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Abstract

In this paper, by using the w-compatible conditions of mapping pair, we discuss the existence and uniqueness problem of
the common coupled fixed point for mappings defined on a set equipped with two rectangular b-metrics. Some new common
coupled fixed point theorems are obtained. We also provide illustrative examples in support of our new results. As application,
we provide an existence and uniqueness theorem of common solution for a class of nonlinear integral equations by using
the obtained new result. The results presented in this paper generalize the well-known comparable results in the literature.
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1. Introduction and preliminaries

The concept of rectangular metric space was first introduced by Branciari [6] in 2000. The applications
and theories in rectangular metric space have also been extensively studied by many scholars [2, 3, 5,
8, 10, 12, 14-16, 18, 19, 21] and they also have proved the common fixed point theorems under Banach
contractive conditions and Kannan type contractive conditions in rectangular metric spaces.

In 2015, George et al. [11] introduced the concept of rectangular b-metric space. It is well-known
that rectangular b-metric space is an important generalization of usual metric space, b-metric spaces
[7], and rectangular metric spaces. Since then, Aydi et al. [4], Ding et al. [9], and Roshan et al. [20]
obtained some fixed point and common fixed point results for mappings satisfying different contractive
conditions in rectangular b-metric spaces. However, so far, no one discussed coupled fixed point problem
in rectangular b-metric space.

The purpose of this paper is to prove some new coupled common fixed point theorems for mappings
defined on a set equipped with two b-rectangular metrics. We also provide an existence and uniqueness
theorem of solution for a class of nonlinear integral equations by using the obtained result.

Firstly, given some basic notions before introducing some main results.

Definition 1.1 ([7]). Let X be a nonempty set and s > 1 be a given real number. A function b: X x X —
[0, 00) is a b-metric on X if, for all x,y, z € X, the following conditions hold:
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(b1) b(x,y) =0if and only if x = y;
(b2) b(x,y) =bly,x);
(b3) b(x,z) < sb(x,y) +b(y, z)] (b-triangular inequality).

In this case, the pair (X, b) is called a b-metric space (metric type space).

Definition 1.2 ([6]). Let X be a nonempty set, and let r : X x X — [0, c0) be a mapping such that for all
X,y € X and all distinct points u,v € X, each distinct from x and y:

(R1) r(x,y) =0if and only if x =y;
R2) r(x,y) =r(y,x);
(R3) r(x,z) < v(x,u)+r(u,v) +1(v,z) (rectangular inequality).

Then (X, 1) is called a rectangular or generalized metric space or Branciari’s space.
For properties and definitions of notions in Branciari’s spaces see [5].

Definition 1.3 ([11]). Let X be a nonempty set, s > 1 be a given real number and let 1, : X x X — [0, 00)
be a mapping such that for all x,y € X and distinct points u, v € X, each distinct from x and y:

(Rb1) rp(x,y) = 0if and only if x = y;
(Rb2) v (x,y) =Tb(y,x);
(Rb3) 1p(x,2z) < slrp(x,u) +1p(u,v) + 14 (v, 2)] (b-rectangular inequality).

Then (X,1y) is called a rectangular b-metric space (RbMS) or a generalized b-metric space (b-g.m.s).
Moreover, s > 1 is the coefficient of rectangular b-metric space X.

Note that every metric space is a rectangular metric space and every rectangular metric space is a
rectangular b-metric space (with coefficient s = 1). However the converse is not necessarily true ([11,
Examples 2.4 and 2.5]). Also, every metric space is a b-metric space (metric type space) and every b-
metric space is a rectangular b-metric space (not necessarily with the same coefficient).

Note also that every b-metric space with coefficient s is a rectangular b-metric space with coefficient
s? but the converse is not necessarily true ([11, Example 2.7]).

Definition 1.4 ([11]). Let (X, rp) be a rectangular b-metric space, {xn } be a sequence in X, and x € X. Then

(a) the sequence {xn} is said to be convergent in X and converges to x, if for every e > 0 there exists
ng € N such that 14 (xn, x) < € for all n > ng and this fact is represented by limn, ;0 Xn =X 01 X, = X
as n — oo;

(b) the sequence {xn} is said to be Cauchy sequence in (X, 1y,) if for every e > 0 there exists ng € IN such
that Ty (xn, Xnp) < € for all n > ngp, p > 0 or equivalently, if limy, ;o Ty (Xn, Xn4p) = 0 for all p > 0;

(c) (X,1p) is said to be a complete rectangular b-metric space if every Cauchy sequence in X converges to
some x € X.

Note that limit of sequence in a rectangular b-metric space is not necessarily unique and also every
rectangular b-metric convergent sequence in a rectangular b-metric space is not necessarily rectangular
b-metric-Cauchy ([11, Example 2.7]).

Definition 1.5 ([13]). An element (x,y) € X x X is called a coupled fixed point of the mapping F: X x X —
X, if F(x,y) =x, Fly,x) =y.

Definition 1.6 ([17]). An element (x,y) € X x X is called a coupled coincidence point of the mappings
F:XxX —= Xand g: X — X, if F(x,y) = gx,F(y,x) = gy, and in this case, (gx, gy) is called a coupled
point of coincidence.

Definition 1.7 ([17]). An element (x,y) € X x X is called a common coupled fixed point of mappings
F:XxX—=Xand g: X — X,if F(x,y) =gx =x,F(y,x) =gy =y.

Definition 1.8 ([1]). Let X be a nonempty set. A pair of mappings F: X x X — X and g : X — X are called
to be w-compatible, if F(x,y) = gx and F(y, x) = gy, then we have gF(x,y) = F(gx, gy).
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2. Main results

Theorem 2.1. Let X be a nonempty set and rv1,Tvo are two rectangular b-metrics in X such that Tpa(x,y) <
Tv1(x,y), for all x,y € X. And the real number s > 1 is the coefficient of rectangular b-metric di. Suppose that
F: X x X — Xand g: X — Xare two mappings, and there exist ki, ko, and k3 in [0,1) with0 < k1 + ko + ks <1
and 0 < skz < 1 such that the condition

Tp1(F(x,y), F(w,v)) +1p1(Fly,x), Fiv,u)) < kilrp2(gx, gu) +1v2(gy, gv)]
+ka[rv2(gx, F(x,y)) +o2(9y, Fly, x))] (2.1)
+kalrpa(gu, F(u, v)) 4+ 1p2(gv, Fv,u))]

holds for all (x,y), (u,v) € X x X. If F(X x X) C g(X) and g(X) is rn1-complete, then F and g have a coupled
coincidence point (x,y) € X x X, satisfying that gx = F(x,y) = gy = F(y,x). Moreover, if F and g are w-
compatible, then F and g have a unique common coupled fixed point of the form (u,u), which satisfies that u =
gu = F(u,u).

Proof. Let (xo,yo) € X x X, by making the use of F(X x X) C g(X), then there exist x1,y; € X such that
gx1 = F(x0,Y0), guy1 = F(yo,x0), and gz; = F(zo,xp). By similar arguments as above, we can show that
there exist x2,yz € X such that gx, = T(xq,y1) and gy> = T(y1,x1),---. Repeating the above procedure,
we can construct two sequences {xn } and {yn } such that

gXn+1 = F(Xxn,Yn), 9Yn+t1 = F(Yn,xn), ¥n > 0.

By taking (x,y) = (xn,Yn) and (u,v) = (Xn4+1,Yn+1) in (2.1), we obtain

To1(9%n+1, 9Xn+2) + To1(9Yn+1, gYn+2)

= Tp1(F(Xn, Yn), FXnt 1, Ynt+1)) + o1 (F(Yn, xn), F(Ynt1, Xn 1))

< kilrp2(g%n, gxnr1) +To2(9Yn, gyn+1)] + k2 [ro2(gxn, F(xn, Yn)) + 1o2(gyn, F(Yn, xn))]
+*s3lrv2(gx%n+1, Fn+1,Yns1)) +m02(9Yn+1, FYnt1,Xn+1))]

= Kk1[rv2(gxn, gxn+1) + T62(9Yn, gyn+1)] + kalrv2(gxn, gxn41) +Tv2(9Yn, gyn+1)]
+k3[rb2(g%n+1, 9%n+2) + Tv2(9Yn+1, gYn+2)]

< kilrp1(gxn, 9xn+1) +To1(9Yn, gyn+1)]l + kalro1(gxn, gxni1) +To1(9Yn, gyn+1)]
+ Kk3[To1(9xn+1, gXn+2) + To1(gYn-+1, gYn+2)]-

(2.2)

It follows from (2.2) that

k1 +ko

Tb1(9Xn+1, 9Xn+2) +T1(9Yn+1, 9Yn+2) < > T1(9%n, 9Xn+1) + To1(9Yn, GYn+1)]

2.3)
=k[r (an, gXn+1) +T61(9Yn, 9Yn+1)l,

where k = w2, by the condition 0 < ki +kz +ks < 1, then we have 0 < k < 1. By taking &6, =
Tb1(9Xn, 9Xn+1) +Tb1(gYn, gYn+1) and repetition of the above inequality (2.3) n 4 1 times, we deduce that

k1+kp
1—k3

Sni1 < kbn < K26pq < --- < kK. (2.4)
As (x,y) = (xn,yn) and (1, V) = (Xn42,Yn+2) in (2.1), also with (2.4), we get

Tb1(9%n+1, 9%n+3) +To1(9Yn+1, 9Yn+3)
= Tp1(F(Xn, Yn), Fxn+2, Yn+2)) + 1o1(F(Yn, Xn), F(Yn+2, Xn+2))
< Kilre2(gxn, gxn+2) +To2(9Yn, gyn+2)] + ka[ro2(gxn, F(xn, yn)) + To2(gyn, F(Yn, xn))]
+k3[mp2(gxn 12, F(xn12, Yn+2)) + To2(9Yn+2, F(Yni2, Xn42))]
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= Kki[rp2(gxn, gxn2) + To2(9Yn, gyn2)] + ko[rv2(gxn, 9xn41) +1v2(9Yn, gyn+1)]
+ K3[ro2(9Xn+2, 9Xn+3) + T2(9Yn+2, gYn+3)]
< k1lrb2(gxn, gxn+2) +To2(9Yn, gyn+2)] + kalrva(gxn, gxn 1) + To2(9Yn, gyn+1)] (2.5)
+kak?[ro2(gxn, gXn+1) + Tv2(9Yn, gYnt1)]
= k1[rb2(gxn, gxn+2) + To2(gUn, gyni2)] + (k2 + ksk?) [r62(GXn, gXn+1) + Tb2(9Yn, gYn-+1)]
< K1[rp1(9%n, 9%n+2)+761(9Yn, gyn+2)l+ (k2 +ksk?) [To1(gxn, 9xn11)+761(9Yn, gYni1)l-
By taking
o5 = Tp1(g%n, gXn+2) +Tb1(9Yn, gYn12)

and from k = kll%kk; € [0,1), we have

ki+ky kg +kp

ki + ko 4+ ksk? < ki +kp+ksk =ki + ko + k3 = — k.
1—ks 1—ks3
Consequently, by the use of (2.4) and (2.5), we have
i1 < kidy + (k2 + ksk?)8n < (ka + ko + kak?) max{dn, 85} < kmax{dn, 83, }. (2.6)

It follows from (2.4) and (2.6) that

a1 < kmax{8y, 87} < kmax{kdn_1, kmax{dn_1,55,_1}}

= k? max{6n_1, 011 < K max{dn_z, 8% o} < - < k™ max{d, 851

2.7)

Next, we show that {gx} and {gyn} are Cauchy sequences in g(X). For this, we consider ry1(Xn, Xn4p)
two cases.

Case 1. p is an odd number, assume that p = 2m + 1, then using (Rb3) we obtain

T61(9%Xn, 9Xntp) = To1(9Xn, 9Xnt2m+1)
< s[rp1(gxn, gxnr1) + To1(gXn+1, 9Xn+2) + To1(gXn+2, gXnr2m+1)]
< slrp1(gxn, gxn+1) + To1(gxn+1, gxXn+2)]
+ 5% [rp1 (g%n+2, 9xn+3) + Tv1(9%n+3, 9Xn+4) + Tv1(g%n 14, IXnt2m+1)]
< s[ro1(g%n, 9xnt1) + To1(g%n+1, 9xni2)] + 82 [To1(gXn+2, 9Xn+3) + To1(gXn+3, GXnr4)]

+ 82 [rp1(9%n 14, GXn+5) + To1(9%n+5, GXnt6) + To1(IXn-r6, 9Xnr2m+1)]

N

<
< 8[Mp1(g%n, 9Xn 1) + To1(9x%n 11, 9xXnt2)] + 52 [ro1(gXn 12, GXn+3) + To1(9%n 13, 9Xn14)]

+ 82 [rp1(g%n 14, 9Xnt5) + To1(gXn 15, GXnte)] + - -

+ 8™ [rp1(gXn12m—2, 9Xn+2m—1) + T1(9Xn+2m—1, 9Xn+2m) + To1(9Xn42m, 9Xn42m+1)]-
That is
Tp1(gXn, 9Xn+p)
= Tp1 (QXn, gxn+2m+1)
< slrpy (an, an_H) + Th1 (gxn+1z 9Xn+2)] + Sz[Tbl (9Xn+2/ 9Xn+3) + Tp1 (an+3, 9Xn+4)] (2-8)
+ 82 [rp1(g%n 14, GXn+5) + To1(gXn+5, GXnt6)] + - -

+ 5™ [rp1(gXnt2m—2, FXn2m—1)+Tb1(9Xnt2m—1, PXni2m )] +8 " Tb1 (9Xni2m, GXnt2m+)-

We can similarly prove the following result



F. Gu, J. Nonlinear Sci. Appl., 10 (2017), 4085-4098

4089

Tv1(9Yn, 91Jn+p)
=Tb1(9Yn, gYnt2m+1)
< s[rp1(9Yn, 9Yn+1) + To1(9Yn+1, 9Yn+2)l + 2 o1(9Yn12, 9Yn+3) + To1(9Yn 43, JUn-+4)]
+ 33[Tb1(99n+4/ 9Yn+5) +Tb1(9Yn+5,9yn+6)l + -+
+ 8" [b1(gYnizm—2, GYnizm—1)+Tb1(9Yni2m—1, gYn2m)l+s" To1(gYnizm, GYnizmi1)-

Combining (2.4), (2.8), and (2.9), we have

To1(g%n, 9Xn+p) +Tp1(gYn, gyner)
= Tp1(9%n, g¥n+2m+1) + Tv1(9Yn, gYn+2m+1)
< 5(5n+5n+1)+52(6n+2+6n+3)+' 48" (Onqom—2+Ontom—1)+s" Ontom
<s (kn+kn+l) 50+52 (kn+2+kn+3) 8o+ +s™ (kn+2m72+kn+2m71) 60+Smkn+2m60
— sk (1 + k) [1 45k 4 (k) 4+ (skZ)mfl} 8 + s ™K 2M
[sk” (1+k)-m+ smk““m] o, sk =1,

= - (se)

sk™(1+k)- + smkn+2m> 59, sk?#1,

[sk™(1+K) - m+smk™M2m] 5, sk? =1,

<
( — i]‘:zk mkn+2m) 8o, Skz#l.

Case 2. p is an even number, assume that p = 2m, then using (Rb3) we obtain

To1(9%n, gXn+p)

= Tb1(g%n, gXn+2m)
s[rp1(gxn, gxn+1) + To1(9%n+1, 9Xn+2) + To1(gXn+2, GXn+2m)]
s[re1(gxn, 9Xn41) +To1(9Xn+1, GXn2)]

+ Sz[Tbl (gxXn+2, 9xn43) +To1(9Xn 13, 9Xn44) + To1(9Xn 14, GXni2m )]

NN

NN

sTp1(9%n, 9Xnt1) + To1(9%n 11, 9Xns2)] + 82 [1p1(gXn 12, 9Xn+3) + To1(9Xn 13, 9Xn14)]
+---+ Sm_l [rbl (gxn+2m—4r 9Xn+2m73) + Tp1 (9Xn+2m73, gxn+2m72)]

m—1
+s Tb1(9Xn+2m—2, 9Xn+42m)-

By similar arguments as above,

Tb1(9Yn, gYn+p)
= Tp1(9Yn, 9Yn+2m)
< slrp1(9Yn, gYn+1) + To1(9Un+1, 9Yn+2)] + 82 Mo1(gYn-+2, GUYn+3) + To1(9Yn-+3, GYn-r4)]
+ o4 8™ rp1(gYni2m—4s 9Yntom—3) + To1(9Yn+2m—3, GXn+2m—2)]

+ STH*1 [Tb1 (gyn—l—Zm—Z/ gyn+2m)]-

Combining (2.4), (2.7), (2.11) and (2.12), we have

Tp1(gxn, gxn+p) +Tp1(gyn, gyn+p)
= Tp1(9%n, 9Xn+2m) +T61(9Yn, gYn+2m)

(2.9)

(2.10)

(2.11)

(2.12)
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*

< 5(671 + 6nJrl) + 52(6n+2 + 6n+3) + - Sm_1(6n+2m74 + 6n—|—2m—3) + Sm_16n+2m—2
<s (K™ + k™M) 8 + 57 (K2 4+ K"2) &g
N Sm—] (kn+2m—4 + kn+2m—3) 60 + Sm—lkn+2m—2 maX{SO, dS} (213)
= sk™(1+k) [1 +5k2 4 (sk2) 4 4 (skz)m’z} 8o+ s™ k™A™ 2 max{8y, 55}
sk™(1+k)(m—1)80 + s™ k™ 2m=2max{y, 53}, sk? =1,
N n 1_(Sk2)m71 m—1ypn+2m-—2 * 2
sk™(1+k) ——7— 80 +s k max{do, dj}, sk”#1.

SKEAER) L 50 + s™ 1k 2m—2 max(5y, 5%, sk2 #£ 1.

{ sk™(14+Kk)(m —1)8¢ 4+ s™ 1k +2M =2 max{d,, 55} sk? =1,
1—sk?

Since k € [0,1), so k™ — 0 as n — oo. Taking limit as n — oo in (2.10) and (2.13), we get
Jim [ry1(gxn, gxn+p) +To1(9Yn, gyn+p)l =0,

which implies that {gx, } and {gyn} are Cauchy sequences in g(X). Since g(X) is complete, then there exist
X,y € X such that

Jim gxn =gx and lim gyn = gy.

It follows from (2.1) and (2.4) that

Tp1(g%n+1, F(,y)) +To1(gYn+1, Fly, x))

= Tp1(F(xn, Yn), F(x,Y)) + Tv1(Fyn, xn), Fly, x))

< kilrp2(gxn, 9%) + 102(gYn, gyl + k2 [ro2(gxn, F(xn, Yn)) + 162(gyn, F(Yn, Xn))]
+kslru2(gx, F(x,y)) + 1v2(9y, Fy, x))]

= k1[rb2(gxn, gx) + Tv2(gyn, gy)l + ka[ro2(gxn, g%n+1) + To2(gYn, gyn+1)] 2.14)
+kslru2(gx, F(x,y)) + rv2(gy, Fy, x))]

< kilrp1(gxn, 9%) + 11(9Yn, gy)l + k2[rp1(gxn, gxni1) +T1(9Yn, gYyn 1)l
+kslro1(gx, F(x,y)) + rv1(gy, Fy, x))]

= k1 [rv1(gxn, 9%) + To1(gYn, gy)l + kadn + kslrv1(gx, F(x,y)) +1v1(gy, Fly, x))]

< kilrp1(gxn, 9%) +To1(gyn, gy)l + kok™ 00 + ka[rp1(gx, F(x,y)) + Tv1(gy, Fy, x))].

Applying (Rb3), (2.14), and (2.4) we have

To1(9%, F(x,y)) + 1v1(9y, F(y, X)) < slru1(gx, gxn) + Tv1(9xn, gXn+1) + To1(g%n41, F(x,y))]
+s[rv1(9Y, gyn) + To1(9Yn, gYn-+1) + To1(gYn+1, Fy, x))]
= s[rp1(gx, gxn) +Tp1(9Y, gyn)l + sdn 215)
+ s[rp1(gxn+1, F(x,Y)) + 1o1(gYn+1, Fly, x))]
< s(1+k1)[rp1(gxn, 9%) +To1(gyYn, gy)] + s(1 +ka2) k™59
+ skslrp1(gx, F(x,y)) + 1v1(9y, Fly, x))1.

By taking n — oo in the above inequality (2.15), we have
To1(g9%, F(x,y)) +1v1(9y, Fy, %)) < skslrpi(gx, F(x,y)) +Tv1(gy, Fy, x))]. (2.16)
By condition 0 < skz < 1 and (2.16), we can easily obtain that

Tv1(9%, F(x,y)) +1v1(9y, F(y,x)) =0,
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which implies that
gx = F(x,y) and gy = F(y, x).
Therefore, we conclude that (x,y) is the coupled coincidence point of F and g.

Next, we show the uniqueness of the triple point of coincidence of F and g. Assume that (x*,y*) is
another tripled coincidence point of mappings F and g. By (2.1), we derive

To1(9%, 9x") +Tb1(9y, 9y™) = Tu1(F(x, y), F(x*,y")) + mu1(Fly, x), F(y*, x™))
< kilre2(gx, 9x*) + 1v2(9yY, gy*)] + ka[ru2(gx, F(x, y))
+Tv2(gy, Fly, X)) + kalrua(gx™, F(X™,y*)) + To2(gy™, Fly*, x"))]  (2.17)
=ki1[rp2(gx, gx*) + Tv2(9y, gy™)]
< kilrp1(gx, gx*) +1v1(9y, gy™)l.

By virtue of 0 < k1 < k1 +k» + k3 < 1and (2.17), we deduce

To1(gx, gx*) +1p1(gy, gy™) = 0.

This implies that gx = gx* and gy = gy*. So that the couple point of coincidence of F and g is unique.
Next, we show that gx = gy. In fact, it follows from (2.1) that

To1(9%, gy) + Tu1(9y, 9%) = TB1(F(X,Y), F(y, X)) + 161 (F(Yy, X), F(X, Y))
< kalre2(gx, gy) + 1mo2(9y, gx)] + k2 [ru2(gx, F(x,y)) + Tv2(9y, F(y,x))]
+kslrv2(gy, F(y, x)) + Te2(gx, F(x,y))]
= ki1lrp2(gx, gy) + rv2(gy, gx)]
< kilrpi(gx, gy) + rvi(gy, gx)l.

By making use of 0 < k; < kg + k2 + k3 <1 and (2.17), we deduce

Tv1(9%, 9y) +1p1(gy, gx) = 0.

This means that gx = gy.
Finally, if F and g are w-compatible, then we have g(F(x,y)) = F(gx, gy). Therefore, by taking u = gx,
we have u = gx = F(x,y) = gy = F(y, x), hence we have

gu = ggx = g(F(x,y)) = F(gx, gy) = F(u, u).

Consequently, (gu, gu) is a coupled point of coincidence of g and F, and by its uniqueness, we get gu = gx.
Thus, we obtain F(u,u) = gu = u. Therefore, (u,u) is the unique common coupled fixed point of g and
F. This completes the proof of Theorem 2.1. O

Corollary 2.2. Let 1v1 and vy be two rectangular b-metrics on X such that rpa(x,y) < 1p1(x,y) forall x,y € X,
(X, rv1) with coefficient s > 1, and F: X x X — Xand g : X — X be two mappings. Suppose that there exist k1, ko,
and k3 in [0,1) with 0 < 2(k1 + ko +k3) < 1 and 0 < 2skg < 1 such that the condition

To1(F(x,y), F(u,v)) < kilrua(gx, gu) + 1v2(gy, gv)l + kalru2(gx, F(x,y)) + Te2(gy, Fly, x))]

+ka[rp2(gu, F(w,v)) + Te2(gv, F(v,u))] (2.18)

holds for all (x,y), (w,v) € X x X. If F(X x X) C g(X) and g(X) is rn1-complete, then F and g have a coupled
coincidence point (x,y) € X x X, which satisfies that gx = F(x,y) = gy = F(y,x). Moreover, if F and g are
w-compatible, then F and g have a unique common coupled fixed point of the form (u,u), which satisfies that
u=gu=Fuu).
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Proof. 1t follows from (2.18) that

To1(F(x,y), F(u,v)) < kilrua(gx, gu) +1v2(9y, gv)] + ka[rv2(gx, F(x,y)) + 1o2(gy, Fly, x))]

2.19
T kalroa(gu, F(w,v) + roa(gv, (v, w))], 219)

and

ro1(F(y, %), F(v,u)) < kilrez(gy, gv) + mo2(9x, gu)l + ka[rea(gy, F(y, x)) + rv2(gx, F(x, y))]

2.20
+ Kafroa(gy, F(v,w)) + roalgu, Fuw,v))l. (220

Combining (2.19) and (2.20), we have

To1(F(x,y), F(w,v)) +1p1(F(y, x), F(v, 1)) < 2kq[rp2(gx, gu) +1p2(gy, gv)] + 2ka[ru2(gx, F(x,y))
+712(9Y, F(y, 2))] + 2ks[rp2(gu, F(u, v)) + 1p2(gv, F(v, 1))l

By Theorem 2.1, we can get the conclusion. O

In Theorem 2.1, if we take 1p1(x,y) = Tp2(X,y) = 1p(x,y) for all x,y € X, then we get the following
corollary.

Corollary 2.3. Let (X, 1y) be a ry-complete rectangular b-metric space with coefficient s > 1, F: X x X — X and
g : X — X be two mappings. Suppose that there exist kq, ko, and k3 in [0,1) with 0 < k1 + ko +k3 < 1 and
0 < sks < 1 such that the condition

Tb (F(le)/ F(ulv)) + To (F(U/ X)/ F(V/ u))
< kilre(gx, gu) +16(gy, gv)] + ka[re (g%, F(x, y)) + 16 (g9y, F(y, x))] + kal[ry (gu, F(u,v)) + 6 (gv, F(v,u))]

holds for all (x,y), (u,v) € X x X. If F(X x X) C g(X), then F and g have a coupled coincidence point (x,y) €
X x X, satisfying that gx = F(x,y) = gy = F(y,x). Moreover, if F and g are w-compatible, then F and g have a
unique common coupled fixed point of the form (u, ), which satisfies that uw = gu = F(u, u).

Corollary 2.4. Let 11 and Ty be two rectangular b-metrics on X such that rva(x,y) < 1o1(x,y) forall x,y € X,
(X, rv1) with coefficient s > 1, and F : X x X — Xand g : X = X be two mappings. Suppose that there exist
a; €00,1)(i=123,---,6)with0 < aqy+apx+az3+---+ag < 1land 0 < s(as+ ag) < 1 such that the
condition

Tp1(F(x,y), F(w,v)) < armpa(gx, gu) + axrea(gy, gv) + asrea(gx, F(x,y)) + asre2(gy, Fly, x))

(2.21)
+ astp2(gu, F(w,v)) + agre2(gv, Fv, 1))

holds for all (x,y), (u,v) € X x X. If F(X x X) C g(X) and g(X) is rn1-complete, then F and g have a coupled
coincidence point (x,y) € X x X, which satisfies that gx = F(x,y) = gy = F(y,x). Moreover, if F and g are
w-compatible, then F and g have a unique common coupled fixed point of the form (u,u), which satisfies that
u=gu=F(u,u).

Proof. Given (x,y), (u,v) € X x X, it follows from (2.21) that

Te1(F(x,y), F(w,v)) < a1mp2(gx, gu) + aarv2(gy, gv) + asre2(gx, F(x,y)) + asmv2(gy, Fly,x))

2.22
+ asTp2(gu, F(u,v)) + agrp2(gv, Fv,u)) (2.2

and

To1(F(y, x), F(v,u)) < a1mp2(gy, gv) + azre2(gx, gu) + azrva(gy, Fly, x)) + asre2(gx, F(x,y))

2.23
+ asrTpa(gv, F(v, 1)) + agrpa(gu, F(u,v)). (2.23)
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Combining (2.22) and (2.23), we have

To1(F(x,y), F(w,v)) + 11 (F(y,x), Fv,u)) < (a1 + az)lre2(gx, gu) +1v2(gy, gv)]
+ (a3 + ag)lrv2(gx, F(x,y)) +Tv2(g9y, Fly, x))]
+ (a5 + ag) [rv2(gu, F(u,v)) +1p2(gv, Fv, u))l.

Therefore, the result follows from Theorem 2.1. O

Remark 2.5. If we take 141(x,y) = mp2(x,y) = mv(x,y) for all x,y € X, where 1}, is a rectangular b-metric
on X, then Corollary 2.4 will be reduced to a new result.

The following corollary can be obtained from Theorem 2.1 immediately.

Corollary 2.6. Let 1,1 and Ty be two rectangular b-metrics on X such that rva(x,y) < 1o1(x,y) forall x,y € X,
and F: X x X — Xand g : X — X be two mappings. Suppose that there exists k € [0, 1) such that the condition

Thi (F(XIU)/ F('LL,V)) + Tbl(F(U/ X),F(V, 'LL)) < k[TbZ(gxl gu) + TbZ(gy/ gV)]

holds for all (x,y), (w,v) € X x X. If F(X x X) C g(X) and g(X) is rn1-complete, then F and g have a coupled
coincidence point (x,y) € X x X, which satisfies that gx = F(x,y) = gy = F(y,x). Moreover, if F and g are
w-compatible, then F and g have a unique common coupled fixed point of the form (u,u), which satisfies that
u=gu=F(u,u).

Corollary 2.7. Let 11 and Ty be two rectangular b-metrics on X such that rva(x,y) < 1p1(x,y) forall x,y € X,
and F: X x X — Xand g : X — X be two mappings. Suppose that there exists k € [0, 1) such that the condition

ro1(F(x,y), F(w,v)) +1p1(F(y, %), Fv, 1)) < klrv2(gx, F(x, y)) + mv2(9y, Fly, x))]

holds for all (x,y), (w,v) € X x X. If F(X x X) C g(X) and g(X) is rn1-complete, then F and g have a coupled
coincidence point (x,y) € X x X, which satisfies that gx = F(x,y) = gy = F(y,x). Moreover, if F and g are
w-compatible, then F and g have a unique common coupled fixed point of the form (u,u), which satisfies that
u=gu=F(u,u).

Corollary 2.8. Let 11 and vy be two rectangular b-metrics on X such that rpa(x,y) < 1p1(x,y) forall x,y € X,
(X, rv1) with coefficient s > 1, and F : X x X — Xand g : X — X be two mappings. Suppose that there exists
k € [0,1) with 0 < sk < 1 such that the condition

o1 (F(x,y), F(w,v)) + rea (F(y, x), Fv, u)) < kirva(gu, F(u, v)) + mo2(gv, F(v,u))]

holds for all (x,y), (w,v) € X x X. If F(X x X) C g(X) and g(X) is rn1-complete, then F and g have a coupled
coincidence point (x,y) € X x X, which satisfies that gx = F(x,y) = gy = F(y,x). Moreover, if F and g are
w-compatible, then F and g have a unique common coupled fixed point of the form (u,u), which satisfies that
u=gu=F(u,u).

Let g = Ix (the identity mapping) in Theorem 2.1 and Corollaries 2.2-2.4, 2.6, 2.7. Then we have the
following results.

Corollary 2.9. Let 11 and Ty be two rectangular b-metrics on X such that rpa(x,y) < 1p1(x,y) forall x,y € X,
(X, rv1) with coefficient s > 1 and F : X x X — X be a mapping. Suppose that there exist k1, ko, and k3 in [0,1)
with 0 < kg + ko + ks < 1and 0 < skg < 1 such that the condition

To1(F(x,y), F(w,v)) +1u1(F(y,x), F(v,u)) < kilrpa(x, u) +1p2(y, v)] + ka[re2(x, F(x,y))
+ TbZ(U, F(y/ X))] + kS [TbZ(u/ F('LL,V)) + sz(vl F(VI u))]

holds for all (x,y), (u,v) € X x X. If X is ry1-complete, then F has a unique coupled fixed point of the form (u,u),
which satisfies that u = F(u, u).
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Corollary 2.10. Let 1v1 and 1vp be two rectangular b-metrics on X such that rpa(x,y) < 1p1(x,y) forallx,y € X,
(X, rv1) with coefficient s > 1 and F : X x X — X be a mapping. Suppose that there exist k1, ka, and k3 in [0,1)
with 0 < 2(kq1 + ko +k3) < 1and 0 < 2skg < 1 such that the condition

To1(F(x,y), F(w,v)) < kilrva(x, 1) +1p2(y, v)] + ka[re2(x, F(x, y)) + 1o2(y, Fly, x))]
+ k3 [rbZ (LL, F(u,v)) + Th2 (V, F(V, LL))]

holds for all (x,y), (u,v) € X x X. If g(X) is ryp1-complete, then F and g have a coupled coincidence point (x,y) €
X x X, which satisfies that gx = F(x,y) = gy = F(y, x). Moreover, if F and g are w-compatible, then F and g have
a unique common coupled fixed point of the form (u,w), which satisfies that u = gu = F(u, u).

Corollary 2.11. Let (X, 1y,) be a rn-complete rectangular b-metric space with coefficient s > 1,and F: X x X — X
be a mapping. Suppose that there exist ki, ko, and k3 in [0,1) with 0 < k1 + ko +k3 < 1 and 0 < skz < 1 such
that the condition

Tb(F(X/y)/F(uIV)) +Tb(F(y/X)/F(V/U«)) < kl[Tb(X,U.) +Tp (UIV)] + k2[Tb (X/F(X/U)) +Tp (UIF(UIX))]
+ k3 [Tb (U_, F(u,v)) +Tb (V, F(V, U))]

holds for all (x,y), (uw,v) € X x X. Then F has a unique coupled fixed point of the form (u,w), which satisfies that
u=gu = F(u,u).

Corollary 2.12. Let 11 and rvp be two rectangular b-metrics on X such that rpa(x,y) < p1(x,y) forallx,y € X,
(X, mp1) with coefficient s > 1 and F : X x X — X be a mapping. Suppose that there exist a; € [0,1) (i =
1,2,3,---,6) with0< a1 +ay+az+---+ag <1land 0 < s(as + ag) < 1 such that the condition

To1(F(x,y), F(u,v)) < aimpal(x, u) + asrp2(y, v) + asrpa(x, F(x,y)) + aarpa(y, Fly, x))
+ asTp2(u, F(u,v)) + agrpa (v, F(v,u))

holds for all (x,y), (u,v) € X x X. If (X, Tv1) is complete, then F has a unique coupled fixed point of the form (u,u),
which satisfies that w = gu = F(u, u).

Corollary 2.13. Let 11 and 1vp be two rectangular b-metrics on X such that rpa(x,y) < 1vp1(x,y) forallx,y € X,
and F : X x X — X be a mapping. Suppose that there exists k € [0,1) such that the condition

rbl(F(X/y)/F(urv)) +Tb1 (F(y,X),F(V,‘LL)) < k[TbZ(X,‘LL) =+ TbZ(y/V)]

holds for all (x,y), (w,v) € X x X. If (X, Tp1) is complete, then F has a unique coupled fixed point of the form (u,u),
which satisfies that uw = gu = F(u, u).

Corollary 2.14. Let 11 and 1vp be two rectangular b-metrics on X such that rpa(x,y) < 1p1(x,y) forallx,y € X,
and F: X x X — X be a mapping. Suppose that there exists k € [0,1) such that the condition

rbl(F(X/U)/F(UzV)) + Tb1 (F(UIX)/F(V/ 'LL)) < k[TbZ(X/ F(X/y)) + rbZ(U/ F(y/ X))]

holds for all (x,y), (u,v) € X x X. If (X, Tp1) is complete, then F has a unique coupled fixed point of the form (u, u),
which satisfies that uw = gu = F(u, u).

Corollary 2.15. Let 11 and 1y be two rectangular b-metrics on X such that rpa(x,y) < rp1(x,y) forallx,y € X,
(X, Tv1) with coefficient s > 1, and F : X x X — Xand g : X — X be two mappings. Suppose that there exists
k € [0,1) with 0 < sk < 1 such that the condition

Tb](F(X/y)/F(u/V)) + Tbl(F(y,X),F(V,U)) < k[rbZ(u/F(u/V)) + sz(V,F(V, 'LL))]

holds for all (x,y), (u,v) € X x X. If (X, p1) is complete, then F has a unique coupled fixed point of the form (u, u),
which satisfies that uw = gu = F(u, u).
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It follows by taking coefficient s = 1 (for the space X) in Theorem 2.1, then we have the following
corollary.

Corollary 2.16. Let X be a nonempty set and r1, 1o are two rectangular metrics in X such that r»(x,y) < r1(x,y),
forall x,y € X. Suppose that F : X x X — X and g : X — X are two mappings, and there exist kq, ko, and k3 in
[0,1) with 0 < kg + ko + k3 < 1 such that the condition
r1(F(x,y), Flw,v)) +r1(Fy, x), F(v, u))
< kilra(gx, gu) +12(gy, gv)l + kalra(gx, F(x,y)) + 12(gy, Fy, x))] + ks[r2(gu, F(w,v)) + T2(gv, F(v,u))]
holds for all (x,y), (u,v) € X x X. If F(X x X) C g(X) and g(X) is ri-complete, then F and g have a coupled
coincidence point (x,y) € X x X, satisfying that gx = F(x,y) = gy = F(y,x). Moreover, if F and g are w-

compatible, then F and g have a unique common coupled fixed point of the form (u, ), which satisfies that u =
gu = F(u,u).

Remark 2.17. If we take coefficient s = 1 (for the space X) in Corollaries 2.2-2.4, 2.6-2.15, then several new
results can be obtained in two rectangular metric spaces.

3. Application to integral equations

Example 3.1. Let X = R and define d : X x X — R as 1 (x,y) = x —y[¥, x,y € X, where k > 1. Then
(X,Tp) is a rectangular b-metric space with coefficient s = 3%~1. In fact, the conditions (Rb1) and (Rb2)
are clear. Next we show that (Rb3). From the convexity of function f(x) = x* for x > 0 and by Jensen
inequality we have

(a+b+c) <3 (ak+b*k+ck)

for nonnegative real numbers a, b, c. This means that
(% y) = Ik —yl* < (x—zl+lz—wl+w—y)* <3 (Ix — 2% + |z —w* + w —y[¥)
= 3% 1ry (x,2) +1p (2, W) + 1o (W, y)],
which implies that (Rb3) holds, hence (X, 1) is a rectangular b-metric space with coefficient s = 31,

Example 3.2. Let X = R and 11, Tp2 are two rectangular b-metrics in X such that

(x—y)?
2

Tbl(xly) = (X—U)Z/ TbZ(XIU) = ’ VXIU e X.

Define F: X x X = X and g : X — X respectively by

F(x,y) = %, gx=2x, Vx,yc<X
It is easy to see that F(X x X) C g(X), g(X) is rp1-complete, and F and g are w-compatible.

On the other hand, we have

o1 (F(x,y), F(w,v)) = (F(x,y) — F(w,v))?
B (x—y u—v)z
3 3
B <x—u v—y)z
= +
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1 ((ZX—ZLL)Z N (2y —2\1)2)

9 2 2
1 x — gu)? — gv)? 1
:9(@ 29)+“w29)>=9Mﬂ%gm+mﬂ%&WL
By similar arguments as above, we can show that
1
ro1(Fy, z), Fv,u)) < lre2(gy, gv) + Tea(gx, gull.

Combining the above two inequalities, we obtain

2
To1(F(x,y), F(w,v)) +1p1(Fly, x), F(v,u)) < §[Tb2(97<r gu) +1v2(gy, gv)l.

Then by Corollary 2.6, F and g have a unique common coupled fixed point, in fact, (0,0) is the unique
common coupled fixed point of mappings of F and g.

Next, we assume that X = Cla, b] is the set of all continuous functions. Define two rectangular b-
metrics respectively by

max _[x(t) —y(t)[*
k tE[Cl,b]
Tp1(x,y) = max [x(t) —y[t)[~, Te2(x,y) =

, Wx,ye X, (k=1).
tela,b] 2 Y ( )

Then the coefficient of two rectangular b-metrics is s = 3*~!. Consider the nonlinear integral equation set
as follows:

{x(r) = K(r) + [ G(r, )[f(t, x(t)) + g(t,y(t))]dt, )

y(r) = K(r) + ¢ G(r, Dt y() + g(t, x(t))]dt.
Next, we will analyze (3.1) under the following conditions:

(i) f,g:[a,b] x R — R are three continuous functions.

(ii)) K:[a, b] — R are continuous functions.

(iii) G:[a,b] x R — [0, +0c0) are continuous functions.

(iv) There exists p, q > 0 such that for all x,y € R,
{|f(t,x(t)) —f(t,y(t) < plx—yl,

<
< qlx—yl.

|
l9(t, x(t)) — g(t, y(1))]
\

k
b
1 .
rg}g,)é} <L |G(r,t)|dt) < SRTILE with L =max{p, q}.

Theorem 3.3. Under the conditions (i)-(v), the integral equation (3.1) has a unique common solution on [a, b].

Proof. Define F: X x X — X and g : X — X respectively by

b
Fix,y)(1) = K(r) +J G(r, OIF(t, x(1)) + g(t,y(0))]dt,

a

gx =2x,Vx € X, t € [a,b],x,y €X,
Tu1(F(x,y), Flu,v)) = max F(x,y)(r) — Flu,v)(1)*, YxyuveX
rela,
max;¢(q,b) IF(x,y)(r) — F(u, v)(r)[*

TbZ(F(Xzy)/F(u/V)) = > P Vx,y,u,v € X.
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It is easy to see that F(X x X) C g(X), g(X) is rp1-complete, and F and g are w-compatible.
On the other hand, from (iv) and (v), we have

[F(x,y)(r) = F(w,v) (r)[*

b k

b
J G(r, t)[f(t, x(t)) — f(t, u(t))ldt +J G(r, t)lg(t, y(t)) —g(t, v(t))]dt

a

k
+ 2kl

b 13
J G(r, t)[f(t, x(t)) —f(t,u(t))]dt

a

b
J G(r,1)lg(t, (1)) — glt, v(t))dt

| |

k

b
J G(r, t)[f(t, x(t)) — f(t,u(t))]dt| +

a

b
j G(r, Vlg(t, y(t) — glt, v(1))]dt

a

% K b k
<2 [pk <t2}2§,] Ix(t)—u(t)|> q* <th3§)] |y(t)—v(t)|> ](J G(r,t)dt>

a

1
L 2RIk t) —u(t)[® ) — ()]
L?ES,’E] () () + max fylt) — V(O] ot
1
< — 2x(t) — 2u(t)[* 2y(t) —2v(t)[*
k2 Lrer[l%]I x(t) —2u(t)| +t§2’>§]l y(t) —2v(t)] ]
1
= i1 Mo2(9%, gu) +1v2(gy, gv)l.
It follows from the above inequality, we have
1
ro1(F(x,y), Flu,v)) = max IF(x,y)(r) = F(u,v)(r)[* < i1 Mo2(9%, gu) +1v2(gy, gv)l. (3.2)
By similar arguments as above,
1
To1(F(y, %), Fv, 1) < 57 [re2(9y, gv) + To2(gx, gu)l. 3.3)

It follows from (3.2) and (3.3) that we have

1
To1(F(x,y), F(w, v)) +161(F(y, x), F(v, 1)) <o frea(gx, gu) +1e2(gy, gv)l.
Consequently, all the conditions of Corollary 2.6 are satisfied. It follows from the result of Corollary 2.6
that F and g have a unique common coupled fixed point (u,u), satisfying F(u,u) = gu = u. So (u,u) is
the unique solution of integral equation (3.1). O
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