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Abstract

In this paper, we introduce two iterative algorithms (one implicit algorithm and one explicit algorithm) for finding a
common element of the solution set of a general system of variational inequalities for continuous monotone mappings and
the fixed point set of a continuous pseudocontractive mapping in a Hilbert space. First, this system of variational inequalities
is proven to be equivalent to a fixed point problem of nonexpansive mapping. Then we establish strong convergence of the
sequence generated by the proposed iterative algorithms to a common element of the solution set and the fixed point set, which
is the unique solution of a certain variational inequality. (2017 All rights reserved.
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1. Introduction

Let H be a real Hilbert space with inner product (:,-) and induced norm || - |. Let C be a nonempty
closed convex subset of H and let S : C — C be a self-mapping on C. We denote by Fix(S) the set of fixed
points of S.

A mapping F: C — H is called monotone, if
(x—y,Fx—Fy) >0, Vx, y€C,
and F is called a-inverse-strongly monotone (see [5, 10]) if there exists a positive real number « such that
(x—y,Fx—Fy) > «f|Fx —Fy||>, V¥x, y e C.

The class of monotone mappings includes the class of a-inverse-strongly monotone mappings.
A mapping T : C — H is said to be pseudocontractive, if

ITx—Ty|* < [x—y|*+ |(I-T)x— (I-Thy|>, ¥x yeC,

Email address: jungjs@dau.ac.kr (Jong Soo Jung)
doi:10.22436 /jnsa.010.07.42

Received 2017-04-19


http://dx.doi.org/10.22436/jnsa.010.07.42

J. S. Jung, J. Nonlinear Sci. Appl., 10 (2017), 3887-3902 3888

and T is said to be k-strictly pseudocontractive, if there exists a constant k € [0, 1) such that
[Tx =Tyl < [x—ylP+k[|I-T)x—(I-Ty|>, ¥x, yeC,

where I is the identity mapping. Note that the class of k-strictly pseudocontractive mappings includes
the class of nonexpansive mappings as a subclass. That is, T is nonexpansive (i.e., ||[Tx — Ty|| < [[x —y]|,
for all x, y € C) if and only if T is O-strictly pseudocontractive. Clearly, the class of pseudocontractive
mappings includes the class of strictly pseudocontractive mappings as a subclass.
Let F be a nonlinear mapping of C into H. The variational inequality problem (VIP) is to find a x* € C
such that
(Fx*,x—x*) >0, vxeC. (1.1)

We denote the set of solutions of VIP (1.1) by VI(C,F). The variational inequality problem has been
extensively studied in the literature; see [3, 5, 7, 9, 10, 13, 14, 16, 18] and the references therein.
In 2008, Ceng et al. [2] considered the following general system of variational inequalities:

{(Aﬁy* +x*—y*,x—x*) >0, ¥xeC,

1.2
(VEx* +y* —x*,x—y*) >0, ¥xeC(, (1.2)

where F; and F; are an a-inverse-strongly monotone mapping and a p-inverse-strongly monotone map-
ping, respectively, and A € (0,2«) and v € (0,2f3) are two constants. For finding an element Fix(S)NT,
where S : C — C is a nonexpansive mapping and I' is the solution set of the problem (1.2), they introduced
a relaxed extragradient method ([8]) and proved strong convergence to a common element of Fix(S)NT.

In 2016, Alofi et al. [1] also considered the problem (1.2) coupled with the fixed point problem, and
introduced two composite iterative algorithms (one implicit algorithm and one explicit algorithm) based
on Jung’s composite iterative method [6] to find an element Fix(T) NI, where T : C — C is a k-strictly
pseudocontractive mapping and T is the solution set of the problem (1.2), and showed strong convergence
to a common element of Fix(T) NT. The following problems arise:

Question 1. Can we extend the class of inverse-strongly monotone mappings in [1, 2] to the more general
class of continuous monotone mappings?

Question 2. Can we extend the class of nonexpansive mappings in [2] or the class of strictly pseudocon-
tractive mappings in [1] to the more general class of pseudocontractive mappings?

In this paper, in order to give the affirmative answers to the above two questions, we consider a general
system of variational inequalities slightly different from the problem (1.2). More precisely, we introduce
the following general system of variational inequalities (GSVI) for two continuous monotone mappings
Fi and F; of finding (x*,y*) € C x C such that

{(Ale* +x*—y*,x—x*) >0, ¥xeC(,
=

1.3
(Vhy* +y* —x*,x—y*) >0, V¥xeC(, (1.3)

where A > 0 and v are two constants. The solution set of GSVI (1.3) is denoted by Q. First, we prove
that the problem (1.3) is equivalent to a fixed point problem of nonexpansive mapping. Second, by using
Jung’s composite iterative algorithms [6], we introduce a composite implicit iterative algorithm and a
composite explicit iterative algorithm for finding a common element of Q N Fix(T), where T is a continu-
ous pseudocontractive mapping. Then we establish strong convergence of these two composite iterative
algorithms to a common element of QO N Fix(T), which is the unique solution of a certain variational in-
equality related to a minimization problem. As a direct consequence, we obtain strong convergence to a
common element of VI(C, F) N Fix(T), where F is a continuous monotone mapping.

2. Preliminaries and lemmas

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. We write x,, — x to
indicate that the sequence {x,} converges weakly to x. x, — x implies that {x,} converges strongly to x.
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For every point x € H, there exists a unique nearest point in C, denoted by Pc(x), such that
x =Pl < lx—yl, vyeC
Pc is called the metric projection of H onto C. It is well-known that P¢(x) is characterized by the property:
u=Pc(x)<= (x—uw,u—y) >0, ¥xeH, yeC. 2.1)
In a Hilbert space H, we have
=yl = IxI? + [[yl* = 20c, y),  Vx, y € H. (22)
We recall that:
(i) an operator A is said to be strongly positive on H, if there exists a constant y > 0 such that
(Ax,x) > ¥|[x|[%, VxeH;
(ii) a mapping V : C — H is said to be 1-Lipschitzian, if there exists a constant | > 0 such that
[Vx=Vy[| <lx—yl, ¥x, yeC
(iii) a mapping G : C — H is said to be p-strongly monotone, if there exists a constant p > 0 such that
(Gx—Gy,x—y) = plx—yl? Wwx, yeC
The following lemma is an immediate consequence of an inner product.

Lemma 2.1. In a real Hilbert space H, there holds the following inequality
I +yl? < IxI7 + 20y, x +y), Vx, y e H.
We need the following lemmas for the proof of our main results.

Lemma 2.2 ([15]). Let {sn} be a sequence of non-negative real numbers satisfying
Snil < (I—wn)sn +Wndn +vn, M 2>1,

where {wn }, {dn}, and {vn} satisfy the following conditions:

(i) {wn}C 0,1 and Y 3, wn = oo or, equivalently, [ [5_1(1 — wn) =0;
(ii) limsup,, ., dn <0o0r ) v ; wnldnl < oo;
(ili) va 20 (n>1), Y7 vn < .

Then limy o0 S = 0.

Lemma 2.3 (Demiclosedness principle [4]). Let C be a nonempty closed convex subset of a real Hilbert space H,
and let S : C — C be a nonexpansive mapping. Then, the mapping 1— S is demiclosed. That is, if {xn } is a sequence
in C such that x,, — x* and (1 —S)xn =y, then (I1—S)x* =y.

Lemma 2.4 ([11]). Let H be a real Hilbert space. Let A : H — H be a strongly positive bounded linear operator
with a constant y > 1. Then

(A=Dx—(A=Dy,x—y) = ¥-1lx—y|> ¥x yeC.

That is, A — 1 is strongly monotone with a constant y — 1.
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Lemma 2.5 ([11]). Assume that A is a strongly positive bounded linear operator on H with a coefficient y > 0 and
0< C<||A|| 7L Then |1—CA| < 1— &Y.

The following lemma can be easily proven, and therefore, we omit the proof. (see [16]).

Lemma 2.6. Let H be a real Hilbert space. Let G : H — H be a p-Lipschitzian and n-strongly monotone mapping
with constants p, n > 0. Let 0 < pu < %Tz] and 0 <t < o< 1. Then S := ol —tuG : H — H is a contractive

mapping with constant o — tt, where t =1 — \/1 —u(2n — pp?).

The following lemmas are Lemma 2.3 and Lemma 2.4 of Zegeye [17], respectively.
Lemma 2.7 ([17]). Let C be a closed convex subset of a real Hilbert space H. Let F : C — H be a continuous
monotone mapping. Then, for v > 0 and x € H, there exists z € C such that

1
(y—zF)+-(y—zz2-x >0, WyeC

Forr > 0and x € H, define F,. : H— C by
1
Fox = {ze C:(y—z,Fz}—i—;(y—z,z—x} >0, We C}.

Then the following hold:

(i) Fy is single-valued;
(ii) Fy is firmly nonexpansive, that is,

HFrx—Frsz < (x—y,Frx—Fry), Vx, y€H;

(iii) Fix(F;) = VI(C, F);
(iv) VI(C,F) is a closed convex subset of C.

Lemma 2.8 ([17]). Let C be a closed convex subset of a real Hilbert space H. Let T : C — H be a continuous
pseudocontractive mapping. Then, for v > 0 and x € H, there exists z € C such that

1
<y—z,Tz>—;(y—z,(1+r)z—x) <0, vyeC.

Forr > 0and x € H, define T, : H — C by
Tox = {ze C: (y—z,Tz)—%(y—z,(1+r)z—x> <0, We C}.

Then the following hold:
(i) T, is single-valued;
(ii) T is firmly nonexpansive, that is,

ITox —Toy|> < (x—y, Tox —Try), ¥x, y € H;

(iii) Fix(Ty) = Fix(T);
(iv) Fix(T) is a closed convex subset of C.

3. Main results

Throughout the rest of this paper, we always assume the following:

e His a real Hilbert space;

e C is a nonempty closed subspace of H;

e A:C — Cis a strongly positive linear bounded self-adjoint operator with a constant y € (1, 2);
e V:C — Cis l-Lipschitzian with constant | € [0, c0);
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G : C — Cis a p-Lipschitzian and n-strongly monotone mapping with constants p > 0 and n > 0;
constants p, 1, T, and y satisfy 0 < pu < f)—‘} and 0 < yl < 1, where T = 1 — /1 — pu(2n — pp?);

F; and F, : C — H are continuous monotone mappings;

Q is the solution set of GSVI (1.3) for F; and Fp;

Fian : H— C is a mapping defined by

1
Fiax = {ZE C:(y—z,F12>+X<y—z,z—x> >0, Vye C}

for A > 0;
F2 : H — C is a mapping defined by

1
Fovx = {ze C:<y—z,Fzz>+;<y—z,z—x> >0, Yye C}

for v > 0;

R:H — Cis a mapping defined by Rx = Fy5Fpx for each x € H;

T: C — Cis a continuous pseudocontractive mapping such that Fix(T) # (;
T:, : H — C is a mapping defined by

1
T x = {ze C:(y—z,Tz)—T—<y—z,(l+rt)z—x> <0, Vye C}

t

for ry € (0,00),t € (0,1), and liminf;_,g1¢ > 0;
T;, : H— Cis a mapping defined by

1
T x = {26 C: <y—z,Tz)—T—<y—z,(1 +rn)z—x) <0, Yye€ C}
n

for 1, € (0,00) and liminf,, ;oo v > 0;
QNFix(T) # 0.

By Lemma 2.7 and Lemma 2.8, we note that Fy,, Foy, Tr,, and T, are nonexpansive and

Fix(Ty, ) = Fix(T) = Fix(Ty,).

First, we prove that the problem (1.3) is equivalent to a fixed point problem of nonexpansive mapping.

Proposition 3.1. Let C be a closed convex subset of a real Hilbert space H. For given x*, y* € C, (x*,y*) isa
solution of GSVI (1.3) for continuous monotone mappings Fy and ¥, if and only if x* is a fixed point of the mapping
R:H — C defined by

Rx = FiaFavx, Vx € H,

where y* = Fp x*.

Proof.

(AFix* +x* —y*,x—x*) >0, V¥xeC,
(VEy* +y* —x*,x—y*) >0, VxeC,

(AFix* +x* —y*,x—x*) >0, V¥xeC,
—  (x—x",AFix*) + (x —x*,x* —y*) >0, VxeC(,
= (x—x*,le*)+%<x—x*,x*—y*)20, x € C,
<~
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and
(VFy* +y* —x*,x—y*) =0, ¥x€C,
= (x—y*,vhy")+(x—y*y*—x*) >0, ¥xeC,
= (x—y Fy)+3x—yLy —x) >0, xeC,
= y*=TFpx"
<

X" = Fp\y* = Fl)\FZVX* = Rx™.
O

Remark 3.2. We note that since the mappings Fi) and F, are firmly nonexpansive by Lemma 2.7, the
mapping R : H — C in Proposition 3.1 is nonexpansive.

Now, we introduce the following composite algorithm that generates a net {x} in an implicit way:
= (I—0¢A)Tr Rx¢ + 0¢[tyVx + (I —tpuG) Tr Rx4], (3.1)

where t € (0, min{1, 2 = yl}) and 0; € (0, |A[|71].
For t € (0, min{1, 2 —h) and 64 € (0, |A[|~ 1], consider a mapping Q¢ : C — C defined by

Qix = (I—06¢A)T . Rx + 0¢[tyVx + (I —tnG) T ,Rx], Vx € C.

By the same argument as in [6] along with Lemma 2.5 and Lemma 2.6, it is easy to see that Q: is a
contractive mapping with constant 1 — 6 (y — 1+ t(t —vl)). By the Banach Contraction Principle, Q¢ has
a unique fixed point, denoted x{, which uniquely solves the fixed point equation (3.1).

We summarize the basic properties of {x{}, which can be proved by the same method as in [6]. We
include only the proof of (iv).

Proposition 3.3. Let {x} be defined via (3 1). Then

(i) {xt} is bounded for t € (0, min{1, 2 = vl})
(ii) lim¢_o ||xt — T+ Rx¢|| = O provided lim¢_,q 6+ = 0;
(i) limi—o [[xe =yl = 0, where y¢ = tyVxe + (I —tuG)Tr Rxy;
)
)

(iv) lim¢_o Xt — thH =0;

(v) x¢ : (0, min{1, 2=X}) — H is locally Lipschitzian provided 6y : (0, min{1, 2=X1}) — (0, | A=Y is locally

/ T—vyl
Lipschitzian, and r+ : (0, min{1, 2 — yl}) — (0, 00) is locally Lipschitzian;

, 3:31}) into H provided 6 : (O, mm{l

continuous, and v : (0, min{1, 2 — yl}) — (0, 00) is continuous.

/ T— yl

(vi) xt (0, IA[~1]

) =

Proof. (iv) Let z¢ = Rxy, let y¢ = tyVx¢ + (I —tuG) T, Rx¢ and let p € O NFix(T). Since zy = Rx¢, p = Rp
and T, p = p, from Lemma 2.1 we have
lye = pI* = t(yVxe — uGp) + (I — tuG) Ty ze — (I—tuG)p|
< (tyVxe = uGp|| + [|(1— tuG) Ty ze — (I —tuG) Ty pl|)? (32)
< tlyVxe — pGp|* + (1 — t1)|[z¢ — p|I* +2t(1 — t1) [y Vxe — uGplll|ze — |-
Moreover, from (2.2), we deduce

lz¢ —pl* =|[Rxe —p|>

< xe—pl?

= (Xt —P, Xt —P)

= (z¢ =P, xt —P) + (Xt — 2z, Xt —P)
1

2 2
< SlPxe =PI + llze = pI* = e — 2]+ [Ixe = plllIxe = zell
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and hence
lze — Pl < [xe = pIIP = l[xe — ze|* + 2[xe — pllfIxe — z¢ - (3.3)

Thus, from (3.2) and (3.3), we derive
lye —pI* < thyVxe —nGp|* + (1 — t1)||ze —p||* + 2t(1 — 1) [y Vxe — uGpll||z¢ — p||
< tlyVxe — nGp|® + [Ixe — pl* — (1 = to) (|[xe — z¢]|* = 2lxe — pllllxe — z¢))
+2t(1 —t1) [y Vxe — uGpll[ze —pll.
This implies that
(1 — ) xe—ze (x — 22l — 2lixe = pl)
< tlyVxe — G|l + (IIxe — pll + lye — Pl (Ixe — pll = llye —pll) + 2t[lyVxe — uGp|l[|z¢ — p||
< tlyVxe — uGp|l* + (Ilxe — pll + lye — pIDIIxe — el + 2ty Vxe — uGpll|ze — |-
Since t — 0 and ||x¢ — y¢|| — 0 by (iii), we get

lim [Jx¢ — z¢[|([xe — 2| = 2[[x¢ —p]|) = 0.
t—0
In general, lim¢_,o(||x¢ — z¢|| —2[|x¢ —p||) # 0. So, we conclude
lim ||x¢ — Rx¢|| = lim ||x¢ —z¢|| = 0.
t—0 t—0
O

We prove the following theorem for strong convergence of the net {x{} as t — 0, which guarantees the
existence of solutions of the variational inequality (3.4) below.

Theorem 3.4. Let the net {x.} be defined via (3.1). If lim¢_,o 0+ = 0, then xy converges strongly to x in Q N Fix(T)
as t — 0, which solves the variational inequality

(A=Dx,x—p) <0, Vpe QnFix(T). (3.4)
Equivalently, we have
Ponrix(m) 2I-AJX =X

Proof. We first note that the uniqueness of a solution of the variational inequality (3.4) is a consequence
of the strong monotonicity of A —I (by Lemma 2.4). See [1, 6] for this fact.
Next, we prove that x¢ — x as t — 0. Let zy = Rx¢. Observing Fix(T) = Fix(T;,) (by Lemma 2.8 (iii))
and Fix(R) = Q (by Proposition 3.1), from (3.1), we write for given p € QN Fix(T),
xt—Pp = (I—0¢A)Trze — (I —0tA) T p + O [tyVxe + (I — tuG) Trze — pl + 0 (I—A)p
= (I=0¢A) (T ze — Ty, p) + Oc[t(yVxe — uGp) + (I —tuG) Ty ze — (I—tuG)pl +0¢(1—A)p,
to derive that
Ixe = P> = (1= 0:A)(Tr 2zt — Tr,P), x¢ — P) + O [t(yVx¢ — uGp, x¢ —p)
+((I=tuG) Ty ze — (I = tuG)p, xt —P)l + 0+ ((1— A)p,xt —p)
< (1=0¢Y)[|lze — pll[Ix¢ — Pl
+0u[(1 = 1)z — plllIxe — Pl + tyllxe =PI + t{yVp — uGp, x — p)]
+0((I=A)p,xt —p)
< (1= 8¢¥)|Pxe — plI* + 6[(1 — t7) xe — > + tylxe — pl* + t{yVp — uGp, x —p)]
+0:((I—A)p, xt —p)
=[1—0¢(y— 1+ t(t—yD)lxe —pl* + 8¢ (t{yVp — nGp,x¢ — p) + ((I— A)p,x¢ — P)).
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Therefore,
1
—pl* < t — — I—A —p)). :
[xt —pl 7f1+t(17v1)( (YVp — uGp,xt —p) +(( )p, Xt —p)) (3.5)
Since {x} is bounded as t — 0 (by Proposition 3.3 (i)), there exists a subsequence {t,} in (0, min{1, 3_‘31 )

such that t, — 0 and x¢, — x*. First of all, we prove that x* € Q NFix(T). To this end, we divide its
proof into four steps.

Step 1. From Proposition 3.3 (iv), we know that lim,, o ||x¢,, — RXy, || = limn o0 [|X¢, — 2, || = 0.

Step 2. We show that limy _, ||ut, —zt,, || =0, where u, = T, z¢,. Indeed, from Proposition 3.3 (ii) and
Step 1, it follows that

[we, —ze, |l < flue, — x|+ Ixt, — 2t | = 0 (as . — o0).

Step 3. We show that x* € Q. In fact, since x, — x* and xn, —Rxn, — 0 by Step 1, from Lemma 2.3
(Demiclosedness principle), we get x* = Rx*, that is, x* € Fix(R). Thus, by Proposition 3.1, we have
x* € Q.

Step 4. We have x* € Fix(T) by the same argument as in the proof of [18, Theorem 3.1]. We include its
proof for the sake of completeness. In fact, from the definition of wy, = T, z,, we have

1
(Yy—ue,, Tug, ) — T—(y — U, (T4+7e )Jue, —2¢,) <0, VyeC. (3.6)

tn

Put wg =tv+ (1 —t)x* forall t € (0,1] and v € C. Then, wy € C and from (3.6) and pseudocontractivity
of T, it follows that

<U-tn — Wy, TWt> P> <utn *Wt/TWt> + <Wt *utn,TUtn> - ?(Wt — U, (1 +Ttn)utn - Ztn>
n
= — <Wt _utn/TWt - Tutn> - T*<Wt — W, WUt, — Ztn> - <Wt —Utnlutn>
. tn (3.7)
> —|lwe —uy, [P - Tf<Wt — U, U, — Zt,) — (Wt — U, Ut,,)
n
U.tn _Ztn

).

= — <Wt _utn/Wt> - <Wt — Wi,
Ttn

By Step 2, we get u‘*‘rtﬁ — 0 as n — oo. Moreover, since x¢, — x*, by Step 1 and Step 2, we have

ug, — x"asn — oo. Tﬁerefore, from (3.7), as n — oo, it follows that
(X" —wy, Twy) = (X —wi, wy),

and hence
—(v—x",Twy) > —(v—x",wy), WeC.

Letting t — 0 and using the fact that T is continuous, we get
—(v—x*,Tx*) > —(v—x*,x*), WYweCl.

Now, let v = Tx*. Then we obtain x* = Tx* and hence x* € Fix(T). Therefore, x* € Q N Fix(T).
Now, we substitute x* for p in (3.5) to obtain

1
Ixe, =% < =

T Trtar—yy OV RO =X (T AR X, =) (B8)

Note that x¢, — x* and limy, ;o0 tn = 0. This fact and the inequality (3.8) imply that x, — x* strongly.
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Finally, we prove that x* is a solution of the variational inequality (3.4). In fact, putting x, in place of
x¢ in (3.5) and taking the limit as t,, — 0, we obtain

(I-A)p,x*—p), Vpe QNFix(T).

1
=PI < ¢

In particular, x* solves the following variational inequality

x* € QNFix(T), (A—=Dp,x"—p) <0, Vpe QnFix(T),
or the equivalent dual variational inequality (see [12])

x* € QNFix(T), ((A-=Dx",x"—p) <0, Vpe QnFix(T).

That is, x* € Q N Fix(T) is a solution of the variational inequality (3.4). Hence x* = X by uniqueness. In a
summary, we have shown that each cluster point of {x.} (at t — 0) equals x. Therefore x; — x as t — 0.
The variational inequality (3.4) can be written as

(RZI-=A)x—=x,x—p) =20, Vpe QnNFix(T).
So, by (2.1), this is equivalent to the fixed point equation
Ponrix(m) RI—A)x =x.
This completes the proof. O
Taking G = I, the identity mapping, p =1 and vy = 1 in Theorem 3.4, we have the following corollary.
Corollary 3.5. Let {x} be defined by
xt = (I—0¢A) T Rx¢ + 0 [tVxe + (1 —t) Ty Rx].

If lim¢_,0 0y = 0, then {x{} converges strongly as t — 0 to x in Q N Fix(T), which is the unique solution of the
variational inequality (3.4).

Taking T=1, G=1, p=1and y =1 in Theorem 3.4, we have the following corollary.
Corollary 3.6. Let {x} be defined by

Xt = (I — GtA)th + Gt[tht + (1 — t)RXt]

If limy_,0 8¢ = O, then {x} converges strongly as t — 0 to x € Q, which is the unique solution of the variational
inequality
(A=Dx,x—p) <0, VpeQ. (3.9)

Proof. If T = 1, then T, in Lemma 2.8 is the identity mapping. Thus the result follows from Theorem
3.4. O

Now, we propose the following composite algorithm which generates a sequence in an explicit way:

(3.10)

Yn = xnYVxn + (I — o uG) Ty, Rxp,
Xn+1 = (I— BnA)TTnRXn +Bnyn, M =0,

where {xn} € [0,1]; {Bn} C (0,1]; {rn} C (0,00); and xg € C is an arbitrary initial guess, and establish
strong convergence of this sequence to x € Q N Fix(T), which is the unique solution of the variational
inequality (3.4).
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Theorem 3.7. Let {xn,} be the sequence generated by the explicit algorithm (3.10). Let {otn}, {Bn}, and {rn} satisfy
the following conditions:

(C1) {on} c [0,1] and {Bn} C (0,1], xn, — O and B, — 0as n — oo;

(C2) 2 7o Bn =00

(C3) Y v plantr —anl < oo, and [Bni1 — Bnl < 0(Bnt1) +0n, D poOn < 0o (the perturbed control
condition);

(C4) {rn} C (0,00), liminfn 0o >0, and Y 37 Irni1 — Tnl < oo
Then {xn} converges strongly to x € QO N Fix(T), which is the unique solution of the variational inequality (3.4).

Proof. First, note that from the condition (C1), without loss of generality, we assume that an T < 1, frny < 1

and % < 1foralln > 0. Let x € QN Fix(T) be the unique solution of the variational inequality

(3.4). (Thenexistence of x follows from Theorem 3.4).

From now, we put zn, = Rx, and yn = anyVxn + (I — anpuG) Ty Rxn = anyVxn + (I — annG)Tnzn.
Let p € ONFix(T). Then p = T, p by Lemma 2.8 (iii) and p = Rp by Proposition 3.1. Moreover, from
nonexpansivity of F, it follows that

lzn =PIl = [Rxn = Rp]| < [xn =P

We divide the proof into several steps as follows.
Step 1. We show that {x,} is bounded. First of all, by (3.10), we deduce

[yn =PIl = [[anyVxn + (1= 0npuG)Tr zn — |
= [loan (YVxn —uGp) + (I— anuG) Ty, zn — (I— anpG)Tr, p||
(1—on(t—yV)lzn — Pl + tn|[yVp — uGp|

<
< (IT—an(T=yY))[xn =Pl + an[yVp — uGpll.

So, we have

[Xns1 =Pl = [(T=BnA)Tr zn + Bryn —Pll

)
)

= [[(I=BnA)Tr zn — (I=BnA) T, P+ Bn(yn —p) + Bn(I-A)p||

< T=BnA)Tr zn — (1= BnA)Tr, Pl + Bullyn —pll + Bl T—Alllp]]

< (1 =BnY)llzn =Pl + Bnl(l — an(t—=YV)[[zn — Pl + &n [y VP — uGp[] + Bn I — All|p]|
< (1 =BnY)xn =Pl + Bnl(l — an(t—yV)[Ixn =Pl + n[[yVP — uGp[] + Bn [T — All|p]]
< (1=Bn¥—1)xn =Pl + BnllyVp — uGp[l + I Allp])

(1= Bl — 1)) xn —pl| + By — 1)Y= u65||_+1 I1— Alllp
| HWP—qu!HHI—AHIIPH}

y—1

< max{ Jxn
By induction, we derive

yYVp — uGp| + [T Allllp|l
y—1

Ixn —pll < maX{HXo ey } v > 0.

This implies that {x,} is bounded and so are {Gxn}, {zn}, {Tr zZn}, {GTr, zn}, {Vxn}, {AT: zn} and {yn}. As
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a consequence with the control condition (C1), we get
IXn+1 — Trpnznll = Bnllyn — AT zn|| = 0 (N — o0). (3.11)

Step 2. We show that limyn . ||[Xn41 —Xn| = 0. To this end, let z, = Rxy, zn—1 = Rxp_1, Un = Ty zn and
Un—1 = Ir, ,Zn—1. Then we derive

1
Y—un-1,Tun1)— i<y —Un-1, (1+Tn1)un1-2n1) <0, VyeC, (3.12)
n
and .
y—un, Tun) — r—(y —Un, (I14+7m)un —2zn) <0, VyeC. (3.13)

n

Putting y = un in (3.12) and y = u,,_; in (3.13), we obtain

<un —UWUn—1, Tun71> - <un —Un—1, (1 + T'nfl)u—nfl - Zn71> § O/ (314)

Th—1

and

1
(Un—1—Up, Tun) — T—(un,l —Un, (14+7mm)un —2zn) <0. (3.15)
n

Adding up (3.14) and (3.15), we have

(1+ T"rL—l)U"rL—l —Zn-1 (1+ Tn)un —Zn
Th—-1 Th

(Un —Un—1, Tup_1 —Tun) — (Un —Un_1, ) <0,

which implies that

Un—-1—Zn—-1 . Un —Zn

(Un —un—1, (Un —Tun) = (Un—1—Tun 1)) = (Un —Un_1, ) <0
Th—1 Th
Now, using the fact that T is pseudocontractive, we get
Un_1—Zn— Unp —2Z
(Up — U, L T Ty 5,
Th—1 Tn
and hence .
—1
<un —Up—1,Un—1 —Un +Un —Zn_1— : (un - Zn)> > 0. (316)
n

Without loss of generality, let us assume that there exists a real number 1, > b > 0, for all n > 0. Then,
by (3.16), we have

Th—1
Tn

Hun_unfluz <<un—un,1,zn—zn,1+(1— )(un_zn)>

1
< lum =1l {llzm = 2ot + 2t = Pl = 20
n
and hence 1
||Trnzn - T‘rn_lznflu < HXTL _anlH + gh"n _Tn71|M1/ (317)

where M; = sup{||un —zn| : n > 0}
Now, simple calculations yield that

Yn —Yn—-1 = nYVxn + (I = anpuG) Ty zn — dn—1YVxn—1 — (I —an_1uG) Ty Zn—1
= (atn — otn—1)(YVXn—1—UGT, zZn—1) + xny(Vxn — Vxn_1)
+(I— O(nP'G)TrnZn —(I— o‘nllG)Trn,lzn—l-
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By (3.17) and Lemma 2.6, we obtain

Hyn —yn71|| <ot — “n71|(V||VXn71H =+ HHGTananlH)
+ o‘nylHXn _anlu + (1 - T(XTL)HTrnZn - Trn,lznflu
<|(Xn - (anl|('YHVXn71H + HHGTTn,lznflu)

1
+ (XTLY]'HXTL _anlu + (1 - T(XTL)HXTL - anl” + Eh‘n - Tn,1|M1

(3.18)
= |(Xn - (Xn—1|(‘Y||VXTL—1” + }’LHGTn—lzn—ln)
1
+ (1= on(T=yYD[[xn —xn_1| + Ehn —Tn-1/(M1 +My)
1
< ||Xn *Xn—ln +lotn — on—1/Ma + B|Tn —Th-1IMy,
where My = sup{Y||Vxn | + 1||GTy, zn|| : n > 0}. By (3.18) and Lemma 2.5, we derive
||Xn+1 - XnH :H(I - BnA)TTnZn + Bnyn - (I - Bn—lA)Trn,lzn—l - Bn—lUn—lH
< ||(I - BnA)(TTnZn - Trn,lznfl)H
+ B — Bn1l| AT s zn—all + Brllyn —yn—all +1Bn — Bn-alllyn—ll
< (1 - BHV)HT’T‘T\ZTL - Trn,lznflu
1
+ Bn(”xn _anlu + |(Xn - (Xn71|M2 + Bh'n _Tn71|M1) + ”-)’n - Bn71|M3
_ 1
< (1_Bn’}/)(|’xn_xn—1”+E|Tn_rn—l|M1) (319)

B (lhen — 1]+l — ot Mo+ £ — T 1IM) 1B — B M
SA=Bn(y=D)lxn —xn-1ll +[Bn —Bn-1IM3

+ oty — 1Mz + %Irn —Tnho1IMy
S (1 =Bn(¥—Dlxn —xn-1l+ (0(Bn) + on_1)M3

2
+ |(Xn - (anl|M2 + Ehn _Tn71|er

where M3 = sup{||A|||| T+, zn|| + [[yn| : 1 = 0}. By taking sy 41 = [[Xnt1 —Xn|, Wn = Br(¥ — 1), wndn =
Myo(Bn) and Tn = (0n_1Ms3 + |otn — atn—_1IMz +2|rn —Tr_1|My), from (3.19) we deduce

Snt1 < (1 —wn)sn + Wnbdn + 1.
Hence, by the conditions (C2), (C3), (C4), and Lemma 2.2, we obtain
lim |[xn4+1 —xn| =0.
n—oo
Step 3. We show that limn_, |[Xn+1 —Yn|| = 0. Indeed, from (3.11) and condition (C1), we derive

[Xn1 = Ynll < [xnr1 —Trpznll + [[Tryzn —Ynll

= Bnllyn — ATy, zn| + anl[YVxn —uGTy zn|| = 0 (asn — o0).
Step 4. We show that lim,, _, ||[xn —Yn|| = 0. In fact, by Step 2 and Step 3, we get

Xn = ynll < [xn =xniall+ [Xnt1 —ynll = 0 (as n — oo).

Step 5. We show that limp o [|[Xn — zn|| = 0. By taking x,, and z, instead of x¢ and z; in the proof of

Proposition 3.3 (iv), respectively, the result follows from the proof of Proposition 3.3 (iv) together with
Step 4.
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Step 6. We show that lim,,_, ||[xn —un|| =0, where u, = T znn. In fact, from (3.11) and Step 2, we have
xn —unll = [xn = Troznll < X0 = Xn41ll + [Xn41 = Tepznll 2 0 (asn — o).
Step 7. We show that limy, _, ||un — zn|| =0, where u,, =T, z,. In fact, from Step 5 and Step 6, we have
lun —zn|| < Jun —xn|| + ||xn —2zn]| = 0 (as n — o).

Step 8. We show that limsup, , ((I—A)X,x, —x) < 0. To this end, take a subsequence {x,, } of {x}
such that

limsup((I—A)X, xn —%) = lim ((I—A)X,Xxn, —X).
n—oo k—ro0

Without loss of generality, we may assume that x,,, — p. Take x,, and z,,, in place of x¢, and z¢, in Step
3 and Step 4 of proof of Theorem 3.4. Then, from Step 3 and Step 4 in proof of Theorem 3.4 along with
Step 5 and Step 7, we derive p € QO N Fix(T). Hence, from (3.4), we conclude

limsup((I—A)X, xn —X) = klim (I—=A)X,xn, —x) = (I—A)X,p—%) <0.
—00

n—oo

Step 9. We show that limy .« ||[xn —X|| = 0. Note that x € QN Fix(T). Let zn = Rx,,. By (3.10), x = RX,
and x = T, X, we deduce

Yn — X = (I—anpuG) Ty Rxn — (I — xn uG) Ty, RX + otn (YVX1 — uGX)
=(I—onuG) Ty, zn — (I — anpuG) Ty, X + xn (YVxn — nGX),
and
xns1 =% = (1= BuA)(Trzn — TrnX) + Bru(Yn — %) + B (1= AX.
Applying Lemma 2.1, Lemma 2.5 and Lemma 2.6, we obtain
lyn —X|1> = ||(I— woen G) Ty, zn — (I — poen G) Tr, X + ot (YVX0 — uGx)|2
< (1= poanG) e zn — (I— potn G) Tr X|? + 206 (Y VX, — UGX, Yn —X)
< (1= anT)?[xn = X[|* + 20t [y Vn — pGX][lyn — X
< Jxn = X2 + 20t [y Ven — wGX|l[[yn — X[,
and hence
xns1 =X = [T= BnA) (Tr 20 — Tr,X) + Br(yn = X) + Bn (1 — AR
<NI=BrA)(Tryzn = Tr, X * 4+ 2Bn (Y — X Xng1 — %) + 2B (1= A)X, Xnp1 —X)
< (1= Bn¥)llzn =X +2Bnllyn — Xl xn1 =X +2Bn{(I = A)X, xn+1 —X)
< (1= BV len =X + B (l[yn — X% + [Ixns1 = XI) +2Bn (1= A)X, 301 — %)
<

. i o N N (3.20)
(1= Bn¥)[en —X[I7 + Bulllxn —X[|* + 20 [y VXn — uGX||[[yn —x||]
+ Bn”xn—l—l _;5”2 +2[3n<(1 - A)’i, Xn+1 _;(/>
=[1- Bn?)z + Bn]HXn —in + 20(n[3n”'yvxn - FLF%H Hyn —iH
+ BrllxXng1 —X|12 +2Bn (1= A)X, Xnp1 — X).
It then follows from (3.20) that
~ 1—Bny)?+ ~ _ _ ~ _
a1 — X2 < ( [fiyé Pn lxn — |12 + &[ZanHnyn — uGX||lyn = X|| + 2((I = A)X, Xps1 — X)]
n n
2Bn (¥ —1) ~2
= (1 -Z=ntr 7 _
(R
2B (7 —1 1 N N _ _
4 2nly=D) 0tn Vi — 1G] flyn — T + B x|

1— Bn Z(V_l)
+2((A — DX, X —Xn41)]

< (1—- wn)HXn *32”2 + Wndn,
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where

2Bn(y—1) 1 2 ~ =~
Wwnp= ——— and &, = ——Roax Mg+ +Bn ¥ Ms+2((A —=D1)X, X —Xn41)],
1—Bn 27 —1) 4 Brn Y Ms + 2(( ) +1)

where My = sup{||yVxn — uGx|||lyn —X|| : n > 0} and M5 = sup{||xn —X||? :> 0}. It can be easily seen
from conditions (C1) and (C2), and Step 8 that wn — 0, >, wn = oo and lim Sup,, _, ., on < 0. From
Lemma 2.2 with v, = 0, we conclude that limy, _, ||xn —X|| = 0. This completes the proof. O

Taking G =1, p =1, and vy =1 in Theorem 3.7, we obtain the following corollary.
Corollary 3.8. Let {xn} be generated by the following iterative algorithm:
Yn = Ot Vxn + (1 - o‘n)TrnRXn/
Xn+1 = (I - BnA)TrnRXn + Bnyn, vn > 0.

Assume that the sequences {on}, {Bn}, and {rn} satisfy the conditions (C1)-(C4) in Theorem 3.7. Then {xn}
converges strongly to x € Q N Fix(T), which is the unique solution of the variational inequality (3.4).

Taking T=1, G =1, p=1and y =1 in Theorem 3.7, we have the following corollary.
Corollary 3.9. Let {x} be generated by the following iterative algorithm:
Yn = &n Vxn + (1 - an)RXn/
Xn41 = (I— BnA)RXn +BnYn, VM =0.

Assume that the sequences {on} and {Bn} satisfy the conditions (C1)-(C3) in Theorem 3.7. Then {xn} converges
strongly to x € Q, which is the unique solution of the variational inequality (3.9).

Taking Fy =F, = F, A = v and x* = y* in GSVI (1.3), we have the following result.
Corollary 3.10. Let {xn} be generated by the following iterative algorithm:
Yn = &nYVxn + (I = anpG) T Faxn,
Xnt1 = (I=BnA)Tr Faxn + Pnyn, Yn=>0.

Assume that the sequences {on}, {Bn}, and {rn} satisfy the conditions (C1)-(C4) in Theorem 3.7. Then {xn}
converges strongly to x € VI(C, F) N Fix(T), which is the unique solution of the variational inequality

(A—D%X—p) <0, ¥p e VI(C,F)NFix(T).

Proof. If F{ = F, =F, A = v and x* = y* in GSVI (1.3), then GSVI (1.3) reduces to the classical variational
inequality problem VIP (1.1) for a continuous monotone mapping F and Rx = Fxx in Proposition 3.1. Thus
the result follows from Theorem 3.7. O

Remark 3.11.

1) The x € Q N Fix(T) in our results is the unique solution of minimization problem

ir&ig%((A—I)x,x% (3.21)
where the constraint set D is QO N Fix(T). In fact, the variational inequality (3.4) is the optimality
condition for the minimization problem (3.21). Thus, for finding an element of QO N Fix(T), where
T is a continuous pseudocontractive mapping, and F; and F, are continuous monotone mappings,
Theorem 3.4, Corollary 3.5, Theorem 3.7 and Corollary 3.8 are new ones different from previous
those introduced by some authors (for example, see [1, 2]).
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2) Corollary 3.6 and Corollary 3.9 are also new results for finding an element of (), where F; and F;
are continuous monotone mappings.

3) Using the same method as in [18], we can replace F by F;. in Corollary 3.10 along with the condition
(C4) on {rn}. In this case, Corollary 3.10 is a new one, which improves, supplements and develops
[14, Theorem 3.1] and Theorem 3.1 of Zegeye and Shahzad [18] in the following aspects:

(@) The p-Lipschitzian and n-strongly monotone mapping G with constants p, 1 > 0 is used to
develop our iterative method by virtue of Yamada’s hybrid steepest-descent method [16].

(b) The contractive mapping f with constant & € (0,1) in [14, 18] is extended to the case of a
Lipschitzian mapping V with constant 1 > 0.

(c) The strongly positive linear bounded self-adjoint operator A is used to consider the minimiza-
tion problem (3.21) whose the constraint set D is VI(C, F) N Fix(T).

4) For finding an element of VI(C, F) N Fix(T), Corollary 3.10 also improves, supplements and develops
the corresponding results of [3, 5, 7, 13] in the following aspects together with (a), (b) and (c) in 3):

(1) The inverse-strongly monotone mapping F in [3, 5, 7, 13] is extended to the case of the contin-
uous monotone mapping F.

(2) The nonexpansive mapping S in [3, 5, 13] or the strictly pseudocontractive mapping T in [7] is
extended to the case of a continuous pseudocontractive mapping T.
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