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Abstract

In this work, Sumudu transform of Dixon elliptic functions for higher arbitrary powers sm"™ (x, «); N > 1, sm™ (x, a)em(x, ot);
N > 0 and smM (x, oc)cmz(x, «); N > 0 by considering modulus « # 0 is obtained as three term recurrences and hence expanded
as product of quasi associated continued fractions where the coefficients are functions of «. Secondly the coefficients of quasi
associated continued fractions are used for Hankel determinants calculations by connecting the formal power series (Maclaurin
series) and associated continued fractions. (©2017 All rights reserved.
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1. Introduction

Jacobi elliptic functions sn(x, k), cn(x, k) and dn(x, k), there ratios were applied with Laplace trans-
form to calculate Hankel determinants from their continued fractions in [26] and Fourier series of those
functions were used to derive the different ways of writing square and triangular numbers [26]. Contin-
ued fractions related to Hahn and orthogonal polynomials from the results of Laplace transform of Jacobi
elliptic functions such as difference equations derived in [16]. Bimodular Jacobi elliptic functions treated
with Laplace transform to solve as continued fractions and by using modular transformation results were
traced back to Jacobi elliptic functions in [9]. Determinants of Bernoulli numbers, coefficients of Maclau-
rin series of Jacobi elliptic functions were calculated through continued fractions in [2] and orthogonal
polynomials from Fourier series of Jacobi elliptic functions in [8].

On studying the cubic curve x® +y3 —3axy = 1 in [11] gave raise to elliptic functions sm(x, «) and
cm(x, «) named after Dixon whose functions are doubly periodic, related properties and examples given
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in [12]. Similar cubic curve on & = 0 is studied and led to elliptic functions in [13]. sm(x,0) and cm(x,0)
are applied to conformal mapping study and addition, multiplication formulae pertaining those maps
given in [1]. Dixon elliptic functions are used for representing factorial of numbers given in [3] and
related to Fermat cubes, combinatorics given in [10]. Laplace transform is applied to Dixon functions and
extended to various types of continued fractions in [9]. In [22] Dixon functions connecting trefoil curve
and Weierstrass elliptic functions [22, 23] have been described.

Sumudu transform successor of Laplace transform in problem solving possess unique properties
namely unit, scale and dimension preserving where other transforms does not satisfy, studied to solve
fractional Maxwell’s equations in [21]. Sumudu transform is applied for various engineering problems
for their solutions in [4, 14, 15, 18] and solved with perturbation, decomposition methods in [25, 28]. New
definition of Sumudu transform for trigonometric functions and infinite series expansions is derived in
[5]. Symbolic C++ and Maple procedure for Sumudu transform is given in [6]. Sumudu transform of
Dumont bimodular Jacobi elliptic functions from which Sumudu transform of tan(ax), sec(ax) and their
products for arbitrary powers are derived as product of associated continued fractions and their Hankel
determinants in [7]. Sumudu transform [4-7, 14, 15, 18-21, 25, 28, 29] of f(x) is defined in the set

Ixl .
A ={f(x)] IM, 11,2 > 0,[f(x)] < MeT,if x € (—1)? x [0,00)},

given by integral equation
Sif(x)](u) = J e “f(ux)dx = 1/uJ e XY (x)dx ; u € (—T1, T2). (1.1
0 0

In [32] Novel Integral Transform (NIT) is defined and shown as dual for Laplace, Laplace Carson and
Sumudu transforms. Ni[f(x)](y) = 1/v>S[f(x)](w)y—1 /v- Here v is the NIT variable, and extended to
(—o0, 00) and showed dual to Fourier transform in [33].

In this paper Sumudu transform is applied to Dixon Elliptic Functions (DEF) namely sm™ (x, o),
smMN(x, a)em(x, ) and smN (x, &)cm?(x, &) to show their results as product of Quasi Associated Contin-
ued Fractions (QACEF). Coefficients of obtained QACF are employed for Hankel determinants derivations
using Heliermann correspondence connecting formal power series to associated continued fractions.

2. Preliminaries

Considering the cubic curve x® +y3 —3oxy = 1;(a # —1) in [11] derived the two set of functions
sm(x, «) and cm(x, ) which are doubly periodic also showed they are elliptic. Derivative of DEF ([11,
Egs. (1) and (3), page 171] and [9, Egs. (1.18) and (1.19), page 9])

ism(x, o) = cm?(x, &) — asm(x, ) and %cm(x, «) = —sm?(x, &) + xcm(x, o), (2.1)

dx
with ([9, Eq. (1.21), page 10]),
sm(0,) =1 and cm(0,x) =1, (2.2)

and the functions satisfy the cubic curve mentioned above named Pythagorean theorem ([11, Eq. (2), page
171] and [9, Eq. (1.22), page 10])

sm3(x, o) + em?(x, «) — 3asm(x, a)em(x, a) = 1. (2.3)
Continued fraction notation taken from ([17, Eq. (2.1.4 b), page 18] and ([24, Eq. (1.2.5'), page 8])

ap

ﬁ&_ a; a as
nzlbn_b1+b2+b3+"'_ ar

by +
as
by +

a4
b3 +

bg+ -
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Definition 2.1. Let a ={an}, b ={bn} and u is an indeterminate, then the continued fraction of following
form is called associated continued fraction ([17, Eq. (7.2.1), page 241]), [30] and ([31, Eq. (54.1), page
208]):

apu —anu
1 +bou+ I K 1+bau’
Remark 2.2. The continued fraction of the form

o¢]

apu —anu
co+ b0u+ K cn+bru

is called QACEFE. Moreover the coefficients ag, by, ¢g, an, bn and c¢;n > 1 are functions of u rather con-
stants.

Definition 2.3. Let ¢ = {c,}J°; be a sequence in C. Then the following m x m matrices are defined
[9, 17, 26], whose determinants are denoted by respective HETT ) and Xm:

Cn Cn+1 " Cm4n—2 Cnim-—1
Cn+1 Cn+2 " Cm4n—1 Cm+4n
n n
Hin) = HE (ey) =det | A . A

Cm+n—-1 Cm+4+n - Cm+4+n—-3 C2m+4+n—2

C1 C2 v Cm—1 Cm+1

C2 C3 T Cm Cm+2

Xm = Xm(cy) = det .
Cm Cm+1 - C2m-—2 Com

Remark 2.4. The matrix for X, is obtamed from the matrix for H'! by deleting the last row and next to

m—|—1

last column [9, 17, 26]. For n =1, H — ¢1 and X7 = c¢p. Determinants Hg,? ) and Xm [27] are named as
1

persymmetric determinants (or) Turanian determinants (or) Hankel determinants.

The relation between formal power series and its associated continued fractions is given as lemma [9],
([17, Theorem 7.14, pp 244-248]), [26].

Lemma 2.5. When an associated continued fraction converges to formal power series,

ad apz anz?
1+chzvz1+1+goz+K1 n (an #£0), (2.4)
=1
then,
(1)74(1)
HVH
HW(lew) 20, am=—"""2 and by=2"L_ X0 (m>1), 2.5)
(H&?_1> Hmfl Hm

where Hgll = H(()l) =1 and xo = 0. Conversely if (2.5) is true then (2.4) is true. Also,

—_

m—

m ) ) (Iev]) m
Tl =[] o™, and Xm0 1, (m>1). (2.6)
’ ] H ([e]) ’
j=1 j=0 m ([Cy j=1
3. Main results 1: Sumudu transform of Dixon elliptic functions (x +0)

In [9] Laplace transform is applied for DEF and obtained QACF for up to third power of sm(x, «)
and second power of sm(x, «)cm(x, &) results given. In this paper, we generalize the previous work to
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arbitrary powers and show its back traceable to results of [9]. Followed by, Hankel determinants are
derived for the QACF using Lemma 2.5 by assuming ¢y = cn;n > 1 = 1. Applying Sumudu transform
(1.1) to higher powers of DEF, main results of this paper are given in following three theorems.

Theorem 3.1. Sumudu transform of DEF sm™N(x, x); N > 1 is given by QACEF:
@)
(1—5au)u  —6FE4u

—Esnq1Han ou®
1
Fl + 4w+ Fy+ Gaud+ 1 K G.1)

S[Sm(xl (X)] (u) = F3 1 + G3 1u3
n-+ n+

(i)

2(1—7ou)u? —E3n42Hsn_1u®
S[sm? = 3.2
lsm(x, ol (u) Fo + Goud+ K > Fano + Ganioud’ (3:2)
(iii) Let N =3,6,9,12, - - -
N
0 B o —Ezni3iHang3i_3u’
S[STTLN (X, cx)](u) _ H 3iu K 3n+3iM3n+3i—3U ) (33)

- Fai+ Gaiwd+ 1% Fanosi + Gansiu?
(iv) Let N =4,7,10,13, - - -

N

x, o] (u) =

S[sm (1—50(11)11 —6E4u6 K —E3n+1H3n 2u6

Fi +4ud4 Fy+ G4u3+ S Fan1 + Ganqud

3 6
" H Ezipqu’ K —E3n43i+1Han3iou (3.4)
F3i41 + G31+1u3+ y Fangsivn + Gant3ir1ud

(v) LetN =5,8,11,14, - --

N

x, o)) (u) =

S[sm 2(1—7au) K —E3ni2Hanqu®

F2 4+ Gouwd+ IW Fan o + Ganou?

N-—-2

3

Ezijou’ —Ean+sit2Hanai1ul

x H - 3 K - 3 (3.5)
3i2 + Gaipou’+ 3n+3i+2 + Gan43i42W

where E(),F(),G() and H are polynormals in u and « defined in equations (3.10), (3.11), (3.12), (3.13)
respectively and Fj = Fj (u, ) = (1 —50u)(1 —20au)(1 + o) [9].

Proof. For N > 0:

OO

SlsmN(x, )](u) = An = e *smM (xu, «)dx, (3.6)
Jo

SlsmMN(x, a)em(x, )] (u) = By = ” e *smMN (xu, «)em(xu, «)dx, (3.7)
\JO

Slsm™N(x, a)em?(x, &) (u) = Cn = [~ e *sm™ (xu, )em?(xu, o) dx. (3.8)
Jo

Integrating by parts, (3.6) reduces to the following difference equations using (2.1), (2.2), (2.3) in AN and
Cnog with Ap =1:

Al = LLC() — (XLLAl,
Ap = 2uC1 — 2(XLLA2,
A3 = 3LLC2 — 3ocuA3,

AN = NLLCN,1 — NO(U,AN.
Solving for AN using recurrences of (3.7) and (3.8) leads to QACEF:
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E 3
AN _ N (N33), (3.9)
AN-—3 Fn A+ GNu3 — HNU,37/1\\’]:3
where,
N o) = (N=2)(N—1)N(1— (2N +3)ocu), (N = 3), (3.10)
Fn = FN (u, ) = (1— (2N —3)ocu) (1 — (2N +3) o) (1 + Noaw) (1 —2Nouw), (N > 2), (3.11)
Gn = Gn(w, o) = (1— (2N +3)ou) (N —1)>N + (1 — (2N = 3)oau)N(N +1)2, (N >2), (3.12)
Hn = Hn(w, o) = N(N+1)(N+2)(1— (2N =3)ocu), (N > 3). (3.13)
For N=1,2and 3
A= (1—-5a0u)u -, (3.14)
(1—50u)(1—20u)(1 + o) +4ud — 6u3A—;1
2(1-7 2
,— 21— 7o - (3.15)
Fr + qu3 — H2u3A—;
3
As = Esu (3.16)

A
F3 + G3u3 — H3u3A—§

Now (3.1) and (3.2) are immediate consequences from respective (3.14) and (3.15) iterating with (3.9).
Equations (3.3), (3.4), (3.5) are obtained by continuous iteration of (3.9) starting with (3.16) and after

mathematical calculations and simplification completes the proof.

O

Remark 3.2. Multiplying u to (3.1) and (3.2) gives the result in [9] ([9, Theorems 22 and 23, page 65]).
Multiplying (3.3) with u and for N = 3 gives the result in [9] ([9, Theorem 24, page 65]). Results derived

in equations (3.3), (3.4), (3.5) are new with the existing literature.

Theorem 3.3. Sumudu transform of DEF sm™ (x, )cm(x, «); N > 0 is given by QACEF:

S[cm(x O()] P* —6P3u K —Sgn 3P3nu
Q* + 2u3+ Qs+ R3u3+ Qan + Rzpud’

(ii)
Piu > —S3n_oP3nu’

S[sm(x, a)em(x, a)] = Qi+ 12u3+ K » Qant1 + Ranpqud’

(iii)

2P5u2 Ioz —S3n-1P3n12u®
Q2+ R2u3+ » Qan+2 + Ranjou?

Slsm?(x, «)em(x, )] =

(iv) Let N =3,6,9,12, - --

N

x, o)em(x, )] =

S[sm PS —6P3LL K —S3n 3P3nu

Q>k +2ud+ Qs+ R3u3—l— Qsn + Rz ud

7
" H Piu’ K —S3n13i-3P3n43iul
L1 Qs + Ryud+ Q3n13i + Ranq3iu?
i=1

(3.17)

(3.18)

(3.19)

(3.20)
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(v) Let N =4,7,10,13, - --
Piu > —S3n_oPani1ul
S[smM (x, ,
sm x eemi o) =gt K Gy + Rono
N (3.21)
o H Psipqu’ ' K —S3n43i— 2P3n+31+1u63'
=7 Qi H R+ W Qangsivn + Ranqsipiu
(vi) Let N =5,8,11,14,- - -
2P3u? 25 —Ss 1P3nouf
SlsmN(x, a)em(x, &)] = n
G, aJemix, o) Q2+ R2u3+ K > Qa2 + Ranjou?
(3.22)

T 6
" H Psiou® K —S3n+43i—1P3n3i42u
7
oy Qa2+ Rsi+ou?+ W Q i 42U

3n+3i4+2 T Rang3ipou

where P(), Q(), R(j and S, are polynomials in u and « given by equations (3.24), (3.25), (3.26), (3.27),
respectively [9] and P;, Qg, P, Qf and P are polynomials in u and o« given by equations (3.31), (3.32),

(3.33), (3.34), (3.35), respectively.

Proof. Using equations (2.1), (2.2), (2.3), evaluating by parts, (3.7) reduces to the following difference

equations in An_1 and By:

Bop =1—uAs + auBy,

B; = u—2uA3 + 3ouBq,

By, = 2uA1 —3uA4 + 5auB,,
B; = 3uA; —4uAs5 + 70cuBgj,

Bn = NuAn_1— (N+1DuAni2+ (2N +1)ocuBy.
Solving for By using recurrences of (3.6) and (3.8) leads to QACEF:
BN N PN LL3

= 5 ,
Bno3 QN —|—RNU.3—SNLL3BN7§3

(N = 3),

where,

Pn = Prn(w, o) =(N=2)(N—=1)N(1— (2N +4)ou)(1+ (N +2)au), (N > 3),
On =0Qn(w, o) =(1— (2N —2)axu) (1 + (N —1)oxu) (1 — (2N + 4) ocun)
X (1+(N+2)ocu)(1— (2N +1)ocu), (N >2),
Rn = Rn(w, &) =(N —1)N?(1 — (2N +4)au) (1 + (N +2)ocu)
+(N+1)2(N+2)(1—(2N=2)au)(1+ (N=1)au), (N =2),
Sn =Sn(w, &) =(N+1)(N+2)(N+3)(1— (2N —2)au)(1+ (N—=1)ou), (N >1).

For N =0,1 and 2:

Po
Bo = * 3 3Bs’
B, — Piu

Qi + 12w — Sjud gt

(3.23)

(3.24)

(3.25)

(3.26)
(3.27)

(3.28)

(3.29)
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2P5u?
B, — - (3.30)
Q2+ R2u3 52u3 Bs”
where,
Py = Py (u, ) =(1 —4ou)(1 +2au), (3.31)
5= Qfw, o) =(1—4ow)(1+ 20a)(1 — o), (3.32)
P} = Pi(u, o) =(1—601) (1 + 3ocu), (3.33)
Qf = Qi (w, &) =(1 —60) (1 +3oaw)(1 —3oar), (3.34)
P} =P (u, o) =(1 —8ou)(1 + 4ocw). (3.35)

Hence equations (3.17), (3.18), (3.19) follow from (3.28), (3.29), (3.30) respectively iterating with (3.23).
And equations (3.20), (3.21), (3.22) are obtained from continuous iteration with (3.23) and simplification

which completes the proof.

O

Remark 3.4. Multiplying u to equations (3.17), (3.18), (3.19) gives results in [9] ([9, Theorems 25-27, pp

66—67]). Equations (3.20), (3.21), (3.22) are new with existing literature.

Theorem 3.5. Sumudu transform of DEF sm™N (x, «)cm?(x, «); N > 0 is given by QACF:

@
T+ —X*Tyub —X3n_3T3nu
Slem? ’ \ Wan
lem(x, )] = Vg + Wi+ Vs + Waud+ 3 K Van + Wanu?-
(ii)
T —XiTau® 25 —Xzn_oTanqqul
S[sm(x, «)em?(x, o ! )
[sm(x, aJem?(x, «)] = Vi + Wiud+ Vy + Waud+ ISz Van g1+ Wan 1w
(iii)
Truw > —X3n—1Tsn1ou®
S[sm?(x, a)em?(x, « 2t o - ’
[sm”(x, «) (x, )l = Vo + W2u3+ 151 Vin 42 + Wanou?
(iv) Let N =3,6,9,12,---
T* —X:Taul —X Tanu®
N ) B 0 ol3 3n—-313n
Slsm™ (x, a)em?(x, «)] VAW Vs Wawd+ 4 K Vin + Wipud

o ﬁ Taiud K ~X3nasi_ 3T3n+31u6
i=1 v3i + W3iu3+ v3n+31 + W3n+3lu
(V) Let N = 4,7, 10, ]_3’ e

T X*T4LL > —X3 ,2T3 1u6
A (X’ “)CmZ( \/* \X/* 3 3 K = = 3
+Wiw+ Vi + Wouw+ 38 Vi g + Wan pqu

S[sm X, )] =

T
«T1 Tip1u K —Xan13t2Bngsipu’
=7 Vairr + Waiaw+ SN Vaniain + Wangaiauw?

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)
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(vi) Let N =5,8,11,14, - - -

2 6
T u 5 —Xzn—1T3n4+2U

Vy + W2u3+ K > Vanio + Wanou

SlsmMN(x, a)em?(x, «)] =

(3.41)

N2 6
«T1 Toiq2u K —Xsn+3i-1T3n43i+20
4
- Vaigz + Waiow+ I8 Vansio + Wangsisou?

where T), V), W() and X are polynomials in u and « given by equations (3.43), (3.44), (3.45), (3.46),
respectively and Ty, Vi, Wy, X5, T, Vi, Wy, W and T; are polynomials in u and « given by equations
(3.50), (3.51), (3.52), (3.53), (3.54), (3.55), (3.56), (3.57), (3.58), respectively.

Proof. Integrating by parts and using (2.1), (2.2), (2.3), equation (3.8) reduces to the following difference
equations in By_; and Cn:

Co=1—-2uBy +20cuCy,

C1 =uBy—3uBs +40uCq,
Cy, =2uB; —4uBy + 60cuCsy,
Cz = 3uBy — 5uBs + 8axuCs,

Cn =NuBn_1— (N+2)uBni2 + (2N +2)ouCy.
Solving for Cn using recurrences of (3.6) and (3.7) yields QACF only in C:
CN _ TN u3

- 7
Cn-s Vi + Wid — Xnud s

(N >3), (3.42)

where,

Tn=Tnu &) =(N—=2)(N=1)N(1+ (N+1)au)(1+ (N+4)au)

X (1—(2N+5)ou), (N >=3), (3.43)
Ve =Vnu, o) =(1+(N+1ouw)(1+ (N—2)axu)(1— (2N —1)xu)
X (1—2N+2)ouw)(1+ (N+4)ou)(1— (2N +5)ou), (N >1), (3.44)
Wi = Wn(w, &) =(1+ (N —=2)au)(1— (2N +5)ou)(1+ (N +4)acu)N3 (N +1)

+(14+(N—=2)ou)(1— (2N —1)oxu)

+ )
X (1+(N+4)ouw)(N+1)(N+2)2, (N>1), (3.45)
XN =Xn(uw,00) =(N+2)(N+3)(N+4)(1+ (N+1)ou)
x (1+ (N —=2)ou)(1— (2N —1)or), (N =1). (3.46)
For N =0,1 and 2:

_ Ty

Co= Vi Wewd xS (347)
_ Hu

VAW - X (3.48)

T* 2
Cp = (3.49)

Vo +Woud — X2u3 C5
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where,
Ty =Ty (w, &) =(1+ ou) (1 +4ocu) (1 —50u), (3.50)
Vi = Vi(uw, o) =(1+ auw)(1+4ou) (1 —50u)(1 —20u), (3.51)
Wi (u, o) =4(1 + 4au), (3.52)
XS = Xp(u, o) =24(1 4 ou), (3.53)
T =T (u, &) =1+ 20u)(1 —7xu)(1+ 5au), (3.54)
Vi =Vi(uw, o) =(1+420u)(1 —7au)(1+50u)(1 — au)(1 —4au), (3.55)
=W (u, o) =2(1 —7au)(1+ 50u) + 18(1 — axu) (1 + Socut), (3.56)
= X7 (u, o) =60(1 — oxu) (1 +2cxu), (3.57)
Tz =T (u, ) =2(1 + 3ou) (1 —9au)(1 + 6cu). (3.58)

Now equations (3.36), (3.37), (3.38) follow from respective equations (3.47), (3.48), (3.49) iterating with
(3.42). Equations (3.39), (3.40), (3.41) are obtained by iterating continuously (3.42) and simplifying com-
pletes the proof. O

Remark 3.6. All the results in Theorem 3.5, equations (3.36), (3.37), (3.38), (3.39), (3.40), (3.41) are new with
the existing literature.

Remark 3.7. NIT of DEF sm™(x, «); N > 1, smN(x, a)em(x, «); N > 0 and sm™(x, «)em2(x, «); N > 0 can
be obtained from Theorems 3.1, 3.3 and 3.5 respectively by replacing 1 = 1/y and multiplying with 1/vy>
and simplifying yields the NIT of DEF.

4. Main results 2: Hankel determinants derivations

In [9] QACEF is given for Laplace transform of DEF (« # 0) and for Hankel determinants calculations to
those QACEF ([9, first query, pp 73-73]) are given as future directions. In this section Hankel determinants
pertaining from Section 3 using Lemma 2.5 are calculated. Main results of this section are given in the
following three theorems.

Theorem 4.1. Hankel determinants corresponding to Theorem 3.1 are given by,

(i)

HY ([sm(x, a)lavr1) = (1 5ow), (4.1)
HY ([sm(x, a)lay11) = 6(1 — 5o1)?Ey, (4.2)
m—1 m—2
Hi (sm(x, alsy1) = 6 V(1 —5oa)™ [T S,V TR, m=3  @3)
j=0 j=1
)((11E[5m(X,0<)]3v+1) — 4, (4.4)
Hy 7 (Ismo(x, o)lzv1)
Xm ([sm(x, o)]zy41)
= 4+ G > 2. 4.5
H%ll)([sm(x, oc)]3v+1) { Z 3)“] " (49
(i)
H ([sm2(x, @)lay2) = 2(1— 7o), (4.6)
m—1

Hi ([sm2(x, @)laye2) = 2™ (1 —7o)™ [ ESHE™, m>2, (4.7)
j=1
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2
anm([ (x, )]avi2) ZG3) Lom>1 (4.8)
H; )([st(x aviz)

(iii) Let N =3,6,9,12,- -

HY (smM (x, a)lavan) = Esi, (4.9)

Hngl)([smN( ) 3V+N Eg:- H E3)+31 3]+31 37 m 2 2, (4.10)
([sm™(x, =

Xm Joviw) Z Gzji3i-3, m=1, (4.11)

H(”([smN(x olsvin)

wherei1i=1,2,3,--- ,%.
(iv) Let N =4,7,10,13,- - -

1
HY (fsmM (x, ®)l3y 1) = Esis1,
m—1
. B
i (sm™ (x, o)lsven) = B3 [ B HE S, m>2,
j=1
Xm ([smN(x, U
m 3v+N Z G >1
3j+3i—-2/ m2z1,
HY ([smN (x, anmm
where1=1,2,3,---, %
(v) Let N =5,8,11,14, - - -
(1) N ..
Hy  ([sm™ (x, o)lzveN) = Eziga,
m—1
. B
i ([sm™ (%, o0)lsven) = B3, [ BT L HES, m>2,
j=1
([sm™(x, —
Xm Jsvin) Z G3jisi-1, m=1,

Hiw ([smN (x, anmm
wherei=1,2,3,--, ¥
Here E(), G() and H are given by (3.10), (3.12) and (3.13), respectively.

Proof. Maclaurin series of smMN(x, «);N >11is given by,

3v+N

()
sm X O( 3v+NX
-3 NZ,

(Bv+N)! ’

where [sm™(x, ot)]3,, N are Maclaurin series coefficients in polynomials of «. Next assume
(1—5au)(1—20u)(14+au) =1,

in (3.1), (3.4) and Fn;; (N > 2) = 1 in Theorem 3.1, so that it satisfies Lemma 2.5. Now applying coefficients
of Theorem 3.1 in (2.6) of Lemma 2.5 gives the Hankel determinants for equations (3.1), (3.2), (3.3), (3.4),
(3.5) of Theorem 3.1 by respective enumerates in Theorem 4.1. O
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Remark 4.2. Substituting « = 0 in equations (4.1), (4.2), (4.3), (4.4), (4.5), (4.6), (4.7), (4.8), (4.9), (4.10),
(4.11) for N = 3 in Theorem 4.1 gives the Hankel determinants in [9] ([9, Theorems 10-12, pp 48-50]),
respectively.

Theorem 4.3. Hankel determinants corresponding to Theorem 3.3 are given by,

(i)

HY ([em(x, o)l3y) = PG, (4.12)
Hy" (lem(x, a)lsv) = 6(P)2Ps, (4.13)
m—2
Hi (lem(x, a)lsy) = 6D (pe)ympi™ U TT s 7 Ve, m>3, (4.14)
j=1
x(llg[cm(x, «)lsv) _ o (4.15)

Hy ™ ([em(x, o)l3y)
Xm(lem(x, o)lzy)
—— |2+ ¥ R > 2. 4.16
H (fem(x, a)lay) { Z 3’] " a1
(ii)
HY (smix, a)em(x, a)lsvi1) = Pf, (4.17)
m—1
Hi ([sm(x, a)em(x, allsy1) = (PH™ ] 575 Py, m>2, (4.18)
j=1
)((1lg[sm(x, a)em(x, o)lsyvi1) _ 1 (4.19)
H1 ([sm(x, )em(x, o‘)]BVJrl)
m—1
Xm (Ismbo Jemx dlsvir) |, S Rya|, m>2 (4.20)
HAY ([sm(x, a)em(x, @)]ay41) o1 :
(iii)
HY (sm2(x, 0)em(x, o)]sv+2) = 2P3, 4.21)
m—1
HO ([sm2(x, c)em(x, o)]3y12) = )™ H 53J 7 3”2 , m>=2, (4.22)
j=1
Xm([sm?(x, x)em(x, o)]zy42)
- Rsiq, m>1. 423
HEY (fsm2(x, a)em(x, a)lsusa) Z e “2)
(iv) Let N =3,6,9,12, - -
HY (smM (x, adem(x, a)laven) = Pai,
H%)([smN (x, )em(x, &)lzvin) = (P3g)™ H S3)Jr31 3 3]+31 , m>=2,

Xm ([smN (%, a)em(x, &)]3y+N)

HE ([smN(x, a)em(x, 06)]3v+N)

Z R3)+31 3, m P 1/

wherei=1,2,3, - ,%.
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(v) Let N =4,7,10,13,---

1
HY (smM (x, a)em(x, o)laven) = Paisa,
1
H;l)([smN (x, cJem(x, “)]3V+N P31+1 m H S3)+31 2 3]+31+1 ;m =2,

Xm ([smN (x, a)em(x, &)]3v4N)

HY ([smM (x, a)em(x, allsven)

Z R3]+31 2, M 2 ]-/

wherei=1,2,3, - ,%.
(vi) Let N =5,8,11,14,- - -

HY ([smN (x, a)em(x, o0)lsvin) = Paira,

—1

1 o

Hi (Ism™ (e, a)em(x, a)lavin) = (Paiy2)™ [ STl Ptally m>2,
j=1

Z R3]+31 1, m=1,

3

Xm ([sm™ (x, a)em(x, o)l3v+n)

H(l)([smN (x, ot)em(x, cx)]ng)

wherei=1,2,3, - ,%.

Here P, R(), S(), P35, P{ and P; are given by respective equations (3.24), (3.26), (3.27), (3.31), (3.33) and
(3.35).

Proof. Maclaurin series of sm™ (x, «)em(x, «); N > 0 is given by,

3v+N

smMN( N >0,

2 [smN(x,0)cm(x, 0)]3y NX
x, x)em(x, o) Z

(Bv+N)! !

where [sm™(x, o)cm(x, ®)l3v+n; N = 0 denotes Maclaurin series coefficients in polynomials of a. Now
assume (1 —4ou)(1+20u)(1—ou) =1in (3.17) and (3.20), (1 —60u)(1 4+ 3ocu)(1 —3xu) = 1in (3.18) and
(3.21), Qn; N > 2 =1 in Theorem 3.3 so that it satisfies Lemma 2.5. Applying coefficients of Theorem 3.3
in (2.6) of Lemma 2.5 gives the Hankel determinants for equations (3.17), (3.18), (3.19), (3.20), (3.21), (3.22)
by respective enumerates of Theorem 4.3. O

Remark 4.4. Substituting « = 0 in equations (4.12), (4.13), (4.14), (4.15), (4.16), (4.17), (4.18), (4.19), (4.20),
(4.21), (4.22), (4.23), Theorem 4.3 gives the results in [9] ([9, Theorems 13-15, pp 51-53]), respectively.

Theorem 4.5. Hankel determinants corresponding to Theorem 3.5 are given by,
(i)
HY (lem? (x, ) = T5,
Hy (lem? (e, ) = (T5)°X5 Ts,
Hin (lem?(x, o)lay) = (T5)™ 0O6) ™ (Ta) ™ 1HX‘“ U e L)

x1([em?(x, o)]3y)
HM ([em2(x, a)l3y)

by m—1
Xm ([em=(x, o)]3y) _ {Wg—i- Z ng] , m>2.

=-W,

HOY ([em2(x, a)l3y)
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(ii)
HY ([sm(x, c)em?(x, a)lay1) = T7,
HY ([sm(x, 0)em?(x, a)lay 1) = (T7)2X( Ty,
Hi' (fsm(x, aem?®(x, a)lay 1) = (T7)™ (X)) ™1 (Ty) ™ 1Hx3;11] oY, ms,
x1([sm(x, a)em?(x, &)lzv 1) W
—wy,
Hil) ([sm(x, x)em?(x, &)]3y+1)
2 m—1
XEL)([STTL(X, oJem(x, a)lzvi1) Wi+ Y Waa|, m>2
Hm ([Sm(xl O()CmZ(X, “)]3\1-0-1) j=1
(ii1)

HO ([sm2(x, a)em?(x, a)lay 12) = T3,
1 m—1 ) )
Hin (Ism?(x, a)em?(x, o)lay2) = (T3)™ I1 Xéjn:])Téjn;?), m>2,
j=1

Xm ([sm?(x, a)em?® (x, &)lav+2)

HG ([sm2(x, a)em?(x, 06)]3v+2)

m
- Waq, m>1.
j=1

(iv) Let N =3,6,9,12,---

Hil) (smMN(x, )em?(x, Q)3 n) = Tai,

H&’rll)([smN (X/ oc)cmz(x, “)]3V+N T31 m H X3)+31 3 3]+31 / m2=2,

m

(sm™(x, a)em?(x, a)lzyN)
Xm = ZW3)+31 3 mz=1,

HO (IsmN (x, o) em?(x, oc)JMN)

wherei=1,2,3,--- ,%.

(V) Let N :4,7,10,13/. ..

Hgl] (sm™ (x, )em?(x, )avN) = Tait1,

m—1
(1) N 2 m—j)
Hm ([Sm (XI “)Cm (XI (X)]3\)+N T31+1 m H X3J+31 2 3]_|_31]+1/ m 2 2/
j=1

xm ([smMN (x, ®)em?(x, o) ]zv+N)

Wsji3i0, m2>1,
HEYY ([smN (x, «)em?(x, 06)]3v+N) Z

wherei1i=1,2,3,--- ,%.
(vi) Let N =5,8,11,14, - - -

HE” (smMN(x, ) em?(x, )lzvin) = Taita,
m—1

1
Hgn) ([SmN (X/ (X)sz(xl a)]3V+N T31+2 m H Xg]_._g,1 1 3]+31]_|)_2/ m22,
j=1
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Xm ([smMN (x, &)em?(x, o) ]zy+N)

HY ([smN (x, a)em2(x, alavn)

ZW3]+31 1, m=1,

wherei1i=1,2,3,--- ,%.

Here T(), W(,), X(), Ty, W, X5, T, Wi, X] and T; are given by respective equations (3.43), (3.45),
(3.46), (3.50), (3.52), (3.53), (3.54), (3.56), (3.57) and (3.58).

Proof. Maclaurin series of smMN(x, a)em?(x, a); N > 0 is given by,

0 3v+N
N [smMN (x,0)cm(x, 0)]3y4nX
, N =0,
smMN(x, a)em?(x g Gyt NI
where [sm™ (x, a)em?(x, «)]3yn; N = 0 denotes Maclaurin series coefficients in polynomials of o. Now

assume Vi = 1,V{ = 1 and VN;N > 2 = 1 in Theorem 3.5 so that it satisfies Lemma 2.5. Applying
coefficients of Theorem 3.5 in (2.6) of Lemma 2.5 gives the Hankel determinants for equations (3.36),
(3.37), (3.38), (3.39), (3.40), (3.41) by respective enumerates of Theorem 4.5. O

Remark 4.6. Theorem 4.5 appears for first time in this work.

5. Conclusion

QCAF expansions of smMN(x, a);N > 4, smN(x, a)em(x,a);N > 3 and sm™N(x, «)cm?(x, «); N > 0
were appears for the first time in this work to the literature reviewed. Hankel determinants results were
checked with Maple and confirmed that the results were exact as well as coincides with the results of
lower order associated continued fractions in literature. Remarks 4.2 and 4.4 ensures that the assumption
of ¢y and ¢,,;m > 1 in the denominator of QACEF to 1 is correct in Hankel determinants calculations. Also
the compact form of Hankel determinants results in this work will ease the implementation in any of
the Computer Algebra Software (CAS). For the future study it remains the open query to find Sumudu
transform of cm3(x, ) and other higher powers which leads to the four term recurrences. Next Hankel
determinants calculations of QACEF by restricting the assumptions made in this paper remains open query
for further study.
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