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Abstract

In this manuscript, some coincidence point and fixed point results via generalized (1, ¢)-weak contractive condition are
established. The presented work explicitly generalize some recent results from the existing literature in the setting of partial
order b-metric spaces. An example is provided to show the authenticity of the derived results. (©2017 All rights reserved.
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1. Introduction and preliminaries

Metric fixed point theory is one of the most interesting research area in the development of non-linear
analysis. In this field the first significant result was proved by Banach, known as Banach contraction
principle. This principle has been generalized by a lot of authors either by changing the contractive
condition or by changing the underlying spaces, one of these generalizations is (), ¢)-weak contraction.
The (, ¢)-weak contraction and generalized (), ¢)-weak contraction have been used in many papers for
the study of fixed point in complete metric spaces. Some of these valuable works are noted in [1, 7, 8, 13].

Partial order metric spaces are the interesting generalization of metric spaces, which was introduced
by Ran and Reurings [16] for the existence of fixed point. Using (1, ¢)-weak contraction, coincidence
point and fixed point results are established by many authors in partial ordered b-metric spaces (for
detail see [14, 15, 17, 18, 22]).

Presently, the study of (), ¢)-weak contraction in partial ordered b-metric spaces gain the attraction of
many researchers. In this direction fixed point results, coincidence point results and their application to
the solution of linear and nonlinear integral equations are investigated (see [3, 4, 19-21] and the reference
cited therein).
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In the current work, coincidence point results for compatible and weakly increasing mappings in
partial ordered complete b-metric spaces with (1, ¢)-weak contractive conditions are studied. The derived
results generalize some well-known results from the existing literature.

Definition 1.1 ([2]). Let G, H: Y — Y be two mappings on the partial order set Y. The pair of mappings
(G, H) is called:

(1) weakly increasing if Gu < H(Gu) and Hu < G(Hu) forallu €Y;

(2) partially weakly increasing if for all u € Y, Gu < H(Gu).

Definition 1.2 ([9, 14]). Let G, H, L : Y — Y be three mappings on partial order set (Y, <) such that
Gu C Lu and Hu C Lu. The pair of mappings (G, H) is called:

(i) weakly increasing with respect to L if and only if for all u € Y, Gu < Hw for all w € L~!(Gu) and
Hu < Gw for all w € L~ (Hu);
(ii) partially weakly increasing with respect to L if and only if Gu < Hw for all w € L1 (Gu).

Definition 1.3 ([11]). Let G, H : Y — Y be two mappings on metric space (Y,d;). A pair of mappings
(G, H) is compatible if and only if
lim d(GHu;,, HGu) =0,

m—o00

whenever {u,} is a sequence such that

Iim Gu,, = lim Hu,, =rwith reY.
m—0o0 m—00

Definition 1.4 ([12]). Let G,H : Y — Y be two mappings on metric space (Y, d;). A pair of mappings
(G, H) is said to be weakly compatible if they commute at coincidence points, that is, if Gu = Hu for some
u €Y, then HGu = GHu.

Definition 1.5 ([6]). Let Y be a nonempty set and the mapping d; : Y x Y — R satisfies:

bi) di(p,q) =0if and only if p = q;

bZ) dl(p/ q) = d](q/p)/
b3) there exists a real number s > 1 such that d;(p, ) < s(d1 (p,q)+ dl(q,r)) forallp,q,r €Y.

Then d; is a b-metric while the pair (Y, d;) is called b-metric space. If d; is defined on a partial order set
(Y, =), then such a b-metric space is called partial order b-metric space.

Definition 1.6 ([5]). A sequence {un,}is called b-Cauchy in a b-metric space (Y, d;) if and only if

Iim d;(um,un) =0.
m,n—o00

Definition 1.7 ([5]). A sequence {w,} is called b-convergent in a b-metric space (Y, d;) if and only if there
exists w € Y such that liin d(wm,w) =0.
m—0o0

Definition 1.8 ([20]). A partial order b-metric space (Y, d <) is said to be regular if the following conditions
are satisfied:

(i) if non-decreasing sequence wy, — w then w,, < w for all m;
(ii) if non-increasing sequence u,, — u then uy, > u for all m.

In what follows, we shall make use of the following lemma.
Lemma 1.9 ([10]). Let {w} be a sequence in b-metric space (Y, dy) and s > 1 such that,
di(Wm, Wing1) < kdi(Wm—1, W)

for somek, 0 < k < %,for m=1,2,---. Then {wmn,} is a Cauchy sequence in (Y, d;).
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In [20], the authors proved the following theorem with M(x,y) define by

d(Sx, fx) + d(Ry, gy) d(Sx, gy) + d(Ry, fx)
2s ! 252

M(x,y) € {d(Sx, Ry),

for all x,y € X.

Theorem 1.10. Let (X, =<, d) be a partial ordered complete b-metric space and f,g,R, S : X — X be four mappings
such that f(X)CR(X) and g(X)CS(X). Suppose that for every x,y € X with comparable elements Sx, Ry, the
following condition holds

P(stdi(fx, gy)) SV IMx,y)) — d(M(x,y)) forall x,y € X, (1.1)

where $,\ : [0,00) — [0, 00) are altering distance functions. Let f,g,R, S : X — X be continuous mappings, let
(f,S) and (g, R) be compatible pairs and let (f, g) and (g,f) be partially weakly increasing pairs with respect to R
and S, respectively. Then the pairs (f,S) and (g, R) have a coincidence point z in X. Moreover, if Rz and Sz are
comparable then z is coincidence point of f,g,R, and S.

2. Main results

In this section, we generalize some recent coincidence point results in partial order complete b-metric
spaces under generalized (\, ¢)-weak contraction. Throughout the paper, for all u,w € Yand « > 1,

M('LL,W) S {dl(]—u/ ]W)/ 2806_1 ’ Dgx

di(Lu, Gu) + di(Jw, Hw) dq(Lw, Hw) + d; (Jw, Gu) }
Here, R is the set of positive real numbers.

Theorem 2.1. Let G,H,L, ] : Y — Y be continuous mappings on a partial ordered complete b-metric space
(Y, =,d1) such that G(Y)CJ(Y) and H(Y)CL(Y). Assume that for € > 1 the compatible pairs (G,L) and (H,])
satisfy the contractive condition

P(s°d1(Gu, HwW)) < p(M(u, w)) — d(M(u,w)) forall u,w €Y, (2.1)

whenever ¢, : [0,00) — [0, 00) are altering distance functions and the pairs (G,H) and (H, G) are partially
weakly increasing with respect to | and L, respectively. Then the pairs (G, L) and (H, ]) have a coincidence point.
Further, if Lw and Jw are comparable then w is coincidence point of G, H, ], and L.

Proof. Let ug be an arbitrary point of Y. Since G(Y) C J(Y) and H(Y) C L(Y), there exist u;, uy € Y such
that Gup = Juy and Huy = Luy. Construct a sequence {w,} defined by

Wom41 = GUom = JUom+1, Womy2 = Hupmy1 = Lupmyr, form=0,1,2,---.

As (G,H) and (H, G) are partially weakly increasing with respect to | and L, respectively, we have
w € 71 (Gug) and up € L~ (Huy). Thus

Jup = Gup = Huy = Lup <X Guy = Jugs.
Repeating this process, we obtain
Woma1 = Womqo, for all m € N U{0}.
Without loss of generality, we can assume that
W 7# W1 forall m € N. (2.2)

We will complete the proof in three steps.
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Step I. We will prove that d; (Wom+1, Wom) < di(Wam, Wam—1).
Since Luyy, = Wym and Jupm 1 = Wom 1 are comparable, from (2.1) we have

P(s€d1(Wam+1, Wam)) = W (s€d1(Guam, Hupm—1)) < V(M (uUzm, Upm—1)) — d(M(Upm, Upm—1))  (2.3)
with

M(uzm, Uom—1)

di1(Wam, Wom41) + di(Wom—1, Wom) di(Wom, Wom) + d1(Wom—1, Wom+1)
2501 ’ 252 ’

€ {dl (Wom, Wam—1),

M (Uzm, Uom—1)

d1(Wom, Wom+1) + di(Wam—1, Wom)  di(Wom1, Wom—1)
2501 ! 25% ’

€ {dl (Wam, Wom—1),

Assume that d;(Wam—1, Wom) < d1(Wom, Wam+1). We have the following three possible cases.

Case (1): M(uzm, upm—1) = d1(W2m, Wam—1). Then

P(s€d1(Wom, Wom+1)) < U (dl (W2m,W2m—1)) - <d1 (W2m,W2m—1)> < W (di(Wam, Wom—1)).
Since 1 is non-decreasing, one has

s€di(Wom, Wom+41) < di(Wom, Wwom—1),

a contradiction. We conclude that d;(Wom 1, Wom) < d1(Wom, Wom_1)-

Case (2): M(Um, Wom_1) = di (Wom,Wamy1)+dy (W2m71/W2m).

2gax—1
Since & (W2m/W2m+§)St7dll(W2mfllw2m) < gl(WZSn;tll/WZm), we have
dq(w ;W d;(w ;W d —1/
w(sedl(WZm,WzmH))Sll)( 1(Wam 2m+1))_¢( 1(Wam, Wam 1) + di(Wom 1W2m))
ga—1 2gx—1
di(Wam, Wom+1) + di(Wam—1, Wom )
< ¢(S€d1(W2m+1,W2m))—¢< = m+2sa,1 = = ).
This is only possible if

o <d1 (Wam, Wom+1) +_d1 (W2m1/W2m)> <o.
2gx—1
By ¢ is altering distance function, we obtain

di(Wom, Wom41) + di(Wom—1, Wam)
2g0—1

=0.
Hence di(wym, Wom1) = 0. That is, wpmy, = Wy 1, a contradiction to (2.2). Hence di(Wom 1, Wom) <
di(Wam, Wom-—1).
Similarly, it can be proved for third case that,
di(Wom+1, Wam) < di(Wam, Wom—1). (2.4)
Step II. We will show that the theorem with the help of Lemma 1.9. We claim that

1
d1 (W1, Wima2) < kdi(Wm, W) for all m € N, where k € [0, g) (2.5)

We will divide the proof into three cases to establish above inequality.
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Case (1): M(uzm, Uam—1) = d1(Wam, Wam—1).
From (2.3), we have

P(s di(Wom, Wom41)) < U (dl (Wzm,Wzmq)) —¢ (dl(WZm/Wmel))-
Since ¢(t) > 0 for t > 0, we get
11’(S€dl (WZm/ W2m+1)) < 11’ (dl (WZm/ Wmel)) .

By 1 being non-decreasing, we obtain

1
s€d1(Wam, Wam+1) < di(Wam, Wom—1),  di1(Wom, Wom+1) < S?dl (Wam, Wom—1).

Take k = S%, then k € [0, %),
di1(Wam, Wom+1) < kdy(Wam, Wom—1).

d1 (Wam Wami1)+d1 (Wam,Wam-—1
2sa—1

Case (2): Taking M(ugm, Upm—1) = ) and using (2.4), we have
d1(Wom, Wamy1) + d1(Wom, Wam 1) cd (Wam—1, Wam)

pgaT < ot < di(Wam—1, Wam).

M(uZm/ Uom—1 ) =

From (2.3), we obtain

di (Wom, Wom41) +dy (WZm/WZm—l))

P(s di(wam, wam 1)) < (dl (Wam, W2m—1)) - (b( g T

Since ¢(t) > 0 for t > 0, we have

P(s€d1(Wom, Wom+1)) < U (dl (WZm,Wzmq))-

Also  is non-decreasing, therefore

1
s€di(Wom, Wom41) < di(Wom, Wam—1), d1(Wam, Wom+1) < ?dl (Wom, Wam—1).

Take, k = S%, thenk € [0, %).

Case (3): If M(uom, Upm—1) = %, then by using triangle inequality and (2.4), we can bring
again to Case (2). Hence (2.5) holds for all three cases.
Similarly, by taking Lusm 41 = Wom+41 and Jupm42 = Wom42, One can easily prove that

d1 (Wam+1, Wam+2) < kdi(Wom, Wwom1).
From the above discussion it is clear that
d1(Wm 1, Wmy2) < kdy (Wi, Wi 1) for wiy # win g, forallm e N.

Define dx = di(wy,wi41). Suppose di, = 0 for some kg, then wy, = wy,, . If kg = 2m then
Wom = Wam+1, thus

d , 00+d ,
M(u2m1u2m+1)€ {0, 1(W2m_;1$::\)21m+2)+ , + 1(W22:;W2m+2)}

_{o di(Wom42, Wam+1) di(Wam42, Wom)
! 2g0—1 ! 25% '
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We notice that if
di (Wom+2, Wom 1)

2501 ’

M (uzm, Wam+1 ) =

by (2.3), we obtain

dq (W2m+2/w2m+1)) i < di(Wam+2, Wom+1) )

P(s€di(Wams1, Wam+2)) < 1|)< pgo—1 2sx—1

Thus

d ,
P (s€d1(Wom41, Wom2)) < 11)< 1(Wam 41 Wzmﬂ))-

2501

Since 1 is non-decreasing, we have

di1(Wam+1, Wam42)

di (Wam+1, Wam42)
pgoa—1 , :

2gote—l

s€d1(Wam1, Wom42) < d1(Wam+1, Wam2) <
This is only possible in the case in which di(Wam1, Waom+2) = 0. Hence wam 11 = Wam 2. Thus wyy =
Wom+1 = W2m+2-

Analogously, we can prove the remaining cases.

Consequently, the sequence {wy} is a constant sequence for k > kq. Hence (2.5) also holds for constant
sequence.

By (2.5) and Lemma 1.9, we conclude that sequence {wn,} is a b-Cauchy. Now, taking into account
that a b-Cauchy sequence is convergent and Y is complete, there exists some w € Y such that wy,, — w.
Therefore the following subsequences are also convergent to w € Y. That is Guy;y, = W, Hupim41 —
W, Jupm1 — w, and Lupy, — w.

Step III. We will prove that coincidence point of G and L is w. Since

lim di(Guam,w) = n{gnoo di(Juzm41, W) = nllinoo di(Wom+1,w) =0,

m—o00
Lim di(Hupmir,w) = lim di(Lugmyo,w) = lim di(wami2, W) =0,
m—o0 m—00 m—o0

and (G, L) is compatible, we have

lim dl(LGuzm, G]_uzm) =0. (26)

m—o0

Moreover, liin d;(Guym,w) = 0 and liin di (Lugm, w) = 0. Also, G and L are continuous mappings,
m o m o

therefore
lim d;(LGuym, Lw) = lim d;(GLuym, Gw) =0. (2.7)

m-ro0 m-sco
From triangle inequality, one can write
di(Lw, Gw) < s(dq(Lw, LGupm ) + d1 (LGuom, Gw)).
Again, applying the triangle inequality to the second term of the right hand side, we get
di(Lw, Gw) < sdq(Lw, LGugm ) + s?(d1 (LGuam, GLusm ) + di (GLugm, Gw)).
Using (2.6) and (2.7) in above inequality and taking limit m — oo, we have

d; (Lw, Gw) < 0.

Therefore, d;(Lw, Gw) = 0. This implies that Gw = Lw. Hence w is coincidence point of G and L.
Similarly, we can show that w is coincidence point of H and J.
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Further, if Lw and Jw are comparable then by using (2.1), we have
P(s°d1(Gw, Hw)) < b(M(w, w)) — d(M(w, w)),

where

M(w,w) € {d1(Lw, ), Sl €0) a(fy Hw) (L Hw) o, G }

_ {dl(Gw,Hw),o,dﬂGw/Hw)}.

SOC
If M(w,w) = d;(Gw, Hw), then
Y(sd1(Gw, Hw)) < d(di (Gw, Hw)) — d(d1(Gw, Hw)).

This is possible if Gw = Hw. Hence w is coincidence point of G, H, ], and L.
Similarly, for remaining two cases, one can easily prove that w is coincidence point of G, H, J, and L.
This completes the proof. O

In the following theorem we vanish the continuity assumption of G, H, J, and L and replace compati-
bility by weak compatibility.

Theorem 2.2. Let G,H,L, ] : Y — Y be mappings on a regular partial ordered complete b-metric space (Y, =<, d1)
such that G(Y)CJ(Y), H(Y)CL(Y), and J(Y) and L(Y) are b-closed subsets of Y. Assume that for € > 1 the weakly
compatible pairs (G, L) and (H, ]) satisfy the following contraction condition

P(s°d1(Gu, HW)) < p(M(u, w)) — d(M(u,w)) forall u,w €Y, (2.8)

whenever ¢, : [0,00) — [0,00) are altering distance functions. Suppose that the pairs (G,H) and (H, G) are
partially weakly increasing with respect to | and L, respectively, then the pairs (G, L) and (H, ]) have a coincidence
point. Further, if Lw and Jw are comparable then w is coincidence point of G, H, ], and L.

Proof. By following the proof of Theorem 2.1, we conclude that for a sequence {w,} there exists w € Y,
such that

lim d;(wn,w) =0.
m—00

Since L(Y), J(Y) are b-closed subsets of Y, then for {wym 1} C J(Y) , {(Womi2} C L(Y) there exist x,y € Y,
such that w = Jx and w = Ly. Therefore

lim Jupmi1 = lim wyy1 =w=1Ly, lim Huypi1 = lim wymio =w = Ly.
m—00 m—00 m—00

m—00

We will show that G and L have a coincidence point w. Since Juomy1 = Ly and Hupmy1 < Ly, by
using regularity of partial ordered complete b-metric space (Y, <, d;) and (2.8), we have

(s€d1(Gy, Huzm1)) < W(M(y, uom+1)) — (M(y, uzm+1)), (2.9)

where
M (U yW2m+1 )

€ {dl(LU/Ju2m+l),

di(Ly, Gy) + d1 (Jugm+1, Huzm1) di(Ly, Hugm1) + di(Juom1, Gy)
25—l ’ 2%

di(Ly, Gy) + di(Juam+1, Hugmy1) di(Ly, Huom1)
2s—1 ! 25

< {dl(Ly,Jume, (2.10)
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_l’_

di(Juom+1, Ly) + di(Ly, Gy)
zsocfl
= ’ 2goe—1 7 2gx—1 :

Using (2.10) in (2.9), one has

d;(Ly, G d;(Ly, G
P (s°dy(Gy, Ly)) < (DY) g (ALY V)

This is only possible if d;(Ly, Gy) = 0. It implies that Ly = Gy. Hence w = Ly = Gy. Now from
compatibility of G and L, we can write Gw = GLy = LGy = Lw. Hence w is coincidence point of G and
L.

Similarly, we can show that w is coincidence point of H and ]. The remaining proof is the same as the
proof of Theorem 2.1 and therefore we omit it. O

From above theorems one can easily prove the following corollaries.
By taking | = I (the identity mapping of Y) in Theorem 2.2 and for all u,w € Yand o > 1,

M(u,w) € {dl(Lu,w), di (Lu, Gu) + di (w, Hw) di (L, Hw) + di(w, Gu) }

2sx—1 ’ 25
we have the following common fixed point result for three mappings.

Corollary 2.3. Let G, H, L : Y — Y be mappings on regular partial ordered complete b-metric space (Y, =, d;)
such that G(Y)CY and H(Y)CL(Y). Assume that for € > 1 the weakly compatible pairs (G,L) and (H,]) satisfy
the contractive condition

P(sd1(Gu, Hw)) < p(M(uw, w)) — d(M(uw,w)) forall u,w €Y,

whenever ¢, : [0, 00) — [0, 00) are altering distance functions. Further, we assume that pairs (G, H) and (H, G)
are partially weakly increasing and partially weakly increasing with respect to L, respectively. If Lw and w are
comparable then w is coincidence point of G, H, and L.

By setting L = ] in Theorem 2.1 with

M, w) € {dl(]U/ Jw), di(Ju, Gu) 4+ dy (Jw, Hw)’ di(Ju, Hw) 4+ d; (Jw, Gu) },

2501 25%
we have the following corollary.

Corollary 2.4. Let G, H, ] : Y — Y be mappings on a partial ordered complete b-metric space (Y, <, d1) such that
G(Y) UH(Y)CJ(Y) where J(Y) is continuous. Let (G,H) be a partially weakly increasing pair with respect to J.
Further, we assume that one of the following conditions are true

(i) G is continuous and (G, ]) is compatible;
(if) H is continuous and (H, ]) is compatible.

If for altering distance functions ¢, : [0, c0) — [0, 00) the following condition holds
Y(s€d1(Gu, Hw)) < p(M(w,w)) — d(M(u, w)) forall w,w €Y,

whenever € > 1, then G, H, and ] have a coincidence point.
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By setting L = ] and G = H in Theorem 2.1 with

M, w) € {dl(]u, Tw), di1(Ju, Gu) + d; (Jw, Gw), d1 (Ju, Gw) + d1 (Jw, Gu) }

2sx1 2%
we arrive to the following corollary.

Corollary 2.5. Let G, ] : Y — Y be mappings on a partial ordered complete b-metric space (Y, =, dy) such that
G(Y)CJ(Y) where ] and G are continuous. Let us take G partially weakly increasing with respect to | and let (G,])
be compatible. If for altering distance functions ¢, : [0, 00) — [0, 00) the following condition holds

P(s€di(Gu, Gw)) < W(M(w, w)) — d(M(uw,w)) forall u,w €Y,
whenever € > 1, then G and | have a coincidence point.

By setting L = ] in Theorem 2.2 with

M(w,w) € {dl(]u, fw), di(Ju, Guz)s—l;dll(]W, Hw) ’ di(Ju, Hw)z;i—adl(]w, Gu) },

we have the following.

Corollary 2.6. Let G, H, ] : Y — Y be mappings on a reqular partial ordered complete b-metric space (Y, =, dy) such
that G(Y) UH(Y)CJ(Y) where J(Y) is complete subset of Y. Let us take partially weakly increasing pair (G, H) with
respect to ] and let (G, ]), (H,]) be weakly compatible pairs. If for altering distance functions ¢, : [0,00) — [0, o0)
the following condition holds

P(s€dr(Gu, Hw)) < Y(M(u, w)) — d(M(w,w)) forall u,w €Y,
whenever € > 1, then G, H, and | have a coincidence point.

By setting L = ] and G = H in Theorem 2.2 with

M, w) € {dl(]U/ ), d1(Ju, Gu) + d; (Jw, Gw) dq(Ju, Gw) + di(Jw, Ju) }’

201 ’ 25%
then one can get the following corollary.

Corollary 2.7. Let us take mappings G,] : Y — Y on a reqular partial ordered complete b-metric space (Y, <, d1)
such that G(Y)CJ(Y). Let us take G partially weakly increasing with respect to | and let (G, J) be weakly compatible.
If for altering distance functions ¢, : [0, co) — [0, co) the following condition holds

P(s°di(Gu, Gw)) < b(M(u, w)) — d(M(u,w)) forall u,w €Y,
whenever € > 1, then G and | have a coincidence point.

By setting L = ] = I (the identity mapping) in Theorem 2.1 then

di(u, Gu) + di(w, Hw) di(u, Hw) + d; (w, Gu
M) € {dafuw), S0 EUEQDRTR] il I L el Sl

one has the following result.

Corollary 2.8. Let G,H : Y — Y be two mappings on a partial ordered complete b-metric space (Y, =, dy). Let us
take partially weakly increasing pair (G, H) and either,

(i) G or H is continuous; or
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(ii) Y is regular.
If for altering distance functions ¢, : [0, c0) — [0, 00) the following condition holds
P(s€di(Gu, Gw)) < Y(M(u,w)) —d(M(u,w)) forall u,w €Y,
whenever € > 1, then G and H have a common fixed point in Y.

Example 2.9. Let us define partial ordering < on Y = [0, co) as follows:
u=<w if and only if w <uforallu,weY.

Let di(w,w) = u—wp for all w,w € Y. Then, d; is a partial order b-metric on Y with s = 4. Suppose
G,H,J, and L are continuous mappings defined as follows:

G(u) =sinh 'u, H(u) =sinh! E,

5 J(w) =sinh2u, L(u)=sinh4u.

Clearly, the pairs (G,L) and (H, J) are compatible. If {u,} is a sequence in Y such that for some v € Y

Iim di(v,Gu;) = lim dq(v,Luy) =0,
m—00 m—00
then we have

lim [sinh 'um — v = lim |sinh4u, —v|° = 0.
m—oo m—oo

Since G and L are continuous, one can write

-1
sinh™ " v
P =0.

lim |umy —sinhv]® = l1m W —
m—00 4

smh

Thus sinhv = ¥ if and only if v = 0. By the continuity of G and L, we obtain

lim d;(GLuy, LGuy,) = hm |GLuym — LGuy]? =

m—o0

This assures the compatibility of (G, L) pair. Similarly, we can show the compatibility of (H, J).
Next, we shall show that pair (G, H) is partially weakly increasing with respect to J. Let w € J~1(Gu),
foruweyY
Gu) =Jw) = sinh ! u = sinh 2w.

inh—! ( sinh—! )
Therefore w = w Since we know that
sinhu > sinh ' u = u > sinh ! (sinh_1 u),

. : hfl : hfl
it follows u > W On the other hand, we have

G(u) = sinh ' u > sinh ™

e 1 . 11
(Slnh (sinh™" u) > _ sinh~lw — Huw,

2
thus G(u) > H(w), therefore G(u) < H(w).
Similarly, we can show that the pair (H, G) is partially weakly increasing with respect to L.
Now, we show that {P(s€d;(Gu, Hw)) < Pp(M(u,w)) — d(M(u,w)) for all u,w € Y. Here M(u,w) is
(b

defined previously, where P (v) =bv,d(v) = (b—1)v,1 <b <2and take 1 < e < %

Using mean value theorem for the functions sinh ™! and sinh on the intervals [u, wland [4u,2w] C Y.
Take

P(4€d; (Gu, Hw)) = 4°b|Gu — HwP
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< 4°b|sinh ' u—sinh ™! g|3

w
< 4bu— =
lu > |

|4u — 2w

43
< 4¢73p| sinh 4u — sinh 2w[?
=4¢73pLu—Jw]?
g dl(]—u/ JW)
=VP(M(u,w)) — d(M(w, w)).

<4°b

Hence all conditions of Theorem 2.1 are satisfied and 0 is coincidence point of these four mappings.

Remark 2.10. For Example 3 of [20] it is easy to see that all conditions of our Theorem 2.1 are satisfied
and hence the corresponding conclusions holds. However, if 1 < e < 3, then condition (1.1) of Theorem
1.10 does not hold for Example 2.9 but our condition (2.1) holds, therefore our Theorem 2.1 is a genuine
generalization of Theorem 1.10.

Remark 2.11. By taking € =4 and a = 2 in our results, it is easy to handle the results of [20].

3. Application to the system of non-linear integral equations

We consider the following system of integral equations

x(a) = F(a) + (" Ky (a,v,x(v))dw,
Jt
x(a) = F(a) + i Kz (a,v,x(v))dyv, (3.1)
Jt
x(a) = F(a) + i Kg(a,v,x(v))dlv,
Jt

where Ki, Ky, K3 : [t,7] x [t, 7] x R — R.
LetG,H,L:Y — Yand F: [t,r] = R be continuous mappings. We redefine above system of integral

equation as:
rT

G(x(a)) =Fla)+ | Kq (a,v,x(v)) dyv,
Jt

T

H(x(a)) =F(a)+ | Ky (a,v,x(v)) dyv, (3.2)
Jt

L(x(a)) = F(a)+ X Kz(a,v,x(v))dyv

t

forall x € Y and a,v € [t, 1]. Clearly, by using Corollary 2.3, the existence of solution to (3.1) that belongs
to Y = C[t, 1] is equivalent to the existence of a common fixed point of G, H, and L.
We define a partial ordering on Y as follows: x <y if and only if x(a) < y(a) and we define a b-metric
on Y as follows: d;(x(a),y(a)) = ren[ilx} ‘x(a) —y(a)‘p for all x,y €.
aclt, r

Theorem 3.1. Suppose that the following conditions are satisfied:

(i) K1, Ky, Kz :[t, 1] x [t, 7] x R — R are continuous;
(i) forall a,v € [t, ] and x € Y we have,

T

K1 (a,v,x(v)) < Ky (a,v,J

Kl(a,v,x(v))dv—i-F(a)),
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K2<a,v,x(v)) < Kq (a,v,y(v)) for all Kg,(a,v,y(v)) = Kz(a,v,x(v)>,

and

T T

Ky (a,v,J Ks(a,v,x(v))dv+ F(a)) = K3<a,v,J
t

Kl(a,v,x(v))dv+F(a));
t

(iii) for all a,v € [t,v] and x,y € Y with x <y we have
Ka(a,v,x(v)) = Ka(a,v,y(v))|" < R(a,v)In(1+ [Lx(v) —y()|"),

where R is a continuous function satisfying the condition

T
1
su R(a,v)div < .
ae[fr]L (@) < e e

Then system (3.1) of nonlinear integral equation has a unique solution.

Proof. Clearly, by condition (ii), the pair (G, H) is partially weakly increasing and

T

H(x(a)) = F(a) —|—J Kz (a,v,x(v))dlv < F(a) +J: Ky (a,v,y(v))dw = G(y(a))

t

for all K3(a,v,y(v)) =K (a,v,x(v)). Hence, H(x(a)) < G(y(a)).

T T

F(a) + L Kz(a,v,y(v)) =F(a) —i—J

t

Kz (a,v,x(v)) = Ly(a) = Hx(a).

Therefore, Gy(a) < Hx(a) for all y(a) € L~ 'Hx(a). So (H,G) is partially weakly increasing pair with
respect to L. Also from condition (ii) the pair (G,L) is weakly compatible. Let 1 < p,q < oo with
% + % = 1. From condition (iii) for all a € [t, 7], we have

T

Jr Ki(a,v,x(v))dyv —J Kz(a,v,y(v))dlv’p] ,

t t

2P¢|G(x(a)) —H(y(a))|” < 2P¢

T

Jr Ks(a,v,x(v))dyv —J Kz(a,v,y(v))dlv’p] ,

t t

T P
[} ksl v xv) = Kafav,yiv))arv ) ]

< 2p¢ [((Jrlqdls)é)r’ (q* Ks(a,v,x(v)) —Kz(a,v,y(v))\pdlv>;>p]

t

R(a,v)In (1 + Lx(v) —y(W)IP d1v>,

< 2P¢(r—t)P ! Jr R(a,v)dw(ln(l +d; (Lx(v),y(v))),

Hence,
s€d1(G(x), H(y)) < M(x,y) — [M(x,y) “In (1+M(x,g)>]

Define \(z) = z and ¢(z) = z—In(1 + z), where s = 2F. Thus
b(s°d(G(x), HY)) < (Ml ) = (M(xy)).

Hence by Corollary 2.3 system (3.2) has a solution. Consequently, (3.1) has a solution in Y. O]
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