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Abstract

In this paper, two variants of iterative methods with higher order convergence are developed in order to solve a system
of nonlinear equations. It is proved that these two new methods have cubic convergence. Some numerical examples are given
to show the efficiency and the performance of the new iterative methods, which confirm the good theoretical properties of the
approach. (©2017 All rights reserved.
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1. Introduction
Consider the system of nonlinear equations

fi(x1, %2, ,xn) =0
fZ(XLXZ/'” /Xn) =0

7

~

(1.1)

fn(xllle e /Xn) = 0/

where each function fi(x1,%x2,---,xn) (i = 1,2,---,n) can be thought of as mapping a vector x =
(x1,%2, -+ ,Xn) " of the n-dimensional space R™, into the real line R. The system can alternatively be
represented by defining a functional F, mapping R™ into R™ by

F(X1/X2/' o /XT‘L) = (fl(X1/X2/' t lxn)/' o /fn(xerZI' o /XTL))T-

Using vector notation to represent the variables xi,x2, - - ,Xn, system (1.1) can be written as the fol-
lowing form
F(x) = 0. (1.2)

Newton’s method is the best procedure for finding a root of the equation (1.2) due to its formal
simplicity and its fast convergence rate. It has been generalized in many ways for the solution of nonlinear
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problems (see [7, 17]). However, though the Newton’s method converges very rapidly once an iteration
is fairly close to the root, one cannot expect good convergence when an initial guess is not properly
chosen or when the slope of F(x) is extremely flat near the root. Recently, several iterative methods (see
[1, 5, 6,11, 14, 18]) based on the Newton’s method for solving nonlinear equation (1.2) were developed.
It has been shown (see [2—4, 9, 10, 12, 13, 15]) that the quadrature formulas have been used to develop
some iterative methods for solving a system of nonlinear equations (1.2). Motivated and inspired by the
on-going activities, in this paper, we construct two variants of iterative methods for solving a system of
nonlinear equations with higher order convergence.

2. Iterative methods

Let F: D C R™ — R™ be k-time Fréchet differentiable in a convex set D C R™ and x* be a real zero of
the nonlinear system of equations (1.2) of n equations with n variables. For any x,x, € D, we write (see
[10]) Taylor’s expansion for F as follows:

F(x) = Flxn) + F () (x — xn) + - F” () (x — 102

2!
1 1 — -
3'F"’(xn)(x Xn)3+'”+(k 1)'F(k—1)(xn)(x xn)(k 1)
1 (k—1)
1—t
JO ((k)l)!F(k)(xn+t(x—xn))(x xn ) ¥dt.

Especially, for r = 1 we have

1

F(x) = F(xn) + L F/(xn +t(x — xn)) (x — xn ) dt. (2.1)

Approximating the integral (2.1), we have

1
J F/(xn +t(x —xn)) (x = xpn)dt = F/ (xn) (x — xn).
0

Then, we obtain

F(x) = Fxn) + F (xn) (x —xn).

In order to find F(x) =0, we get
Xn4+1 = Xn — F/(Xn)ilF(Xn)/

which is is known as Newton’s method for nonlinear system of equations (1.2) and has quadratic conver-
gence (see [16]).

If we approximate the integral in (2.1) by using the four points Newton-Cotes, open formula (see [17]),
then

b - 4 2 2 4
J flodx m DO a2y | 30t 2by | 2at3b) gy ataby 22)
a 24 5 5 5
If we approximate the integral in (2.1) by using (2.2), then
1
1, 4 1 2
J F (x4 t(x — ) (x— xp )t & | anpr () Lpdxn 22X
0 24 5 24 5 2.3)
1, 2xn +3x,  11_, xn +4x '
P 4 OF :
Tt s Tt s )}

By using (2.3) in (2.1) and (1.2), we obtain

= [HF,(ALXn—i—x) _|_i]:'(3X“+2X) N iF,(anJr?)x) +EF,(XTL+4X

—1
24 5 24 5 24 5 24 5 )} Foam). (24)



Z.-Y. Chen, X.-E. Qiu, S.-B. Lin, B.-G. Chen, J. Nonlinear Sci. Appl., 10 (2017), 3834-3842 3836

Eq. (2.4) is an implicit method. To overcome this drawback, we use the prediction and correction
technique. Using (2.4), we can obtain the following two-step iterative method for solving the nonlinear
equation (1.2) as:

Algorithm 2.1. For a given xg, compute the approximate solution x,,; by iterative scheme

Yn = Xn — F/(Xn)ilF(Xn),

11_, 4xn +yn 1 3xn +2yn 1 2xn +3Yn
— _ 7]:/ n 7]:/ 7F/ st PyYon
Xl =Xn [24 (g5 =5 (2.5)
11, xn+4yn ]
5P )| F),

Algorithm 2.1 is another iterative method for solving a system of nonlinear equations (1.2).
Cordero et al. [6] developed an improved two-step Newton’s method for solving the nonlinear system
(1.2)

Wn = Zn — Fl(yn)ilF(Zn)/

where yn, = xn — F/(xn) " !F(xn) is the Newton’s method with quadratic convergence. If z, = &(xn, Yn)
has order of convergence p, then (2.6) has order of convergence p + 2.
Replacing z,, = ¢(xn, yn) with approximation in (2.5), we can construct a new method as follows:

Algorithm 2.2. For a given xg, compute the approximate solution x,; by iterative schemes

Yn = Xn _F/(Xn)ilF(Xn)r

11, 4xn +yn 1 3xn +2yn 1 2%xn 4+ 3yn
— _ F/ n F/ F/

Fn = [24( 5 )t 5 Itgtt—5 )
11, xn +4yn.]7" @7)
7/7
+F (P )} Flxn),

Xn+1 = Zn _F/(yn)ilF(Zn)

Algorithm 2.2 is another iterative method for solving a system of nonlinear equations (1.2).

3. Convergence of the method

In this section, we turn to analyze the convergence of Algorithms 2.1 and 2.2 using the Taylor’s series
technique.

Theorem 3.1. Let F: D C R™ — R™ be k-time Fréchet differentiable in a convex set D C R™ and x* be a real
simple zero of the nonlinear system of equations (1.2). The new iterative method defined by Algorithm 2.1 has order
of convergence three.

Proof. Defining e, = xn, — x*, then we have

enil —en = —24 [11F'(4"“+”“) + F’(3X“§29“) 4 (2 ;39“) + 11F/(X"+54‘J“)] _1F(xn). (3.1)
From (3.1), we obtain
[nF’(‘b‘“;y“) +F’(%) +F’(@) +11F’("“+54y“)]en+1
3.2
[ipn ey B2 2B gt )] g
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Let x = x* be a simple zero of the nonlinear system of equations (1.2). Since F is sufficiently differentiable,
by expanding F(xn) and F/(xn,) about x = x*, we get

1
—F" (xn) (x* —xn ) + O(|x* — xn|[*)

1
'F,,(Xn)(x - Xn)z + 31

F(x*) = Flxn) + F/(xn) (X" = xn) + o

But F(x*) =0, then

1 1
Fixn) = F/(xn)en — ;F"(xn)ef + 2 F" (xn)eh + Ofllen )
Then we obtain
_ 1 1
F/(xn) 1F(xn):en—EF’(xn) T (xn) €3 +3iF (xn)” " (xn)ed + O(|len]*). (3.3)

Applying Taylor’s expansion to

(), () (B, (e

at the point x,, and using (3.3), we have

4 4 'F/// 4

2
5 5 2! 5 _"”) o

1 _ F7(x _ 2
= F/(tn) = g 0en) (F ) ) )+ ) (B 1F(xn)) b
1 1
:F/(Xn)_gF//(Xn)en TOFH(XTL)F/( n)~ lF//(Xn)e +%F/H(Xn)e +0O( Hen||3)
3xn +2 3xn +2 F/ 3xn +2 2
F’<7X“J5r un) :F’(xn)+F”(xn)<7Xn—; I ) + 2(’,‘“)( "“‘g I ) e
2 2 2
:F/(Xn)_*FH(Xn) F/(Xn)ilF(Xn) 7F///(Xn) F/(Xn)ilF(xn) + -
5 *5
2 1 2
:F’(xn)—gF”(xn)en+gF"(xn)F’( )T (xn) e +EF”’(xn)e +O(|lenP)
2xn +3 2xn + 3 F7”(xn) /2Xn + 3 2
F/( Xn‘g Un) :F'(xn)—{—F”(xn)( Xn + Un_Xn>+ Xn ( Xn‘; Un_xn> T (3.4)
3 2
= P/ o) — 2P o) (F/Den) " Flxn) ) + PG (F/ ) PFOen)) -+
9
+ 25 F"/(xn)[€ = F(xen) T'F (xn )€l + Ol en 1)
_F/ _§ " i " / —1gn 2 9 "
=F(xn) 5F (xn)en + 1OF (xn)F'(xn) " F (Xn)en+50F (Xn)e +O( HenH
Xn +4 Xn + 4 F"(xn) (xn +4 2
(XA ) P (SRR ) EO) o un )7
4 - 8 - 2
= Flxn) = 2F (xn) (F/(xn) T Fxn) ) 4+ o2 F () (F/ () T Fn) ) -
4 2 8
:F’(xn)—gF"(xn)en+gF"(xn)F’(xn)_lF”(xn)e%L—1—ZSF"’(xn)e +O(|len®).
Now, from (3.2) and (3.4), we obtain
4 3xn +2 2xn + 3 4
e RaE T R e R L ) I
4 3xn +2 2xn + 3 4
= [P E Yy p (TR TR R e 24F(x)
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=11 [F/(Xn)en — %F//(Xn)e + lFN(Xn)F,(Xn)_l]://(xn)egl + O(Hen”z})}

10
+ [P Onden — 2P (en)éh + P (en )P (xn) 'F en )l + Oflen )]
+ [F’(xn)en—gF”(xn)e +%F"(XH)F'(XH)*F”(xn)ei+0(Hen\|4)}
+11[F'(xn)en—gF”(xn)en+%F”(xn)F'(xn)_lF”(xn)efl—|—O(HenH4)}
—24[F (xn e — 5 F (xn )l + 5 F (xn )l + Olflen )]

= 6F” (xn ) (xn) T'F (xn )€, + Oflen1*)|.
This shows the third order convergence of the method. Hence, the proof is completed. O

Theorem 3.2. Let F: D C R™ — R™ be k-time Fréchet differentiable in a convex set D C R™ and x* be a real
simple zero of the nonlinear system of equations (1.2). The new iterative method defined by Algorithm 2.2 has order
of convergence five and satisfies the error equation

1 =2C5€ +O(]|eq |-

1
Proof. Defining en, = xn —Xx*,&n = yYyn —x*,dn —x*,Cx = k'F (x*)"1F(x*)%, k = 2,3,..., and
applying Taylor’s expansion to F(xn ), F'(x ) "(yn) at the point x, we have
F(xn) = F/(x*) [en + C2€% + Csed, + Cael, + Csed +O(||e )], (3.5)
F/(xn) = F'(x*) [14+2Coen +3Cse? +4Cysed +5Csed + O(]|e3 |))]. (3.6)

It follows from (3.6) that

F/(xn) ' = [I—2Coen + (4C5 —3C3)e% — (8C3e3, —6C2C3 — 6C5Co +4Cq)el |F/ (x*) "L+ O(|len ). (3.7)
From (2.7), (3.6), and (3.7), we obtain

En = xXn — X" —F/(xn) 'F(xn) = Co€? +2(C5— C3)ed + (8C3 — 6C3Co —4CoC3 +3Cq)er, + O(|led ),
F/(yn) = F/(x*) [I+2Co&n +3C38% + O([|&3,]))].-
Then we have
F/(yn) = F/(x*)[I+2C3e% +4(C2Cs — C3)ed,
+ (16C3 — 12C,C3Cy — 8C3C5 +3C3C5 + 6CoCa)et + O([lex|])].- (38)
It follows from (3.8) that
Fllyn) ' = F/(x") [I—2C3€}, +4Ca(C5— Ca)el, JF'(x*) ' + O[]l ef ). (3.9)

Furthermore, we have

S X = sl = xT) + g (yn —x) = gen + 2 Caely +5(C3—C2)e +0(lenlD,
%‘Jn_ = (0 =X + S (yn —x") = 5en+5Cze +5(C3—Cz)e +0(lenlD),
SR = Sxn =X+ 2 (yn —x7) = Zen + £ Cach + Z(Ca— CF)ed + O ),

T X = S =X + g (yn —x") = gen + 5 Cael + £ (Ca— C)el, +O([[eh .
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Thus, we have

4 4
F’(L‘“;y“) :F/(x*)[uzcz(i"“;y“ —x*) +3C3(7X“5+y“ —x*)?
pacy TR ey o Fn Y ey
8 2, 48 4
Tl (% © < = 3
— F(x )[1+5c2en+(5c +25c3) (5(czc3 c3)
24 256
+25c3c2+ﬁc4)e +0( Hen||)],
3xn +2yn 3xn +2yn 3xn +2yn 2
/ n _ /(% 4k —x*
F(75 ) F(x)[1+2C2(75 X*) +3C3(1 X*)
acy(TndBn )T ot R ey ]
5
6 8
=P [T+ 2Coen + (gc2+ 25c3)e n (g(czcg— c3)
36 108
+25c3c2+@c4)e +0( Hen||)],
2xn +3 r 2xn +3 2Xn + 3 (3.10)
F'(in : ‘J“) = F() |1 2GR Un 4y 430, (2 oYn - In )2
racy (Bt ey o (RXnt3Un —x )]
5 5
L4 6 , 12 12
= F/(x) |1+ - Caen + (gc +25C3) (g(czcrcg)
36 32
+25c3c2+@c4)e +0( Hen||)],
4 4 4
F'(LJFS Un) :F’(x*)[1+2C2(7xn+5 Yn —x*)+3c3(7"“+5 Un _+y2
FAC, (IR ey o ey
2 8 3 16
:F'(x*)[1+gc2en+ (gc +25C3)e + (g(czcg,—cg)
+25c3c2+ﬁc4)e +0(llek 1]
From (3.10), we have
E ;(4%Xn +Yn l ,(3%n +2Yn i 2xn +3yn 11 Xn +4yn
24F ( 5 ) 24]: ( 5 ) 24F ( 5 ) 24F ( 5 ) 3.11)
= F/(") [+ Caen + (GG + C3)eh +(2C2Cs + C3Ca —2C3 + L2 Calel + Ol ).
We obtain from (3.11) that
11_, 4xn +yn 3xn +2yn 2xn +3yn 11_, xn +4yn
[24F ( 5 )+ 24F ( 5 )+ 24F ( 5 )+ 24F ( 5 )} (3.12)
= [1- Caen — Co6h — (€203~ 3C3 + 2 Ca)e + Ok )] F/ ")
From (3.5) and (3.12) we have
e ok 11_, 4xn +yn 1 3xn +2yn
dn =zn —x" =xn —X% 24F (75 )+ 24F (75 )
1 2xn +3yn E /X +4yn 171
HE 70N v U G )] Flxn)
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1
= C3e3, +(2C2C5+ C3Co —3C3 — %sz)ei}l +0(|lex |-

Applying Taylor’s expansion for F(z,,) at the point x,,, we obtain

Flzn) = F(x*) |dn + C2d} + Cad}, + Cyd}, + O(|d3 )]

= F(x*) [cgei +(2C2C3 4+ C3C, —3C5 — 7i5c4)} en +O(llex |- o
From (3.9) and (3.13) we have
F/(yn) " Flen) = C3e) + (2C5C5 ~3C3 — 2 Cale, — 2Chef, +O(eh ) (3.14)
Now, from (2.7) and (3.14), we obtain
et = x™—x* = dy — F/(yn) 'Flzn) = 2C5€3, + O([ €5, ]]).
This shows the fifth-order convergence of the method. Hence, the proof is completed. O

4. Numerical results

In this section, some numerical comparisons are made with several other existing methods to illustrate
the efficiency and the performance of the newly developed method. We compare the classical Newton’s
method (NM), the method of Darvishi and Barati (DV, [10]), the method of Aslam Noor and Waseem
(AN, [2]), Algorithm 2.1 (MY1) and Algorithm 2.2 (MY2) introduced in this paper. All numeric compu-
tations have been carried out in MATLAB 2010b environment, rounding to 16 significant decimal digits.
The stopping criterion used is ||xn 11 — xn| < 107!¢ and the maximum number of iterations is 101. What
is more, the effect to efficiency and the performance of the new iterative methods is considered, which
includes the iteration times “Iter”, the “CPU” run time and the “ERR” errors. For every method, we ana-
lyze plenty of iterations needed to converge to the computational order of convergence p, approximated
by means of

~ In( H (Xn+1—Xn Hoo Hxn —Xn—1) Hgol)
(][ Gen = xn-alloollxn-1 = xn2ll"’
which is defined by Cordero and Torregrosa (see [8]).

Example 4.1. Consider the following system of nonlinear equations:

F(X) _ fl(x) = X%XZ —X1X2 +2x1 — %2 =1,
T fax) =xe M +x; —xp—e L =0.

Table 1: Numerical results for Example 4.1.

Method | Exact solution | Initial point | Iter | CPU Err P
NM 9 |0.0015 | 1. 1102e-016 | -Inf
DV 5 | 0.1141 | 2. 2204e-016 | 0. 7160
AN x*=(1,1)7 | x=(1515T| 4 |0.0010 | 4. 4409-016 | 3. 0806
MY1 4 | 0.0008 | 6.6613e-016 | 3. 0192
MY2 2 | 0.0006 | 6. 7354e-016 | 3. 5883

Example 4.2. Consider the following system of nonlinear equations, which have two exact solutions
. 1 1 1 1
1 ; (1 ﬁll V3 V323
—,—,——,———) using initial approximation at xpz = (2,2,2,2)":
(57573 2va) s PP o= )

R
) using initial approximation at xo; = (—2,-2, —2,0)7 and X5 =
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f1(x) = xox3 + Xox4 +x3%4 =0,
Flx) = fa(x) = x1x3 + X1x4 +X3%x4 =0,
f3(x) = x1x2 + x1x4 + X0x4 =0,
fa(x) = x1x2 +x1%3 + X2x3 = 1.

Table 2: Numerical results for Example 4.2.

Method | Exact solution | Initial point | Iter | CPU Err P
NM 6 | 0.0066 | 7.2164e-016 | 2. 0833
DV 4 | 0.0013 | 4. 7184e-015 | 3. 3702
AN X7 X01 3 | 0.0072 | 9. 9466e-007 | 3. 2770
MY1 3 | 0.0018 | 9. 9466e-007 | 3. 2770
MY2 2 | 0.0016 | 2. 1091e-005 | 2. 9962
NM 6 | 0.0021 | 2. 1094e-015 | 2. 0815
DV 4 | 0.0034 | 1. 4266e-014 | 3. 3214
AN X3 X02 3 | 0.0010 | 3. 1083e-006 | 3. 5079
MY1 3 | 0.0019 | 3. 1083e-006 | 3. 5079
MY2 2 | 0.0008 | 6. 6438e-005 | 4. 5467

Example 4.3. Consider the following system of nonlinear equations:

f1(x) :x%er%—szng;—lB:O,
f3(x) :xg—x§+2x1—2xz—18 =0.

Table 3: Numerical results for Example 4.3.

Method | Exact solution | Initial point | Iter | CPU Err p

NM 6 | 0.0010 | 8. 8818e-016 | 1. 9669
DV 25 | 0. 0056 | 8. 6331e-011 | 2. 9681
AN x*=1(2,2,3)7 | xg=1(1,1,2)T | 3 |0.0067 | 1. 1472¢-006 | 3. 1071
MY1 3 | 0.0042 | 1. 1472e-006 | 3. 1071
MY2 2 | 0.0020 | 8. 4229e-005 | 5. 5413

Example 4.4. Consider the following system of nonlinear equations:

Fix) — f1(x) =x3 —10x; +x3 +8 =0,
fr(x) = xlx% +x1 —10xp +8 = 0.

Table 4: Numerical results for Example 4.4.

Method | Exact solution | Initial point | Iter | CPU Err P
NM 101 | 0. 0165 | 2. 2204e-016 -1
DV 4 | 0.1012 | 1. 1102e-016 | 0. 6834
AN x*=(1,1)7 |x=(-12)T| 3 |0.0012 | 4 6629¢-015 | 2. 8862
MY1 3 | 0. 0007 | 4. 6629e-015 | 2. 8862
MY2 2 | 0.0007 | 1. 3700e-013 | 4. 9308
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5. Conclusions

In this paper, two variants of iterative methods are developed in order to solve a system of nonlinear
equations with higher order convergence. The numerical examples in tables show that our method is
very effective and provides highly accurate results in a less number of iterations as compared with other
existing methods.
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