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Abstract

Applying coincidence degree theory of Mawhin, this paper is concerned with existence result for a coupled fractional
differential systems with Riemann-Stieltjes integral boundary value conditions. An example is also given to illustrate the main
result. (©2017 All rights reserved.
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1. Introduction

The subject of fractional calculus has gained considerable popularity and importance due to its wide
applications in widespread fields of science and engineering. For details, see [4, 5, 9] and the references
therein. Fractional models can provide a more precise description over things than integral ones. This is
owing to the fact that fractional derivatives enable the description of memory and hereditary properties of
various material and processes. As a result, fractional differential equations have attracted much attention,
and lots of good results have been obtained. See [2-5, 8-11] for a good overview.

Meanwhile, coupled fractional differential systems have been studied in some recent works [8, 13, 14].
For example, in [8], the authors studied the following coupled system of fractional differential equations
with nonlocal integral boundary conditions

D ult) = flt,ult) v{t)), tel0
CDEV(t) = gltult)v(t)), te, ]
w(0) = yIPuln) =y [§ ri—uls)ds, 0<n <1,

(e—s)i0
V(O) = 6qu ) - 6‘[0 ( ) V(S)ds, 0< E, < ]_,

where €D denotes the Caputo fractional derivative, 0 < &, p < 1, f,g € C([0,1] x R?>,R), and p, q, 7, €
R. Applymg nonlinear alternative of Leray-Schauder and Banach'’s fixed-point theorem, they investigated
the existence and uniqueness of solution for this coupled system.
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In [13], Zhang et al. investigated the following three-point boundary value conditions at resonance for
the following coupled system of nonlinear fractional differential equations

D0+u( ) =f(t,v(t), DS v(t), 0<t<1,
D0+v( ) = g(t,ut), DF lu(t), 0<t<1,
u(0) =v(0) =0, u(l) =oqu(m), v(1)=o2v(n2),
where D is the standard Riemann-Liouville fractional derivative, 1 < o, 3 <2,0 <my,mn2 <1, 01,02 >0,

omy 1= Gznf 1 - =1,and f,g : [0,1] x R? — R are continuous. Based on new Banach spaces and by
using the coincidence degree theory of Mawhin, the existence results were studied.
Recently, in [2], Cui studied the following differential system at resonance

—x"(t) = f1(t,x(t), y(t), x'(t),y'(t)), t€(0,1),
—y”(t) = fa(t, x(t), y(t), x' (1), y'(t)), t€(0,1),
x(0) =y(0) =0, x(1) =«lyl, y(1) =B,

where f1,fp : (0,1) x R* — R are continuous and may be singular at t = 0,1. «[y], B[x] are bounded linear
functionals on C[0, 1] given by

1 1
MMszHMAm,ﬁMZJxﬁmmw

0 0
involving Stieltjes integrals.
To our best knowledge, there are fewer results for coupled fractional differential systems with
Riemann-Stieltjes integral boundary value conditions. Motivated by all the above works, we consider
the existence of solutions for the following systems

D& x(t) = f(t,y(t), D y(t), 0<t<1,
DPy(t) = g(t,x(t), D& x(t)), 0<t<1, (1.1)
x(0) =y(0) =0, x(1) =«lx], y(1) =Rl

1
where 1 < o, <2,f,g:[0,1] x R> = R satisfy the Carathéodory conditions, x[x] = J x(t)dA(t), Blyl =
0

1
J y(t)dB(t), and A(t), B(t) are functions of bounded variation satisfying
0

1 1 1 1
J t*1dA (L) =1, J tP~1dB(t) =1, J t*dA(t) #1, J tPdB(t) # 1.
0 0 0 0

The main features of this paper are as follows. (i) A class of coupled fractional differential systems
with Riemann-Stieltjes integral boundary value conditions is firstly studied, which generalizes the existing
coupled fractional differential systems [13] and has wider applications. (ii) The coincidence degree theory
of Mawhin is used to investigate the existence of solutions for system (1.1), which enriches the theory of
coupled fractional differential systems.

The rest of this paper is organized as follows. Section 2 introduces some basic definitions and lemmas.
In Section 3, the key outcome is presented. Finally, an example is given to demonstrate the main result in
Section 4.

2. Background materials and preliminaries

In order to get the corresponding conclusion, we first recall some basic concepts and theorems. For
details, please refer to [6, 7] and references therein.

Definition 2.1. Let Y, Z be real Banach spaces, L : domL C Y — Z be a linear operator. L is said to be the
Fredholm operator of index zero provided that:
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(i) ImL is a closed subset of Z;
(ii) dimker L = codimIm L < +oo0.

Let Y, Z be real Banach spaces and L : dom L C Y — Z be a Fredholm operator of index zero. P: Y =Y,
Q : Z — Z are continuous projectors such that

ImP=kerL, kerQ=ImL, Y=kerLpkerP, Z=ImL&ImQ.

It follows that L|gom 1 rkerp : domLNker P — ImL is invertible. We denote the inverse of the operator by
Kp.

Definition 2.2. Let Q be an open bounded subset of Y such that domL N Q # (. Then the operator
N :Y — Z is called L-compact on Q if QN(Q) is bounded and Kp(I — Q)N : QO — Y is compact, where I
is the identical operator.

Theorem 2.3. Let L be a Fredholm operator of index zero and let N be L-compact on Q. Assume that the following
conditions are satisfied:

(i) Lx # ANx for every (x,y) € [(dom L\ kerL) n0Q)] x (0,1);
(ii) Nx € Im L for every x € ker LN 3Q);
(iii) deg(QNlxerr, kerLNQ,0) # 0, where Q : Z — Z is a projector as above with Im L = ker Q.

Then the equation Lx = Nx has at least one solution in dom LN Q.

Next, we mainly introduce some definitions and lemmas of the fractional calculus. For details, please
refer to [1, 5, 9].

Definition 2.4. The Riemann-Liouville fractional integral of order o« > 0 of a function y : (0,00) — R is
given by

o 1 t x—1
() = o JO (t— )% y(s)ds,

provided the right side is pointwise defined on (0, co).

Definition 2.5. The Riemann-Liouville fractional derivative of order « > 0 of a continuous function
y: (0,00) = R is given by

o B 1 d . [t y(s)
Dgyy(t) = m(a) JO (t—s)ﬁds’

where n is the smallest integer greater than or equal to «, provided that the right side is pointwise defined
on (0, c0).

Lemma26. Leftn—1<a<n,ueCO,1)NLY(0,1),cieR(i=12,...,n), then
5 D&E(t) = u(t) +ot™  + et 2 4o e t™

Lemma 2.7.
(1) Let g € L'[a,bl,p > q > 0. Then

.15 g(t) =157 9g(t) = Ig, 18, g(t), D, 1. g(t) = 1§ Tg(t), DY 1. g(t) = g(t).
(2) Letp > q > 0. Then

Fp+1)

DI tP =
0" rp+1-q)

tP~9, DJ t9 =0.
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(3) Let « > 0, m € Nand D = d/dx. If the fractional derivatives D u(t) and Dg‘fmu(t) exist, then
D™D u(t) = DS ™ u(t).

Lemma 2.8. D, u(t) = 0 if and only if u(t) = cit® Lot 2 4. 4 cnt* ™ forsomeci e R,i=1,2,...,n,
where 1 is the smallest integer greater than or equal to «.

Definition 2.9. We say that the map f: [0,1] x R™ — R satisfies the carathéodory conditions with respect
to L1[0, 1] if the following conditions are satisfied:

(i) for each z € R™, the mapping t — f(t, z) is Lebesgue measurable;
(ii) for almost every t € [0, 1], the mapping z — f(t,z) is continuous on R™;
(iii) for each r > 0, there exists @, € L!([0,1],R) such that [f(t,z)| < @+(t) for a.e. t € [0,1] and every
lz| < 1.

We use the following two classical Banach spaces C[0, 1] with the norm ||x||c = max;c(gq) [x(t)] and
Z; = 110, 1] with the norm ||x||; = fé Ix(t)dt. Let

C*0,1] ={x € C[0,1]: D} 'x € C[0,1], i=0,1,--- ,N—1},
where > 0, N = [u] + 1. Obviously, C*[0, 1] is a Banach space with the norm
—(N-1
IXllcx = 1D Xloo + -+ [Dh ™ X loo + (1]l oo

Lemma 2.10 ([12]). F C C*(0, 1] is compact if and only if F is uniformly bounded and equicontinuous. Here to be
uniformly bounded means that there exists M > 0 such that for every u € F

—(N—1
[wex = IDE oo + -+ D N Voo + [Iiflo < M

and to be equicontinuous means that for all ¢ > 0, there exists & > 0 and for all t1,t, € [0,1],[t; —t2] < d,u € F,
andi1=0,1,...,N =1, the following holds

u(t)) —ult)l <&, DS fulty) — DY ulto)l < e

Let Y; = C*710,1], Y, = CP710,1],1 < &, p < 2. Thus Y = Y; x Y is a Banach space with the norm
defined by ||(x,y)|ly = max{||x||v,, [[ully,}, and Z = Z; x Z; is a Banach space with the norm defined by

1(x, Y|z = max{[|x[|1, [[y[l}-
Define L; to be the linear operator from domL; NY; — Z; with

Lix = D§ix, x € domLy,

where domL; = {x € V1|Dgi x € L'0,1], x(0) = 0,x(1) = «[x].
Define L, to be the linear operator from dom L, N Y, — Z; with

Ly = D(')g+y, y € dom L,

where dom L, = {y € Y2|DP.y € 10,11, y(0) = 0,y(1) = Blyl}-
Define L to be the linear operator from domL C Y — Z with

L(x,y) = (Lix, Loy), (x,y) € domL,

where dom L ={(x,y) € Y|x € domL;,y € domL,}.
Let N : Y — Z be defined by

N(x,y) = (N1(y), N2(x)),
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where Nj : Y, — Z; is defined by
Nyy(t) = f(t,y(t), DE y(t)),

and Nj : Y; — Z; is defined by
Nox(t) = g(t, x(t), D§< 'x(t)).

Then the coupled system of boundary value problems (1.1) can be written by
]—(X,U) = N(X;U)
Lemma 2.11. The operator L: dom L C Y — Z is a Fredholm operator of index zero.

Proof. 1t is clear that
kerL = {(kt* L 1otP™1): ki, k € R, t € [0,1]}.

Now we seek the structure of Im L.
Let (x,y) € ImL, then there exists (u,v) € domL such that L(u,v) = (x,y), which means

ueyY, Dfu=x,veY, Dglv =y.
By Lemma 2.6, one has

w(t) + et 4 cpt* 2,
v(t) + ditP 1 4 d tP2, 2.1)

I35 x(t)
I8 y(t)

where c¢i, d; € R (i =1,2). Since u(0) = 0, one can get c; = 0. Therefore
u(t) = I8 x(t) —ct* L.

By virtue of u(1) = «[ul, we have

Thus - -
- o—1 o _ L o1 B a1
o Jy 191 sIds e = | I | (6= nls)as —ere Taaw),
which means
1 1 pt
J (1—8)“1x(s)ds—J J (t—s)% !x(s)dsdA(t) = 0. (2.2)
0 0Jo

Similarly, by (2.1) we can get

1 1t
J (1—S)Bly(s)ds—J J (t—s)Ply(s)dsdB(t) = 0. (2.3)
0 0Jo

On the other hand, suppose that x satisfies (2.2) and y satisfies (2.3). Choose

u(t) = 1Jt(t— $)* Ix(s)ds + kit* 7L, w(t) = 1 Jt(t—s)ﬁly(s)ds +kytP T
M(a) Jo v r(p) ’

where k1, k2 € R. It is easy to see (u,v) € domL and L(u,v) = (x,y). Hence

ImL ={(x,y) € Z| x satisfies (2.2), y satisfies (2.3)}.
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In the following, consider the linear operator Q : Z — Z

Q(XIU) = (ler QZU)/

where the linear operators Q1, Q2 : Z; — Z; are defined by

1 1 pt
Qux(t) = W _Jo(ls)“_lx(s)dsjo L (t—s)* Ix(s)dsdA(t) |,
and . :
# _q\R—1 _ ¢ _ \B—1
Qay(t) = 1—f0thB )_Jo(l s)P~1y(s)ds JOJO(t s)P~ly(s)dsdB(t)

Obviously, Q is a continuous linear projector and (x,y) € Im L is equivalent to Q(x,y) =

(0,0). In addition,

it is not difficult to prove that Im L = ker Q and Q?(x,y) = Q(x,y).

Take (x,y) € Z in the form (x,y) = ((x,y) — Q(x,y)) + Q(x,y). Then (x,y) — Q(x,y) € ImL = ker Q.
Thus, Z=ImL+ImQ. Let (x,y) € InLNIm Q. Then, Q(x,y) = (x,y). By (x,y) € ImL = ker Q, we have
Q(x,y) = (0,0). Hence (x,y) = (0,0). Therefore, we can get Z =ImL & Im Q.

Notice that dimkerL = codimImL = 2 < +c0. Then IndL = dimkerL — codimImL = 0, which
means L is a Fredholm operator of index zero. O

Let operator P : Y — Y be defined by

P(x,y) = (P1x, P2y),
where P; : Y1 — Y7 and P, : Y2 — Y are defined by
Pix(t) = 7Dg+_1x(0)t“—1 Poy(t) = Lgfly(o)tﬁ—l.
M) ’ r'p)

In fact P, P1, and P, are continuous linear projectors and
ker P ={(x,y) € YID§'x(0) = 0,Df 'y(0) = 0).

It is clear that P?(x,y) = P(x,y) and ImP = ker L. Take (x,y) € Y in the form (x,y)
P(x,y). Then (x,y) — P(x,y) € ker P and P(x,y) € kerL =ImP. Thus, Y = ker P + ker L. For any (x,y) €
ker P NkerL, we have (x,y) = (kit* 1, kotP~1). From (x,y) € ker P, it follows that D(‘J"fl(klt"‘*l)ltzo =
kil'(x) = 0 and Dgfl(kﬂﬁ_l)lt:o = koI'() = 0. Thus k; = k, = 0. Hence Y = ker P ® ker L. For every
(x,y) €Y,

= ((xy) =Pl y)) +

P, y)lly = [I(P1x, Pay)lly = max{[[Prx]lv,, [IP2Y]lv,}

1 _ 1 _ _
= max{ 5 DG (0| 1||Yl,m|ngi "y (o)t 1||Y2}
—max{(l)nj0+ X(0)[[t* oo + DY) 1 oo) gfly(O)l[HtB*Wm (2.4)
+[DEH (P oo
_ 1 o1y 1 e
max{(l+r( ))ID (O)I,(1+F(B))ID0+ y(0)1}.

Define Kp : ImL — dom L Nker P by

Kp(x,y) = (1%, 15 y).
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For (x,y) € ImL, we have
LKp(x,y) = L(I&x, [0 y) = (D& IS x, DL 1P y) = (x,y). (2.5)
On the other hand, for (x,y) € dom L Nker P, it follows from Lemma 2.6 that
5 DEx(t) =x(t) +ert* T+ eot* 2, I8 DPy(t) =y(t) + ditP 1+ datP~2, ¢, di e R(i=1,2).

One has c; = d; =0, since (x,y) € dom L. In view of (x,y) € ker P, we have Dg‘flx(O) = Dgf1y(0) =0.
So, ¢1 = d; = 0. Thus, we have

KpL(x,y) = Kp(D&x, DEy) = (I& D&, 16, DL y) = (x,y). (2.6)

This together with (2.5) and (2.6) guarantees that Kp = (Llgom 1 AkerP) - Moreover

IKp ()il = 10§ 15 w)lly = max{[1§: xlv,, I15-ullv}
1
:max{HDSi1Io+x|roo+ulo+xuoo,uDﬁ g ylle + 5 ule}  (27)
1
< max{(1+ )l (U 7 < Al )z,

where A = max{1 + r 14 )}
By Lemma 2.10 and standard arguments, we can derive the following conclusion.

Lemma 2.12. Kp(I— Q)N :Y — Y is compact.

3. Main results

First, we list the following notations and assumptions for convenience:

1
j— 1 7, f— 1
Vi + o) %) +

where A is described as in (2.7).
(A1) There exist functions ai, by, ci € L[0,1](1 = 1,2), such that

1
TB)/ 0—1:A+Vl/ O-ZZA+V2/

[£(t, %, y)l < a1(t) + bi(t)x|+ 1 (Vlyl, (x,y) € R* and t € [0,1], (3.1)
lg(t, %, y)l < az(t) + ba(t)x| + c2(t)lyl, (x,y) € R* and t € [0,1]. (3.2)
(Az) For (x,y) € domlL, there exist constants M1, M, > 0 such that if either |D8‘:1x(t)l > Mj or
IDE 1y (t)] > My, then QN(x,y) # (0,0) for all t € [0,1].
(A3) There exist constants D1, D, > 0 such that for (ki,k) € R?, then either
k2Q1N1(katP™1) > 0, if [ko| > Do, (3.3)
k1QaNa(kit* 1) > 0, if |kq| > Dy, (3.4)

or
k2QiN1(katP 1) < 0, if [ka| > Dy,
k1Q2Na(kit* 1) < 0, if [ke| > Di.

Theorem 3.1. Suppose that (A1)-(Az) hold. Then (1.1) has at least one solution in Y, provided that

max {01 ([|b1]l1 + [le1ll1), o2(]|b2ll1 + [[eall1), va(l[balls + llealln) + A(|[ballr + [le2ll1),

(3.5)
va(lIbzll1 + llcall1) + A(l[balls + [[ea )} < 1.
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Proof. We divide this proof into four steps.
Step 1: Set
Q1 ={(x,y) edomL\kerL: L(x,y) =AN(x,y),A € (0,1)}

Now we prove Q) is bounded.
For any (x,y) € Q1, we have N(x,y) € ImL = ker Q. Hence QN(x,y) = (0,0). By (Ap), there exist
to, t1 € [0,1] such that
D& x(to)l < My, IDEy(t1)l < M.

Notice (I—-P)(x,y) € domLNkerP and LP(x,y) = (0,0), this together with (2.7) guarantees that

[(T=P)(x, y)lly = [KpLI=P)(x, y)[ly < A[LI=P)(x,y)llz

(3.6)
= A[L(x,y)llz = AAIN(, Y[z < Amax{[[Nyy|[1, [N2x]l1}.
Since .
D(‘)"flx(t) = D(‘)"flx(to) + L Dy x(s)ds,
0
we have
DG %(0) < DG xloo < IDGT x(to)l + DG x|l < M1+ [[Lix[l < My + [Nyy1. (3.7)
Similarly, one can get
DSy (0)] < Ma + [[Nox[1. (3.8)
It follows from (2.4), (3.7), and (3.8) that
HP(X,IJ)HY < max{vll\/h +V1”N1QH1,V2M2 —l—VzHNzXHl}. (39)
Then by (3.6) and (3.9), we can obtain
10 Wy < P y)lly +1(T=P) (%, y)lly
< max{viMj + v1||[N1yl|1, vaMa + v2||Noax||1} + A max{||N1y]|1, || N2x|[1} (3.10)
< max{viMj + o1||[N1y]|1, viM1 + v1||[N1yl}1 + A||Nax|l1, vaM3 ‘
+ 02[|Nax|l1, vaMa + v2[[Nox|l1 + A[Nyylf1 )
Based on (3.10), we need only to discuss the following four cases.
Case 1. ||(x,y)|ly < viM1 + 01]|[N1yl)1.
By (3.1), we have
106 )y < viMa+ (e[l + b1 a1y lloo + el DEylloo)- (3.11)
Since [[x[|oo, D& Xlloos [Ylloo, DS 'Ylleo < [[(x,y) ||y and (3.11), we can get
viMy + o1 (Jlalls + et [1IDE Y lloo)
o < 3.12
[yl 1—o1b1ls (3.12)
Therefore, by (3.11) and (3.12), we have
1D Myl < ! (VM + o1 aglly). (3.13)
1—o1([[bal1 +[leallr)

It follows from (3.11), (3.12), and (3.13) that Q; is bounded.
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Case 2. ||(x,y)|ly < vaMa + 02]|Noax||1.
Similar to that of Case 1, we can also obtain that (O is bounded.
Case 3. [|(x,y)|ly < viMi1+v1|[Nyyll1 + A Nax|l;.
It follows from (3.1) and (3.2) that
1
106 Wy < viMy +vi(flarllt + o1l ][yl + el DS ylloo) (3.14)
+ A(llazll + o211 1xlloo + ezl DG xloo)-

Then, (3.14) implies that

———— [viMy +vi([la [ + [[er ]l IDET )
=01 laillr + [lerll1IDgr Ylloo (3.15)

+A(llazly + [[o2ll[Ixlloo + lle2ll1IDFE xloo ).

Ylleo <

By (3.14) and (3.15), we get
1
Ixlleo < 7= TouT = AToal
+ Alllazlls + lle2l IDE xloo )],
! i
1 —v1|b1]lr — A(][bz]l1 + [[cal1)
+ el DE ylloo) + Allazll1],

—1
viMy + Vi ([l [l + [ler 1D ylloo)

D& |0 < viMy +vi([larfh

and
1

(
L= ([[b1ll1 + [leallr) — Alb2llr + [[ezll1)
which means that Q7 is bounded.
Case 4. |(x,y)|ly < vaMa + va|[Nax|l; + A[Nyyl1.
Similar to that of Case 3, we can also obtain that ); is bounded.

Step 2: Let

IDE Mylloo < viMi + viflai]l1 + Allazll1),

Qs ={(x,y) € kerLI[N(x,y) € ImL}.

Now we are going to prove that (), is bounded.
For (x,y) € Q,, we have (x,y) = (k;t* 1, ktP~1). Notice ImL = ker Q, we get QN(x,y) = (0,0). It
follows from (Aj;) and Lemma 2.7 that

D& x(H)] = klM(«) < My,  IDEy(1)] = [kall(B) < Ma.

Hence » - M, M,
D5+ Xlloo < M1, [IDgs Ylloo < M2, Ix[loo < ki < o)’ [ylloo < [kal < )"
Thus, Q5 is bounded.
Step 3: If the first part of (A3) holds, set
Q3 ={(x,y) € ker L]AJ(x,y) + (1 =A)QN(x,y) = (0,0),A € [0, 1]},
where | : ker L — Im Q is given by
Jkat* L katP ) = (ke k), (ke ko) € R2.
Now we are in position to prove that Q3 is bounded. For (x,y) € Q3, we know
Alka, k1) + (1 —=A)QN(kt* !, kotP 1) = (0,0). (3.16)

There are three cases to be considered.
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Case 1. If A =0, then QN(k;t* 1, ktP~1) = (0,0). By Step 2, we have
M M,
Kl < —L, [kol < 2
[k o) k2| B
Case2. If A\=1, then k; =k, =0.

Case 3. If A € (0,1), we can obtain that [k;| < Dy, |ko| < D». In fact, if [kq] > Dq or |[ko| > Do, it follows
from (3.3), (3.4), and (3.16) that

A = —(1—=AkiQaNa(kit* 1) <0, or Ak3 =—(1—ANkQiN;(kotP™1) <0,
which is a contradiction. Thus Q3 C {(x,y) € kerL | (x,y) = (kit® L ktP~1), [k¢| < max{%,Dl},

k| < max{%, D5}} is bounded.

If the second part of (A3z) holds, then
Q3 = {(X/U) c ker I—| _)\](X/U) + (1 _}\)QN(X/U) = (0/ O)/A S [O/ 1]}/

J is described as in above. By a similar way, we can also obtain that Q)3 is bounded.

Step 4: In the following, we shall prove that all conditions of Theorem 2.3 are satisfied.
Set Q to be a bounded open set of Y such that U}_;Q; C Q. By Lemma 2.12, we know Kp(I— Q)N :
Q — Y is compact. Thus N is L-compact on Q and the following conditions hold:

(i) L(x,y) # AN(x,y) for every ((x,y),A) € [(dom L\ ker L) NoQ] x (0,1);
(i) N(x,y) ¢ ImL for every (x,y) € kerLN0Q.

Finally, we shall prove that (iii) of Theorem 2.3 is satisfied.
Let H((x,y),A) = £AJ(x,y) + (1 —A)QN(x,y). According to the above argument, we have

H((x,y),A) # (0,0) forall (x,y) € kerLN03Q.
Thus, by the homotopy property of degree

deg(QNlgerr, ker LN Q,0) = deg(H(:,0),kerLNQ,0) = deg(H(-,1),ker LN Q,0)
=deg(£], kerLNQ,0) # 0.

Then by Theorem 2.3, (1.1) has at least one solution in Y. O]

4. An example

Consider the following problem

DE.x(1) = f(t,y(1), DLy(b)), te (0,1),

Dz ylt) = g(t, x(t), D2, x(t)), te (0,1),
4.1)

where
th+tsinu, te0, 3], t2+tcosu, tel0, 1],
fltw,v) = glt,u,v) =
th+tdy, te(d 1], Lty te(s, 1.
Equation (4.1) can be regarded as a BVP of the form (1.1), where & = %, B = %, At) = %t, B(t) = gt.
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Choose a;(t) =t*+1, bi(t) =0, ci(t) =3, ap(t) = t2+1t, ba(t) =0, co(t) = t4, and @, (t) = t* +t + 37,
Pr(t) = t2 4+ t + t*r. It is not difficult to see that f and g satisfy Carathéodory conditions. We can easily
get

1 rl 1 3 1 5
J t* 1dA(t) =1, | tP~1aB(t) =1, J t*dA(t) = =, J tBdB(t) = =,
0 JO 0 5 0 9

1 X L 1t L
QN = || (1=9)H(s,y(s), D y(sNas 3 | | (e=s) f(s,y(s),Dg+y(s))dsdt]

Nj—=

Jo 2 Jo Jo
15 (1 1
= ZS 0(1—S)%sf(s,y(S),D&y(S))ds,
45 [ 1 1 pt 1
QuNax = 3¢ || (1=9)tgls,x(s), Dy x(sNas—3 | | (t—s)ig(s,x(s),D5+x(s))dsdt]
1 .
= Te | 1=9)sg(s,x5), D x(s1as.

Choose M =32, M, =16, D; =10, D, =18. It is clear that (A1)-(A3) hold. By simple computations, we
know (3.5) holds. Therefore, all the assumptions of Theorem 3.1 hold, which means that (4.1) has at least
one solution in Y.
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