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Abstract

Keeping the balance of nature is important, and it is very significant to effectively control the number of species for
ecosystem stability. In this paper, we propose a tritrophic Hastings-Powell (HP) model with two different time delays, and the
local stability of equilibrium, Hopf bifurcation, and the existence and uniqueness of the positive equilibrium are analyzed in
detail. Besides, we obtain the stable conditions for the system and prove that Hopf bifurcation will occur when the delay pass
through the critical value. And the stability and direction of the Hopf bifurcation are also investigated by using the center
manifold theorem and normal form theorem. Finally, some numerical examples are given to illustrate the results. (©2017 All
rights reserved.
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1. Introduction

Biological system is a nonlinear system, so it is still a public problem how to control the biological
system balance. The predecessors have done a lot of research. Especially, the research on the predator-
prey system’s dynamic behaviors has attracted significant attention from scholars. And there are also a
large number of researches on the stability of predator-prey systems with time delays. The time delays
have very complex impact on the dynamic behaviors of nonlinear dynamic systems [2, 3, 11, 15, 17-19].
Zhang [16] produced a general example of such generalized model, that is to say, he investigated a three-
species model, and the results showed that the positive equilibrium is locally stable when the system has
two same time delays.

Hastings and Powell [9] proposed a three species food-chain model with chaotic dynamical behavior,
in 1991, and then the dynamic properties of the model were studied. Gakkhar and Singh [6] studied
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the control of the chaos of a three species Hastings-Powell food-chain model. The stability of biological
feasible equilibrium points of the modified food-web model is also investigated. By introducing the
disease in prey population, Das et al. [5] modified the Hastings-Powell model and obtained the stability
of biological feasible equilibria. Tian et al. [13] mainly focused on the direction and stability of time-delay-
induced Hopf bifurcation in a three species food-chain model with diffusion. Analysis of eigenvalue
spectrum and Lyapunov functional of their results show that the positive equilibrium is asymptotically
stable in the absence of time delay, but loses its stability via the Hopf bifurcation when the time delay
increases beyond a threshold. Chen et al. [4] studied the conditions of the positive equilibrium undergoing
Hopf bifurcation by the theory of delay equations and Hopf bifurcation. The stability and direction of
Hopf bifurcation are determined by applying normal form theory and the center manifold argument.

In this paper, we provide a differential model [4] to describe the dynamics of the Hastings-Powell
food-chain model. In the three species food-chain model, x represents the prey, and y,z represent two
predators. Based on the Holling type II functional response, we know that the middle predator y feeds
on the prey x and the top predator z preys upon y. We can write the three species food chain model as
follows [12]:

4 =Rox (1- ) - i

ar — K B +X’

ay _ A XY  AYZ

ar = —D1Y+ BH—/{(YZ BtV (1.1)
az _ 2

atr = D22+ Gy,

where X, Y, Z are the prey, predator and top-predator, respectively; By, B, represent the half-saturation
constants; Ry, Ko represent the intrinsic growth rate and the carrying capacity of the environment of the
prey species, respectively; Cq,C; are the conversion factors of prey-to-predator; and Dq,D; represent the
death rates of Y and Z, respectively. In this paper, two different delays are incorporated into the tritrophic
Hastings-Powell (HP) model, which is given in what follows.

Then, we introduce the following dimensionless version of the delayed HP model

T=x1—x -y t—n),

d

é%‘i = —diy+ oY — ez (t—T2), (1.2)
anx

dii = _d22+ 1+2b2XZ’

where x, y and z represent dimensionless population variables; t represents dimensionless time variable
and all of the parameters aj, b;, d; (i = 1,2) are positive; 11 and T, respectively represent the period of
prey transitioned to predator and predator transitioned to the top predator.

2. Equilibrium and local stability analysis

Letx =0, y =0, 2z = 0; we can get five non-negative equilibrium points of the system as follows

EO - (0/0/0)/ El - (11010)/

E2 _ d] aq —b1d1 — d]
ap _bldl/ (a1 —bldl)z ’

0> , Ba=(Xi,01,2i), 1=12,

where
2 4a;bd
% — by —1 Lt \/(b1 +1)° = S d 2.1)
Y2y 2b, ’ '
-b % —
yi=0n = da 7 = (a1 —b1d1) % —dy ' 22)

a, —body’ (ap —bady) (14 biky)
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The Jacobian matrix for system (1.1) at E* = (x*,y*,z*) is
_ _ aly _ X
1 2x (1+é1X)2 1+%)1X 0
* ook % a apx ajz a
I(X Y,z ) = (1+113?x)2 —di + 1—0—‘1b1x o (1—0—1;11_4)2 _1+‘Zbgy (2.3)
a|z . azy
0 4(1+b]1y)2 d2 + 1+%)21J
Let ary arx
Al=1-2x———F—, A,=— ,
! 1+bx)2 7 1+bix
aly arx a1z
Bi=————, By=—-di+ — ,
T (14 b)? FTTHbix (14 byy)?
ary arz ay
By = — , C e — C = —d + .
3 1+ boy 2 (1+boy)? 3 2 1+byy
Then the linearized form of system (1.2) is
&= Ax+ Ay (t—1),
W = Bix + Boy + Baz (t—12), (24)
% = Coy + Csz.
The characteristic equation of system (2.4) at Eg = (0,0, 0) is given by the transcendental equation
A+ AN+ ApA + Az + (AnA + Axn) e M+ (AzA + Az) e M2 =0, (2.5)
where
Ann=—(A1+B2+Cs), Ap=A1B+A1C+B2C5, A1z =—A1B2C5,
A =—AB1, Ap =A;B1C3, Az =—B3Cy, Az =A;B3Co.
When T1; = 12 = 0, the corresponding characteristic (2.5) can be rewritten as
A8 + A117\2 + (A1 +Axn +A31)A+A;3+A»n+Asz =0. (2.6)
Lemma 2.1. Suppose that the following conditions hold
1. A1 >0;
2. A1 (A2 + A2 +Az1) > Az + A + Az,
Then the positive equilibrium €* of system (1.2) is locally asymptotically stable for t; and T».
3. Existence of Hopf bifurcation
Casel: 1 =1 =1#0.
Characteristic (2.5) reduces to
A+ AN + ApA + Az + (Bud + Bro) e M =0, 3.1)

where
B11 = An+Az;, B =Axn+Aszn.

Let A =iw (w > 0) be a root of (3.1). Then we can get

(iw)S +An (1(»0)2 + Apiw + Az + (Briw + Byp) e T ),
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Separating the real and imaginary parts, we have

B cos wT — Byjw sin wt = Ajyw? — Aqs, (3.2)
B11w cos wT + By sin wt = w? — Appw. )
From (3.2), we can get
: _ (AuBu—Bp) w3+ (ApBp—A;Bw
I T ' (3.3)
COS WT — Buw +(312/4B%11;/:1r2§%121)w —AiBip
That is,
awd +bwl +cw* + dw? +k = 0, (3.4)
where )
a= Bll’
b = (A11B11 — B12)* + 2 (A11B1o — ApBny),
¢ = —B% +2(A1B12 — A13B11) (A11B11 — B12) — 2A13B11B12
+ (A11B1a — ApBi)?,
2 a2 4
k= B12"\13 - B12/
d = 2B2,B2, + (A13B12 — A13B11)* — 2A13B12 (A11B1y — A1pBii),
Let z = w?; then we have
az* + b2 + ez +dz+k =0. (3.5)

Now suppose that H (z) = az* + bz® + cz* + dz + k. Then we have the following result.

Lemma 3.1. Since H (+00) = o0, if the condition H (0) < 0 holds, then (3.5) has at least one positive root, and
we suppose that (3.5) has four positive roots denoted by z1,z»,z3,z4. Therefore (3.4) also has four positive roots
Wy = \/Zx, k = 1,2,3,4.

Then +iw is a pair of purely imaginary roots of (3.1). Solving (3.3) for T, we obtain

T](j) = u} [arccos (B“w4+(B12A“7AuB“)wLABBu) —|—2j7r] , k=1,2,3,4 j=0,1,2,---. (3.6)

- 2 21 R2
k Bf w*+B1,

Define 19 = T](j) = miny ¢ 23,4} {T]go)} .Let A (1) = « (1) +iw () be the root of (3.1) near T = Ty, satisfying

o (tk) = 0 and w (Tx) = wp, and from above, we can obtain the following lemma.

Lemma 3.2. Suppose that H’ (z) # 0; then

dReA (1)
e

70,

T=Tk
and H' (z) and deii);(T) have the same sign.

Proof. Taking the derivative of A with respect to T in (3.1), we have

|:d7\:| -1 B (37\2 +2A1A+ Alz) eMT n B11 T 3 7)
dr] (B11A +B12) A (BuuA+B2) A A .
Substituting A (1) = o (T) +iw (7) into (3.7), we have

[(3A2 +2A11A + Ap) €M) |\ =iwy = (A — 3w?) cos wT —2A1 W sin wT (38

+1i [(Au — 3w2) sin wT — 2A11W COSs wT] ,
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[(Bi1A + B12) A0, = —Briw® +1[Bpw]. 3.9)
For simplicity, we define wy = w and 1 = 7. From (3.7), (3.8), (3.9) and (3.3), we can get

(3?\2 + 2A11}\ + AIZ) eM + Bll
(B11A +B12) A

dReA(1)] '
S -

A=iw

R { (A2 —3w?) cos wt —2A13wsin wT + By +1 [(A12 — 3w?) sin wt — 2A1; w cos wt] }
=Re

—Bjiw? 4+ i[Bjpw]
= i{ [(Alz — 3w2> cos wt —2A1wsin wt + Bu} (—Bll w2>
+ [(Alz — 3w2) sin wt — 2A11 W cos wT} Blzw}
= [13{43112(1)8 +3 [(AllBll —B12)® +2(A11B12 — AlZBll)} w®
+2 {2 (A12B12 — A13B11) (A11B11 — Big) — Byy? — 2A13311312} w*
+2 {(AnBlz - Alan)z} w*+ [(AlzBu — A13B11)*+ 231123122} w?

—2A13B12 (A11B12 — A12B11) wz}

z
= A{41311213 +3 {(AHBH —B12)? +2(A1Byp — AlZBll)} 2
+2 {2 (A12B12 — A13B11) (A11B11 — B1a) — By ® — 2A13811812} z
+ (A11B12 — A12B11)%z + (A12B12 — A13B11)? +2B11 2By,
—2A13B12 (A11B12 — A12B11) }

= ZH'(2),

where A = B%l w* + B%zwz. Then, we have,

. {dReA (T):|
sign | ———

dReA (1) -1
dt }

= sign [
T=Tk dT

= sign [%H’ (z)} £ 0.

T=Tk

This proves the lemma. [
By applying Lemmas 3.1-3.2, we get the following theorem.
Theorem 3.3. For system (1.2), the following results hold:

(i) At equilibrium point E* = (x*,y*,z*), system (1.2) is asymptotically stable for T € [0, 7o), and it is unstable
when T > 1.

(ii) If system (1.2) meets the conditions of Lemmas 3.1 and 3.2, then the Hopf bifurcation will occur at E* (x*,y*,z*)
when T = 1.

CaseIl: 11 #0, 1, =0.
Let D11 = A1p + Az, Ci1 = A1z + Az, and rewrite (2.4) as follows

A3 + AH?\Z + DA+ Cqp + (ApiA + Ap) e N1 =, (3.10)
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Let A =iw (w > 0) be a root of (3.10); we can get

Azz COs WwT] — A21(,U sin wT = A11w2 — Cll/ (3 11)
Ag1w cos wTy 4+ Ay sin wt; = w? — Dyjw. ’
Similarly, we have
awd + bl + cwt + dyw? +k; =0, (3.12)
where )
b1 = (A11A21 — An)* + 2 (AnAn — DnAy),
c1 = —A% +2(D11A% — C11A21) (A11A21 — Ag) —2C11An An
+ (AnAx —DnAn)?,
ki = A3,Cl — A%,
d; =2A3 A% + (D1Axn — C1iAn)* —2C11Az (A11An — DiiAg) .
If we define z; = w?, then equation (3.12) becomes
(112411 + blz% + clz% +diz1 + k1 =0. (3.13)

Now suppose that H (z;) = alzif + blz? + clz‘l1 + dlz% + k1. The we have the following.

Lemma 3.4. It is obvious that H (+00) = +o0. If the condition H (0) < 0 holds, then (3.5) has at least one positive
root. Suppose that (3.5) has four positive roots denoted by z11,z12, 213, z14. Then (3.4) also has four positive roots
W = \/Z1k, k= 1,2,3,4.

Then +iw is a pair of purely imaginary roots of (3.1). From (3.11), if we denote

Ay wi+(AnA—DiAy) w?—Ci1An
A3 w2+A3,

Tk = wr [arccos (

)+2j7t], k=1,234 j=0,1,2,---, (314)

then we can define 119 = TSQ = miNny (1234} {Tﬁ? } Also denote

P= [(3)\2 +2A11A+ Dll) 6)\’(1} A—iwy
= (D11 —3w?) cos wTy — 2A w sin wh

+1[(D11 —3w?) sin w1ty —2A13w cos wT |
= PR + iPI,

Q= [(AuA+Ap)]l = —Anw? +iApw: = Qr +iQr.
Let A (T) = « (1) +iw (7) be a root of (3.1) near T = Ty, satisfying & (t19) = 0 and w (T19) = wo.

From above, we can obtain the following lemma.

Lemma 3.5. Suppose that PrQr + P1Q1 # 0 holds; then

|:dR€)\ (T10):| ?é 0.

T=T1k

dTl

Proof. Taking the derivative of A with respect to 17 in (3.9), we can get

A A2+ 2A11A 4 App)et™ A
L]—lzRe[(3 +2A1A +Appe 21 _T (3.15)

[dT1 (AN + Axn)A (AN + Axn)A A
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By substituting A=iw into (3.14) we have
[dRe 7\] (BN +2A A+ Ap) M A T
dt —— (ApA+Axn) A (ApiA+Axn) A A -
T=Tik
_ PrQr +P1Qr
PZ + P2
Since PrQr + P1Q1 # 0 holds, we obtain
|:dR€7\ (T10)1| 7& 0.
dT1 =1
This proves the lemma. O

By applying Lemmas 3.4 and 3.5, we can prove the existence of Hopf bifurcation.

Theorem 3.6. For system (1.2), the following results hold:

(i) At the equilibrium point B* (x*,y*,z*), system (1.2) is asymptotically stable for 1y € [0,7T19), and it is

unstable for 11 > T10.

(ii) If system (1.2) satisfies the conditions of Lemmas 3.4 and 3.5, then system (1.2) undergoes the Hopf bifurcation

at B* (x*,y*, z*) when t1 = T1p.
CaseIIl: 11 =0, Tp #0.
Equation (2.5) can be written as
A+ AN + DA+ Cio+ (AzIA + Az) e M2 =0,

where D1y = Ao+ Ay, Cio = A1z + Ax.
Let A =iw (w > 0) be a root of (3.16); we can get

A3z cos WTy — Az w sin wtp = Apyw? — Cya,
Az1W cos wTy + Azy sin wty = w3 — Dypw.

Then we can get
a2w8 + bzw6 + czw4 + d2w2 +ky =0,

where )

by = (A11As1 — Az)® +2(A11A5 — DipAs),
¢2 = —A3; +2 (D12Az — C12Az1) (A11A31 — Az) — 2C12A51 A%
+ (A11As — DpAs)?,
ka = A5 ChH — A3,
da = 2A3A%, + (D12As — C12A31)° — 2C12A35 (A11A5 — D12Agy) .

Letting z, = w?, equation (3.18) becomes
(122421 + bgzg + CQZ% 4+ dpzo + ko =0.

Now let H (z;) = (12:/:‘21 + bzzg’ + czz% + dozo + ko. Then we have the following.

(3.16)

(3.17)

(3.18)

(3.19)
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Lemma 3.7. Since H (+00) = 400, and if H (0) < 0, then (3.19) has at least one positive root. Suppose that (3.19)
has four positive roots denoted by z»1, z20, 223, zp4. Then (3.18) also has four positive roots wy = /zp, k =
1,2,3,4.

Then +iw is a pair of purely imaginary roots of (3.16). From (3.17), if we denote

) = L [arccos (A31‘“4”A32A“*D12A31)“’2*(312“2) ~|—2j7t] . k=1,234, j=012,---,  (3.20)

2 2 2
Wi Az wa+A3,

then we can define 159 = TS() = MiNy (12343 {Té?() }

Let A (1) = « (1) +iw (7) be a root of (3.1) near T = Ty, satisfying « (129) = 0 and w (1) = wo From
the above analysis, we can obtain the following lemma.

Lemma 3.8. Suppose that z; = w?; then

dReA (T13)
|: de ]

£0.

T=Tok

Proof. This proof is similar to the proof of Lemma 3.5, so we omit it. O
According to Lemmas 3.7 and 3.8 to (3.16), we get the following theorem.
Theorem 3.9. For system (1.2), the following results hold:
(i) E* (x*,y*,z") is asymptotically stable when T2 € [0, Ta0), and unstable when to > Ty.

(ii) If system (1.2) meets the conditions of Lemmas 3.7 and 3.8, then the Hopf bifurcation occurs at E* (x*,y*,z*)
when Ty = Tyo.

Case IV: 11 1 #0.

We consider (2.5) with 11 in the stability range. Regarding T, as a parameter, and without loss of gener-
ality, we only consider system (1.2) under Case 1.
Let A = iw (w > 0) be a root of (2.5); we have

Aszp COS WTy + Az sin wty = Ay w? — Az — (A cos wty + Appw sin wty ), (3.21)
Az1w cos wTy + Az sin wty = wd — Ajpw — (Apw cos wt — Ay sin wy ). )
Eliminating T, from (3.21) leads to
Y1 (w) +y2 (w) cos wty + y3 (w) sin wty = 0. (3.22)

Lemma 3.10. Suppose that (3.22) has positive roots. Denote the roots of (3.22) by z31, z32,...,23k. Then (3.18)
also has positive roots wy = \/z3i, 1=1,2,--- , k. If we denote

] 1
Téji) = w—l {arccos (K) —i—2j7'[] , i=12,---k, j=0,1,2,---, (3.23)

where
Y1 = Az1w* + (ApAn — Az1A) w? — (AnAs + Az Apw?) cos wT

+ (Az1A2 — AzAn) wsin wtip,;
- A31 w2 + A%ZI
then +iw is a pair of purely imaginary roots of (2.5).
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Define 139 = Téj-) = min {Té? i=1,2-%j=0,1,2,--- } Let A (1) = (1) +iw (T) be a root of (3.1)

V=
near T = T3, satisfying « (13p) = 0 and w (139) = wp. From the above analysis, we can get the following
lemma, which is similar to Lemma 3.5 if we denote

Qr = —3w? + A1p + (Ag — ApTy) COS WT) — Apq T Sin WT;

+ (Az1 — A3pT2) COS WTy — Az WTs Sin WTy,

QI = 2A11w + (Azle — A21) sin wT — A21wT1 COS WTq
+ (A3Ty — A3zp) sin wTy, — A1 WTo COS WTy,

Pr = —Aj3 w? cos wT +AppwsinwTty, Pr=Ax w? sin wTy + Azpw COS WTy.
Lemma 3.11. Suppose that PrQr + P1Q1 # 0 holds; then

dReA (T13)
I: dT2 :|

£0.

T="T3{

By applying Lemmas 3.7 and 3.8 to (3.16) and based on the Hopf bifurcation theorem for FDEs [7, 14],
we can get the following theorem.

Theorem 3.12. If system (1.2) satisfies the conditions of Lemmas 3.7 and 3.8 and 1 € [0,7Tyg), then the following
results hold:

(i) E* (x*,y*,z*) is asymptotically stable for T, € [0, T30), and unstable when T, > 3.

(ii) If Lemmas 3.10 and 3.11 hold, then the Hopf bifurcation occurs at E* (x*,y*, z*) when 1o = T30.

4. Bifurcation analysis

We studied that the Hastings-Powell food chain system with delay undergoes the Hopf bifurcation
when T = 1) in the previous section. Next, we will confirm the Hopf bifurcation’s stability, direction and
the period of the periodic solution bifurcation.

Firstly, we consider system (1.2) by the transformation

t
W) =xt)—x", wM)=yt)-y", wt)=z{t)-2" t=_, T=mc+p (4.1)
We get the following system of functional differential equation in C = C ([-1,0],R3):
u(t) =Ly (we) +1(ue), (4.2)

where u (t) = (u; (t),un (t),us (t))T € R3, and L,:C— R?2, f:Rx C — R®are given respectively by

A100 ] [d1(0) 0A20] [d1(—1)
Ly (xt) = (T + 1) | B1B20 (0)] + (Txc + 1) ! 000 ] ¢2 (0) ]
0C2C3] [d3(0) 000 ¢3 (0)
000 ] ¢1 (0)
+ (T + 1) [00B3| [d2(-1)],
000 | | ¢3(0)

and

flu @)= (t+u { f12 ] © = (@1, 92,93) € C.
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By Riesz representation theorem [1, 10], there exists a function n (6, ) of bounded variation for 6 € [T, 0]
such that

0
Lulo)=| an@we(®), occ. (43)
—T
Indeed we may take
A100 0A20
n(0,u) = (tic+n) | B1B20 | 5(68) + (T +n) | 000 | 5(6+1)

0C,Cs 000

000 |
+ (T +u) |00B3| 6(6+1),

000 |

where 6 (0) is the Dirac delta function. For ¢ (0) € C ([—1, 0], R3) , we define the operator A (p) by

Al o (0) —{ %g;n(e, vow oso @)
and
R(W e (0) = { Sl(u,ﬁ), eeze([)'_l’o)’ (4.5)
Apparently, system (3.8) is equivalent to
u(t) = A (Wug +R(Wug, (4.6)

where x¢ (0) =x (t+6), 0 € [-1,0], forp € C’ ([-1,0], (R?)”). We further define the operator A* by

dy(s)
X I B e s € (0,1],
A (u)w(s)—{ © Oy, s—o (4.7)
and a bilinear form
0 0
W), 0 0) =0T 000~ | w7 E-0)n®)0 ) d, @9

where 11(6) =1(6,0). Then A* (0) and A (0) are adjoint operators. From the above analysis, we obtain
that fiwTy are the eigenvalues of A (0). Therefore they are also the eigenvalues of A*(0). Let q(0)
be an eigenvector of A (0) corresponding to iwTy, and q* (6) be an eigenvector of A* (0) correspond-
ing to —iwTk. Then we have A (0) q (0) = iwTipq (0) and A* (0) q* (0) = —iwT1pq* (0). Now suppose
that q(0) = (1, p1, pz)T et is the eigenvectors of A (0) corresponding to iwTy. It follows from the
definitions of A (0) L, (¢) and 1 (0, n) that

q (9) = (1, 1, pZ)T einke = q (0) eiw’tke,
and similarly, by definition of A*,
q*(8) =D (1,y1,v2) €' ™€ = q* (0) et O,

To prove that (q* (s),q(0)) =1, we evaluate D. By the definition of bilinear inner product,

0

0
<q* (e) ’ q (e)> = D (1171172) (1/ P1, pZ)T _J J& 0 D (1/?1/‘?2)61“)’(1((&_6)
P -
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x dn (0) (1, p1, p2) " €' TKEAE
0
=D {1 + P11 + P22 —J (1,¥1,v2) 0e*“™%dn (0)
—T

X (1/ P1, pZ)T}

=D [1+ p171 + p2¥2 + ke ™ (Az + B3pava)] -

Then we can choose D as
= - -1
D= [1 + p1Y1 + P2Y2 + Tkew‘wk (Ap + B3p2’)72)} ,

such that (q* (s),q(0)) =1and (q*(s),q (0)) =0.
In the remainder of this section, we use the same notation as in Hassard et al. [8] and compute the
coordinates describing center manifold Cy at p = 0.

Define
z(t) =(q",w), WI(t,0) =u(0) —zq—2q =u (0) —2Re{z(t) q(0)}. (4.9)
Regarding the center manifold Cy, we have
22 22
W(t,0) =W(z(t),z(t),0) = W (0) 5 + W11 (0) 22+ W2 (0) 5 + -, (4.10)

where z and Z are local coordinates for center manifold Cy in the direction of q and g*. If u, is real, we
note that W is real. We consider only real solutions. For the solution u; € Cop, since p = 0 and (4.2), we
can get
z=1wtz+ (q* (0),f(0,W(z,z,0)+2Rezq (0)))
dZEfinz+ q* (0) fo (z,z) =iwTtz+g(z,2),
where
z? z2 2%z

g(z,z)=q"(0)fo(z,z) = 9205 +9uzZ+ g5 g5+ (4.11)

By using (3.16), we have x{ (8) = W (z,z,0) +2Re{z (t) q (0)}

X1t (6) Wl (z,2,6) 1 . 1 .
xt=| x(0) |=| W(z,z0) |+z| p1 |e“+z| v |e ', (4.12)
x5t (0) W (z,z,0) P2 Y2
. 22
x1t (0) = ze'@? 4 ze 100 L W), (9) >
( (1) 2? 53
W (8)zz+ W 02(9)§+O<Iz,zl>,
2
Xot (0) = zp1e' 0 + zy e 10 L W2y (0) %
2
W (0) 22+ WP, (6) % +0 (Iz,2|3> )
2
z
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It follows that
. f11
g(z,z) = q* (0) fo (z,2) = D110 (1¥1Y2) { f1 ] :
f13
By comparing the coefficients with (4.10), we can get g0, g11, go2 and go; and we need to compute W (0)
and Wj; (0) to determine gp;. By (4.1) and (4.10), we have

W =1 —2q —zq

_ [ AW—2Re(q" (6)foq (0)), 6 el-1,0], 413)
| AW—2Re(q" (0)foq(0)) +fo(z,2), ©=0, '
= AW+H (ZIZ’I )1
where
z? z?
H(z,Z,0) = Hy (0) >+ Hy1 (6) zZ+ Hop2 (0) 5t (4.14)
On the other hand, taking the derivative with respect to t in (4.9), we can get
W = W,z + Wy2, (4.15)

Together with (4.13) and (4.14), this leads to

(A —2iwT) Wy (0) = —Hpo (),
AWy (0) = —Hyp (0), (4.16)
(A + 2iwT10) Wo2 (8) = —Hg2 (6) .
By using (4.8) for 0 € [—1,0], we can get
H(zz0) = —Req*_(e) fo (z,i_) q (?) ] 4.17)
=—9(z2)q(6)—g(z,2)q(6).

Comparing the coefficient with (4.12), we can obtain

Ha (0) = —g20q (0) — G2 (0), H11(0) = —g11q (0) —§11q () . (4.18)
From (4.14) and (4.16) and the definition of A, we get

Wap (8) = 920 4 (0) eiwm00 4 19025 0y g—iwTio0 | f o0 (4.19)
TioW 3iw
Similarly, we have
_ i911 iw’[’loe 1g11 = 71(,0"(109
Wiy (0) = Trow q(0)e + 30 (0)e +Ey, (4.20)

where E1 = <E§U,E§2)> €R%E, = (Eél),Eéz)) € R is a constant vector.

After finding E; and E;, we can compute Wy (6) and Wi; (0) from (4.19)-(4.20) and consider the
following values to investigate the qualities of bifurcation periodic solution in the center manifold at the
critical value T. To this end, we express each g{j in terms of the parameters and delay. Then we can
calculate the following values:

2 2
2w~r (920911 —2|gn1l° — |ggz\ ) 4 %’
__Re{C4(0)}

H2 = = Re(x/ ()} (4.21)
B2 =2Re{Cy (0)},
T, = _ Im{Cy(0)HppIm{A (1)}

- .

From above analysis, we can get the following theorem.
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Figure 1: The positive equilibrium of system (1.2) is locally asymptotically stable for T1=1p = T = 2.3 < 2.31 and the Hopf
bifurcation occurs for 11=1p =71 =2.34 > 2.31.

Theorem 4.1. When t = Ty, the stability and direction of periodic solution of the Hopf bifurcation of system (1.2)
are determined by the parameters Wy, 32 and Tp.

(i) The direction of the Hopf bifurcation is determined by the sign of wp: if po > 0(pp < 0), then the Hopf
bifurcation is supercritical (subcritical), and a bifurcation periodic solution exists for T > To (T < Tp).
(ii) The stability of the bifurcation periodic solution is determined by the sign of B2: if B2 > 0(B2 < 0), then the
bifurcation periodic solution is stable (unstable).
(iii) The sign of T, determines the period of the bifurcation periodic solution: if T, > 0 (T, < 0), then the period
increases (decreases).

5. Numerical simulations

Next, we give some numerical examples to verify the above results. We consider system (1.2) with the
following coefficients under different cases.

@ =x0—x)— Ry t—m),

dy

ai =06yt fgflxy — oz (t—m), (5.1)
z __ X

at = 072+ Rz

By simple calculation, we have E* = (1.2454,0.1523,0.9467). Firstly, we can get Tp = 2.31 when 1] =
Ty = T # 0. According to Theorem 3.3, the corresponding waveforms and phase diagram are shown
in Figure 1. Then, we have 19 = 2.58 when 1, = 0. And according to Theorem 3.6, we can get the
corresponding waveforms and phase diagram, as shown in Figure 2. Next, we obtain T = 2.945 when
Ty = 0. From Theorem 3.9, the corresponding waveforms and phase diagram are shown in Figure 3.
Finally, by considering 1, as a parameter and letting t; = 2.5 in its stable interval, we get that E* is locally
asymptotically stable for 1, € (0,T30) and unstable for T, > T39. And the waveforms and phase diagram
are shown in Figure 4.
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Figure 2: The positive equilibrium of system (1.2) is locally asymptotically stable for 1, = 0,7;=2.5 < 2.58 and the Hopf

bifurcation occurs for 1, =0, t1=2.6 > 2.58.
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Figure 3: The positive equilibrium of system (1.2) is locally asymptotically stable for 11 = 0,7=2.9 < 2.945 and the Hopf

bifurcation occurs for 11 =0, 17p=2.95 > 2.945.
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Figure 4: The positive equilibrium of system (1.2) is locally asymptotically stable for T1=2.5 < 2.58, 1,=2.35 < 2.37 and the Hopf
bifurcation occurs for t1=2.5 < 2.58, 1,=2.17 > 2.15.

6. Conclusions

The existence of time delay would destroy the actual performance of the system and make the system
unstable. The delay differential equations are a type of differential equation in which the derivative of
the unknown function at a certain time is given in terms of the values of the function at previous times.
The presence of time delay will make the dynamic behavior of the system more complex. Therefore,
we provided a differential model to describe the dynamic of Hasting-Powell food chain system, and two
different delays are incorporated into the model in the paper. The stability of equilibrium point and Hopf
bifurcation are studied, and we also get the system’s stability conditions. There are four cases in this paper
that are discussed to illustrate the existence of Hopf bifurcation. Based on the center manifold theorem
and the normal form theorem, we preliminary control the direction and stability of Hopf bifurcation. At
last, we give numerical examples to verify the results. The existence of time delay is inevitable in real
life and many nonlinear dynamic phenomena are affected by the time delay, so the study of nonlinear
dynamic of time delay Hasting-Powell food chain model is particularly important.
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