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Abstract

In this paper, we investigate the following nonlinear and non-homogeneous elliptic system

—div(dq(|[Vu])Vu) = Fi (x,u,v) in Q,
—div (>

—_—

IVV|)Vv) =F,(x,u,v) inQ,
u=v=_0 on 0Q),

where Q is a bounded domain in RN(N > 2) with smooth boundary 90Q), functions ¢;(t)t (i = 1,2) are increasing homeomor-
phisms from R" onto R*. When F satisfies some (¢1, ¢5)-superlinear and subcritical growth conditions at infinity, by using the
mountain pass theorem we obtain that system has a nontrivial solution, and when F satisfies an additional symmetric condition,
by using the symmetric mountain pass theorem, we obtain that system has infinitely many solutions. Some of our results extend
and improve those corresponding results in Carvalho et al. [M. L. M. Carvalho, J. V. A. Goncalves, E. D. da Silva, J. Math. Anal.
Appl., 426 (2015), 466—483]. (©2017 All rights reserved.
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2010 MSC: 35]20, 35]50, 35]55.

1. Introduction

In this paper, we investigate the existence and multiplicity of solutions for the following nonlinear and
non-homogeneous elliptic system in Orlicz-Sobolev spaces:

—div(d1(|Vu)Vu) = Fy(x,u,v) in Q,
—div(d2(|VV])Vv) = F,(x,u,v) in Q, (1.1
u=v=_0 on 0Q),

where Q is a bounded domain in RN(N > 2) with smooth boundary 9Q, and ¢; (i = 1,2) : (0, +o0) —
(0, +00) are two functions which satisfy:

(1) di € CHO,+00), thi(t) = 0ast — 0, tdhi(t) = 400 as t — +o00;
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(p2) t — tdi(t) are strictly increasing;

(b3) 1< L = infeg 2 <sup, o T8O = m; < N, where (1) = [} sdi(s)ds, t € R,

and F satisfies
(Fo) F: O xR xR — Risa C! function such that F(x,0,0) =0, x € Q.

Set ¢ = ¢1 = ¢, v = u and F(x,u,v) = F(x,v,u). Then the system (1.1) reduces to the following
quasilinear elliptic equation:

{—div(q>(|Vu|)Vu)=f(x,u) in O, (1.2)

u=20 on 0Q).

Under assumptions (¢1) and (¢2), equation (1.2) may be allowed to possess more complicated nonlinear
or non-homogeneous term ¢, which can be used to model many phenomena (see [20]). When ¢ is not
homogeneous, an Orlicz-Sobolev space setting may be applied for this type of equations (see Section
2). In recent years, equations like (1.2) have caused great interests among scholars. We refer readers to
[4, 9, 11-15, 17-20, 24, 28, 33] and reference therein for more information. In those papers, the existence
and multiplicity of solutions were obtained by various methods. Among them, variational methods
have been used widely. In Clément et al. [14], the authors firstly obtained that (1.2) has a nontrivial
solution by variational method when the nonlinear term f satisfies Ambrosetti-Rabinowitz type growth
and subcritical Orlicz-Sobolev growth conditions. Motivated by this paper, many scholars studied the
existence and multiplicity of solutions when Ambrosetti-Rabinowitz type growth condition is replaced
by other superlinear Orlicz-Sobolev growth conditions (see [12, 13]). When nonlinear term f has a critical
Orlicz-Sobolev growth, the existence of a nontrivial solution was proved in [18, 19] and some other results
were obtained in [33]. In [28] and [17], the authors obtained that (1.2) has at least two nontrivial solutions
and infinitely many solutions, respectively, when the nonlinear term f has a sublinear Orlicz-Sobolev
growth. In [11], by using the three critical points theorem due to Ricceri, the authors obtained that (1.2)
has at least three solutions. Particularly, when ¢(t) = [t|P~2(p > 1), equation (1.2) is the p-Laplacian
equation which has been studied extensively.
Set ¢1(t) = [t|P~2, da(t) = [t|]972 (p,q > 1). Then system (1.1) reduces to the following (p, q)-Laplacian

system:

—Apu=TFy(x,u,v) inQ,

—Agqv=F(x,u,v) inQ, (1.3)

u=v=_0 on 0Q).

The existence and multiplicity of solutions for systems like (1.3) have also received a wide range of
interests. Some methods are important to investigate systems like (1.3), such as variational method (see
[7, 8, 16]), Nehari manifold and fibering method (see [2, 10, 35]), three critical points theorem (see [3, 27]),
etc.

To the best of our knowledge, there are few papers considering the existence and multiplicity of
solutions for systems like (1.1) except for [23, 34, 36]. In [23], Huentutripay-Mandsevich studied an
eigenvalue problem to the following system:

—div(d1(|Vul)Vu) = AFu(x,u,v) in Q,
—div(ba2(|VVv])Vv) = AF,(x,u,v) in Q,
where the function F has the form
F(x,u,v) = A1(x, u) +b(x)T1 (W) (v) + Az(x,v).

For a certain A, the authors translated the existence of solution into a suitable minimizing problem and
proved the existence of solution under some reasonable restriction. In [23], the Orlicz-Sobolev spaces are
not necessary to be reflexive.
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In [36], Xia and Wang considered a class of quasilinear elliptic system like (1.1). When ®; are p;-
uniformly convex and have a gi-asymptotical growth at infinity, i = 1,2, respectively (see (4) and (6) in
[36]), and F satisfies the following Ambrosetti-Rabinowitz type condition (see (5) in [36]):

0 < OF(x,u,v) < uFy(x,u,v) +VF,(x,u,v), forallxe Q, |+ >T,

where 0 > max{q1, q2} and T > 0, by using the mountain pass theorem, Xia and Wang proved the system
has a nontrivial solution.
In [34], we investigated the following system:

7dlv(d)2 |VV|)VV) = )\1FV (X/ u,V) - )\ZGV(X/ u/v) - A3]—[\)()(/ U,,V) in Q/

_le(¢1(|Vu|)vu) = AlFu(X/ ulv) - }\ZGu(X/ U,V) - 7\3Hu(X, u,V) in Q/
(
u=v=20 on 0Q),

where A, Ay, A3 are three parameters, functions F, G, H are of class Cl(Q x R%R) and satisfy some
reasonable growth conditions. By using a three critical points theorem due to B. Ricceri [32], we proved
that system has at least three solutions. With some additional conditions, by using a four critical points
theorem due to Anello [5], we proved that system has at least four solutions.

In Carvalho et al. [12], by using the mountain pass theorem, authors obtained that equation (1.2) has
at least one or two nontrivial solutions. To be precise, they obtained the following result:

Theorem 1.1 ([12, Theorem 1.1]). Assume that ¢ and f satisfy
(b1)" & € CH0,+00), tdp(t) =0ast—0, tdp(t) = +ooast— +oo;
(b2)" t — td(t) is strictly increasing;

(db3)’ ) )
e ()
P=l=0%0 <3 o

= m<N,

where

(fo) f:Q xR — R is a continuous function such that f(x,0) =0, x € Q;

(f1)’ a constant C > 0 and an N-function (see Section 2) exists

]
Y(t) := Jo P(s)ds, teR,

where P : [0, +00) — R is continuous and it satisfies

. tPp(t) (1) . IN
< = g = = =,
Letsm<ly:=infry Ssup gy = my < U= gy
such that
If(x, 1) < C(T+P(t)), (xt)eQxR;
" £, )]
f(x,t
lim su L =A< A, uniformlyin x € Q,
PSUP (1) 1, niformly

where A > 0 satisfies the Poincaré inequality in [1] given by

7\1J d)(u)dxgj O(V(whdx, YueWyP(Q);
(o] QO
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(f3)’
f(x, t)

m
t—oo |t|M—2t

= +oo, uniformly in x € Q;

(f4)" an N-function exists "
t
It) = J v(s)ds, teR,

0
where 7y : [0, +00) — R is continuous and it satisfies
. ty(t) ty(t)
— <lp:=inf —— < - = < 00,
1S T 8T Sy T e

such that

F(x,t —
r( ﬁ;ﬂ) <CFxt), xeOlt>R,

where C, R are positive constants and

F(x, t) = tf(x,t) —mF(x,t), (x,t) € QxR.

Then (1.2) admits
(1) one nonzero solution;
(ii) two nonzero solutions, say w,v € CV*(Q) with 0 < o < 1 such that
u>0 and v<0 inQ,

provided that ($3)’ is replaced by a stronger condition

) (DY) (o(D)Y)
. t)t)’ t)t)’
O<t=l=Mf=0n S 5w

Motivated by [12], in this paper, by using the mountain pass theorem, we obtain that system (1.1)
has a nontrivial solution (see Theorem 3.1 in Section 3) and the result extends the result (i) of Theorem
1.1 to system case. It is remarkable that, when system (1.1) reduces to (1.2), our corresponding result
still improves the result (i) of Theorem 1.1 and one can see the details in Section 5 where we also offer
an example that satisfies our results but does not satisfy Theorem 1.1. Besides, by using the symmetric
mountain pass theorem, we obtain that system solutions. Since the system case is different from the
scalar case, we will come across some additional difficulties, for example, the direct sum decomposition
of working space. Of course more computing skills are needed in the process of our proofs.

This paper is organized as follows. In Section 2, we recall some preliminary knowledge on Orlicz and
Orlicz-Sobolev spaces. In Section 3, we present the existence result (Theorem 3.1 below) and complete
the proofs by using mountain pass theorem. In Section 4, we present the multiplicity result (Theorem 4.1
below) and complete the proofs by using symmetric mountain pass theorem. In Section 5, we present
the results for (1.2), which correspond to Theorem 3.1 and Theorem 4.1, and compare the results with
Theorem 1.1. In Section 6, we present some examples to illustrate our Theorem 3.1 and Theorem 4.1.

=m—-—1<N-—1.

2. Preliminaries

In this paper, we study system (1.1) where ¢; may be nonlinear and non-homogeneous. To deal with
such problem, we need to introduce Orlicz and Orlicz-Sobolev spaces. In this section, we present some
fundamental notions and important properties about Orlicz and Orlicz-Sobolev spaces. We refer readers
for more details to the books [1, 31] and the references quoted in them.
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Definition 2.1 (see [1]). Let ¢ : [0,+00) — [0,4+00) be a right continuous, monotone increasing function
with
(1) $(0)=0;
(2) lim¢— 400 $(t) = +o0;
(3) ¢(t) > 0 whenever t > 0.
Then the function defined on R by ®(t) = (I)tl d(s)ds is called an N-function.
By the definition of N-function @, it is obvious that ®(0) = 0 and ® is strictly convex. We recall that

an N-function ® satisfies a Ay-condition globally (or near infinity) if

su o(2t) < +oco (or limsu o2t

b o) o O(t)
which implies that there exists a constant K > 0, such that ®(2t) < KO(t) forallt > 0 (or t > to > 0). We
also state the equivalent form that @ satisfies a A>-condition globally (or near infinity) if and only if for
any c > 1, there exists a constant K. > 0 such that ®(ct) < K. ®(t) forallt > 0 (or t > tg > 0).

< +00),

Definition 2.2 (see [1]). For an N-function ®, we define
~ [t
D(t) = J ¢ (s)ds, teR,
0

where ¢! is the right inverse of the right derivative ¢ of ®. Then @ is an N-function called the comple-
ment of .

It holds that Young’s inequality (see [1, 31])
st<O(s)+D(t) s,t>0, 2.1)
and inequality (see [18, Lemma A.2])

Q(o(t)) < D@(2t), t=0.
Now, we recall the Orlicz space L?(Q) associated with ®. When ® satisfies Ay-condition globally, the
Orlicz space L?(Q) is the vectorial space of the measurable functions u: Q — R satisfying
J O (|ul)dx < 400,
Q

where Q € RN is an open set. L?(Q) is a Banach space endowed with Luxemburg norm

o = inf(A > 0 :J

@ (3) dx<1), foruel®(Q).
Q

A

Particularly, when ®(t) = [t|P(p > 1), the corresponding Orlicz space L?(Q) is the classical Lebesgue
space LP(Q) and the corresponding Luxemburg norm |[u||¢ is equal to the classical LP(Q) norm, that is,

[ullir (o) = (JQ Iu(x)lpdx> ’ , foruelP(Q).

The fact that ® satisfies Ay-condition globally implies that

up = uin L?(Q) <= J ®(uy —u)dx — 0. (2.2)
Q
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Moreover, a generalized type of Holder’s inequality (see [1, 31])

U uvdx
Q

can be gained by applying Young’s inequality (2.1).
The corresponding Orlicz-Sobolev space (see [1, 31]) is defined by

<2[ullolMlg, forallue L®(Q), vel®(Q),

wlh®(Q) .= {u eL®Q): ou L?Q),i=1,- ,N},
aXi
with the norm
Iull,o = [ullo + IVulo-

When Q is bounded, W(l)’(D (Q) as the closure of C5°(Q) in WL®(0) has an equivalent norm
oo = [Vulo,

which can be obtained by using the Poincaré inequality in [22] given as
J O (u)dx < J O2dV(wdx, vueWy®(Q),
Q Q

where d=diam(Q).
Next, we give some inequalities which will be used in our proofs. For more details, we refer the reader
to the papers [1, 18].

Lemma 2.3 ([1, 18]). If @ is an N-function, then the following conditions are equivalent:

(1)

L th(t) th(t) ,
1<1—%r>1€m§stli}gm—m<+oo, (2.3)

(2) let Co(t) = min{t!, t™}, {1 (t) = max{t!, t™}, t > 0. O satisfies

Go(t)@(p) < D(pt) < G(H)D(p), Vp, t=0;

(3) @ satisfies a Ay-condition globally.
Lemma 2.4. If ® is an N-function and (2.3) holds, then @ satisfies

Gollluflo) < JQ O(wdx < G(Julo), YueL®(Q).

Lemma 2.5. If @ is an N-function and (2.3) holds with 1 > 1. Let @ be the complement of ® and (y(t) =
min{t!, t™}, {3(t) = max{t!, t™}, for t > 0, where 1:= 7 and M := —™<. Then @ satisfies

—
(1)

m = inf t(P ) <sup t(P (t) :T;
t>0 (D(t) t>0 (D(t)

Q) D(p) < O(pt) < G(H)D(p), Vp,t=0;

Gllully) < jQ duwdx < Glllullg), Ve LP(Q).
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Lemma 2.6. If @ is an N-function and (2.3) holds with |, m € (1,N). Let (4(t) = min{t!, t™"},
G5(t) = max{tl*,tm*},for t > 0, where 1* := %, m* = N Then @, satisfies

N—m-*
(1)

b LD ()
= 1 NS u =
20 (1) S SP o, (1)

C4(t)®*(p) < (D*(pt) < C5(t)®*(p)/ vp/t Z 0;

Lllullo.) < jﬂ O, (Wdx < Gllulle.), YueL®(Q),

where @ is the Sobolev conjugate function of O, which is defined by

1y [fOT(S) _
o, (t) = < ds, fort>0 and ©.(t) = O.(—t), fort<O0.
0 s N

Lemma 2.7. Under the assumptions of Lemma 2.6, the embedding from Wé’q) (Q) into LP+(Q) is continuous and
into LY (Q) is compact for any N-function Y increasing essentially more slowly than @, near infinity, that is,

im Y(ct)
totoo Oy (t)

for any constant ¢ > 0. Therefore, there exists Cr > 0 such that
[ullr < CrllVulle, Yue Wy®(Q). (2.4)

Remark 2.8. By Lemma 2.3 and Lemma 2.5, assumptions (¢1)-($p3) show that @; (i =1,2) and @, (i=
1,2) are N-functions satisfying As-condition globally. Thus L?+(Q)(i = 1,2) and Wé’q)i(Q)(i =1,2) are
separable and reflexive Banach spaces (see [1, 31]).

Notation. Throughout this paper, C is used to denote a positive constant which may be different in
various places.
3. Existence

In this section, we present the following existence result by using mountain pass theorem.

Theorem 3.1. Assume that (&1)-(p3), (Fo) and the following conditions hold:
(Fy) there exist two continuous functions P; (i =1,2) : [0, +00) — R, which satisfy that ¥ (t) = (l)tl Pi(s)ds,

t € R (i = 1,2) are two N-functions increasing essentially more slowly than @i, (i = 1,2) near infinity,
respectively, moreover,

) = my, < +o00o, (3.1)

my < l\yi = %1’>1f

o
e
i
sl
'-'.
=
-
Y
o
e
ha
sl
=
=

such that

{ [Fulo, 1, v)| < er (14 () + 7 (¥2(v), 52)

IFy (%, 1, )] < cq (1+ W5 LW (1) +Pa(v]))

forall (x,u,v) € QxR xR, where constant ¢c; > 0, q’i denote the complements of Y (1 = 1,2), respectively;
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" Flx,,v)
F(x,u,v
limsu s =cyp uniformlyin x € Q,
I(u,v)\—E)O A @ (u) + A0z (v) 2 f 4
where constants cp € [0,1) and Ay (i =1,2) > 0 satisfy the Poincaré inequalities in [1] supplied by
?\1J ®;(uw)dx < J O (IVu))dx, Yue Wy ®1(Q)
Q Q
and
AZJ @, (v)dx < J D, (|Vv)dx, W e WyP2(Q);
Q Q
(F3)

. F(x,u,v) . )
lim — 7 = 400 uniformlyin x € Q;
[(u,v)|—+o00 @1(u) + Da(V) formly

(l)tly(s)ds, t € Risan

(Fa) there exists a continuous function vy : [0,00) — R and it satisfies that T'(t) =
N-function with
ty(t) ty(t)

1<1lr:=inf ——= < — = ,
ST T SR T TS e

Hlip
and functions Hi(t) := [t|'r T, t € R (i = 1,2) increase essentially more slowly than @i, (i = 1,2) near

infinity, respectively, such that
r ( F(x,u,v)

|u|11+IVI12) <caFlxwv), xeQ, |wv) >, (3.3)

where constants c3, T > 0 and

1 1
F(x,u,v) := KFu(X, u,v)u -+ FFV(X,LL,V)V— F(x,u,v), Vi(x,u,v)e QxRxIR.
1 2

Then system (1.1) possesses a nontrivial weak solution.

Remark 3.2. Under assumptions (¢1)-($3), (F1) and (F4), by Lemma 2.7, the following embeddings are
compact:

WEPHQ) < L (Q), WEPHQ) & THr(Q) and WHPH(Q) < LE™T(Q), i=1,2,

where If = Lrlr and mr = 2L

—1 mrfl'

Remark 3.3. By (2) in Lemma 2.3, assumptions (F3) and (F4) show

lim  F(x,u,v) = 400, uniformlyinx € Q.
[(w,v)|—+o0

Remark 3.4. Based on the Young’s inequality (2.1), F(x,0,0) = 0 and the fact

u

F(x,u,v) :J

A%
Fs(x,s,v)ds +J Fi(x,0,t)dt+F(x,0,0), V(x,u,v)e QxR xR,
0 0

equation (3.2) shows that there exists a constant c4 > 0 such that
[FOx, w,v)| < calful + M+ Wi(u) + W2 (v)), Vix,uv) € QxRXR,
which, together with (3.1) and (2) in Lemma 2.3, shows that there exists a constant c5 > 0 such that

F(x,u, V)| <cs5(14+Yi(u)+¥(v)), Vix,uv)eQxRxR. (3.4)
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Define W := Wé’q)l (Q) x Wé’q)Z(Q) with the norm
1wV = [ullo,@, + [Vllow, = VUl + [VV],.

Remark 2.8 shows W is a separable and reflexive Banach space. We observe that the energy functional I
on W corresponding to system (1.1) is

I(u,v) = J

(Dl(IVuI)dX—i-J <D2(|Vv|)dx—J F(x,u,v)dx, (u,v)eW.
Q Q Q

Denote by I; (i =1,2) : W — R the functionals
Ii(u,v) = J ®1(|Vul)dx+J Or(|Vv))dx, and I(u,v)= J F(x,u,v)dx.
Q Q Q

Then
I(w,v) =1 (w,v) —L(uv).

Under the assumptions (¢1)-(¢p3), by similar arguments as [21], we can prove that I; is well-defined and
of class C'(W, R) and

(1] (w,v), (1, V) = JQ d1(IVu)) VuVVidx + JQ &2 (IVV))VVWidx

for all (1i,V) € W. Furthermore, under the assumption (F;), standard arguments show that I, is also
well-defined and of class C!(W,R) and

(Bwv), (6,9)) = J

Fu(x,u,v)idx + J Fy(x,u,v)vdx
Q

Q

for all (ii,v) € W. Therefore, I is well-defined and of class C!(W, R) and
(I'(w,v), (1L, 9)) :J ¢1(|Vu|)VuVﬁdx+J &2 (IVV))VVWidx
Q Q
— J Fu(x,u,v)idx — J Fy(x,u,v)vdx
Q

Q

for all (11,v) € W. Then, the critical points of I on W are weak solutions of system (1.1).

We will use the mountain pass theorem (see [30, Theorem 2.2]) to prove Theorem 3.1, and use the
symmetric mountain pass theorem (see [30, Theorem 9.12]) to prove Theorem 4.1 in Section 4. By argu-
ments in [6], it turns out that the (PS)-condition due to Palais-Smale can be replaced by (C).-condition
due to Cerami in the mountain pass theorem and in the symmetric mountain pass theorem.

We recall that I € C!(E,R) satisfies (C).-condition if any (C)c-sequence {un} C E has a convergent
subsequence, where (C).-sequence {u, } means that

I(un) = ¢, (14 [un])II'(wn)| — 0, asn — oo. (3.5)

Lemma 3.5 ([30, Theorem 2.2]). Let E be a real Banach space and 1 € C*(E, R) satisfying (PS)-condition. Suppose
1(0) =0 and

(I1) there are constants p, > 0 such that 1 |35 ,> «, and
(Io) thereis an e € E\B, such that 1(e) < 0.
Then 1 possesses a critical value ¢ > o.

Lemma 3.6. Suppose that ($1)-($3), (F1) and (F2) hold. Then there are constants p, > 0 such that 1 |ap,> «.
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Proof. By (F;), (3.4) and the fact that F is continuous, we obtain that there exist constants ¢ > 0 and C > 0
such that

[F(x,u,v)] < (1—¢e)(AM1DP1(u) + ADr(v)) + C(W1(u) +¥2(v)), V(x,u,v)e QxR xR. (3.6)

When ||(u,v)|| <1, by (3.6), Poincaré inequality in (F;), Lemma 2.4, Remark 3.2 and (2.4), we obtain
I(u,v) :J @ﬂqul)dx—i—J d)z(IVvI)dx—J F(x,u,v)dx
Q Q Q

>J CI)l(IVuI)dx—i—J d)z(IVvI)dx—J [F(x,w,v)|dx
Q Q Q

>SJ d)l(IVuI)dx—i—eJ d)z(IVvl)dx—CJ ‘Pl(u)dx—CJ Yo (v)dx
Q Q

> smin{HVuH AVullgi+ amm{HVvH AVviig:?
— Cmax{[lully, [ullg = Cmax{[vllg2, [v]v.}
> emin{|Vullg, [Vl g} + e min{|V]|§ , [ Vv]57)

—Cmax{uwu(bl IV} — Cmax{|VVl|q2, [Vv] g2}

I,\{/

1
= e[ Vullg, + €l Vviip; CHV g, = ClIVVlle;

l 1
= [ Vullg! (e = ClIVul ! ™) + [ Vvllgi(e = ClIVV]gz )

Since 1 < my < ly,, we can choose positive constants p and « small enough such that I(u,v) > « for all
(u,v) € W with [|(u,v)|| = p. O

Lemma 3.7. Suppose that ($1)-(p3) and (F3) hold. Then there is a point (u,v) € W\B,, such that I(u,v) < 0.

Proof. By (F3) and the fact that F is continuous, then for any given constant M > 0, there exists a constant
Cm > 0 such that
Fix,u,v) > M(D(u) +P(v)) —Cm, Vix,u,v)e QxR xR (3.7)

Now, choose uy € C5°(Q) \ {0} with 0 < up(x) < 1. Then (up,0) € W, and by (3.7) and (2) in Lemma 2.3,
when t > 0 we have

I(tug,0) = J D1 (t|Vupl)dx — J F(x, tug, 0)dx
Q Q
< J CDl(tIVuol)dx—MJ @1 (tug)dx + Cm Q]
Q Q
< D4(t) J max{|Vg|", Vg™ }dx — M®; (t) J min{lug|", uo|™ }dx + Cpm Q|
Q Q

) ([[[Vuol || | IVl (o) = Mllwollm) + CmIQL.

LY

) ) ) ) II\Vuo\IIL11 +|I\Vuo|||Lm1( Q)
Since M > 0 is arbitrary and t11rJ1£1 ®1(t) = +o00, we can choose M > TEPRI and large
—+00 0 ml
t such that I(tup, 0) < 0 and ||(tup, 0)|| > p. O

Lemma 3.8. Suppose that (¢1)-(d3), (F1), (F3) and (F4) hold. Then (C)c-sequence in W is bounded.

Proof. This proof is partially motivated by [12, Lemma 4.1]. Let {(un,vn)} be a (C).-sequence of I in W.
Then, for n large enough, by (3.5) and (¢3), we obtain

1 1
c+ 1 > I(unrvn) - <Il(uﬂ.rvn)/ (uﬂ./ Vﬂ.)>
mp mp
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=J <D1(|Vun|)dx+J ch(anndx—J F(x, tn, va ) dx
Q Q Q

1 1
—J ¢1(|Vun|)|Vun|2dx—J 02([Vvn ) [Vvn Pdx
mi Jo m2 Jo
1 1
—i—J Fu(x,un,vn)undx—i-J Fy (%, Wn, Vi )vndx (3.8)
mi Jo m2 Jo

1 1
_ J (@Dluwnn - ¢1(|Vun|)|wn|2) dx+J (cbzuwnn - q>z(|vVn|)|an|2) dx
Q my Q myp
1 1
+J (Fu(X/ unzvn)un + 7}:\)()(/ unxvn)vn - F(X/ Un, Vn)) dx
o\ mp

P J ?(X/ Un, Vn)dx.
Q

To prove the boundedness of {(un, vy )}, arguing by contradiction, suppose that there exists a subsequence

of {(un,vn)}, still denoted by {(un, vn)}, such that ||(un, vn)|| = ||[Vunllo, + [|[Vvn|lo, — +oo. Next, we

discuss the problem in two cases.

Case 1. Suppose that | Vun| o, — +oo and also ||Vvn||@, — +o00. Let i, = ﬁ and v,, = W.
nil®y nii®s

Then {(tin, v )} is bounded in separable, reflexive Banach space W. Passing to a subsequence {(Tin, Vn )},
by Remark 3.2, there exists a point (11, V) € W such that
* Unp — win Wé’(Dl(Q), i, — Tin Lllﬁ(Q) and in LY (Q),  1n(x) — 4(x) ae. in Q;
* Vn 2 vin WH®2(Q), v, —vin LLU(Q) and in le“Tr(Q), In(x) = (x) ae. in Q.
Firstly, we assume that [ti # 0] :={x € Q : i(x) # 0} or [V # 0] := {x € O :9(x) # 0} has nonzero Lebesgue
measure. It is clear that

lun| = |un‘||vun||<l)1 — 400 in[a 75 0]

and
|Vn| = |\_)n|HVVnH¢)2 — +oo in [V 7'é 0].

Then, by (3.8), Remark 3.3 and Fatou’s Lemma, we have
c+1> J F(x, Un, vn )dx — 400,
Q

which is a contradiction. Next, we assume that both [ # 0] and [V # 0] have zero Lebesgue measure, that
is, 1 =0in Wé’(bl (Q)and v=0in Wé’q)z(Q). By Lemma 2.4, we have

min{HVuanl HVuan)l}—i—mm{HanH Hanngz} < JQ ®1(|Vun|)dx+JQ Dy (|Vvnl)dx (3.9)
= I(un, vn) +J F(x, un, vn)dx.
ol
When n large enough, that is
IVunllg, + 1Vvalg, < 1un,vn) +J F(x, Un, vn)dx,

[0}

which is equivalent to

I(un,v F(x, un,v
1< E V) T +<J —i—J > SALALY A
IVunllg, + 1VvnllE, unv)I<R - vl >R) [ Vnllg, + [Vvn [,

F(X/unlvn) F(Xlunlvﬂ)
=on(1)+ L L L L
[(unvn)I<R Hvuanpl + vaan)Z [(wn,vn)I>R Hvun”q)l + HV\)TLH(D2

(3.10)

7
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where R is a positive constant such that R > r (see (F4)) and
Fx,u,v) 20, vxeQ, |(uv)|>R (by (F3)).

By the fact that F is continuous, there exists a constant Cg > 0 such that

[F(x,u,v)| < Cgr, VYxeQ, |(uv)] <R (3.11)
Then . colO
J (t/un/\)n) Cdx < : el — =oa(1). (3.12)
[(un ) ISR [[Vunl[g, + [[VVnl g, [Vunllg, +IVvnllg,

Besides, it follows from Holder’s inequality that

J F(x, Un,vn)
() =R [V, + 1Vvall g,
_ J FO ).
(o )|>R g+ (3.13)
S J|(un,vn)|>R m(ﬂ“”l * \\‘)nllz)dx

F(x, Un,vn)

mx{\(un,vn)l > R}
n n

[(anl™ + onl?)x{l(un, va)l > Rl
r

h ‘
where x denotes the characteristic function which satisfies

1 forxe{xe Q:|(un(x),vn(x))| >R},

xtl{un (), vn (X)) > RY = { 0 forxe{xeO:|(un(x),va(x)) <RL

For n large enough, by (3.3), (3.8) and the fact that F is continuous, we obtain

F 7 7 T
J r ((’i““ V), vl > R) ax < C3J F(x,tn, v )dx + C < ca(c+1) + C.
Q [un|Y + [vn |k Q

Then, for n large enough, by Lemma 2.4, there exists a constant ] > 0 such that

<J. (3.14)
r

wa{uun,vnn S R)

nl +vn|t2

Moreover, it is easy to see that
([l + Fnl2)x{ (un, vl > RHls < ([l 4+ Fnl?) |l < [z + (9027

By Lemma 2.3 and Lemma 2.5, (F4) implies that N-function T satisfies a A;-condition globally. Then, by
(2.2), |ullz = 0as [, T(fu])dx — 0. It follows from Lemma 2.5 and « that

J F(|an|“)dx+j F(nl2)dx
Q Q
<F(1)J max{|an|‘1“,|an|“ﬁ'r}dx+ﬁ1)J max{[on 20, [5 27
Q Q

<T(1) (J [in U dx + J |an|lm“frdx+J o ]2br dx + J |vn|1ﬁr’dx>—on(1),
Q Q Q Q
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which implies
[([anl" + Fnl2)xd (un, vl > RYlz < Tl ||z + [[9n]2]z = on(1). (3.15)

By combining (3.12), (3.13), (3.14), (3.15) with (3.10), we get a contradiction.

Case 2. Suppose that |Vun|o, < C or ||[Vvn|le, < C for some C > 0 and all n € IN. Without loss of
generality, we assume that HVuan;l — 400 and ||Vvn|lo, < C, for some C > 0 and all n € IN. Let

Un = HVLlLiianJl and v, = W' Then ||tin|lo,0, = 1 and ||[Vn|lo,0, — 0. Passing to a subsequences

(tin, Vn)}, by Remark 3.2, there exist T € Wé’(Dl (Q)and v € Wé’(DZ(Q) such that

iy, — @in Wé’q)l(Q), G — @in LU (Q) and in LY™F(Q),  @n(x) — G(x) ae. in Q;
Un = 0in W®2(Q), vn — 0in L2 (Q) and in L2™(Q),  9n(x) — 0 ae. in Q;

vn —vin Wé’q)z(Q), vn — vin LlZG(Q) and in L2™1(Q),  vn(x) = v(x) a.e. in Q.
Similarly, we firstly assume that [t # 0] has nonzero Lebesgue measure. We can see that

—~=

b S o

[unl = [tnl|Vun|o, = +oo  in [@ # 0]

Then, by (3.8), Remark 3.3 and Fatou’s Lemma, we get a contradiction by
c+1> J F(x, Un, vn )dx — +00.
Q

Next, we suppose that [ # 0] has zero Lebesgue measure, that is, @ = 0 in Wé’q)l (Q). By Lemma 2.5 and

*, we have
vnllzu?‘r} <J T(jvn ") dx
Q

<F) J max{fvn] 21, [vn ]2 dx
Q

min { vn 2

<T(1) <J IvnllziFdx+J IvnIIZ“Trdx> - C,
Q Q

which shows that there exists a constant L > 0 such that

[Ival®2||x <L, ¥neN. (3.16)

When n large enough, (3.9) changed into
||Vun||lql)1 +M < I(un,vn) +J F(x, Un, vn)dx+ M,
Q

where M is a positive constant with M > 4]JL (see (3.14) and (3.16)). Then, by (3.11), (3.14), (3.15), (3.16)
and Holder’s inequality, above estimate means

_ I(un,vn) +M J F(X, Un, vn)

S IVunllg, +M o [Vun]g, +M

o)+ | gy | T
Jtnvi<r [[Vunly, +M () >R [[Vin|lg, +M

_Flyun,vn)

N>R [Vunllg, +M

[ F(x, un, vn) < T B
Son(l)+ o B lval ) dx
" N>R B oz 7T MT

= On(l) +
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X{| (Un,vn)| > R}

F
<on(1) 42 H (%, Un, vn)
u r

'r1|ll +|Vn|12

1
<|un|11 + M|Vn|12> X{|(unrvn)| > R}

r

< on()+2] ([l s+ 5 Ionl®

<on(1)+2] (onl)+ 1 ) =0nlD) + 3 <onll)+ 3,

which is a contradiction. O
Lemma 3.9. Suppose that (¢1)-(d3), (F1), (F3) and (F4) hold. Then I satisfies (C)-condition.

Proof. Let {(un,vn)} be any (C).-sequence of I in W. Lemma 3.8 shows {(un, v )} is bounded. Passing to
a subsequence {(un, vn )}, by Remark 3.2, there exists a point (u,v) € W such that
* Up — uin Wé’Q)l(O.), Un = uin LY1(Q), un(x) = u(x) a.e. in Q;
* vp —vin Wé’q)z(Q), va = vin LY2(Q), vn(x) = v(x) a.e. in Q.
Now, we define operators
F Wy PH(Q) — Wy P Q) by (F(u), @) = [, d1(|VU))Vuvidx, u, e Wy(Q),
and
G: Wy P2 Q) — Wy P2(Q))* by (S(v), ) := [ d2(IVV)VYWEdx, v, 7 € Wy P2 (Q).
Then, we have

(F(wn), tn — 1) = JQ 1 ([Vitn]) Viin V(tn — w)dx

(3.17)
= <I/(U’TL/VT1.)/ (un - u/ O)) +J Fu(xr un/Vn)(un - u) dX.
Q
Equation (3.5) shows that

(T (un, Vi), (un =1, 0))] < [IT' (un, vi)[[[[un — ullo, @, — 0. (3.18)

By (F1) and Holder’s inequality, we get

U Pt v (= 0| <1 | (14 {fnl) + L (Y20v)) i — wldx

Q Q (3.19)

< 2¢1[1+ W1 (funl) + ¥ (Y2 (vi)) g, llen — ully, -

Condition (F;) shows that functions ¥; and ¥ are N-functions satisfying Aj-condition globally, which
together with the convexity of N-function, Lemma 2.4, Remark 3.2 and the boundedness of {(un,Vvn)},
implies that

JQ\E(kunn T (W) dx < cjﬂu W () + Yalvn))dx < C,

which, together with Lemma 2.4 again, shows that
11+ W1 (unl) + ¥ (Y2 (vi)) g, < C (3.20)

for some C > 0. Moreover, x shows that
[un —uflw, — 0. (3.21)

Then, combining (3.18), (3.19), (3.20), (3.21) with (3.17), we obtain

(Flun),un —u) -0, asn — co.
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By [12, Proposition A.3], F is of the class (S;.), that is, if a sequence {u,} C W(l)’q)1 (Q) satisfying

Un —u and limsup(F(un),un —u) <0,
n—oo

then u, — uwin Wé@l (Q). Thus u, - uin Wé’q)l (Q). Similarly, we can obtain that v, — v in Wé'Q)Z(Q).
Therefore, {(un, vn)} — (u,v) in W. O

Proof of Theorem 3.1. By Lemmas 3.6, 3.7, 3.9 and the obvious fact I(0) = 0, all conditions of Lemma 3.5
hold. Then system (1.1) possesses a nontrivial weak solution which is a critical point of I. O

4. Multiplicity

In this section, we present the following multiplicity result by using symmetric mountain pass theo-
rem.

Theorem 4.1. Assume that (1)-(d3), (Fo), (F1),
(Fs) and the following conditions hold:

(Fs) ( |
F(x,u,v
lim ——7 " =400 uniformlyin x € Q;
[(w,v)|—+oo |Ll|nll + |\)|n12 f Y

(Fe) F(x,—u,—v) =F(x,u,v), for all (x,u,v) € Q x R x R.

Then system (1.1) possesses infinitely many weak solutions {(wuy, vy )} such that
I(u,vk) = J @1 (|Vul)dx —|—J Oy (|Vvi])dx —J F(x, uk, vi)dx — +00,as k — oo.
Q Q Q

Now, we display the symmetric mountain pass theorem as follows.

Lemma 4.2 ([30, Theorem 9.12]). Let E be an infinite-dimensional Banach space and let 1 € CY(E,R) be even,
satisfy (PS)-condition, and 1(0) = 0. If E =V @ X, where V is finite dimensional, and 1 satisfies

(Iy) there are constants p, o> 0 such that 1 |aBpmx> «, and

(Io) for each finite dimensional subspace E C E, there is an R = R(E) such that 1 < 0 on E\BR(E)’ where
Br={ueck:|ul|<r},

then 1 possesses an unbounded sequence of critical values.

Since W(l)’q)i (Q) (i =1,2) are reflexive and separable Banach spaces, then there exist sequences
{eyj:j € N} C Wé’q)i(Q) (i=1,2) and {ei*j :j e NN} C Wé’q)i(ﬂ)* (i =1,2) such that

WP Q) =spanfe; :j = 1,2,---), Wy®H(Q) = spanfel; :j=1,2,---], i=12, (4.1)
and
1 ifn=m
el (eim) = Toi=1,2, 4.2
ln( im) { 0 ifn£m, 1 (4.2)

(see [37, Section 17]). Define

Yik) =spanfey;:j=1,--- ,k}, Zjx)=spanfeyj:j=k+1,---}, i=12 (4.3)

Since the embeddings Wé’q)i (Q) < LYi(Q) (i = 1,2) are compact, then, with a similar discussion as [13,
Lemma 2.10 ], we can get

xi(k) = sup {||zllw, : |lzllo,0, =Lz € Zipy} =0, i=1,2, ask — co. (4.4)
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Lemma 4.3. Let Y;(y) and Z; ) be the subsets of Wé’q)i (Q) defined by (4.3). Then
Wy PHQ) =Ygy ®Zir), i=12, keN.

Proof. Let us prove that Wé’q)l(Q) = Yix) ® Z1(x), k € N. Then, with the same arguments, we can
prove that Wé'Q)Z(Q) = Ya(x) @ Zy(x), k € IN. It is clear that both Y; (i) and Z;y are closed subspaces of

Wé’q)l (Q) for k € N. For any x € Wé’(pl (Q), by (4.1), there exists a sequence {xn} C span{e;j :j =1,2,---}
which converges to x. Let

N(n)
Xn = Z ayneir, Wwherea;, € R,N(n) € Nand N(n) > k.
1=1

Since {xn} is a Cauchy sequence, for any given 6 > 0 there exists an N such that

N(n) N(m)
[x%n —Xm —Ollo@, = [Xn —Xmllow, = > ainen— > aymenlow, <8, (mmn>N). (4.5)
=1 =1

According to the continuity of e}‘j € W(l)’q)l(Q)* (G=1,---,k) and (4.2), for every ¢ > 0, by (4.5), we can
choose & > 0 small enough such that

N(n) N(m)
lefj (xn —xm) —€f;(0) =lef;( ) anen— Y aymen)l =lajn—ajml<e,
=1 =1

which means that sequences {a;, : n = 1,2,---} (j = 1,---,k) are Cauchy sequences in R. Since R is
complete, then there exist a; € R(j = 1,---, k) such that sequences {a]-,n} converge to aj, j=1,--- ,k, as
n — co. Now we can choose a sequence {x,,} C span{e;j :j = 1,2, -} which satisfies

k N(n)
Xn = Z ajelj + Z aneit-
i=1 1=k+1

We conclude that the sequence {x,} converges to x, because the sequence {x } converges to x and

K K
Jim fxn —Xnflow, = lim | Y arnen—)_ ajerjlow,
=1 =1

k

= Jim | _Zl(aj,n —aj)esjfloo,
J:

k
Aim > lajn — a5)llles;llo, =0
j=1

N

Let
k N(n)
y= Z aje;; and zp = Z ayneit-
j=1 1=k+1
Then the sequence {z,} C span{ej; : j = k+1,---} converges to x —y, which implies x —y € Z;(y). Note
thaty € Yy and x =y + (x —y). We get Wé’q)l(Q) = Y1(x) + Z1(x)- Now, we prove Y;(x) N Z;q) = {0}
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Let x € Yj(x) N Z;(x). Then there exists a sequence {z,} C span{e;; : j = k+1,---} which converges to
X = Z]le are;. Let

N(n)
Zn = Z ayneit-
1=k+1

By the continuity of ei‘j € W(l)’q)1 (Q)* (j=1,---,k) and (4.2), we have

N(n) 3
Jim_ej(zn) = lim ej; Y apnen | =0=¢jj()_aen)=q;, forj=1,--k,
1=k+1 1=1
which implies x = 0. Therefore, Wé"b] (Q) =Yi) ®Ziv), ke N. O

Lemma 4.4. For Banach space W = Wé"Dl (Q) x Wé’(pz (Q), there exits a sequence {n(j)} C W defined by

po om0 =2, @6
b) (0,e2n) ifj=2n, forneN, '

such that

(1)

W =span{n;g):j=1,2,---},
(2)
W =Yy ® Ly,
where
Yi :=span{ngy:j=1,--- ,k} and Zy:=span{ng):j=k+1,---}

Proof.

(1) Since W is complete, then it is obvious that span{nj):j =1,2,---} € W. Now, we prove that W C

span{n() :j =1,2,---}. For every (u,v) € W, by (4.1), there exist sequences
{un} Cspanfeyj :j =1,2,---}and {vn} C span{ey; : j = 1,2, - - - } which converge to u in Wé’q)l (Q) and v in
Wé’CDZ (Q), respectively. Let

Ni(n) Nz (n)
Up = Z ajne;; and vy = Z bjnerj, where ajn,bjn€R and Njp(n),Nz(n)eN.
j=1 =1
Then
Ni(n) Nz(n) Ni(n) Nz (1)
(Un, Vi) = Z ajne€tj, Z bjnez | = Z ajn(e,0) + Z b 1 (0, e2;).
j=1 j=1 i=1 j=1
By (4.6) and last equality, we get {(un,vn)} C span{ng):j=1,2,---}and
[(un, vn) = (W V)|l = [[(un —w,vn = V)| = [[un —ullo,, + [[Vn — V0,0, = 0, as 1 — oo,

which implies that (u,v) € span{n;):j=1,2,---}. So, W C span{ng):j=1,2,---}. Therefore, W =
span{ng):j=1,2,---}
(2) Combining Lemma 4.3 with (4.6), we can see that

Nmn) € span{n):j=1,2,--- andj#n}, vnelN.

Then there exists (see [37, Section 17]) a sequence {n ’(“j )} C W* such that
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. 1 ifn=m,
n(n)(n(m)) =

0 ifn#m.
With the same discussion as Lemma 4.3, we can obtain that W = Yy & Zy.. O

Lemma 4.5. Suppose that (¢1)-(d3) and (Fq) hold. Then there are constants p,x > 0 and k € IN such that
[oB,nzy = .
Proof. For (u,v) € Zy, by (3.4), (4.4) and Lemma 2.4, we have

I(w,v) = JQ O (|Vul)dx + JQ O, (|VV]|)dx — JQ F(x,u,v)dx

>J @1(|Vul)dx+J (Dz(Vvl)dx—C5J ‘lll(u)dx—C5J Y, (v)dx — cs5|Q)
Q Q

> min{|Vullg,, | Vulg!} +min{| Vv, 1YV 52}
m my
— cs max{[ully, [ullg 1} — es max{[[vlly?, [vllg 2} —cslQl
> min{||Vu|g , [ Vul g} + min{ | Vv &, [|VV]| 52

1 1 m 1
— esmax{oq L [Vl oq it [V g1} — cs max{og 2, [| V]| o2, 002 [ VV] 3.2} — sl Q.

Since o) — 0, 1 =1,2, as k — oo, then above inequality implies that there exist constants p > 0, lager
k € N and « > 0 such that I 35,1z, > . O

Lemma 4.6. Suppose that (431) (d3) and (Fs) hold. Then for each finite dimensional subspace W C W, there exists
a positive constant R = R(W ) W) such that 1 < 0on W\B

Proof. For each finite dimensional subspace W C W, one has w C Wj x W,, where W; and W, are
finite dimensional subspaces of Wé’q)l(Q) and Wé’q)z(Q), respectively. Since any two norms in finite
dimensional space is equivalent, then there exist positive constants d;, d».ds, d4 such that

d1|[Vullo, < [lulltm (o) < d2f|Vullo, Yue W,

(4.7)
d3[|[ V][0, < [IVl[Lm2(q) < dg|| V|0, Vv EW,.

Moreover, (F5) and the continuity of function F imply that for any given constant M > max {dzmu ﬁ },
1 3
there exists a constant Cpq > 0 such that
Fix,u,v) > M(Ju/™ +v|™ —Cnm, VY(x,u,v)eQxRxIR. (4.8)
Then, by (4.7), (4.8) and Lemma 2.4, when (u,v) € W we have
I(w,v) = J (Dl(IVuI)dx—i—J d)z(IVvl)dx—J F(x,u,v)dx
Q Q

<max{||Vu|| HVuH(Dl}—l—max{HVvH AVl — MJ ([u™ + [v[™2)dx + Cm|Q

L
<Vulg, + IVulgt + [VvIE, + VVIi52 = M, (o) = MIVITE, o) + CMiQl
< IVullg, + IVl + Vv, + IVvl§2 - Md?”HVqu)l —Md}” [ Vv|g: + CmlQl
= Hqu}D] +[[VvI[@, — IVl (Md[™ —1) — || V][ §2(Mdf™2 — 1) + CmIQl.
Note that 1; < m; (i =1,2). Then the above 1nequa11ty implies that
lim sup I(w,v) = —o0.
T—00 N
(u,v)€0oB.NW

Thus, there exists an R = R(W ) W) such that I < 0 on W\BR(W). O
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Proof of Theorem 4.1. Let E =W, V = Yy, and X = Zyx. Obviously, I(0) = 0 and (Fs) implies I is even. By
Lemmas 3.9, 4.5 and 4.6, all conditions of Lemma 4.2 hold. Then system (1.1) possesses infinitely many
weak solutions {(uy, vi )} which are critical points of I such that I(uy, vi) = +00, as k — oo. O

5. Comparing with Theorem 1.1

In order to compare our results with Theorem 1.1, in this section, we present the results for equation
(1.2), which correspond to Theorem 3.1 and Theorem 4.1.

Theorem 5.1. Assume that conditions (b1)'-($3)’, (fo) in Theorem 1.1 and the following conditions hold:

(f1) there exist a continuous function P : [0,4+00) — R, which satisfies that ¥V = f(‘)tl P(s)ds, t € R isan
N-function increasing essentially more slowly than @, near infinity, moreover,

. tp(t) t(t)
= —— < — = +o00,
m < ly g% Y1) ililt:)) v my < +00

such that
If(x, t)] < C(1+([tl)
forall (x,t) € Q x R, where constant C > 0;
(f2)

lim sup [FOx, 1)l
t—0 q)(t)

where and in the sequel F(x,t) = IS f(x,s)ds,t € R and Ay > 0 satisfies the Poincaré inequality given by

=A< Ay, uniformlyin x € Q,

Alj CD(u)dxéJ O(V(Whdx, YueWy®(Q);
Q Q

(f3)
tli_>rro1<> Fé)x('t;) =400 uniformly in x € Q;
(f4) there exists a continuous function y : [0,00) — R and it satisfies that T'(t) = (|)t| v(s)ds, t € R is an
N-function with
1<ly ::tir;g?/((:)) <ilifg?/(€: = mr < +oo,

e
and function H(t) := [t|'r~1, t € R increases essentially more slowly than ©, near infinity such that

r (F(x,t)

[t

) < CF(x,t), x€Q, [tI>R,

where constants C,R > 0 and

F(x,t) := tf(x,t) —mF(x,t), V(x,t) € QxR.

Then (1.2) possesses a nontrivial weak solution.

Theorem 5.2. Assume that (¢1)’-(b3)’, (fo), (f1), (fa) and the following conditions hold:
(fs)

. F(x,1)
lim

) ma +oo uniformly in x € Q;
— 00
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(fe) F(x,—t) =F(x,t), forall (x,t) € Q x R.
Then (1.2) possesses infinitely many weak solutions {w} such that
Jug) = J CD(IVukI)dx—J F(x,ux)dx — +o00, ask — oo.
Q Q
Remark 5.3. Theorem 5.1 improves the result (i) of Theorem 1.1 in Section 1. In fact, by (2) in Lemma 2.3

and (2) in Lemma 2.6, (f1)’ shows that for any given constant ¢ > 0, it holds that

. WY(ct)  W(c)max{tly,tmv)
llm < . * * = 0/
t—oo Dy (t) ~ @y(1) min{tl",tm"}

which implies ¥ increases essentially more slowly than ®@,. Moreover, comparing (1)’ with (f;), we can

see that condition m < 1* is not necessary in (f1), see example below. It is obvious that (f;)’ is equivalent

to (fz). Since (f3)’ is equivalent to (f5), which, together with (2) in Lemma 2.3, implies (f3). In (f4)’,
a8

o
condition % < 1r shows 1?11 < 1*, which implies that function H(t) := [t|'r—1,t € R increases essentially

more slowly than @,.

Next, in order to offer an example that satisfies our conditions but do not satisfy the conditions in
Theorem 1.1, we firstly need the following lemma.

Lemma 5.4. Under the assumptions (b1)’-(¢p3)’, let m = ltim+inf tq‘f((t)). Then, function Y(t) := [t|P,t € R
—+o00

increases essentially more slowly than @, near infinity, where 1 < p < m* = N%Nm
Proof. Choose a > 0 such that a* = Nal\’a = p. It follows from the fact p < m* that a < m and
a+m
p < (82) = Nﬁl\]ﬂ. Then, there exists a constant K > 0 such that
2
to(t) _ 1
Dy 2 N 7 Vt 2 KI
(1) 2(a+m)
which implies that
O(t) > Coft)2ler ™), i > K
for some C; > 0. Then, by the definition of @, when t > ®(K) we have
t (Dfl
o =0 @)+ Tlas
®(K) $ N
1\ e [t
at+m 2 N+1
<O HD(K)) + <> J slarm N ) ds
G @ (K)
2
_ 1 \em N(a+m) 2N—(a+m) 2N—(a+m)
— 0o (DK _— — [ ¢ Nlatm) — @(K) Nlatm)
- ”+<Cl> 2N—(a+m)( " )
2N—(a+m)
< Cpt Niatm)

for some C, > 0, which implies that

1 % N(a+m) 1 (azm)* atm y«
O,(t) > (Cz) t2N—arm) — (Q) t7), v > o7 (@(K)).
Thus, for any constant ¢ > 0, we have
Y (ct) atm atm

1 ( )* |: ( )*] j—
< 1 P 2 p 2 =4,
. m *( ) ¢ m cC CZ t 0

which implies that Y'(t) = [t|P,t € R increases essentially more slowly than @, near infinity. O
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Example 5.5. In (1.2), let N = 6, ¢(|t])t = 2t +4t3,t > 0 and f(x,t) = 5/tPt,t € R. Then some simple
computations show that

O(t) =t +ttand F(x,t) = F(x, t) = [t?, teR,

and
=2, m=m=4, I"=3 and m*=m"*=12.

Clearly, assumptions (1)’-(d3)’, (o), (f2) and (f3) hold. In (f1), choose function Pp(t) = 10t%, t > 0
satisfying W(t) = It]'%,t € R and ly = my = 10. Then, (f;) holds because Lemma 5.4 shows V¥ increases

essentially more slowly than @, near infinity. However, the fact 1* < m implies that (f;)’ does not hold.

%t%, t > 0 satisfying I'(t) = ItI%, teRand ly = my = %. Then,

F(x,t
r ( - )> I < PV > 1,

In (f4), choose function y(t) =

A
and Lemma 5.4 shows H(t) = [t/ =t} t € R increases essentially more slowly than @, near infinity.

Remark 5.6. In [12], based on Lieberman’s interior regularity and boundary regularity results (see [25, 26]),
maximum principle (see [29]) and other tools, Carvalho et al. investigated some important properties of
solutions like (ii) in Theorem 1.1 under a stronger condition (¢4)’. However, in the system case, those
methods for the scalar case may not be useful any more. To extend the result (ii) in Theorem 1.1 to system
(1.1), new methods maybe need to be established. We will try to do it in our future work.

6. Examples

In this section, we present some examples to illustrate our main results. For system (1.1), ¢; (i =1,2)
can be chosen from the following cases which satisfy all (¢1)-(d3) type conditions:

1. Let (t) =tP~1, t >0, 1 <p+1 < N. In this case, simple computations show that l=m =p + 1.

2. Letdp(t) =tP1+t97L, t>0,1<p+1<q+1<N< %. In this case, simple computations
show that l=p+1, m=q+1.

3. Let g(t) =2p(1+t*)P~ 1, t >0, 1 < p < Y. In this case, simple computations show that l =2, m =
2p.

4. Let d(t) = log%ii:tp), t>0,1<p+l<qg+l<N< %' In this case, simple computations

show thatl=q—p+1, m=q+1.

5. Let ¢(t) =t97'log(1+1tP), t >0, p,g>0andp+q+1<N< w. In this case, simple
computations show that l=q+1, m=p+q+1.

Based on this fact, it is easy to choose (1)l (i=1,2) and N such that (¢1)-(¢p3) hold with I > m; >4 (i =
1,2), and rnax{1 ‘T N« min{-—™ }. Then,

mp— 11 m2—12

mo+e

F(x,u,v) = [u|™ log(1 + [ul) + [v|™ log(1 + [v]) + \ulm]THIVIT,

2L L —my Ly —my L
12 l*—}—lz* 24 and

satisfies (Fp)-(Fg), where constant € > 0 satisfying € <
. In fact,

max{N LD My < min{ _11+€ m2_12+€

|u‘m1_1u my + € m1+e 4 m2+€
111 5 [ul vz,

Fulx,w,v) = mﬂulml*zulog(l + ul) +
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Ivlmzflv my+ €  mpte  mpte—d
=2 [Ty,

Fo(x,w,v) = malv|™ 2y log(1 + v|) +

1+ 2
then
- |u|m1+1 |v|m2—|—1 (ml 4 mz)e myte mﬁe ‘u|m1+1 |V|m2+1
F(x,u,v) = lul v > .
my(1+hf)  mo(1+) 2mym, my(1+ )  ma(1+ )
It is obvious that F satisfies (Fy) and (Fg). Since
F(x,u, F
CFewy) o g lim WV
() [0 fu[™1 + [v[m2 [(uv)|=+oo [U[M1 + [v[m2

211‘1;—m113‘—m21f

which, together with (2) in Lemma 2.3, shows that (F;), (F3) and (Fs) hold. Since 0 < € < (R
by the Young’s inequality, there exist Wi (t) = t%~!, t >0, m; < al <l (i=1, 2) such that (F;) holds.
Next, we check (F4). Choose y(t) = kt*~1, t > 0, where max{L ‘G N1 <k < min{ 11+e - lere} Then

rt) =t*, t e Rand lIr = mr = k. Smce max{l , 12} < k, similar arguments as Remark 5.3 show
1l

that H;(t) := Itllrfrl,t € R (i = 1,2) increase essentially more slowly than ®;, (i = 1,2) near infinity,

respectively. Moreover,

. ( [F(x, )| )k 1
lim sup T

|(u,V)|—>oo |u|11 + ‘\)|12 X,U,\))

+e)k

"™ (log(1 + [ul))* + [v*™2(log(1 4 [v]))* + [uf<(mate) 4 fyjkimate)

‘k11+m1+1 |k12+m2+1

(Iul‘“1 log(1 + [ul) + v[™2log(1 + [v[) + Iul

< limsup

mq+1 my+1
frv)iee (-4 ) (estrman + m‘z‘(mvn)

< Cy limsup

(uv) oo u v

my (1+[ul) my (1+[v)

< 400,

which shows that there exist constants c3, r > 0 such that (3.3) holds.
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