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Abstract

In this paper, we propose an epidemic model with age-dependence vaccination, latency and relapse. We derive the positivity
and boundedness of solutions and find the basic reproduction number. Asymptotic smoothness, the existence of global compact
attractor and uniform persistence of the model are investigated. By constructing Lyapunov functionals, we establish global
stability of the equilibria in a threshold type. (©2017 All rights reserved.
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1. Introduction

There is growing interest in the dynamics of epidemic model with age structure (see, e.g., [1, 2, 4, 11,
13, 14, 16, 17, 23-26, 28] and references cited therein). In general, the average age at which individuals
become infected is largely determined by the prevalence of infection in the population. Some evidences
can be found in recent studies that the probability of becoming infected is dependent on age of the host
[5, 6]. It becomes more reasonable to study the important consequences of mathematical model with age
structure.

In this paper, we divide the population into five classes: susceptible (those who are capable of contract-
ing the disease); vaccinees (those who are vaccinated to defeat disease); exposed (those who are infected
but not yet infectious); infectious (those who are infected and capable of transmitting the disease); and
recovered (those who are permanently immune). Denoted by S(t) the number of susceptible individuals
at time t. Without infection, S(t) is governed by the equation

dS(t)
dt
where a fraction 1 —p stands for the vaccination given immediately after birth or in newborn. u is natural

death rate. Susceptible individuals can come into contacting with infectious individuals and become new
infected individuals at a rate 3.

= (1—=p)A—uS(1),
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The vaccinated class is structured by the age of vaccination a (i.e., the newly vaccinated individuals
enter the vaccinated class with vaccine-age is zero), and the density of vaccinated individuals with respect
to the age of vaccination a at time t is assumed to be V(t,a). Then the total number of vaccinated
individuals at time t is given by [;° V(t,a)da. In our model, we consider a scenario that the vaccine
is imperfect, which means that the vaccinated individuals still have the possibility to be infected. Let
I(t) denote the density of infectious individuals at time t. Throughout the paper, we always assume
that vaccinated individuals can be infected at a rate I(t) [” h(a)V/(t, a)da, after contacting with infectious
ones, where h(a) stands for probability of infection with age dependence vaccination. Let a fraction p of
vaccinated new-borns enter vaccinated class, which yields a boundary condition V(t,0) = pA.

Let «(a) be the rate at which the vaccine wanes, which is a nonnegative bounded function of vaccine-
age a. Thus vaccinated individuals eventually become susceptible again by a rate [;° a(a)V(t, a)da.
Under these assumptions, susceptible and vaccinated individuals are governed by the following equa-
tions:

B — 1 pia— st - ps(o1) + [ ala)Vit alda
V(t,0) = pA, (1.1)
<aat + aa)\/(t, (1) = — (p,+ 0(((1)) V(t, Cl) - I(t)h(a)V(t, a)'

After infection, susceptible and vaccinated individuals enter into a stage where individuals are infected
with the disease but not yet infective. This stage of the disease is often called latent stage. Waiting time for
individuals in latent class varies from one to one, which may depend on the types of infectious diseases
and individuals” status. Latent tuberculosis may take months, years or even decades to become infectious,
thus, it would develop into a deadly disease if not treated or incompletely treated. Furthermore, the
risk per unit time of activation appears to be higher in the early stages of latency than in later stages.
McCluskey [16] investigated a model of disease transmission with continuous age-structure SEIR model
for latently infected individuals and for infectious individuals. Liu et al. [11] paid attentions to an SEIR
epidemic model with age dependent latency and relapse and proved that the threshold property can
be preserved by defining the basic reproduction number. Here recurrent phenomenon are formulated
as partial differential equations with age-dependent relapse rate (or varying relapse rate) instead of a
constant relapse period and a general relapse distribution. Therefore, it is necessary to incorporate the
duration age into modeling. In this paper, we structured exposed class as the age of duration (i.e., the
duration time spent in this class). Let the density of exposed individuals with latency-age a at time t be
E(t, a), then the total number of exposed individuals at time t is given by fgo E(t, a)da. The removal rate
from latent class is given by the function o(a). Thus, the total rate at which individuals progress into the
infectious class alive reads fgo o(a)e(t,a)da

E(t,0) = BS(H)I(t) + I(t) JOO h(a)V(t, a)da,
s 9 0 (1.2)
(at + a)E(t, a) = —(u+o(a))E(t, a).

In a recent study, van den Driessche et al. [20], van den Driessche and Zou [21] proposed the relapse
takes the form of a constant relapse period and a general relapse distribution, respectively. Individuals
come into the removed class after recovery (that may be natural or due to treatment). Let k be the recovery
rate from the infectious class. The density of individuals in removed class is denoted by R(t, b), where
b is referred as relapse age for short. Thus the total number of removed individuals at time t is given
by [ R(t,b)da. Let y(b) be the age-dependent relapse rate in removed class. The total rate at which

1nd1v1duals relapse into the infectious class is given by [;°v(b)R(t, b)db. Thus infectious and recovered
individuals are governed by the following equations:

%(tt) = JOO o(a)E(t,a)da— (n+K)I(t) + J:oy(b)R(t,b)db,
0
R(t,0) = KI(t), (1.3)

0 0
(at N aq)R(t b) = —(v(b) + WR(t,b).
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In this paper, the model to be studied takes the following form,

dzgct) = (1—p)A—puS(t) — BS(L)I(t) + JOOO o(a)V(t,a)da,
V(t, 0) = p/\/
(;4_a>an:—uwﬂMNV@®—HUM®VwaL
t Oda -
E(t,0) = BS(t)I(t) + I(t)J h(a)v(t, a)da,
5 5 0 (1.4)
5t aoo E(t,a) = —(n+o(a))E(t, a), N
dit) :J o(a)E(t, a)da — (n+K)I(t) +J v(b)R(t, b)db,
dt 0 0
R(t,0) = kI(t),
0 0
Qn+m)Rmbﬁ:4WM+um@by
The initial conditions for model equations (1.4) are assumed to be
S(0) =Sp >0, V(0,a) = Vp(a), E(0,a) = Eg(a), I(0) =1y > 0, R(0,b) = Ro(b). (1.5)

To be mathematically tractable, we make the following assumption on functions of (1.1), (1.2), (1.3).
Assumption 1.1.

1) «(-), h(:), o(-), v(-) are non-negative and belong to L5(0,00) with essential upper bounds & h,o,y €
(0, 00), respectively;

(i) h(a) is Lipschitz continuous on R™ with Lipschitz coefficients My,;

(iii) there exists positive constant g € [0, u] such that o(a), o(a),y(b) = po for a,b > 0.

Denote by
gla)=o(a)+uw, T(a)= e Joelmar

and b
nb) =vy(b)+u, Y(b)=e Jonlodr

It follows from (iii) of Assumption 1.1 that

I
0<(a) <etma cq @ i),

da

and dY (b
0<T(b) ce o <1, TN gy,

In this paper, we firstly employ the method developed by [10, 12, 18, 27] for age-dependent models, to
reformulate the system as a system of Volterra integral equations. We verify the existence and uniqueness
of solutions. Further we get a continuous solution semiflow {®};>¢ on Xo; generated by system (1.4).
Furthermore, according to the similar approach in [9, 15], we shall establish the uniform persistence and
the existence of a compact global attractor of system (1.4), which we can make use of the invariance
principle. On the other hand, the uniform persistence of solutions ensures the each solution bounded
below by some positive constants, which provide the well-posedness of Lyapunov function (defined to
prove the global attractivity of equilibria). Finally, we show the global stability of equilibria by proper
Volterra-type Lyapunov functions in terms of the basic reproduction number.

This paper is organized as follows. Section 2 is devoted to the well-posedness of the model. In
Section 3, we investigate asymptotic smoothness of the semi-flow generated by the system. Section 4
contributes to the uniform persistence of system. In Section 5, the global stability of equilibria is proved
by constructing candidate Lyapunov functions.
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2. State space and well-posedness

2.1. Integrated semigroup formulation

System (1.4) is a hybrid system of ordinary and partial differential equations. Taking into account the
boundary conditions, we first rewrite is as a semilinear Cauchy problem. Following the method of [18],
we first set the state space,

X =R xR xL'((0,00),R) x R x L'((0,00),R) x R x R x L'((0,00),R),

and
Xy =Ry x Ry x LL((0,00), R) x Ry x L1 ((0,00), R) x R} x Ry x L1 ((0,00),R),

endowed with the usual product norm, and set
Xo = R x {0} x L*((0,00),R) x {0} x L'((0,00),R) x R x {0} x L*((0, 0),R),

and
x0+ - xo ﬂ :XIJF.

We consider the linear operator A : Dom(A) C X — X defined by

S —uS+ [  «(a)V(t, a)da
(v) (vt atapv)
\Y —V'—(u+ «(a))V

| (6) |- (e eta)
E —E' —¢(a)V !
I o o(a)E(a)da— (n+Kk) I+ [;°v(b)R(b)db
0 —R(0)
(&) (e o)
Dom(A) =R x 0x 0 x W"((0,00), R?) x R x 0 x W'((0, ), R),

where W1 is a Sobolev space. Note that Dom(A) = X is not dense in X.
Define nonlinear operator J : Dom(A) — X by

with

S (1—p)A—BSI

0 pPA
(V) (—Ih(a)S(a))

. (O) B <BSI+II8°h(a)V(a)da>
E O,

0 (=)

T
Then by identifying u(t) = <S(t), <V((‘Jc _)> , <E(S .)) LI(t), (R(S )>> , we can rewrite the system (1.4)

with initial conditions (1.5) as the following abstract Cauchy problem

du(t)

T Au(t) + F(u(t))

fort > 0and u(0) =uy € Xo,.
We restrict our attention on the state space for system (1.4) to

Y =R, x L1 (0,00) x L1 (0,00) x Ry x L1 (0,00),
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equipped with the norm

o0

\|(x,<p,¢,y,¢)||g:|x|+jo |<p(a)da+L d)(a)lda—l—lyl—i—L b(a)lda.

Biologically, this norm is interpreted as the total population size.
The existence and uniqueness of the semiflow {®@};>o on Xy, generated by system (1.4) can be assured
by the results in [10, 12, 18, 27]. Thus we get a continuous solution semi-flow @ : R} x Y — Y defined by

D (t/XO) - (Dt(XO) = (S(t),V(t,),E(t,),l(t),R(t,)), t 2 O/ XO S ld (21)
The precise result is the following proposition.

Proposition 2.1. For system (1.4), there exists a unique strongly continuous semiflow ® : Xoy — Xo4 > such
that for each xg € Xo4, the operator x € C([0, 00), Xo4+) defined by x = @ (t)xg is a mild solution of (1.4), that is,
it satisfies

t t

x(s)ds—i—J F(x(s))ds, Vt=0.

Jt x(s)ds € Dom(A), and x(t) =xg +AJ
0

0 0

2.2. Volterra formulation

For ease of notations, we introduce,
(a)=ala)+p, Ala)=e ficmdr (2.2)

and
n(t, 1) = h(DIt—a+1)+(a), Qt a)=e Jontodr

Solving V(t,a), E(t, a),R(t, b) in system (1.4) along the characteristic line t — a = const. and t —b = const.
yields

Vit PAQ(t, a), for t>a>0,
(ta)= Vo(a—1t) (t(tla)t) for a>t>0,
BS(t—a)l(t—a)+H(t—a)I(t—a)]l'(a), for t>a>0,
E(t,a) = a)
Eo(a— t)l"(a—t)’ for a>t>0,
and
R(Lb kI(t—1b)Y(b), for t>b >0,
(t,b) = Ro(b—t)y1iky,  for b>t>0.
Thus system (1.4) can be rewritten as the following Volterra-type equations
ds(t *
2 = (1= pIA— kS — ST + | ala)Viy a)da,
0
v pAQ(t, a), for t>a>0,
(t.a) = Vola—t) (t(taa)t) for a>t>0,
Eft BS(t—a)l(t—a)+H(t—a)I(t—a)ll(a), for t>a>0,
(t,a)= Eo(a— t)ﬁ for a>t>0,
dI(t) o o0
0 0
R(LD kI(t—b)Y(b), for t>b>0,
(t,b) = Ro(b —t) Y}”b)ﬂ for b>t>0.
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2.3. Boundness of semiflow
The semiflow ®(t, Xp) defined by (2.1) enjoys the nice properties as follows.

Proposition 2.2. Define

A
== {Xo = (So, Vo(+), Eo(+),To,Ro(-)) € Y | So + [[Vo(a)|[1 + [[Eo(a)][1 + To + [[Ro(a) |11 < u}- (2.3)

Then, the following results hold.
(i) = is positively invariant for ®; i.e., ®(t,x9) € S, forall t > 0, xg € =.
(ii) = is point dissipative and = attracts all points in Y.

(iii) There exist €1, €y > 0 such that liminfy_, ., S(t) > €1, liminfi_, f 80 V(t,a) > ey, respectively.

Proof. Let

N(t) —S(t)+J V(t,a)da—l—J E(t,a)da+I(t)—|—J R(t,b)db.

0 0 0
Adding the equations in (1.4) yields
dN(t)  dS(t) dro dro dI(t) dr"
T dt +dt . V(t,a)daJrdt . E(’c,a)da+7dt +dt , R(t,b)db
:/\—p(S(t)—i-J V(t,a)da—i—J E(t, a)da—l—I(t)—i—J R(t,b)db)
0 0 0

= A—uN(t).

We integrate this differential inequality and obtain the a priori estimate,
A A A
N(t) = — —e_”t< —N(0)> <=
i i
It follows that

S(t) +J V(t, a)da+J E(t, a)da + I(t) +J R(t,b)db < ﬁ
0 0 0
This implies that
lim sup [[@¢(xp)lly =lim sup N(t) < é,
t—oo t—o0 8

that is, = is positively invariant for ®, and further attracts each point in Y. Thus (ii) directly follows. Next,
we prove (iii). Since I(t) < %, it is easy to see from the first equation (1.1) that

dS(t)

B 1-pa- <u+ T) S().

Recall that h, & are the essential upper bounds of h(a), x(a) for a > 0, respectively, from (i) of Assumption
1.1. We integrate this differential inequality and obtain the a priori estimate,

lim inf S(t) > (1_?1\ £1.

Further, we have
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a=oo _/\ B o0
—|(h—4+a&+un J V(t,a)da
a=0 [ 0

= pA— <ﬁﬁ + &+ u) J V(t,a)daq,
0

2 - V(t, (l)

where we use V(t, a)|q—x = 0. Thus we have

o A
lim inf J V(t, a)da > _/\pi = &7.
t—o0 Jo h; +a+pu

This completes the proof. O
The following proposition directly follows from Proposition 2.2.

age A .
Proposition 2.3. If xg € Y and [[xolly < A for some constant A > <3, then the following hold true for t > 0,

(i) 0<S(t), [ VIt a)da, [ E(t,a)da, I(t), [{"R(t,b)db < A;
(ii) H(t) < hA;
(iii) E(t,0) < (B +h)A2, R(t,0) < KA.

Using a similar argument as in [26, Proposition 4.1], we claim that the following proposition holds.

Proposition 2.4. Let H(t fo V(t,a)da. Then H(t) is Lipschitz continuous on R with Lipschitz con-
stant,
Ly = h(p+ &+ hA)A + pAh+ MpA.

2.4. The basic reproductive number and equilibria
There always exists the disease-free equilibrium E° = (S%,V%(a),0,0,0) satisfies

sozﬁ[(l—pwpm, V(a) =pAQ(a), Ea)=0, =0, R'(b)=0, (2.4)

where K = fgo a(a)A(a)da and A(+) is defined in (2.2).
Define the basic reproduction number as,

(BS? + fgo h(a)V%(a)da)8;
(k+k) — k62 ’

Ry = (2.5)

where 6; = [° o(a)l(a)da, 0, = [7”v(b)Y(b)db. Note that 1/(i+ k) is the average time in infectious
class on the first pass, k/(p + k) and 0, are the probability of surviving the infectious class and entering
the removed class alive, respectively. Thus the total average time in the infectious class not in the removed
class (on multiple passes) is

1

p+k

50, 50, \2 1
+ + IR I 2.6
u+k <u+k> ] nL+k(1—06,) 26)

Multiplying (2.6) by (BS° + [;° h(a)V°(a)da)8; gives Ry, which is the average number of new infections
generated by a single newly 1nfect10us individual during the full infectious period. In what follows, we
shall prove that iy serves as a threshold parameter for global stability of (1.4).
Denote
n*(a) =h(a)I* 4+ ¢(a), Q(a) = e~ Joni(rar,
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The equations for an equilibrium are obtained from (1.4) by setting the time derivatives equal to 0 with
boundary conditions, that is, endemic equilibrium (S*, V*(a), E*(a), I*,R*(b)) € Y of (1.4) satisfies

o0

0=(1—p)A—uS*—pBS*I* —i—J a(a)V*(a)da,
dv*(a) ’

=-n"(a)V*(a),

= —¢(a)E(a),

— | o(a)E*(a)da— (n+K)I* +Joov(b)R*(b)db, (2.7)
0

= -n(b)R*(b),
E*(0) = BS*I* —i—J h(a)V*(a)dal®,
R*(0) = kI*, V*(0) = pA.

From the second, third and fifth equations of (2.7), we obtain

V*(a) = V*(0)Q"(a) = pAQ™(a), (2.8)
E*(a) =E*(0)I'(a) = <BS*I* + ro h(a)V*(a)daI*) I'a), (2.9)

0

and

R*(b) = R*(0)Y(b) = kI[*Y(b). (2.10)

One substitutes (2.8) into the first equation of (2.7), yields

LA - o A .
s = Lo (AP ] a0 (@ae) = A i) 4K,

where K* = [® x(a)Q*(a)da. Recall that 0 < K* < K < [° «(a)eJo x(s)dsqq = 1. Substituting (2.8),
(2.9), (2.10) and S? into the fourth equation of (2.7) yields

pl(1—p)+pK*
(u+BI*) [(1—p) +pK]

Denote the right-hand side of (2.11) by X(I*). Some calculations yield

p —p(p+BI) [ x(@)Q*(a)da [§ h(r)dr = B [(1—p) +pK*]
[(1—p)+pK] (n+BI*)?

” h(a)O.”‘(a)daJ(l h(r)dr < 0.
0

0 = pSs%0, +pA6, ro h(a)Q*(a)da + k0, — (1 +k). (2.11)
0

/(1*) = S,

—pAb, J
0

This implies that X(I*) monotonically decreases. Since
2(0) = BS%0; + 0, J h(a)V%(a)da— (p+k) + k02 = (1 +k—kB2) (MR — 1),
0

if My < 1, then Z(0) < 0. So (2.11) has no positive real root. If Ry > 1, then (0) > 0. This suggests
that (2.11) admits a unique positive real root, denoted by I*. Thus a unique endemic equilibrium E* =
(S*(a),V*(a),E*(a), I*,R*(a)) exists under the condition Ry > 1.

Theorem 2.5. Let R be defined by (2.5), we have the following results.
(i) System (1.4) always admits a disease-free equilibrium E° = (S°,V%(a),0,0,0), which is defined by (2.4).

(ii) System (1.4) has a unique endemic equilibrium E* when Ry > 1.
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3. Asymptotic smoothness of {D(t)}¢>¢

By Proposition 2.2, the semiflow is point-dissipative and ® (R, x B) is bounded for every bounded
subset B of Y. By [7, Theorem 3.4.6], the semiflow has a compact attractor of bounded sets if it is
asymptotically smooth. To give the existence of compact attractor, we follow the approach in [22, Theorem
4.2 of Chapter IV].

Definition 3.1 ([19]). A set Ag in Y is called a compact attractor of a set B C X if Ag is compact, invariant,
and non-empty and ®(B) — Ap as t — oco. The last means that, for every open subset U of Y with
Ag C U, there is some r > 0 such that ®{(B) C U for all t > r (i.e., ®([r,00) x B) C U).

To this end, we first divide {®(t)}¢>0 into two parts,

(Dl(t)xo = (Or (b(t/')/ &)(t/')/olw(tr'))T/ (31)

and
(I)Z(t)xo = (S(t)r V(t/ ‘)1 E(tr ')/ I(t)l R(tr ’))T/ (32)

That is to say, @ (t)xg = @1 (t)xo + P2(t)xp. Each component is defined by

. |0 for t>a>0, -~ [ Vi(t,a), for t>a>0,

(p(t,-)—{ V(t, a), for a>t>0, V(t'.)_{ 0, for a>t>0,

~ |0, for t>a>0, = [ Et,a) for t>a>0,

bt ) = { E(t,a), for a>t>0, Et) = { 0, for a>t>0,
and (

= |0, for t>b>0, | R(t,b), for t>b>0,

wit) _{ R(t,b), for b>t>0, )= { 0, for b>1t>0.

Theorem 3.2 ([7, 8]). The semi-flow @ :Y — Y is asymptotically smooth if there are maps @1, @, : Ry xY =Y
st. O(t,Y) = ©1(t,Y) + P2(t,Y), and the following hold for any bounded closed set = that is forward invariant
under O©:

(1) limy¢_, o diam®4(t,Z) = 0;
(ii) there exists t= > 0 such that ®y(t,Z) has compact closure for each t > t=.

The rest of this section is spent on proving Theorem 3.2.
Recall that @, (t) and = are defined by (3.1) and (2.3), respectively. It is sufficient to verify that there
exists a function z(-,-) : Ry x Ry — Ry such that for any r > 0,

Iim z(t,r)=0, (3.3)
t——+o0
and
| D1 (t) X()Hy <h(tr), Vxoe€Z, HX()Hy <r, t=0. (3.4)

To this end, we rely on the Volterra formulations in (3.1) and (3.2). It is easy to see that for xg € =
satisfying |[xolly < T,

1@ (t,x0)ly = [0l + 1@ (t, )l + [ (£, )]y, + IO + [[d(t, )],
+
= J ooV()(a—t)e_R[h(a_t""f)l(T)+0c(a—t+”r)+p]d’tda
t
teo t +o0 .
+J Eo(a_t)efo[cr(at+T)I(T)+u}dea+J Ro(b _t)effo[y(b7t+ﬂ+u]d~rdb
t t
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(0.¢] (e¢]

< et <|0| +J |V0(T)|dT+J
0 0

< e M xolly,

Eo()ldT 4 (0] - J
0

|R0(T)|dT>

and this implies that (3.3) and (3.4) hold with z(t, 1) = re *o".,

To verify condition (ii) of Theorem 3.2 holds true, it is sufficient to prove that for all t > 0, @, (t) maps
any bounded subsets of = into sets with compact closure in Y. Recall that for x¢ in any bounded subset of
Z, I (t) remains in the compact set

{wemzowgﬁ}

for all t > 0. Therefore, in what follows, we shall show that V(t,-) , E(t,-) and R(t,-) remain in a pre-
compact subset of Y which is independent of xy. By the Fréchet-Kolmogorov theorem, it is sufficient to
show that

~ Ae— [o(h(DI(t—a+D)+a(t)+uldt 4 >0
V t, = p / ’ 3.5
wo={} a0 @)
i — — — _ — [g{o(t)+pltdr i
E(t,a) = BS(t—a)l(t—a)+H(t—a)l(t—a)le Jo , t—a>0, (3.6)
0, a—t>0,
and i
< e Myt +n)a B
R(t,b):= kI(t—Db)e Jolv(D)+u T t—b >0, 67
0, b—t>0,

satisfy the following conditions:

+o00
(i) The supremum of J © (t, a) da for all initial data x € = is finite.
0

+o0
(i) Lim J © (t, a) da = 0 uniformly in xo € =.
h—+o00 JK

+oo
(iii) lim J |(:) (t,a+h)—0O(t, a)‘ da = 0 uniformly in xy € =.
h—+0 Jo

h
(iv) lim J © (t, a)da = 0 uniformly in xo € =.
h—+0 Jo
Recall that V (t,a), E (t,a) and R(t,b) are bounded from Propositions 2.2 and 2.3, and hence, (i), (ii)
and (iv) immediately follow. We only need to verify V (t,a), E (t,a) and R (t,b) satisfy (iii), respectively.
Since we shall consider h — +0, we can assume that h € (0, t) without loss of generality. Then, from (3.5),
we have

+oo B
J ‘V(t,a—i—h)—V(t,a)’da
0

t t—h
:J ]0—\7(t,a)|da+J [V(t,a+h)—V(t a)|da
t—h 0

t—h
< p/\h+p/\J ‘e— j(‘]”h{h(*r)I(t—a—h+’r)+cx(’r)+u}dﬂr e Joh(DI(t—a+1)+a(T)+uldt da
0
t—h | ra+h
<p/\h+p/\J J (h(0)It—a—h+1)+ (1) + ntdr
0 0

—Ja{h(ﬂI(t—a+T)+cx(T)+u}dT da,
0

where we use the relation ]e_Ll(a) — e L2(a) ‘ < |Li(a) — La(a)]. Thus, by a zero-trick, we have

+o0o
J [V(t,a+h)=V(t a)|da < pAh+ Ay + By, (3.8)
0
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where
t—h | ra+h
All:p/\J J (h(t)I(t—a—h+1)+ (1) + ntdr
0 0
a+h
—J f(h(oI(t—a+1)+ «(t) + u}dr|da
0
B t—h ra+h
<p/\hj J I(t—a—h+1)—I(t—a+7)/dtda,
0 0
and
t—h | ra+h
Bq ::p/\J J f(h(o)I(t—a+71) + (t) + utdr
0 0
a
—J (h(t)I(t—a+7)+ (1) + pntdt|da
0
_ t—h ra+h
<pA(&+ pwh(t—h) —i—p/\hJ J II(t—a+T1)/dtda,
0 a
where &,7, h are positive constants defined as in Assumption 1.1.
Since 4
’ EI ()| < {6A+ (L+K)A+7VA} = My,
it follows that I (t) is Lipschitz continuous on R with Lipschitz coefficient M. Hence,
B t—h _ 1 ’
A < ‘p/\hMﬂ‘LJ (a+h)da = p/\hMIh{z (t—h) —i—h(t—h)} . (3.9)
0
Since ||I(t)|| < A for all t > 0 from Proposition 2.3, we have
B; < pA(&x+ pwh(t—h)+pAhAh(t—h). (3.10)

Consequently;, it follows from (3.8), (3.9) and (3.10) that

400
J [V(t,a+h)—V(t,a)|da gp/\h—i-p/\ﬁMIh{; (t—h)z—i—h(t—h)}
0

+pA(&+wh(t—h)+pAhAh(t—h),

which approaches 0 as h — +0in xp € =.
Similarly, from (3.6), we have

Jm|ﬁ(t,a+h)—ﬁ(t,a)\dazjt E(t,a+h)—E(t a)ldb
0 0
t—h

0

+ Jt |[E(t—a,0)I'(b)|da
t—h

< (B+h)A%h+ A + By,
where

t—h
Ay = .[0 E(t—a—h,0)|lNa+h)—T(a)lda,

:J [E(t—a—h,0T(a+h)—E(t—a,0)l(a)lda
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and o
.BQZJ MNa)lE(t—a—"h,0) —E(t—a,0)|da.
0
Since
t—h rt—h rt—h
J Ma+h)—T(a)lda = IMNa)da— MNa+h)da
0 Jo Jo
rt—h 't
= MNa)da—| T(a)da
Jo Jn
rt—h rt—h t
= IMNa)da— F(a)da—J IMNa)da
Jo h t—h

h ¢
= F(a)da—J IMNa)da < h,
JO t—h

it follows from (iii) of Proposition 2.3, we have A, < (3 + h)AZh. We rewrite B, as

~t—h

By = ' [BS(t—a—h)I(t—a—h)+H(t—a—h)I[(t—a—h)]
Jo

—[BS(t—a)I(t—a)+H(t—a)I(t—a)]|T(a)da

h

(* BS(t—a—h)I(t—a—h)—PBS(t—a)l(t—a)]|T(a)da

N

JO

t—h
—i—J [Ht—a—h)I[(t—a—h)—H(t—a)Il(t—a)]|l'(a)da
0
Since S(t) and I(t) are Lipschitz continuous on R, with Lipschitz constants Ms = (1 —p)A + (n+ &)A +
BAZand M| = (6+ pn+k+7¥)A, respectively. Recall that from Proposition 2.4, H(t) is Lipschitz continuous
on R with Lipschitz constant Ly, thus S(t)I(t) and H(t)I(t) are Lipschitz continuous with Lipschitz
constants Ms; = AM| + AMs and My1 = pAM; + ALy, respectively. Then taking M = fMs1 + My,
we get,

t—h
By < MhJ e (motmagq < M
0 Ho + K
Consequently,
“+o00 B B B Mh
J [E(t,a+h)—E(ta)|da<2(B+h)A%h+ ,
0 Ho +

which approaches 0 as h — +0in xp € =.
Lastly, from (3.7), we have

[T R+ m Rt —Jt R(t,b-h) — R(t,b]|db
0 0

= R(t—b—h,0)Y(b+h)—R(t—b,0) Y (b) db
0

—I—J |0 —R(t—1b,0)Y(b)|db
t—h

t—h
ng I(t—b—h)|Y(b+h)—Y(b)db
0

t—h
+kJ T(b)|I(t—b—h)—I(t—b)|db+J IR(t—b,0)Y(b)| db.
0 t—h
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Similarly as above estimations, though in a different context, we get

+oo B kMI
IR(t,b+h)—R(t,b)|db < (2kA + h,
0 Ho + 1

which converges uniformly to 0 as h — 0. This completes to verify that V (t,a), E (t,a) and R (t, b) satisfy
(iii), respectively.

4. Uniform persistence for 2Ry > 1

This section is devoted to prove the uniform persistence of system (1.4) when 9y > 1, which implies
that there always exist infectious individuals if the infectivity initially presents.
We introduce the following notations to define the invariant sets of uniform persistence. Define

(o) _ o

a:= inf{a:J G(a)dazo}, b:= inf{b:J y(b)db:O}.
a b

Obviously, @, b > 0 due to o(a),y(b) € LL. Further we define

X:=1L xRt x1!,

b

E(t,a)da >0 or I(t) >0 or J

R(t,b)db > O},
0

and
Y:i=R; xLL xV, ay:=X\Y, aY:=X\V.
Using the similar arguments in [11, Proposition 5.1], we get the following result.

Theorem 4.1. For the semi-flow ®(t), generated by system (1.4), the set QY is positively invariant, that is,
®(t,0Y) C oY fort > 0.

Proof. Suppose that (So, Vo(-), Eo(:), Io, Ro(-)) € 9Y, then we have (Eo(-),Io,Ro(:)) € dY. We consider the
following system,

2 d

(at + aoo E(t,a) = —o(a)E(t, a) — pE(t, 02

dil(t) = o(a)E(t,a)da— (L+k)I(t) +J v(b)R(t,b)db,
o 3 °

(at N aq) R(t, b) = —y(b)R(t,b) — uR(t, b),

(o.¢]

E(t,0) = BS(H)I(t) + L h(a)V(t, a)dal(t),

R(t,0) = KkI(t),
E(0,a) = Eo(a), I(0) = Ip, R(0,b) = Ro(b).

Since S(t) < %, fgo V(t,a)da < % as t tend to the infinity, it follows that
E(t,a) <E(t,a), I(t) <I(t), R(t,b) <R(tDb), (4.1)
where E(t,a), I(t), R(t,b) satisfy,

(6 + aa)ﬁ(t, a) = —o(a)E(t,a) — nE(t, a),
d (o0]

— = ro o(a)E(t,a)da — (n+k)I(t) +J v(b)R(t,b)db,
0

(aa + ) R(t,b) = —y(b)R(t, b) — uR(t, b), 42
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Solving E(t,a),R(t,b) of (4.2) yields
Elta) E(t—a,0)e Jolelmtuldr — (B 4 R)21(t—a)l(a), t>a>0, 13)
= Bo(a—t)e Jadloloruldr — goq ) r{éi)t), a>t>0, ‘
and .
5 R(t—b,0)e Joy(t)+uldt — 1]t —b)Y(b), t>b>0,
R(t,b) := o P gy () +pldr Y(b) (4.4)
Ro(b—t)e b—t1Y H :Ro(b—t)m, b>t>0

Substituting (4.3) and (4.4) into the second equation of (4.2) gives,

d. A (T . . t .
al(t) =B —i—h)J o(a)l(a)I(t—a)da— (nL+k)I(t) +kJ v(b)Y(b)I(t—b)db + Q(t),
K Jo 0
where - Ma) - Y(b)
a

It follows from (Eq(-), Ip, Ro(-)) € 8Y that Q(t) = 0 holds true for t > 0. Further we have

t

d. _ AT y y y
{ —I(t) :(B+h)uj cr(a)F(a)I(t—a)da—(u—i—k)l(t)—i—kj v(0)Y(b)I(t—b)db,
0

has a unique solution I(t) =0. By (4.3) and (4.4), we have E(t,a) =0, R(t,b) =0for0 < a,b < t.

Moreover, for a,b > t, it is easy to see that

I'a)

I Bt @) llo=l Bola =0 =5

1< Eo [|px e (ot

and "
—)t) 1< Ro [ e~ (otrt,

| R(t,b) [|1=]] Ro(b —t) 3

9} 9

It follows that lim¢ o E(t,a) =0, lim¢_, R(t,b) = 0. Thus, from (4.1), lim{ o E(t,a) =0, lim_,,, I(t) =

0, and lim¢_, R(t,b) = 0. This completes the proof.

O

To proceed, we adopted the method in Hale and Waltman [9] to prove the uniform persistence of

system (1.4). We introduce the following lemma.

Lemma 4.2 ([1]). Consider the following scalar Volterra integro-differential equations:

dJ(t) r"

0

q(t)dt >k >0,

= | ame=me—a, |

where q(-) € L1+, J(0) > 0. Then there is a unique solution J(t) that is unbounded.

According to [9, Theorem 5.2], one only needs to verify that there are T > 0 and € > 0, such that

tlim inf || ®(t) [x=¢, fort>T, xe€Y.
—00

To this end, we define WS(E?) = {x € Y : limy_,oo @ (t,x) = E%). It suffices to examine that

WE(EYD) NY = 0.

By using the same method as in [11, Theorem 5.4], we are able to show the following theorem about the

uniform persistence of (1.4).
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Theorem 4.3. Suppose that Ro > 1. The semi-flow O(t), is uniformly persistent with respect to (Y,0Y), that
is, there exists a constant ¢ > 0 which does not depend on initial data, such that liminfy_, || @(t) ||y> e.

Uniform persistence and existence of global attractor Ay for ®(t)¢>o now follows immediately from
[3, Theorem 3.7].

Theorem 4.4. The semi-flow @ (t)>o admits a global attractor Ag in Y, which attracts any bounded subset of Y.

5. Stability analysis

5.1. Global stability of the disease-free equilibrium

In fact, we have established the global asymptotic stability of disease-free equilibrium of system (1.4)
in Theorem 4.1 when %Ry > 1. To highlight the role of Lyapunov function techniques in establishing the
stability of equilibria, we give the proof again by Lyapunov function techniques. Before going into details,

denote
S(z)=z—1—1Inz, Vz>0.

Obviously, §: RT — R™ attains its strict global minimum at z =1 and §(z) > §(1) = 0.
Define two key functions as
+oo s +o0 R
wila) = | olsje s, wno) < [ y(sle e,
a a
it follows that wq(a), wy(b) > 0 for a,b > 0 and w;(0) = 8; for i = 1,2. The derivative of w1(a), w;(b)

satisfy
d d
qgi(a) = wilaje(a) —ola), - wz(b) = wa(bIn(b) —v(b).
a da
Theorem 5.1. Consider system (1.4) with Ry defined by (2.5). The disease-free equilibrium of system (1.4) is
globally asymptotically stable if Ry < 1 and it is unstable if Ro > 1.

Proof. Consider a Lyapunov functional
Lore(t) = Li(t) + La(t) + La(t) + I(t) + La(t),

where s
Li(t) = 0:S"G S0 )

taft) =0 [Vl (1) e,

ro (a)E(t,a)da,

J b)db.

Note that uS% = (1 —p)A + f 0 VO(a)da. Calculating the derivative of L;(t) along with the solu-
tions of system (1.4) glves

dly(t) S0 S(t) o 0 V(t,a) S(t)
0 00 0
=01(1—p)A (2 — Ss(t) — Sé?) 01 Jo x(a)V0(a) <\\//(Ot(';) — SS(E) — SSXSJE'GC)[) + 1) da (5.1)

+0:BS°I(t) — 81 RS(H)I(t).
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The derivative of L,(t) satisfies,

dL,(t) o, JOO V()2 0 g (V(t, a)> da

dt 0 ot V0(a)
— g J:ovo(a) ( 1a > < w+ a(a) + h(a)([)V(t, a) + avéz ‘”) da
°° V(t, al(t a)
:—elL vO(a)<VO >< gy Tralal+n@l (t))da,
where V((t, a) denotes ava(za Recall that \{1 a) — —(u+ «(a))V2(a), it follows that
V(t

0 V(t a) ( ) Va(tra)
ac19<v0( )> (w ] 1)(V(t,a) *“*“(“))'

Using integration by parts, and VO(0) = pA, V(t,0) = pA, we have

dL,(t) >0 0 ,(Vita) >0 V(t,a)
Tk —elL Vo(a)aa9<vo(a))da—91L Vo(a)(w(a) —1>h(a)da1(t)

Vit,a) ® 0 V(t,a)
VO(a) ) — 01 L Vi(a)(u+ oc(a))9< Vo(a) >da (5.2)

- —elvo(a)9<

a=oo
(0.¢]

— 0 Joo h(a)V(t,a)dal(t) + 6, J h(a)V%(a)dal(t).
0 0

The derivative of L3(t) satisfies

dLst) _ o (0)E(t,0)— JOO o(a)E(t, a)da
“ 0 N 53)
=0 (BS(t)I(t) +J h(a)V(t, a)daI(t)> —J o(a)E(t,a)da.
0 0
Here we use the fact that w(0) = 07 and E(t,0) = BSI+ fo V(t,a)dal(t).
Similarly, by using w»(0) = 62 and R(t,0) = kI(t), the der1vat1ve of L4(t) becomes
dLy(t) o0
T = 0aKI(t) —L v(b)R(t, b)db. (5.4)
It follows from (5.1), (5.2), (5.3), (5.4) that
dLpre (t) _ 0 V(t, a) B o 0 V(t, a)
= oty )| o) Vi@ (T >d“+$+@+@

where

B SO S(1)
EP =01(1-p)A (Z_S(’()_SO>
SO S(t)
- —et-pr s (gi) +5 (55|

P 0 S(t)  S°V(t,a) V(t, a)
GZB =0 L a(a)V'(a) <— S0 T S[UVO(a) +2+1In Vo(a) ) da
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oo S(t)  SOV(t,a) S(t) SOV(t, a)
=0 JO x(a)V0(a) <— 0 S(t)vo(a) +2+1In FH vao;;) da

N 0
= —0; Jo a(a)V(a) {9 <Ss(,;)> +3 (M)] da

D = 0:pS"I(t) + 6, JOO h(a)VO(@)I(t)da + B2KI(t) — (u+K)I(1)
3 0
= [(n+ k) —k02] (R — DI(t).

and

Consequently, we have that

dlpre(t) _ 0V ( >
(a)

dt o VO(a)
oy [ ( ) +9 (5 )]
S(t SOV(t, a)
— kel - —1DI(t).
o[ [9( SO) ( ) | da 10— keal 3% — 11t
Therefore, Ry < 1 ensures that ‘ﬂ% 0 holds. Furthermore, the strict equality holds only if S(t) = s,
V(t,a) = V9(a) and I(t) = 0, simultaneously. By the Lyapunov-Lasalle invariance principle, the disease-
free equilibrium EY is globally asymptotically stable when Ry < 1. O

5.2. Global stability of endemic equilibrium

In this subsection, a sharp criterion for the global asymptotic stability of the endemic equilibrium of
(1.4) is established. When %y > 1, we know that E? becomes unstable and (1.4) also has an endemic
equilibrium E* in addition to E. In the section, we discuss the stability of this endemic equilibrium.

Theorem 5.2. Consider system (1.4). If Ro > 1, endemic equilibrium E* is globally asymptotically stable.

Proof. Define a Lyapunov functional as

Lee(t) = Wa(t) + Wa(t) + Wa(t) + Wa(t) + Ws(t),

where s

Wi(t) = 0,87 ( é?) ,

B R V(t, a)
Ws(t) = GP;JO \ (a)9< V*(Ea) )da;
wst) = [y a)E*(a)9<E{f('§))> da,
Wi(t) = 1*9(111)

e (RD)
Watt) = | " wa(b)Re 005 e )db.

Calculating the derivative of Wi (t) by uS* = (1 —p)A —BS*I* + fo a)V*(a)da gives

dV‘élt(t) _o, (1 _ Si)) <(1 —PIA— uS(t) — BS(DI(L) + L a(a)V(t, a)da>

_ St S(t) ape (S(B)  S(I(t) I(t)
—91(1—p)A<2—S(t) S >—|—91[35 I <S* T T -1+ I* >
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V(t,a) St S*V(ta)
Via) S S(HVH(a)

+ 0, J:O o(a)V*(a) < + 1) da. (5.5)

The derivative of W;(t) along with the solutions of system (1.4) satisfies

dWal(t) o [P« 1 1 d
=] V@ (g v e
B . V(t, a) Va(t, a) . L 1(t)
_ elL % (a)<V*(a) 1>[V(t,a) +n*(@) +h(a) < : 1>]da. (5.6)
Note that d\géa) = —n*(a)V*(a), it follows that

0 V(t,a)\ ([ V(ta) Val(t, a) .
mg(wa) ) = <V*(a) 1><V(t,a) n “”)’

V(t,0) B B
9<V*(0)> =5 =0

and

Thus, (5.6) becomes

awav) EOV*(“) 2, <V(t, Q)

% . (V(t,a) I(t)
m >da—61J0 V*(a)h(a)l (V*(a) —1> T —1> da

_ * = * * V(t, a)
— 0V (a)9 (V*(a) ) e | vet@ o+ ata) 4l (Wa) ) da
—o, JO V*(a)h(a)l" (V\(/;(?)II(:) - \\//(f(’;) - IS) + 1) da (5.7)
- . V(t, ) o V(t, a)
— — oV (@S (e ) a_oo—eljo V*(a) [afa) + 1§ ( e ) da
—e, JO V*(a)h(a)l* (V\(/t (‘(‘1))11(:) - Iif) “In \\//(t(j))> da.

Similarly, the derivative of W3(t) satisfies

dWs(t) —ro on(a) (1_ E*(ﬂ)) <aE(t, a)+ e(a)E(t, a)> da
0

dt E(t, a) da
(5.8)
B & . E(t,a) Ea(t, a)
= J wtor@(EE 1) (e o) ae

where E (t, a) denotes %. Recall that
0 E(t,a)\ [(E(ta) _ Eal(t, a)
sad(etar) = (e ) (Seay +)-

dwi(a) — wi(a)e(a) — ola), dE*(a) :—E(Q)E*(a).
da da

and

Thus, (5.8) becomes

dWs(t) o « 0 (E(ta)
o= =] il (a)aag<E*(a)>da
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_ . E(t,a)\[*™ [*_, E(t,a)) dw(a)
— —wi(0E (a)9< (a)) +L E (a)9<E*(a)> (0] 4
°° (t,a) dE*( )
+L wl(a)9<E*( ] 1a da
= elE*(O)E}(E(*t('(;)))) —JO G(a)E*(a)S(EE(:(';)>da (5.9)
— 0,E(t,0) — 0;E*(0) (1 +1In EE“( 00))> - J:o o(a)E* (@) (E(f(’;‘)) ) da.

Note that w;(0) = 01, E*(0) = BS*I* + [" h(a)E*(a)dal*, E(t,0) = BS(D)I(t) + [7° h(a)V(t, a)dal(t). By
a zero trick, we calculate the derivative of Wy (t) and W5(t) as follows,

d"‘(ﬁ(” = <1_1§t)> (L o(a)E(t, a)da-i—JO v(b)R(t,b)db—(u+6i+k)1(t)>

B I* © N E(t,a) I(t) o0 . R(t,b) I(t)
- (1_ I(t)) Uo o(e)E(e) (E*(a) T )da+L V(PIR(P) (R*(b) T )db]

(5.10)
[ . I(t) I*E(t,a) E(t,a)
= Jo o(a)E*(a) (1— I~ 1B (a) + B (a) ) da
o () TRLb) R(tb)
o v (1 R iy ) e
and dWs(t) R(t,0) o0 R(t,b)
5(t) . , . ,
S~ (0RO ( s ) | verees ( e > ab. (5.11)
Note that w,(0) = 0,, R*(0) = kI*,R(t,0) = kI, Thus, (5.11) becomes
dWs(t) A’ o0 N R(t,b) R(t,b)
= = 02kI"G < - ) +JO v(b)R*(b) <1— o) M R ) ) db. (5.12)

Recall that E(t,0) = ST+ fgo h(a)V(t,a)dal, E*(0) = BS*I* + Io a)V*(a)dal*. It follows from (5.5),
(5.6), (5.7), (5.8), (5.9), (5.10), (5.11), (5.12), we can get that

—eluJ V*(a)§ <V )da+Z® (5.13)

i=1 1

dLeg(t)
dt

— (s (e )

V*(a)

where

B S(t) s
®——91(1—p)/\( S +S(t)—2>,

1

8 T £(0)

@:elfoc(a)v*(a) (—SS(I) 5(*\)/\(,*( )>

-0 arr (£ ol i

G- Pl Fomera( - )

I(t)  I'R(t,D) R(t,b)

« (t)
v(b)R*(b) (— - 1( R o) +2+1In R*(b)>db+6 KI* 9< >




J. L. Wang, X. Dong, H. Q. Sun, J. Nonlinear Sci. Appl., 10 (2017), 3755-3776

3774

Obviously, @Q; and )5 can be rewritten as

S(t) S*
® =—01(1-pJA [9 < g ) +9 (S(t))] '

1

o [ v S() SV(t,a)
®_—91J afa)V*(a) [9( S >+9 <S(t)V*(a)>} e

3 0

and

By using E*(a) = (BS*I* + fgo h(a)V*(a)daI*> I'(a), we have

e . I(t) T*E(t,a) E(t, a)
(%) = L o(a)E*(a) <— T I0E 2T ) da

I . I(t) I"E(t, a)
=] stor@ s () +5 (e )| <

By using 0,kI* = [(°v(b)Y(b)kI*db = [°v(b)R*(b)db, we have

B o N I(t) o . [*R(t,b) v [ I(1)
@ = —JO Y(b)R*(b)9 ( - ) db—J0 Y(b)R*(b)§ <I(t)R*(b)) db + 8,kI*G (1)

™ . *R(t, b)
- Jo (PR (b)9<1(t)R*(b)> av

. E(t0) S(t) I(t) S(t)I(t)E*(0)
By using the fact that —In +5y = —In =5+ —In == + In = 5eRg, and

V(t, a) E(t,0) In V(t,a)I(t)E*(0)

N M Ee M Vearewo) O

which lead to

T[S 1) S(OILE(0) S(OILE(0)
&)= orpst [9 (S>+9< I+ )‘9( S*T*E(t, 0) )‘” STE(L,0) ]

2

and

(0.¢]

®=0|

4 0

h(a)V*(a)I* [9 (

I* V*(a)I*E(t,0) V*(a)I*E(t,0)

Further, it is easy to check that

BS T <_1 n W) n JOO h(a)V*(a)T* (—1 L a)I(t)E*(O)) da = 0.
0

S*I*E(t,0) V()" E(t,0)

Consequently, we simplify (5.13) as follows

L St vy
G = o (g ) -ewss () e (V)|
o . V(t, Cl) S * S*V(tr CI.)
_elujo V*(a)S (V*(a) ) da—6; . a(a)V*(a)§ (S(t)V*(a)> da
00 . I*E(t, Cl) o " I*R( ,b)
_L olEas (I(t)E*(a)) d“‘L VIPIRARS <I(t)R*(trb)> *

I(t)) g (V(t, a)I(t)E*(O)) 14 V(t, a)I(t)E*(O)} da.
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65T (S(t)l(t)E*(0)>

S*I*E(t,0) _elj h(a)v*(an*9<

V(t, a)I(t)E*(0)>
da.
0

V*(a)I*E(t,0)

Therefore, dL‘EiEt(t} < 0 holds. Furthermore, the strict equality holds only if $* = S(t), V*(a) = V(t,a),
E*(a) = E(t,a), R*(b) = R(t,b) , R(t,b)I* = R*(b)I(t), E(t,a)I* = E*(a)I(t), V(t,a)S* = V*(a)S(t),
S(t)I(t)E*(0) = S*I*E(t,0) and V(t, a)I(t)E*(0) = V*(a)I*E(t,0) simultaneously. Thus, {E*} C Q is the
largest invariant subset of {deﬁ(t) = 0}, and by the Lyapunov-LaSalle invariance principle, the endemic
equilibrium E* is globally asymptotically stable when 93y > 1.
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