(Ju,Hw) + d1(Jw,Gu)
2sα

}
,

we have the following.

Corollary 2.6. LetG,H, J : Y → Y be mappings on a regular partial ordered complete b-metric space (Y,�,d1) such
that G(Y)∪H(Y)⊆J(Y) where J(Y) is complete subset of Y. Let us take partially weakly increasing pair (G,H) with
respect to J and let (G, J), (H, J) be weakly compatible pairs. If for altering distance functions φ,ψ : [0,∞)→ [0,∞)
the following condition holds

ψ(sεd1(Gu,Hw)) 6 ψ(M(u,w)) −φ(M(u,w)) for all u,w ∈ Y,

whenever ε > 1, then G,H, and J have a coincidence point.

By setting L = J and G = H in Theorem 2.2 with

M(u,w) ∈
{
d1(Ju, Jw),

d1(Ju,Gu) + d1(Jw,Gw)
2sα−1 ,

d1(Ju,Gw) + d1(Jw, Ju)
2sα

}
,

then one can get the following corollary.

Corollary 2.7. Let us take mappings G, J : Y → Y on a regular partial ordered complete b-metric space (Y,�,d1)
such that G(Y)⊆J(Y). Let us take G partially weakly increasing with respect to J and let (G, J) be weakly compatible.
If for altering distance functions φ,ψ : [0,∞)→ [0,∞) the following condition holds

ψ(sεd1(Gu,Gw)) 6 ψ(M(u,w)) −φ(M(u,w)) for all u,w ∈ Y,

whenever ε > 1, then G and J have a coincidence point.

By setting L = J = I (the identity mapping) in Theorem 2.1 then

M(u,w) ∈
{
d1(u,w),

d1(u,Gu) + d1(w,Hw)
2sα

,
d1(u,Hw) + d1(w,Gu)

2sα−1

}
,

one has the following result.

Corollary 2.8. Let G,H : Y → Y be two mappings on a partial ordered complete b-metric space (Y,�,d1). Let us
take partially weakly increasing pair (G,H) and either,

(i) G or H is continuous; or
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(ii) Y is regular.

If for altering distance functions φ,ψ : [0,∞)→ [0,∞) the following condition holds

ψ(sεd1(Gu,Gw)) 6 ψ(M(u,w)) −φ(M(u,w)) for all u,w ∈ Y,

whenever ε > 1, then G and H have a common fixed point in Y.

Example 2.9. Let us define partial ordering � on Y = [0,∞) as follows:

u � w if and only if w 6 u for all u,w ∈ Y.

Let d1(u,w) = |u−w|3 for all u,w ∈ Y. Then, d1 is a partial order b-metric on Y with s = 4. Suppose
G,H, J, and L are continuous mappings defined as follows:

G(u) = sinh−1 u, H(u) = sinh−1 u

2
, J(u) = sinh 2u, L(u) = sinh 4u.

Clearly, the pairs (G,L) and (H, J) are compatible. If {um} is a sequence in Y such that for some v ∈ Y

lim
m→∞d1(v,Gum) = lim

m→∞d1(v,Lum) = 0,

then we have
lim
m→∞ | sinh−1 um − v|3 = lim

m→∞ | sinh 4um − v|3 = 0.

Since G and L are continuous, one can write

lim
m→∞ |um − sinh v|3 = lim

v→∞ |um −
sinh−1 v

4
|3 = 0.

Thus sinh v = sinh−1 v
4 if and only if v = 0. By the continuity of G and L, we obtain

lim
m→∞d1(GLum,LGum) = lim

m→∞ |GLum − LGum|3 = 0.

This assures the compatibility of (G,L) pair. Similarly, we can show the compatibility of (H, J).
Next, we shall show that pair (G,H) is partially weakly increasing with respect to J. Let w ∈ J−1(Gu),

for u,w ∈ Y
G(u) = J(w)⇒ sinh−1 u = sinh 2w.

Therefore w =
sinh−1

(
sinh−1u

)
2 . Since we know that

sinhu > sinh−1 u⇒ u > sinh−1 ( sinh−1 u
)
,

it follows u >
sinh−1

(
sinh−1u

)
2 . On the other hand, we have

G(u) = sinh−1 u > sinh−1
(sinh−1 ( sinh−1 u

)
2

)
= sinh−1w = Hw,

thus G(u) > H(w), therefore G(u) � H(w).
Similarly, we can show that the pair (H,G) is partially weakly increasing with respect to L.
Now, we show that ψ(sεd1(Gu,Hw)) 6 ψ(M(u,w)) −φ(M(u,w)) for all u,w ∈ Y. Here M(u,w) is

defined previously, where ψ(v) = bv,φ(v) = (b− 1)v, 1 < b 6 2 and take 1 < ε < 5
2 .

Using mean value theorem for the functions sinh−1 and sinh on the intervals [u, w2 ] and [4u, 2w] ⊂ Y.
Take

ψ(4εd1(Gu,Hw)) = 4εb|Gu−Hw|3
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6 4εb| sinh−1 u− sinh−1 w

2
|3

6 4εb|u−
w

2
|3

6 4εb
|4u− 2w|3

43

6 4ε−3b| sinh 4u− sinh 2w|3

= 4ε−3b|Lu− Jw|3

6 d1(Lu, Jw)
= ψ(M(u,w)) −φ(M(u,w)).

Hence all conditions of Theorem 2.1 are satisfied and 0 is coincidence point of these four mappings.

Remark 2.10. For Example 3 of [20] it is easy to see that all conditions of our Theorem 2.1 are satisfied
and hence the corresponding conclusions holds. However, if 1 < ε < 5

2 , then condition (1.1) of Theorem
1.10 does not hold for Example 2.9 but our condition (2.1) holds, therefore our Theorem 2.1 is a genuine
generalization of Theorem 1.10.

Remark 2.11. By taking ε = 4 and α = 2 in our results, it is easy to handle the results of [20].

3. Application to the system of non-linear integral equations

We consider the following system of integral equations

x(a) = F(a) +

∫r
t

K1
(
a, v, x(v)

)
d1v,

x(a) = F(a) +

∫r
t

K2
(
a, v, x(v)

)
d1v,

x(a) = F(a) +

∫r
t

K3
(
a, v, x(v)

)
d1v,


(3.1)

where K1,K2,K3 : [t, r]× [t, r]×R→ R.
Let G, H, L : Y → Y and F : [t, r] → R be continuous mappings. We redefine above system of integral

equation as: 

G(x(a)) = F(a) +

∫r
t

K1

(
a, v, x(v)

)
d1v,

H(x(a)) = F(a) +

∫r
t

K2

(
a, v, x(v)

)
d1v,

L(x(a)) = F(a) +

∫r
t

K3
(
a, v, x(v)

)
d1v


(3.2)

for all x ∈ Y and a, v ∈ [t, r]. Clearly, by using Corollary 2.3, the existence of solution to (3.1) that belongs
to Y = C[t, r] is equivalent to the existence of a common fixed point of G, H, and L.

We define a partial ordering on Y as follows: x � y if and only if x(a) 6 y(a) and we define a b-metric
on Y as follows: d1(x(a),y(a)) = max

a∈[t, r]

∣∣x(a) − y(a)∣∣p for all x,y ∈ Y.

Theorem 3.1. Suppose that the following conditions are satisfied:

(i) K1,K2,K3 : [t, r]× [t, r]×R→ R are continuous;
(ii) for all a, v ∈ [t, r] and x ∈ Y we have,

K1

(
a, v, x(v)

)
6 K2

(
a, v,
∫r
t

K1(a, v, x(v))dv+ F(a)
)

,
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K2

(
a, v, x(v)

)
6 K1

(
a, v,y(v)

)
for all K3

(
a, v,y(v)

)
= K2

(
a, v, x(v)

)
,

and
K1

(
a, v,
∫r
t

K3(a, v, x(v))dv+ F(a)
)
= K3

(
a, v,
∫r
t

K1(a, v, x(v))dv+ F(a)
)

;

(iii) for all a, v ∈ [t, r] and x,y ∈ Y with x � y we have∣∣K3(a, v, x(v)) −K2(a, v,y(v))
∣∣p 6 R(a, v)ln(1 +

∣∣Lx(v) − y(v)∣∣p),
where R is a continuous function satisfying the condition

sup
a∈[t, r]

∫r
t

R
(
a, v
)
d1v <

1(
2
)pε(

r− t
)p−1 .

Then system (3.1) of nonlinear integral equation has a unique solution.

Proof. Clearly, by condition (ii), the pair (G,H) is partially weakly increasing and

H(x(a)) = F(a) +

∫r
t

K2

(
a, v, x(v)

)
d1v 6 F(a) +

∫r
t

K1

(
a, v,y(v)

)
d1v = G(y(a))

for all K3
(
a, v,y(v)

)
= K2

(
a, v, x(v)

)
. Hence, H(x(a)) 6 G(y(a)).

F(a) +

∫r
t

K3
(
a, v,y(v)

)
= F(a) +

∫r
t

K2

(
a, v, x(v)

)
⇒ Ly(a) = Hx(a).

Therefore, Gy(a) � Hx(a) for all y(a) ∈ L−1Hx(a). So (H,G) is partially weakly increasing pair with
respect to L. Also from condition (ii) the pair (G,L) is weakly compatible. Let 1 6 p,q < ∞ with
1
p + 1

q = 1. From condition (iii) for all a ∈ [t, r], we have

2pε
∣∣G(x(a)) −H(y(a))∣∣p 6 2pε

[∣∣∣ ∫r
t

K1(a, v, x(v))d1v−

∫r
t

K2
(
a, v,y(v)

)
d1v
∣∣∣p],

6 2pε
[∣∣∣ ∫r

t

K3(a, v, x(v))d1v−

∫r
t

K2
(
a, v,y(v)

)
d1v
∣∣∣p],

6 2pε
[(∣∣∣ ∫r

t

(
1)(K3(a, v, x(v)) −K2(a, v,y(v))

)∣∣∣d1v

)p]
,

6 2pε
[(( ∫r

t

1qd1s
) 1
q

)p(( ∫r
t

∣∣K3(a, v, x(v)) −K2(a, v,y(v))
∣∣pd1v

) 1
p

)p]

6 2pε(r− t)
p
q

∫r
t

R(a, v) ln
(

1 + |Lx(v) − y(v)|pd1v
)

,

6 2pε(r− t)p−1
∫r
t

R(a, v)d1v
(

ln(1 + d1
(
Lx(v),y(v)

))
,

6 ln
(
1 +M(x,y

)
).

Hence,
sεd1(G(x),H(y)) 6M(x,y) −

[
M(x,y) − ln

(
1 +M

(
x,y
))]

.

Define ψ(z) = z and φ(z) = z− ln(1 + z), where s = 2P. Thus

ψ
(
sεd1(G(x),H(y))

)
6 ψ

(
M(x,y)

)
−φ

(
M
(
x,y
))

.

Hence by Corollary 2.3 system (3.2) has a solution. Consequently, (3.1) has a solution in Y.
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