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Abstract

The aim of this paper is to define generalized (x-1)-@ contraction and to extend the results of Jleli and Samet [M. Jleli,
B. Samet, J. Inequal. Appl., 2014 (2014), 8 pages] by applying a simple condition on the function ©. We also deduce certain
fixed and periodic point results for orbitally continuous generalized ®-contractions and certain fixed point results for integral
inequalities are derived. Finally, we provide an example to show the significance of the investigation of this paper. (©2017 All
rights reserved.
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1. Introduction and preliminaries

Banach’s contraction principle [8] is one of the pivotal results of analysis. It establishes that, given a
mapping F on a complete metric space (X, d) into itself and a constant k € (0, 1) such that

d(Fx, Fy) < kd(x,y),

holds for all x,y € X. Then F has a unique fixed point in X.

Due to its importance and simplicity, several authors have obtained many interesting extensions and
generalizations of the Banach contraction principle (see [1-13, 17] and references therein). In 2012, Samet
et al. [21] introduced the concepts of a-\p-contractive and x-admissible mappings and established various
fixed point theorems for such mappings defined on complete metric spaces.

Definition 1.1 ([21]). Let F be a self-mapping on X and « : X x X — [0, +-00) be a function. We say that F
is an x-admissible mapping if

xyeX, axy =1 = «fx,Fy) >1.
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Afterwards Salimi et al. [20] and Hussain et al. [15, 16] modified the notions of x-admissible mappings
and established certain fixed point theorems.

Definition 1.2 ([20]). Let F be a self-mapping on X and o, 1 : X x X — [0,4+00) be two functions. We say
that F is an x-admissible mapping with respect to 1 if

x,yeX, oxy)=2nlxy) = «FxFy)=>n(Fx, Fy).

Note that if we take n(x,y) = 1 then this definition reduces to Definition 1.1. Also, if we take x(x,y) =1,
then we say that F is an n-subadmissible mapping.

Definition 1.3 ([16]). Let (X, d) be a metric space. Let &, : X x X = [0,00) and F : X — X be functions.
We say F is an «-n-continuous mapping on (X, d), if for given x € X and sequence {x } with

Xn — Xasn — 00, &(Xn, Xni1) = NxXn, Xns1) VN € N = Fx,, — Fx.

A mapping F : X— Xis called orbitally continuous at p € X if lim;, .o, F*x = p implies that lim,_,,, FF"x =
Fp. The mapping F is orbitally continuous on X if F is orbitally continuous for all p € X.

Remark 1.4 ([16]). Let F : X — X be a self-mapping on an orbitally F-complete metric space X. Define
o, : X x X = [0,+00) by

[ 3, ifx,y e Ow),
a(xy) = { 0, otherwise,

where O(w) is an orbit of a point w € X. If F: X — X is an orbitally continuous map on (X, d), then F is
o-n-continuous on (X, d).

and n(x,y)=1,

Very recently, Jleli and Samet [19] introduced a new type of contraction called @-contraction and
established some new fixed point theorems for such contraction in the context of generalized metric
spaces.

Definition 1.5. Let © : (0, c0) — (1, 00) be a function satisfying:
(©1) O is nondecreasing;
(©2) for each sequence {otn} C RT, limy 00 Oy ) = 1 if and only if limp o0 (0tn) = 0;

(©3) there exist 0 < k < 1and 1 € (0, 00] such that lim,_,q+ Ole) =1 _

ok

A mapping F: X — X is said to be @-contraction if there exist the function © satisfying (01)-(©3) and
a constant k € (0,1) such that for all x,y € X,

d(Fx, Fy) # 0 = ©(d(Fx, Fy)) < [©(d(x,y))I*.

Theorem 1.6 ([19]). Let (X, d) be a complete metric space and F : X — X be a ©-contraction, then F has a unique
fixed point.

They showed that any Banach contraction is a particular case of ®-contraction while there are ©-
contractions which are not Banach contractions. To be consistent with Jleli et al. [19], we denote by the ¥
set of all functions © : (0, c0) — (1, 00) satisfying the above conditions (©1)-(93).

Hussain et al. [17] modified and extended the above result and proved the following fixed point
theorem for generalized ©-contractive condition in the setting of complete metric spaces.

Theorem 1.7 ([17]). Let (X, d) be a complete metric space and F : X — X be a self-mapping. If there exist a function
O € VY and positive real numbers «, 3,7y, with 0 < o+ +v + 28 < 1 such that

O(d(Fx, Fy)) < [©(d(x,y))I* - [O(d(x, Fx))]?
-[©(d(y, Fy)lY - ©((d(x, Fy) + d(y, Fx))]°
forall x,y € X, then F has a unique fixed point.
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Very recently, Ahmad et al. [2, 7] used the following weaker condition instead of the condition (Gs) in
Definition 1.5.

(6'3) © is continuous on (0, o).

Consistent with Ahmad et al. [2], we denote by Q the set of all functions satisfying the conditions
(©1), (©2) and (©;).

Example 1.8 ([2]). Let ©4(t) = eVt O, (t) = e\/@, O5(t) = et, O4(t) = cosht, Os(t) = 1+1In(1+1t) and
O(t) = ete' for all t > 0. Then Oy, 0, 03,0, O5, 0 € Q.

Example 1.9 ([2]). Note that the conditions @3 and @/3 are independent of each other. Indeed, for p > 1,
O(t) = et” satisfies the conditions (®;) and (©,) but it does not satisfy (©3), while it satisfies the condition
(@/3). Therefore QO Z ¥. Again for p > 1, m € (0, %) O(t) =1+ t™(1+ [t]) where [t] denotes the integral

part of t, satisfies the conditions (©;) and (®;) but it does not satisfy (@;), while it satisfies the condition

(©3) for any k € (%, 1). Therefore ¥ ¢ Q. Also, if we take O(t) = eVt then ® € ¥ and © € Q. Therefore
YnQ#»Q.

In this paper, we apply the same weaker condition (@)/3) to obtain some new fixed point theorems in
the context of complete metric spaces.

2. Main results

In this section, we define «-n-0-contraction for a new family of functions Q) and establish certain fixed
point theorems in the context of complete metric spaces.

Definition 2.1. Let (X, d) be a metric space and F be a self-mapping on X. Also suppose that o, 11 : X x X —
[0, +00) be two functions. We say that F is a-n-O-contraction if for x,y € X with n(x, Fx) < «(x,y) and
d(Fx, Fy) > 0, we have
k
O(d(Fx, Fy)) < [B(d(x,y))] ",

where ©® € Q and k € (0,1).

Theorem 2.2. Let (X, d) be a complete metric space. Let F : X — X be a self-mapping satisfying the following
assertions:

(i) Fis x-admissible mapping with respect ton;

(ii) Fis o-n-©-contraction;
(iii) there exists xg € X such that «(xg, Fxo) = n(xo, Fxo);
(iv) Fis a-n-continuous.

Then F has a fixed point. Moreover, F has a unique fixed point when «x(x,y) = n(x,x) for all x,y € Fix(T).

Proof. Let xo € X such that o(xg, Fxg) > n(xo, Fxo). For such xy, we define the sequence {xn} by x, =
F'xg = Fxn—_1. Now, since F is a-admissible mapping with respect to 1, then «(xg,x1) = o(xg, Fxg) >
n(xo, Fxo) =n(xo,x1). By continuing this process we have

H(Xn—1, Fxn—l) :T](Xn—lrxn) < (X(Xn—lz Xn),

for all n € IN. If there exists ng € IN such that xn, = Xn,4+1, then xy, is a fixed point of F and we
have nothing to prove. Hence, we assume, X, # Xn41 or d(Fxn_1,Fxn) > 0 for all n € IN. Since, F is
o-n-O-contraction, so we have

1 < O(d(xn,xn+1)) = O(d(Fxn_1,Fxn)) < O(d(xn_1,%n))]*
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2

= [O(d(Fxn_2, Fxn_1))* < O(d(xn_2,xn_1))I*

< [B(d(xp,x1))1*"
for all n € IN. Since © € Q, so by taking limit as n — oo in above inequality, we have

lim O(d(xn,xn+1)) = 1.

n—o0
By (©,), we have
Iim d(xn,Xn41) =0. (2.1)

n—oo

Now, we claim that {x,}7_; is a Cauchy sequence. We suppose on the contrary that {x,}}°_; is not
a Cauchy sequence, then we assume that there exist ¢ > 0 and sequences {p(n)}°_; and {q(n)}X_; of
natural numbers such that for p(n) > q(n) > n, we have

d(xpn) Xqn)) = &

Then
d(xp(n)—llxq(n)) <€ (2.2)

for all n € IN. So, by triangle inequality and (2.2), we have
e < d(xpm), Xqm)) < dXpn) Xpm)—1) + dXpm)-1,Xq(n)) < d(Xpm)—1,Xpn)) + &
By taking the limit and using inequality (2.2), we get

lim d(Xpm), Xqm)) = € (2.3)

n—oo

From (2.1), we can choose a natural number ng € IN such that

3 13
d(Xp(n), Xp(m)+1) < 1 and d(xq(n), Xqm)+1) < 1 (2.4)

for all n > ny. Next, we claim that Fx,,(n) # Fxq(n) for all n > ny, that is
d(Xp(n)+1,Xqm)+1) = A(Fxpn), Fxqm)) > 0. (2.5)

Arguing by contradiction, there exists Ng > ng such that d(xp,m)4+1,%q(n)+1) = 0. It follows from (2.1),
(2.4), and (2.5) that

€<d(xp(n) am)) < d(xXpm) Xpm)+1) + AXpm)+1,Xg(m)+1) + AXp(n)+1, Xq(n)

£
< HOH =y

a contradiction. Thus the relation (2.4) holds. Then by the assumption, we get
O(d(Fxp(n), Fxq(n))) < O(d(xp(n), Xqn)))1* (2.6)
By taking limit as n — +oo0 and using (@é), (2.3) and (2.6), we get
B(e) < [B(e)¥,

which is a contradiction. Thus {x,} is a Cauchy sequence. Completeness of X ensures that there exists
z € X such that x,, — z as n — oo. Now, since F is o-1-continuous and n(xn_1, Xn) < &(Xn—1,%Xn ), SO

d(z,Fz) = lim d(xn,Fxn) = lim d(xn,xns1) = d(z,z) =0.

n—oo n—o0
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Hence, z is a fixed point of F. Now we show the uniqueness of fixed point. We suppose on the contrary
that there exists another fixed point u of F distinct from z, that is

Fz=z#u=Fu thatis Fz# Fu.
Then from assumption of theorem, we obtain
O(d(z,u)) = B(d(Fz, Fu)) < [©(d(z,w))l¥,
which is contradiction because k € (0,1). Thus z is the unique fixed point of F. O

Theorem 2.3. Let (X, d) be a complete metric space. Let F : X — X be a self-mapping satisfying the following
assertions:

(i) Fisan x-admissible mapping with respect ton;
(ii) Fis o-n-©-contraction;
(iii) there exists xg € X such that «(xg, Fxo) = n(xo, Fxo);
(iv) if {xn} is a sequence in X such that «(xn, Xn+1) = N(Xn, Xn41) With xn — x as 1 — oo, then either
N(Fxn, FPxn) < «(Fxn,x), or n(FPxn, FPxn) < «(FPxn, x),
holds for all n € IN.
Then F has a fixed point. Moreover, F has a unique fixed point whenever x(x,y) > n(x,x) for all x,y € Fix(T).
Proof. Let xo € X such that o(xg, Fxg) > n(xo, Fxo). As in proof of Theorem 2.2 we can conclude that
o(Xn, Xn41) 2 Nxn, Xny1) and xn, — x¥ as n — oo,
where, X117 = Txy. So, from (iv), either
N(Fxn, FPxn) < a(Fxpn, x*) or 1(FPxn, FPxn) < o(FPxn, x*),
holds for all n € IN. This implies
N(Xn+1,Xn42) < a(Xn41,%) 0or N(Xni2,Xn+3) < a(Xn42, %),
holds for all n € IN. Equivalently, there exists a subsequence {xn, } of {x } such that
N(xn, Fxn) =1, xny 1) < alxn,, x7), (2.7)
and so from (2.7) we deduce that
O(d(Fxn,, Fx*)) < [O(d(xn,, x*)]* < O(d(xn,,x*)).

From (©,) we have
d(xny 41, Fx) < d(xn,, x").

By taking limit as k — oo in the above inequality we get d(x*, Fx*) =0, i.e., x* = Fx*. Uniqueness follows
similarly as in Theorem 2.2. O

Taking x(x,y) =n(x,y) =1 for all x,y € X, then we deduce the following result as corollary.
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Corollary 2.4. Let (X, d) be a complete metric space and F : X — X be a self-mapping. If for all x,y € X with
d(Fx, Fy) > 0, we have
©(d(Fx, Fy)) < [©(d(x,y))I¥,

where F € Q. Then F has a fixed point.
Recall that a self-mapping T is said to have the property P, if Fix(T™) = F(T) for every n € IN.

Theorem 2.5. Let (X, d) be a complete metric space and F : X — X be an «-continuous self-mapping. Assume that
there exists some k € (0,1) such that

O(d(Fx, Fx)) < [©(d(x, Fx))I¥, (2.8)

holds for all x € X with d(Fx, F°x) > 0 where © € Q. If F is an o-admissible mapping and there exists xo € X such
that «(xo, Fxo) > 1, then F has the property P.

Proof. Let xg € X such that «(xg, Fxg) > 1. For such xo, we define the sequence {xn } by xn = F*x¢ = Fxn,_1.
Now, since F is x-admissible mapping, so «(x1,x2) = «(Fxg, Fx1) > 1. By continuing this process, we have

(X(Xn—lr Xn) =1

for all n € IN. If there exists ng € IN such that xn, = xn,+1 = Fxn,, then xy, is fixed point of F and we
have nothing to prove. Hence, we assume, X, # Xn41 or d(Fxn_1, Fxn_1) > 0 for all n € N U{0}. From
(2.8) we have
1< G(d(FXn—lr szn—l)) < [G(d(xn—lz FXn—l))}k;

which implies

1< @)(d(xnrxn+l)) < [@(d(xn—lzxn))]kz
and so

1< ®(d(x'ruxn+l)) < [g(d(xnflzxn))]k-
Therefore,

2

1< @(d(Xn,Xn+1)) < [@(d(xnflrxn))]k < [@)(d(xn—ZIanl))]k <0 S [@(d(XOIXl))]kn'

By taking limit as n — oo in above inequality, we have lim,_, @(d(xn, xn+1)) =1, and since ® € Q we
obtain
lim d(xn,Xns1) =0. (2.9)

n—o0

Now, we claim that {x,}%°_; is a Cauchy sequence. We suppose on the contrary that {x,}3_; is not
Cauchy then we assume there exist ¢ > 0 and sequences {p(n)}?°_; and {q(n)}°_; of natural numbers
such that for p(n) > q(n) > n, we have

d(xp(n)/FXq(n)—l) = d(xp(n)rxq(n)) > €. (2.10)

Then
d(xXpm)—1, Fxgm)—1) < ¢

for all n € IN. So, by triangle inequality and (2.10), we have
€< d(Xp(n)/ FXq(n)—l) < d(xp(n)rxp(n)—l) + d(Xp(n)—lrFXq(n)—l) < d(xp(n)rxp(n)—l) + €.
By taking the limit and using inequality (2.9), we get

Jlim d(xp(n), Frgm)-1) = e
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On the other hand, from (2.9) there exists a natural number ng € IN such that

(2.11)

| o

d(Xp(n) Xpm)+1) < Zi and d(xq(n),xq(n)ﬂ) <
for all n > ny. Next, we claim that
d(Fxp(n), FPXg(n)—1) = d(Xpn)+1, FXq(n)) > 0 (2.12)
for all n > ng. We suppose on the contrary that there exists m > ng such that
A(Fxp (m), FPXq(m)—1) = Ad(%p (m)+1, FXq(m)) = 0. (2.13)
Then from (2.11), (2.12) and (2.13), we have

£ < d(xp(m)r qu(m)fl) < d(xp(m)rxp(m)+1) + d(Xp(m)Jrl/FXq(m)fl)
+ d(Xp (m)+1,Xq(m)+1) + AXqm)+1, FXq(m)—1)
+

d(xp (m)+1, FXq(m)) + d(xq(m)+1,Xq(m))

which is a contradiction. Thus

d(FXp(n)/ FZXq(n)—l) = (Xp(n)—l—l/ qu(n)) >0,

d
O(d(Fxp (), Fxq(n)-1)) < [O(dlxp ), Frgin)1))I%, (2.14)
is established which further implies that

@(d(xp(n)+1rxq(n)+l)) < [@(d(xp(n)rxq(n)))]k-
From (03), (2.10) and (2.14), we get
O(e) < [B(e)]¥,

which is a contradiction because k € (0,1). Thus we proved that {x,, } is a Cauchy sequence. Completeness
of X ensures that there exists x* € X such that x,, — x* as n — o0o. Now, since F is a-continuous and
®(Xn—1,%Xn) = 1 then, xn41 = Fxn — Fx* as n — oo. That is, x* = Fx*. Thus F has a fixed point and
F(F*) = F(F) for n = 1. Let n > 1. Assume contrarily that w € F(F") and w ¢ F(F). Then, d(w, Fw) > 0.
Now we have

1< O(d(w,Fw)) = O(d(F(F*w)), PP(F*1w)))
[O(d(F*w, F'w))]*

O(d(F 2w, FMlw)) I < -

O(d(w, Fw))]*".

N CININA

By taking limit as n — oo in the above inequality we have ©(d(w,Fw)) = 1. Hence, by (©;) we get,
d(w, Fw) = 0 which is a contradiction. Therefore, F(F™") = F(F) for all n € IN. O

Let (X, d, <) be a partially ordered metric space. Recall that F : X — X is nondecreasing if for all
x,y € X, x Xy implies F(x) < F(y) and ordered ©-contraction if for x,y € X with x <y and d(Fx, Fy) > 0,
we have

O(d(Fx, Fy)) < [O(d(x,y))I¥,

where © € Q. Fixed point theorems for monotone operators in ordered metric spaces are widely in-
vestigated and have found various applications in differential and integral equations (see [1, 14, 16, 18]
and references therein). From Theorems 2.2-2.5, we derive the following new results in partially ordered
metric spaces.
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Theorem 2.6. Let (X, d, <) be a complete partially ordered metric space. Assume that the following assertions hold
true:

(i) Fis nondecreasing and ordered ©-contraction;
(ii) there exists xg € X such that xy = Fxg;
(iii) either for a given x € X and sequence {xn }
Xn =X as n— 00 and xp <X Xni1, YN € N we have Fx,, — Fx,
or if {xn } is a sequence such that X, = Xn4+1 With xn — x as n — oo, then either
Fxn <%, or Fxp <X,
holds for all n € IN.

Then F has a fixed point.

Theorem 2.7. Let (X, d, <) be a complete partially ordered metric space. Assume that the following assertions hold
true:

(i) F is nondecreasing and satisfies (2.8) for all x € X with d(Fx, F?x) > 0 where © € Q and t > 0;
(ii) there exists xg € X such that xy = Fxg;
(iii) for a given x € X and sequence {xn}

Xn — X s N — 00 and xn < Xn41 for alln € N we have Fxn — Fx.

Then F has a property P.

As an application of our results proved above, we deduce certain Suzuki-Samet type fixed point
theorems.

Theorem 2.8. Let (X, d) be a complete metric space and F be a continuous self-mapping on X. If for x,y € X with
%d(x, Fx) < d(x,y) and d(Fx, Fy) > 0 we have

O(d(Fx, Fy)) < [O(d(x,y))I¥,
where © € Q. Then F has a unique fixed point.

Proof. Define, a,1: X x X — [0, 00) by

alx,y) = dlxy) and M(xy) = 5dlxy)

for all x,y € X. Now, since %d(x,y) < d(x,y) for all x,y € X, so n(x,y) < «(x,y) for all x,y € X. That
is, conditions (i) and (iii) of Theorem 2.2 hold true. Since F is continuous, so F is «-n-continuous. Let
n(x, Fx) < a(x,y) with d(Fx, Fy) > 0. Equivalently;, if %d(x, Fx) < d(x,y) with d(Fx, Fy) > 0, then we have

O(d(Fx, Fy)) < [O(d(x,y))I*.

That is, F is a-n-©-contraction mapping. Hence, all conditions of Theorem 2.2 hold and F has a unique
tixed point. O
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Theorem 2.9. Let (X, d) be a complete metric space and F be a self-mapping on X. Assume that there exists some
k € (0,1) such that

1
2(141)

for x,y € X with d(Fx, Fy) > 0 where © € Q. Then F has a unique fixed point.

d(x, Fx) < d(x,y) implies ©(d(Fx,Fy)) < [©(d(x,y))I* (2.15)

Proof. Define «,1: X x X — [0, c0) by

1
2(141)

x(x,y) =d(x,y) and n(x,y) = d(x,y)

for all x,y € X where T > 0. Now, since, ﬁd(x,y) < d(x,y) for all x,y € X, so n(x,y) < a(x,y)

for all x,y € X. That is, conditions (i) and (iii) of Theorem 2.3 hold true. Let {x,,} be a sequence with
Xn — X as N — oo. Assume that d(Fxn, F?xn) = 0 for some n. Then Fx, = F?x,. That is Fx, is a
fixed point of F and we have nothing to prove. Hence we assume, Fx,, # F?x,, for all n € IN. Since

z(llﬁd(Fxn, Fxn) < d(Fxn, FPxy,) for all n € N, then from (2.15) we get

O(d(Fxn, FPxn)) < [O(d(Fxn, PPxn))I* < O(d(Fxn, FPxn)),
and so from (©;) we get,
d(FPxn, FPxn) < d(Fxn, FPxp). (2.16)
Assume there exists ng € IN such that
n(Fan,F2xn0) > &(Fxn,,x) and n(F2xn0,F3an) > oc(sznO,x),
then
1

2(1+7)

so by (2.16) we have,

d(Fan,szno) < d(Fxng, x) + d(szno,x)
1

20+
1

2(1+ 1)
2

2(1+ 1)

which is a contradiction. Hence, either

d(Fan,FZXHU) > d(Fxn,,x) and d(sznO,F3xn0) > d(sznO,x),

2(1+ 1)

A(Fxng, FPxn,) + A(F*xn,, FPxng)

2(141)

< d(Fxn,, szno) + d(Fxn,, szno)

2(1+ 1)

d(FXTL[)I FZXTL(]) < d(FX’TLo/ FZXTLO )/

T](FXTL/ FZXn) < CX(FXn, X) or T](FZXTU stn) < (X(sznlx)l

holds for all n € IN. That is condition (iv) of Theorem 2.3 holds. Letn(x, Fx) < «(x,y). So, ﬁd(x, Fx) <
d(x,y). Then from (2.15) we get ©(d(Fx, Fy)) < [©(d(x,y))]*. Hence, all conditions of Theorem 2.3 hold

and F has a unique fixed point. O

3. Applications

Theorem 3.1. Let (X,d) be a complete metric space and F : X — X be a self-mapping satisfying the following
assertions:

(i) for x,y € O(w) with d(Fx, Fy) > 0 we have
O(d(Fx, Fy)) < [O(d(x,y))I¥,
where ® € Qand k € (0,1);
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(ii) Fis an orbitally continuous function.
Then F has a fixed point. Moreover, F has a unique fixed point when Fix(F) C O(w).
Proof. Define &, 1 : X x X — [0, 400) by

alxy) = { 3, if x,y e O(w),

0, otherwise, and n(xy) =1,

where O(w) is an orbit of a point w € X. From Remark 1.4 we know that F is an a-n-continuous mapping.
Let a(x,y) > n(x,y), then x,y € O(w). So Fx,Fy € O(w). That is, «(Fx,Fy) > n(Fx, Fy). Therefore,
F is an a-admissible mapping with respect to n. Since w,Fw € O(w), then a(w,Fw) > n(w,Fw). Let
a(x,y) = n(x, Fx) and d(Fx, Fy) > 0. Then, x,y € O(w) and d(Fx, Fy) > 0. Therefore from (i) we have

O(d(Fx, Fy)) < [O(d(x,y))I,

which implies F is o-n-@-contraction mapping. Hence, all conditions of Theorem 2.2 hold true and F has
a fixed point. If Fix(F) C O(w), then, «(x,y) > n(x,y) for all x,y € Fix(F) and so from Theorem 2.2 F has
a unique fixed point. O

Theorem 3.2. Let (X, d) be a complete metric space and F : X — X be a self-mapping satisfying the following
assertions:

(i) for x € X with d(Fx, F>x) > 0 we have,
O(d(Fx, Fx)) < [O(d(x, Fx))I¥,
where ® € Qand k € (0,1);
(ii) Fis an orbitally continuous function.
Then F has the property P.
Proof. Define o : X x X — [0, +00) by

0, otherwise,

{ if x € O(w),
).

where w € X. Let a(x,y) > 1, then x,y € O(w). So Fx,Fy € O(w). That is, «(Fx,Fy) > 1. Therefore, F
is a-admissible mapping. Since w,Fw € O(w), so a(w,Fw) > 1. By Remark 1.4 we conclude that F is
a-continuous mapping. If x € X with d(Fx, F?x) > 0, then, from (i) we have

C] (d(Fx, F2x)) <O (d(x, Fx))]k.
Thus all conditions of Theorem 2.5 hold true and F has the property P. O

We can easily deduce following results involving integral inequalities.

Theorem 3.3. Let (X, d) be a complete metric space and F be a continuous self-mapping on X. If for x,y € X with

d(x,y) d(Fx, Fy)
p(t)dt < L p(t)dt and L p(t)dt >0,

d(x, Fx)
)
we have

o( JIP ) b ar) < (1Y) pyar),

where ® € Q, k € (0,1) and p : [0,00) — [0,00) is a Lebesgue-integrable mapping satisfying [ p(t)dt > 0 for
¢ > 0. Then F has a unique fixed point.
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Theorem 3.4. Let (X, d) be a complete metric space and F be a self-mapping on X. Assume that there exists some
€ (0,1) such that

s S8 P oar < (3¥ par = e(JEP Y prar) < [o (S8 Y prtyat)®

for x,y € X with f 0 d(Fx, Fy) p(t)dt > 0 where © € Q) and p : [0,00) — [0, 00) is a Lebesgue-integrable mapping
satisfying [ p(t)dt > 0 for € > 0. Then F has a unique fixed point.

Theorem 3.5. Let (X, d) be a complete metric space and F : X — X be a self-mapping satisfying the following
assertions:

d(Fx, Fy)

i) forx,y € O(w) with [, p(t)dt > 0 we have

o( 18P ) o) < [o(JE Y pvyar))”,

where © € Q, k € (0,1) and p : [0,00) — [0,00) is a Lebesgue-integrable mapping satisfying [, p(t)dt >0
for e > 0;

(ii) Fis an orbitally continuous function.

Then F has a fixed point. Moreover, F has a unique fixed point when Fix(F) C O(w).

Theorem 3.6. Let (X, d) be a complete metric space and F : X — X be a self-mapping satisfying the following
assertions:

d(Fx, F>x)

(i) for x € X with [ p(t)dt > 0 we have

o( S TY otyat) < [o( 14 ™) pyan)¥,

where © € Q, k € (0,1) and p : [0,00) — [0,00) is a Lebesgue-integrable mapping satisfying [, p(t)dt >0
for e > 0;

(ii) Fis an orbitally continuous function.

Then F has the property P.
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