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Abstract

In this paper, we introduce the concept of dual frame of g-p-frame, and give the sufficient condition for a g-p-frame to
have dual frames. Using operator theory and methods of functional analysis, we get some new properties of g-p-frame. In
addition, we also characterize g-p-frame and g-q-Riesz bases by using analysis operator of g-p-Bessel sequence. (©2017 All
rights reserved.
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1. Introduction

Frames for Hilbert spaces were first introduced by Duffin and Schaeffer [7] in 1952, and popularized
from then on. Frames play an important role not only in pure mathematics, but also in signal processing,
so it is natural to search for extensions to Banach spaces. p-frame in complex Banach spaces formally
defined by Aldroubi et al. [3] in 2001. They were reintroduced and developed in 2003 by Chrisrensen and
Stoeva [5]. After several years, Xiao et al. [10] generalized the g-frame and g-Riesz basis in a complex
Hilbert space to a complex Banach space and obtained some basic properties. From papers [1-3, 5, 6, 8—
10], it is known that some properties of g-p-frame are similar to those of p-frame, but the others are not.
For example, if {A;}jcj is a g-p-Bessel sequence (p-Bessel sequence), then the synthesis operator T is
linear bounded, if {Aj}j¢; is a g-p-frame (p-frame), then the synthesis operator Tx is surjective. As for
g-q-Riesz bases, if {A;j}j¢} is a g-q-Riesz bases, then the synthesis operator Tx is linear isomorphism. But
g-Riesz bases do not have same property. p-frame has dual frame and every element of Banach spaces
can be linear expression by p-frame and its dual, but g-p-frame does not have corresponding conclusion.
So we need further study the properties of g-p-frame.

The purpose of this paper is to further develop the g-p-frames theory in complex Banach spaces. The
paper is organized as follows. In Section 2, we recall the basic definitions and some important results
about g-p-frame in complex Banach spaces. In Section 3, we introduce the concept of dual frames of
g-p-frame, and give the sufficient condition for a g-p-frame to have dual frames. In Section 4, we give
some new properties of g-p-frames in complex Banach spaces.
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2. Preliminaries

In this section, we introduce some definitions and important results of g-p-frame and g-q-Riesz basis
we need later.

Suppose that X and Y are two complex Banach spaces and {Yj};¢y is a sequence of closed subspaces of
Y, where ] is a subset of integers Z. Let BL(X, Y;) be the collection of all bounded linear operators from X
into Yj, BL(X) be the collection of all bounded linear operators on X, Yj* is the adjoint space of Yj.

We introduce three sequence spaces.

1) 1™ = {{aj}je] :aqj € Cand sup|aj| < oo}, with the norm given by
€]
I{a;}jeglloo = sup |ajl.

j€]

() ( > @Yj> = {{aj}je] raj €Yjand ) |q5P < oo},p > 1, corresponding norm is
j€] 2 j€]

lasherllp = ( X oyl

j€]

3) (Z @Yj“) = {{aj}je] raj €Y and 3 |q]|9 < oo},q > 1, corresponding norm is
j€] a je]

lastserlla = ( 3 layh®) "

€]

Proposition 2.1 ([4]). Let 1 < p, q < oo such that % + % =1, then

(Z@v), - (5@7),

€] j€]
From Proposition 2.1, we can show that the formula,

<f, 9> = Z(fj' 9j>,

€]
where f = {fj}j¢] € < > @Yj> , 9 =1{9gjhey € ( > @Yj) , the inner product defines a continuous
j€] 33 j€] 14

1

functional on < > @Yj> whose norm is equal to ||g||q = ( > lg; Hq> ’
€] 4y j€]

Definition 2.2 ([10]). Letp > 1, A; € BL(X,Y;) ,j € J. A sequence {A;}j¢; is called a generalized p-frame,

or simply a g-p-frame, for X with respect to {Y;}j¢;. If there exist two positive constants A and B such that

%
AlflL< ( D IAFIIP ) < BJf], VfeX. (2.1)
je]

A and B are called the lower and upper frame bounds, respectively.
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If the right-hand inequality of (2.1) holds, we say that {Aj}jc] is a g-p-Bessel sequence for X with
respect to {Y;}jej with bound B.

Definition 2.3 ([10]). Let ¢ > 1, A; € BL(X,Y;),j € J]. We call a sequence {Aj}jcy is a generalized g-
Riesz basis, or simply a g- q—Rlesz bas1s, for X w1th respect to {Yj}jej if the sequence {A;}j¢;y satisfies the
following two conditions:

(1) {Aj}jey is g-complete, ie., {f: A;f =0,j € J} = {0}.

(2) There exist two positive constants A and B such that for any finite subset ]; C ] and a; € Yi,ieh
satisfying

A(Zrajuq)

j€h

Z /\*a)

j€h

5( Y Ha;\q>

j€h

If {Aj}jey is a g-q-Riesz basis for X with respect to {Yj}jcj, then {Aj};¢; is also a g-p-frame for X with
respect to {Yj}jcj. But the reverse is not true.

Definition 2.4 ([2]). Let {A;}jcj be a g-p-Bessel sequence for X with respect to {Yj}jcj, define the linear

operators as follows:
nx o (X @Y) . Uaf={Afle
€]

(Z@Y*> =X, Tallgilier) =D Alg;.

j€] jeJ

Ua and Tx are called the analysis and synthesis operators of {A;};¢}, respectively.

If {A}jey is a g-p-frame for X with respect to {Y;}jcj with bounds A and B, then A||f|| < [[UAf| < BJ|f],
i.e.,, U is linear bounded operator.

Proposition 2.5 ([10]). If {A;}jey is a g-p-frame for X with respect to {Y;}jej, Q is invertible operator in X. Then
{A;Qliey is a g-p-frame for X with respect to {Y;}jej.

Proposition 2.6 ([10]). {A;}jey is a g-q-Riesz basis for X with respect to {Y;}je with bounds A and B if and only
if the operator T is invertible.

Proposition 2.7 ([2]). If {Aj}je} is a g-p-Bessel sequence for X with respect to {Yj}jcj, then
(@) Uy =Th;
(b) if A ={A; € BL(X,Yj) :j € J} is a g-p-frame for X and all of Y; are reflexive, then Ty = Un.
Proposition 2.8 ([2]). If {Aj}je) is a g-p-frame for X with respect to {Y;};cj, then the following are equivalent:
(@) {Aj}jej is g-q-Riesz basis for X with respect to {Y;}jey.
(b) If for any {aj}jey € LI({Y] }ey), j% Ajaj =0, then aj =0, for all j € J.

(c) U is surjective.

3. Dual of g-p-frame

In this section, we will introduce the concept of dual frame of g-p-frame, and prove a basic fact that
g-q-Riesz basis must have dual frames. In addition, we give a property of g-p-frame which have dual
frame.
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Definition 3.1. Let {A; € BL(X,Yj) : j € ]} be a g-p-frame and {Tj € BL(X",Y}) : j € J} be a g-q-frame. If
these two frames satisfy the following conditions:

f=) TAf, VFeX, (3.1)
€]

f=) AT, VfeXs, (3.2)
€]

we call {Tj}je7 and {A;}j¢y a pair of dual frame for X. Here, one of them is called a dual frame of other.

Let {Aj}je] be a g-p-Bessel sequence for X with respect to {Yj}jcj, and Ux be the analysis operator of
{Aj}jej. The adjoint operator U, of U is defined by:

(Z@Y*> — X%, UxUgjlier) Z/\ gj-

j€] jeJ
In fact, suppose that {Tj};cj and {A;}j¢j a pair of dual frame for X, Uy, U are the analysis operators
of {Ti}jey, {Aj}jej, respectively. Then (3.1), (3.2) imply that
Ix = USUp, Ixe = UiUr.

Lemma 3.2. Suppose {\;}jcy is a g-p-frame for X with respect to {Y;}jcy, {Tj}jey is a g-q-frame for X* with respect
to {Y}ey. If f = j% ASTyt, for all £ € X*, then

f=) TAf, VeX
€]
Proof. Let us define operator,
T: X=X, Tf=) TiAf, VFeX

j€]
Assume the upper bounds of {A;j}jc},{Tj}jej are By, B2, respectively, then
|ITfl = sup KTf, g)l
geXs|lgl=1
= sup < > A, g>’
geX* llgll=11 \j€]
= sup > (A1, Tig) ‘
geX* llgll=11j€]

-
al=

< sup (zumfup)"(gmguq)

gexs|lgll=1 \j€J

< B1By|f]|.
Hence ||T|| < B1By, T € BL(X). For any f € X, g € X*, we have

(Tf, g) <ZT Asf, g> > (A Tig),

j€] j€]
f,g) = <f,Z/\3"Tjg> =Y (A, Tyg).
je) j€)

So (Tf,g) = (f,g), for all f € X, g € X*, which implies that T = Ix. O
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Lemma 3.3. Suppose {\;}jey is a g-p-frame for X with respect to {Y;}jey, {Ti}jej is a g-q-frame for X* with respect
to{Y ey If f = j% TEAs1, for all £ € X, then

f=) AITf, VFeX~.
j€]
Proof. The proving process is similar to Lemma 3.2, so we omit the proof. O

Theorem 3.4. Suppose {Aj}jc; is a g-q-Riesz basis for X with respect to {Y;}jcj with bounds A, B. Then {A;j}je;j

must have dual frame, and the dual frame is g-p-Riesz basis for X* with respect to {Y; }jej with bounds T, x

Proof. Since {A\;}j¢y is a g-q-Riesz basis for X with respect to {Y;};jcj, by Proposition 2.6, synthesis operator

Ta is invertible. Then for every f € X*, there exists {gj}je] € < > P Y]*> such that f = 3~ Ajg;. Let us
j€] 4 S
define the operator,
K)'ZX*—>Y)~*, Kj(f):gj.
Therefore
f=>Y AJKjf, VfeX (3.3)
j€]

Since {Aj}jej is a g-g-Riesz basis, for any K;f € Y, we have

A(ZIKjf|q>q < Z/\;‘(Kjf)H < B<Z|K]~flq>q.

je] je] j€J

Hence 1
1 q a 1
I < (D IK19 ) < Il
B = A

i.e., {Kj}jej is a g-q-frame for X* with respect to {Y]?k }jej- By Lemma 3.2, we can get

f=>) KA, VfeX (3.4)
i€

By Proposition 2.6, Tx is invertible and Uk = Tf\l, therefore Uy is invertible. Furthermore, by Proposition
2.7, Ug = Tk is invertible, therefore {K;};c; is a g-q-Riesz basis.
Combining (3.3) and (3.4), {Kj}j¢j is the dual of {A;};¢; with bounds %, %. O]

Theorem 3.5. Let {A;}jcy be a g-p-frame with bounds A and B and have dual frame {T;};cy, assume J; C ]
and Ix — 3 TSA; is invertible. Then {Aj}jey\y, is a g-p-frame for X with respect to {Yj}jey\j, with bounds
j€h

AH(IX— > TA)
j€N

1
and B.

X

Proof. Assume {Tj}j¢y is dual frame of {A;}j¢}, for any f € X we have

f=2 TAf= ) TIAf+) AR,
j€] IISAVE j€h

thus

Ixf—ZTj*/\)-f: Z T Ayt
ieh i€T\J1
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Moreover, we have

Ixf— Z T)-*/\jf
j€

Y TrAE
ISIVA

X X

(570

= sup
geX=[lgll=11 \ieJ\]1
= sup > </\jfrTjg>'
geXsllgll=1 i€\

=
=

< sz uar) (T mal)’

geX®|lgll=1 \j€J\]1 je]\h
1
1 P P
<A( > HMH) .
jeJ\J1

If Ix — > TAj is invertible on X, then
i€h

1
AlIx =) TA) I < ANIx = ) TEADFlIx < (D IAE]P)P,
i€ i€ jeI\1

and

1 1
P P
(X wair)" < (Ziar)” <l
J€NI j€]
—-1
Hence {Aj}jcy\7, is a g-p-frame with bounds AH (Ix — Z} Tj*/\]- )1 and B. O
1€h

X

4. Some properties of g-p-frame in complex Banach spaces
In this section, we will introduce some new properties of g-p-frame and g-q-Riesz basis.

Theorem 4.1. Let {A;}jc; be a g-p-Bessel sequence with bound B and m = {m;}jcy € 1°, then {mjA;}jecy is a
g-p-Bessel sequence with bound || m||B.

Proof. 1t is easy to show that, for all f € X

1 1
P B
(Z ||mjAjf||P> < ||m||oo(z HAJ-fHP) < [mlloBf]l

i€] j€]
O

Theorem 4.2. Let {A;j}jey be a g-p-frame with bounds A,B, and T € BL(X), T; € BL(Y;) be bound invertible
operators. Suppose that

1
0 <m=inf ——— <sup ||Tjlly;, =M < o0,
STy, e
and Ty = 'I;/\)-T € BL(X,Y;) for each j € J. Then {Ij € BL(X,Y;) : j € ]} is a g-p-frame with bounds
mA[ T3, MB T]|x.
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Proof. Assume that {A;}j¢7 is a g-p-frame for X with respect to {Yj};c; with bounds A and B. Then for any
f € X, we have

1 1
PN p PN p
(Z hf ) :<Z T (AT >
jE] Yj ]E] Yj
1 P %
= (Z P /\j(Tf) >
jEI Tfl Yj
j v
> mA|[Tf|x

> mA| T[]l
Similarly we have

P
)» < MBJ|T]|x]|f].-
Yj

(2

€]

I f

It follows that {Ij}j¢; is a g-p-frame for X with respect to {Y;};c; with bounds mA| T3}, MB||T||x. O

Remark 4.3. If T; = E; for any j € J, where E; is an identity operator on Yj, from Theorem 4.2, we obtain
[10, theorem 2.4]; if X and {Yj};¢cj are Hilbert spaces and p = 2, we obtain [8, lemma 2.13].

Theorem 4.4. Let {Tj}jc; be a g-p-frame for X with respect to {Y;};e with bounds A, B, and {A\;};cy be a g-p-Bessel
sequence for X with respect to {Y;}jcj with bound M (M < A). Then {T; £ Aj}j¢y is a g-p-frame for X with respect
to {Yj}jej with bounds (A — M), (B + M).

Proof. Assume that U, U are analysis operators of {A;j}jc}, {Tj}jej, respectively, then for any f € X, we
have

(zwnimwwy’—wmimwmm

jey
= [{Tifhey £ Al
= || Utf £+ UAT]
< U f[] + [[UAF]]
< (B +M)|[f[].

Similarly we have

o=

(%mnimww) = 0Ty £ Ay |
)

= {Tifhey £{Aflegll
= ||Urf £ U]

> [[Urf[| — [[UAT]]

> (A —M)||f||.

Hence, {T; = Aj}j¢j is a g-p-frame for X with respect to {Y;}jcj with bounds (A — M), (B + M). O]
Theorem 4.5. Let p > 1, Aj € BL(X,Yj) :j € ], then {A\;}j¢y is a g-p-frame for X with respect to {Y;}je;y if and

only if {A\j}jey is g-complete and R(U ) is closed subspace of < > PY;
jE] A

Proof. First we prove the necessity. Since {A;}j¢; is a g-p-frame, Ajf =0, for all j € ], then we have f = 0.
Hence {A;j}j¢7 is g-complete.
Next we prove that R(UA) is closed. Let {gn : n > 1} be a Cauchy sequence in R(Ux). There exist
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some f, € X, n > 1 such that gn = Uaf,. Then for any ¢ > 0, there exists K > 0 such that, for any
p,m > K, [[Uafp, —Uafm]|| < e, since [[UAT|| > Al|f||. We have

Allfp —fm|| < JUAfp —Uafm]| <e.

Hence {f : n > 1} is a Cauchy sequence in X. Since X is Banach space, there exists fp € X such that
|Ifn — fol| — 0 as n — oco. It follows that

||U/\f —U,\fo|| BHf —fo”—)O n — oQ.

Hence gn = Uaf, = Uafp € R(UA) as n — oo. Therefore, R(U ) is closed.
Next we prove the sufficiency. Assume that U, is analysis operator of {Aj}jcj. Since {Aj}jey is g-
complete, U, is injective and consequently U is bijective from X to R(UA ). Obviously, R(UA) is linear

closed subspace of ( > @Y;) ,soR(Un) isaBanach space. Let Up : X — R(Ua) and UA(f) = UA(f),
je] w
for all f € X. By the bounded inverse theorem, there are two positive constants |[U'|[~! and B such that

IUAMITHIF < IUAFI < BIf]l, Ve X

That is,
1
P
R < (X ase) < Bl vrex
j€]
Hence {A;}j¢y is a g-p-frame for X with respect to < > P Yj> . O
j€] w

Theorem 4.6. Let {Aj}jcy be a g-p-frame. Then {/A\;}j¢; is a g-q-Riesz basis if and only if U is invertible.

Proof. First we prove the necessity. Assume that U, is analysis operator of {Aj}jcj. Since {Aj}j¢y is g-
g-Riesz basis for X with respect to {Yj}jecj, from Proposition 2.8, U is surjective. {A;}je; is g-p-frame,
A;f =0, for all j € ], we have f = 0. Hence U, is injective. Therefore, U is invertible.

Next we prove the sufficiency. Suppose that U is invertible. Obviously it is injective and consequently
{Aj}jey is g-complete. Since U, is invertible, by [6, theorem 4.12], U7, is invertible, and

Allgihier) Z/\ 9i, gjles € (Z@Y*>

j€j j€]

There exist two positive constant A and B such that

1 1
q q
A(Z ”9)’|$;> < ZAjgj $].*>

jen j€h
Theorem 4.7. Let p > 1, {Aj € L(X,Y;) 1 j € J}, then {A;}¢y is a g-p-frame for X with respect to {Y;}jey if and

only if X is isomorphic to a subspace M of ( > DYy;
€] 1

B( Xl

SN

O

Proof. Define the analysis operator of {A;}jcj as

U : X—>(ZEBY> ;U ={Ajfle;.

j€]
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By definition of g-p-frame, U A is injective and consequently is bijective from X to R(UA ). So X is isomor-

phic to R(UA ), which is a subspace of ( > &b Y]-> .
j€] p
Conversely, assume that M is a subspace of ( > &b Y)~> and T is an isomorphism from X onto M.
j€] L
We can define an operator by:

P]' IM—)Y]', P]({yl}le]) =1Yj, vie].
Put A; = P;T , then Aj : X = j, for all j € ] is bounded linear operator such that
{Ajfliey ={P;Tfley € (Z@YJ> , Viel]
je] r
Also, for any f € X, we have

[l
T

< KA Therll = P Terll = ITEI < [T
This shows that {A;};j¢7 is a g-p-frame for X with respect to {Y;}jc;y. O
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