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Abstract

In this paper, an iterative algorithm investigated for m-accretive and inverse-strongly accretive operators. Also, a weak
convergence theorem for the sum of two accretive operators is established in a real uniformly convex and g-uniformly smooth
Banach space. (©2017 All rights reserved.
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1. Introduction

Let C be a nonempty closed and convex subset of a Hilbert space H and let T : C — 2" be a maximal
monotone operator. The corresponding zero problem of operator T is to find X € C such that 0 € Tx. An
efficient method for solving the problem is the proximal point algorithm, proposed by Martinet [16, 17]
and generalized by Rockafellar [22, 23]. In the case that operator T can be decomposed into the sum
of two monotone operators, that is, T = A + B, where A and B are monotone operators, the problem is
reduced to as follows:

find x € C such that 0 € (A + B)x. (1.1)

The solution set of (1.1) is denoted by (A + B)~1(0). In this paper, we will focus our attention on prob-
lem (1.1), which is very general in the sense that it includes, as special cases, convexly constrained lin-
ear inverse problems, split feasibility problem, convexly constrained minimization problems, fixed point
problems, variational inequalities, Nash equilibrium problem in noncooperative games and others; see,
for instance, [2, 3, 9, 10, 19] and the references therein.

Because of their importance, forward-backward splitting methods, which were proposed by Passty
[18], and, in a dual form for convex programming, by Han and Lou [13], for solving (1.1) have been
studied extensively recently; see, for instance, [4, 15, 20, 21, 25] and the references therein. However,
most of them are established in the framework of Hilbert spaces. The main reasons are that their iterative
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algorithms in the framework of Hilbert spaces are based on the good properties of resolvent operators of
monotone operators, but these properties are not available in the framework of general Banach spaces.

The aim of this paper is to present a forward-backward splitting method for solving (1.1) in the
framework of real Banach spaces. The main tool in this article is Xu’s inequalities and the framework of
the spaces is real uniformly convex and q-uniformly smooth Banach spaces. The paper is organized in
the following way. In Section 2, we present the preliminaries that are needed in our work. In Section 3,
we present a theorem of weak convergence for m-accretive and inverse-strongly accretive operators. In
Section 4, some sub-results are presented in the framework of real Hilbert spaces.

2. Preliminaries

Let E be a real Banach space and let E* be the dual space of E. Let w: R — R*, where R denotes
the set of nonnegative real numbers, be a continuous strictly increasing function such that w(0) = 0 and
lims_ 0 W(s) = oo, we associate with it a possibly multivalued generalized duality map Jg : E — 2F
defined as Jq4(x) := {y € E* : y(x) = [|x[|w(|[x]]),w(||x]]) = [[y]|}, for all x € E. In this paper, we use the
generalized duality map associated with the gauge function w(t) =t9-1 for g > 1,

Jq:={y € (y,x) = Ix||9, yl = |91}, ¥xeE.

In particular, g(t) = t, we write J for J4 and call J the normalized duality mapping.
Let Sg ={x € E: ||x|]| = 1}. E is said to be smooth or said to be have a Gateaux differentiable norm if
and only if the limit
lim ([|x + ty[| — [|Ix][)/t
t—0

exists for each x,y € Sg. Eis said to be uniformly smooth or said to have a uniformly Fréchet differentiable
norm if the limit is attained uniformly for x,y € Sg. E is said to have a uniformly Gateaux differentiable
norm if for each y € Sg, the limit is attained uniformly for all x € Sg.

Let Mg : [0,1) — [0,1) be the modulus of smoothness of E defined by

Ix+yll+lIx =yl =2
2

ME = sup( :x € Sg, |yl <tk

A Banach space E is said to be uniform smoothness if Mg(t) — 0 ast — 0. Let ¢ > 1. A Banach space
E is said to be a g-uniformly smooth Banach, if and only if there exists a fixed constant ¢ > 0 such that
ME (t) < ct9. It is known that E is uniformly smooth if and only if the norm of E is uniformly Fréchet
differentiable. If E is a g-uniform smoothness Banach space, then q < 2 and E is uniformly smooth,
and hence the norm of E is uniformly Fréchet differentiable, in particular, the norm of E is Fréchet
differentiable.

Recall that the modulus of convexity of E is defined by

X+y
2

eF(8) = inf{1 — || |:llx—yll =6, x| <1yl <1}, Vv6€l0,2].
E is said to be uniformly convex if €£(0) = 0, and €(8) > 0 for all 0 < & < 2. It is known that a Hilbert
space is 2-uniformly convex, while L, is max{2, p}-uniformly convex for every p > 1.

Typical examples of both uniformly convex and uniformly smooth Banach spaces are L,,, where p > 1.
More precisely, L, is min{p, 2}-uniformly smooth for p > 1.

Recall that a Banach space E is said to be strictly convex if and only if ||x +y|| < 2 for all x,y € Sg
with x # y.

Let T be a mapping on E. The fixed point set of T is denoted by F(T). Recall that T is said to be
contractive iff there exists a constant k € (0, 1) such that

[Tx — Tyl < x[x,yll, YxyeC.



H. Zhao, S. Y. Cho, J. Nonlinear Sci. Appl., 10 (2017), 4099-4108 4101

We know that the sequence generated in the Picard iterative algorithm x,, 11 = Txn converges to the
unique fixed point of T.
Recall that T is said to be nonexpansive iff

Me—=Tyl < lx—yll, ¥yeC
For the class of nonexpansive mappings, their fixed point sets may be empty.

Example 2.1 ([1]). Let H = L'0,1] and let C := {f € 1L1[0,1] : fé f(x)dx = 1,0 < f < 2}. Define ||f||; =
f(l) [f(t)|dt. Then C is weakly compact and convex.

(TF)(t) = min{2f(2t), 2}, 0<
min{2f(2t —1)—2,0}, <

Then T is a nonexpansive mapping C — C without a fixed point.

Example 2.2 ([1]). Let H =1}, i.e., all sequences {xn} such that } [|xn| < co

Iealli = 3 henl:
Let T: 1! = U be the shift operator Txn, = (0,%x1,x2,--),
C:={{xn}t:xn =20, |xnl1 =1}
Then T : C — C is a nonexpansive mapping without a fixed point.

It is known if C is convex bounded and closed, then the set of fixed points is not empty. Iterative
methods are efficient to study fixed point problems of nonexpansive mappings; see [11, 24, 28] and
the references therein. If H is a Banach space instead of a Hilbert space, then we have the following
approximate fixed point result. Let C be a bounded closed convex subset of a Banach space,and T: C — C
is nonexpansive, then T has an approximate fixed point, i.e., there exists a sequence x,, € C such that
|[Txn —Xn|| — 0. Indeed, for each 1 > A > 0, define TA\x = TAx. Then A||x —y|| > ||Tax — Thy||. Using
Banach contractive principle, there exists x) € C such that Tyx) = xx. Now

HTX)\ —X)\H = HTX)\ —T)\X)\H = HTX)\ —T)\X)\H g (1 —}\)HX)\H — 0.

Then T has an approximate fixed point.

However, for the class of nonexpansive mappings, Picard iterative algorithm fails to converge for
nonexpansive mappings even with fixed points. Mann iterative algorithm has been recently investigated
to study fixed point problems of nonexpansive mappings. The convex combination between nonexpansive
mappings and the identity mapping improves the regularization of the original nonexpansive mappings.
Recall that the Mann’s iterative process generates a sequence {x,,} in the manner

X0 €C, Xni1=0onTxn+(1—on)xn, ¥n =0,

where {;,} is a sequence in (0,1).

We have the following celebrated result. Let H be a Hilbert space and let C be a closed and convex
subset of H. Let T : C — C be a nonexpansive mapping with a nonempty fixed point set. Let {xn}
be a sequence generated in the Mann'’s iterative process. Assume that ) o, an(l — an) = co. Then
{xn} converges weakly to a point in F(T). We also remark here that the above result is still valid in the
framework of uniformly convex Banach spaces with a Fréchet differentiable norm.

Let I denote the identity operator on E. An operator A C E x E with domain D(A) ={z € E: Az # ()}
and range R(A) = U{Az:z € D(A)} is said to be accretive if, for t > 0 and x,y € D(A),

[x=yll < llx—y+tu—v)[, vueAxveAy.
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A is said to be ¢-strongly accretive if, for x,y € D(A), there exists a jq(x1 —x2) € Jq(x1 —x2) such that
(u=v,jgx—y)) 2 ¢([x —yl)lIx—yll, VueAx,veAy.

It is clear that every ¢-strongly accretive operator is accretive. It follows from Kato [14] that A is accretive
if and only if, for x,y € D(A), there exists j4(x1 —x2) such that

(u=v,jq(x—y)) = 0.

An accretive operator A is said to be m-accretive if R(I+1A) = E for all r > 0. In a real Hilbert space, an
operator A is m-accretive if and only if A is maximal monotone. In this paper, we use A~1(0) to denote
the set of zeros of A.

For an accretive operator A, we can define a firmly nonexpansive single-valued mapping J2 : R(I+
TA) — D(A) by JA = (I+7A) ! for each v > 0, which is called the resolvent operator of A.

Recall that a single-valued operator A : E — E is said to be a-strongly accretive if there exists a
constant « > 0 and some jq(x —y) € Jq(x —y) such that

(Ax—Ay,jq(x —y)) > ofx —y[|9, Vx,y €L

A : E — Eis said to be a-inverse strongly accretive if there exist a constant « > 0 and some jq(x —y) €
Jq(x —y) such that
(Ax—Ay,jq(x —y)) > af|[Ax — Ay||Y, Vx,y€E.

The following lemmas also play an important role in this article.

Lemma 2.3 ([25]). Let E be a real q-uniformly smooth Banach space. Then the following inequality holds: (|x +
yll* = [x[19)/a < (y,3q (x +y)) and

(x+yll? = IIx[1T = Kqllyll?)/q < {y,3q(x)), ¥xy €L,
where K is some positive constant.

Lemma 2.4 ([21]). Let E be a real Banach space and let C be a nonempty closed and convex subset of E. Let
A : C — E be a single-valued operator and let B : E — 2F be an m-accretive operator. Then

(A+B)71(0) =F(Ja(I-aA)),
where ] is the resolvent operator of B for a > 0.

Lemma 2.5 ([27]). Let p > 1 and v > 0 be two fixed real numbers. Then a Banach space E is uniformly convex if
and only if there exists a continuous strictly increasing convex function @ : [0,00) — [0, 00) with ¢(0) = 0 such
that

(aP(1—a) + (1 — a)Pa)p(x—yl) < alx[[P + (1 — Q)|[y[P — [lax+ (1 - a)y|]”

forallx,y € {x e E:||x|| < r}and a € [0,1].

Lemma 2.6 ([7]). Let E be a real uniformly convex Banach space and let C be a nonempty closed convex and
bounded subset of E. Then there is a strictly increasing and continuous convex function 1 : [0, 00) — [0, co) with
@(0) = 0 such that, for every Lipschitzian continuous mapping T : C — C and for all x,y € C and t € [0, 1], the
following inequality holds:

Ly (x—yll =L Tx = Ty|l) > IT(tx + (1 —t)y) — (tTx + (1— ) Ty) |,

where L > 1 is the Lipschitz constant of T.
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Lemma 2.7 ([6]). Let C be a nonempty convex closed subset of be a uniformly convex Banach space. If T: C — C
is nonexpansive, then we have the following implication

Xn — Z,
— Tz=12z
Xn — Ixn — 0,

Lemma 2.8 ([12]). Let E be a uniformly convex Banach space. Let E* be the dual space of E with the Kadec-Klee
property. Assume that {xn} is a bounded sequence such that the limit ||q1xn — q3 + (1 — a)qz|| exists as n — oo
forall q € [0,1] and qo,q3 € Ww(xn), Where Wy (xn) == {x : Ixn, — x} denotes the weak w-limit set of {xn}.
Then w-, (xn) is a singleton set.

3. Main results

Theorem 3.1. Let C be a nonempty convex and closed subset of a real uniformly convex and q-uniformly smooth
Banach space E. Let Kq be the smooth constant E. Let B : Dom(B) C C — 2F be an m-accretive operator and let
A : C — E be an o-inverse strongly accretive operator. Assume (B + A)~1(0) # (). Let {xn} be a sequence defined
by: xo € C and

zn ~ (I+ TnB)_l (Xn —TnAXn),
Xn41 = (1 —an)zn + &nxn, Vn >0,

where the criterion for the approximate computation of zn is ||(I1+1mB) " (xn — TnAXn) — zn|| < en, and {on}
and {rn} are real sequences satisfying the following restrictions: Z?O:o en <00, 0<an<a<l,and ) <r<
quﬂ_l < 1’ < qow. Then {xyn} converges weakly to some zero of B+ A.

Proof. First, we show iterative sequence {xn,} is bounded. Fixing p € (A + B)~1(0), one finds

[Xn+1 =PIl < anlxn =Pl + (1 = xn)|lzn —p|
<(1- “n)H]Fn(Xn — TnAXn) _ZnH +(1— “n)H]En(Xn —ThAXn) _pH + anHxn —PH
< (1= o) |[(xn = TnAXR) — (P —TnA)p|| + (1 — o) |len | + an|Xn — 7P|

From Lemma 2.3 and the restriction imposed on {ry }, one has
[(I=rnA)x — (I=mnA)Y[|T < Kqri[[Ax — Ay 9 + [[x —y[|T — grn(Ax — Ay, Jq(x —Y))
< Kgrp[Ax = Ay[|9 + [[x —y[| — qrnof|Ax — Ay 9
= (Kqri ™' = qa)rn [ Ax — Ay||9 + |[x —yl|9 < [x—y|9.
Hence, we have
[xnt+1 =PIl < [[xn =Pl + [len]]-

Since ) {2 ,en < oo, we find that the limit of ||x,, — p|| exists as n — oo, in particular, {x,} is a bounded
sequence. Putting y,, = ]]fn (xn — ThAXxy ), we find from Lemma 2.5 that

[yn —p + (1= TnA)xn — (I—TnA)p)||? =29 H%(yn —p)+ %((I —ThA)xn — (I=ThA)p)||?
<29 yn — |9+ 297 (I = A)xn — (I—Tn A)p| @
—o(Ilyn—p) — (1= TAXn — (1= A)D) )
<29 (1= T A)xn — (1= Ta AJp||
—o(Iyn—p) = (1= A)xn — (1= AIP) ).
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Since B is an m-accretive operator, we find that

—ThAXn —y (I—1,A)p — q
lyn =PIl < |3 ( ninSn L TnE PP by
n
_ H (I_TnA)Xn_(I_TnA)pHC(
2
1 1 q
= HE(UTL —p)+ E((I —TnA)xn — (1 —TnA)P) H
< [lxn =19 — (g = Kqri ™ rn [ Axn — Ap]|
7@(”(%_]@) — (I=TpA)xn — (I—rnA)p)H).
Since || - ||9 is a convex function, we find that
[Xn1 =P < (1 —an)lzn =Pl + anlxn —p||?
< (I —an)yn —p+zn —yYnl T+ anlxn —p|
< (1 o‘n)(H‘Jn =PI+ q(zn —Yn,Jq(zn —P)>) + o [[xn —p||9
< (T—on)l[yn =Pl + q{zn —Yn,Jq(zn —P)) + anllxn —p||
< (T—om)llyn —p| +QHenllllzn—Plqul+0¢n||Xn—PHq
< xn =pll? = (1= an) 5z @ ([ (Yn —p) = (I=rnA)n = (I=TnA)p)|)

—(1—on)(xq— KqTﬂ Jrn|[Axn — APH“' +qllenlllzn —pll9".
It follows from the restrictions imposed on {x,} and {r,} that

lim ||Ap —Axn| =0 (3.1)
n—oo

and
lim |[yn —xn +1n(Axn —Ap)|| =0. (3.2)

n—oo

Note the fact
[yn = xnll < [[yn +rn(Axn = TnApP) — xn | + Tn|[Axn — Ap||.

It follows from (3.1) and (3.2) that

lim H]r —TnAXxn) —xn| =0. (3.3)

n—oo

Notice that
(raxn = JE (1= A xn) = 7xn = J2, (1= 1nA)xn), Tq (JE (1= TA n = JE, (1= 10 AJxn) ) > 0.
Hence, we find that
[%n = Jrn (T = Tn A xn | [T+ (I = TA)xn — ] (I—TnA)xn |97
P = I8 (LT A, 3 (1P A =8, (1= A )

> H]E(I —TA)Xn — I]rsn(l —TnA)xa 9.

WV

This implies that [|J8(I—rA)xn — ]2 (I—=1hA)yn| < [[xn —J8 (I—1nA)xn||. It follows that

H]E(I —TA)Xn —Xn|| < H]E(I —TA)Xn — ]EH(I —TnANXn |+ [[Jr (T = TnA)Xn — Xn ||
<2||Jr (I=TnA)Xn —Xn |-
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From (3.3), we arrive at
Tim |18 (xn — 7Axn) — x| = 0.

Define mappings T, : C — C by

Tn=onl+ (1—an)]p (I—-ThA), Vx€C,
where [ is the identity mapping and set

Snm=Tntm-1Tngm—o2-Th, Vnm=>1
Then S;, m is nonexpansive and Sy, mXn = Xn4+m. Forallt € [0,1] and n,m > 1, put

an(t) = lu—txn — (1 —t)v|,

and
brm = [[Snm(txn + (1 —=t)v) — (txnym + (1 =t)V)||,
where v and u are in (A + B)~1(0). Using Lemma 2.6, we find that

brm < U ([P = VI = 1Sn,m*n = Snmv]|)
= (% =Vl = [Xnsm —v—Snmv+V]) (3.4)
<Y (v =xnll = (xnsm =Vl = [Snmv—v])).

It follows that {bn,m} converges uniformly to zero as n — oo for all m > 1. It also follows from (3.4) that

Antm(t) = [[txnem —u+ (1 —t)v||

< B+ = Seom (b + (1— V)]

Taking lim sup as m — oo and then the liminf as n — oo, we find that
limsup an (t) < liminf an (t).
n—00 n—0

This proves that limny o an(t) for any t € [0,1]. In view of Lemma 2.6, we see that w,(xn) C (A +
B)~1(0). This implies from Lemma 2.7 that w,,,(xn ) is a singleton set. This completes the proof. O

If an =0, then Theorem 3.1 is reduced to the following.

Corollary 3.2. Let C be a nonempty convex and closed subset of a real uniformly convex and q-uniformly smooth
Banach space E. Let Kq be the smooth constant E. Let B : Dom(B) C C — 2F be an m-accretive operator and let
A : C — E be an «-inverse strongly accretive operator. Assume (B + A)~1(0) # (). Let {xn} be a sequence defined
by: xo € C and
Xn+1 =~ (I + rnB)il(Xn - 1”nAXn)/

where the criterion for the approximate computation of xn1 is ||(I + ™B) (xn — ThAXn) — Xni1l| < en, and
{rn} is a real sequence satisfying the following restrictions: ) ;2 jen < 00, 0 < 1 < T < 1/ < 2. Then {xn}
converges weakly to some zero of A + B.

4. Applications

Theorem 4.1. Let C be a nonempty convex and closed subset of a real Hilbert space E. Let B : Dom(B) ¢ C — 2F
be a monotone operator and let A : C — E be an a-inverse strongly monotone operator. Assume (B + A)~1(0) # 0.
Let {xn} be a sequence defined by: xo € C and

In =~ (I + rnB)_l(Xn - TnAXn)/
Xnt1 = (1 —an)zn + otnxn, M 20,

where the criterion for the approximate computation of zy is ||(I+ ™B) L xn — ThAXn) — zn|| < en, and {0}
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and {rn} are real sequences satisfying the following restrictions: ) ;2 jen < 00, 0 < on < v <1, and 0 < 1 <
quf{*l < 1’/ < qa. Then {xn} converges weakly to some zero of A + B.

Let F be a bifunction of C x C into R, where R denotes the set of real numbers. We consider the
following equilibrium problem in the terminology of Blum and Oettli [5].

Find x € C such that F(x,y) >0, vy € C.

In this paper, the set of such an x € C is denoted by EP(F), i.e, EP(F) ={x € C: F(x,y) >0, Yy € CL
To study the equilibrium problem, we assume that F satisfies the following conditions:

(C1) Fis a monotone function;

(C2) F(x,x) =0forall x € C;

(C3) for each x,y,z € C, F(x,y) > limsuptw Fltz+ (1 —t)x,y);
(

C4) for each x € C, y — F(x,y) is lower semi-continuous and convex.

Lemma 4.2 ([26]). Let F be a bifunction from C x C to R which satisfies (C1), (C2), (C3), and (C4), and let Bf be
a multivalued mapping of H into itself defined by

Box — {zeH:{y—x,z) <F(x,y), Yy e C}, xeC(,
e 0, x ¢ C.

Then By is a maximal monotone operator with domain D (By), which is in C and EP(F) = B;l(O).

Corollary 4.3. Let E be a real Hilbert space and let C be a closed convex subset of E. Let F be a bifunction from
C x C to R which satisfies (C1), (C2), (C3), and (C4) and let B¢ be defined in Lemma 4.2. Let {xn} be a sequence
generated in the following manner: xo € C and

Zn ~ (I—|—TnBF)71,
Xn+1 = (1 — xn)zn + &nxn, ¥n >0,

where the criterion for the approximate computation of zn is ||(I+ ™BE) T —zn|| < en, and {an} and {r.} are
real sequences satisfying the following restrictions: ) - gen <00, 0 < otn < x <1, and 0 <1 <1y <17 <20
Then {xn} converges weakly to some zero of EP(F).

Consider the optimization problem minycc f(x), where f : H — R is a convex and differentiable
function. Assume that the solution set Q) of the problem is not empty and let () denote its set of solutions.
The gradient projection algorithm is popular to solve the problem. It is known that the minimization
problem is equivalent to the variational inequality problem

(Vy—x,f(x)) >0, Yy eC.

It is also known that if Vf is 1-Lipschitz continuous, then it is also a-inverse strongly monotone. By
taking A = Vf, we find the following result immediately.

Corollary 4.4. Let E be a real Hilbert space and let C be a closed convex subset of E. Assume that f : H — R
is convex and differentiable with L -Lipschitz continuous gradient Vf such that Q # (. Let {xn} be a sequence
generated in the following manner: xo € C and

zn & Proje (xn —mn VF(xn)),
Xni1 = (1 —&n)zn + dnxn, Yn >0,

where the criterion for the approximate computation of zy, is ||Proj-(xn —TnVf(xn)) — zn| < en, and {«n} and
{rn} are real sequences satisfying the following restrictions: ZC{O:O en <00, 0<an<a<l,amdd<r<ry <
v/ < 2«. Then {x} converges weakly to some solution of Q.
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Let H; and H; be two Hilbert spaces. Let C be a nonempty closed convex subset of H; and let Q be a
nonempty closed convex subset of H.

The split feasibility problem (SFP) consists of finding a point x satisfying the property: x € C and
Ax € Q, where A : H; — H; is a bounded linear operator. To solve the SFP, it is very useful to investigate
the following convexly constrained minimization problem: min,cc f(x), where f(x) = %H (I—Pq)Ax|% If
the solution set Q of the SFP is nonempty, then C N (V)~1(0) # 0.

Corollary 4.5. Let Hy and Hy be two Hilbert spaces. Let C be a nonempty closed convex subset of Hy and let Q be
a nonempty closed convex subset of Ha. Let A : Hy — Ha be a bounded linear operator and let A* be the adjoint
operator of A. Suppose that the SFP is consistent, i.e., QO # (). Let {xn} be a sequence generated in the following
manner: xg € C and

zZn = Proje(xn — T A" (I — Pron)Ax),

Xn+4+1 = (1 - o‘n)zn + nXxn, Yn =0,

where the criterion for the approximate computation of zn is |[Projc (xn — rnA™(I—Projo)JAX) —zn|| < en,
{on} and {ry} are real sequences satisfying the following restrictions: Y > gen < 00, 0 < an < o < 1 and
0 <1< <1 <2a Then {xn} converges weakly to some solution of Q.

Proof. Let f(x) = %H(I — PQ)AX||2. According to [8], we have Vf = A*(I — Pron)A, which is %—Lipschitz
1

continuous with o« = AR

From Corollary 4.4, we find the desired conclusion immediately. O
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