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Abstract

The global well-posedness analysis for the three dimensional dynamic Cahn-Hilliard-Stokes (CHS) model is provided
in this paper. In this model, the velocity vector is determined by the phase variable by both the Darcy law and the Stokes
equation. Based on the analysis of weak solutions to the CHS equation by the standard Galerkin method, we present a global
in time strong solution for the CHS model. Moreover, the existence and the uniqueness of the strong solution are also proven.
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1. Introduction

The Cahn-Hilliard equation [3] plays an important role in the mathematical study of the sponta-
neous separation of binary fluid, and has attracted much attention both analytically and numerically (see
[1, 2, 6-8, 10, 11, 16-18] and the references therein). Recently, the couplings of the Cahn-Hilliard equation
with other basic modeling equations also have been proposed in various situation to describe compli-
cated phenomena in fluid mechanics involving phase transition, such as the Cahn-Hilliard-Navier-Stokes
(CHNS) equation [5, 9, 13, 14, 19], the Cahn-Hilliard-Hele-Shaw (CHHS) [4, 12, 22-24] equation, and the
Cahn-Hilliard-Boussinesq (CHB) [26] equation.

The Cahn-Hilliard energy of a binary fluid with a constant mass density is given by

1 1 2 2
Ecn(¢) :JQ{4¢4—2¢2+€2\V¢\ }dx, D

where Q C R3, ¢ : Q — R is the concentration field, and € is the interfacial thickness parameter.
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The phase equilibria are represented by the pure phase ¢ = +1. For simplicity, we assume that QO =
(0,Lx) x (0,Ly) x (0,L;) and that on¢$ = 0 on 0Q, the latter condition representing local thermodynamic
equilibrium on the boundary. In this paper, we discuss dynamic equations for the Cahn-Hilliard-Stokes
(CHS) model as follows,

0td+u-Vo = Ay, (1.2)
oru—Au+u+Vp = —ydpVy, (1.3)
v U = O’ (1‘4)

where the chemical potential is defined as
wi=8gE = ¢° — b — A,

and u is the advective velocity and p is the pressure. We assume free-slip boundary conditions for the

velocity field, namely u-n =0, aglr'f = 0 and no-flux boundary condition for w, 9np = 0 on 0Q).

The total energy of dynamic equations for the CHS model is given by

E(d,u) =J

1.4 1., € ‘2 1 ‘ ’2 1 2
St 2 - — =E L
Q{ ¢t =97+ 5 ‘v«p oy U] [ dx=Eenl(@)+ o fulliz,

4
with Ecn(d) given by (1.1). The system (1.2), (1.3), (1.4) is mass conservative and energy dissipative, and
the dissipation rate is readily found to be

1
k== | wilax— | (vt s ) ax<o
Q YJa

Although there exist a great deal of theoretical analysis and numerical methods investigating the Cahn-
Hilliard equation and the Stokes (or other variations) equation, respectively, it still brings some additional
technical difficulties for these new coupled systems in theoretical and numerical aspects. We now present
several results which are especially relevant to this paper. In [20], an initial-boundary value problem
for the Cahn-Hilliard-Hele-Shaw system that models tumor growth is studied. For large initial data
with finite energy, the authors proved global existence, uniqueness, higher order spatial regularity, and
Gevrey spatial regularity of strong solutions in 2-3D. Asymptotically in time, it is shown that the solution
converges to a constant state exponentially fast as time tends to infinity under certain assumptions. The
well-posedness of the Darcy-Cahn-Hilliard model for the Hele-Shaw flow as well as the basic regularity
of the weak solution can be found in [12]. In more detail, a convex splitting numerical scheme was
formulated, with a mixed finite element approximation in space. Such an approximate construction
assures an unconditional energy stability. As a result, using certain compactness arguments, the authors
obtained a weak convergence of the finite element numerical approximation to a global-in-time weak
solution. Furthermore, the CHHS solution with higher order regularities is discussed in [23] by more
advanced Littlewood-Paley theory, and global in time classical solutions were reported for the 3-D CHHS
system in [22], if the initial data is close to an energy minimizer or the Péclet number is sufficiently small.

In this paper, the global well-posedness analysis of the CHS equation is mainly accomplished by an
L estimate of the velocity variable in terms of an L norm of —y¢$V, which comes from an application
of elliptic regularity and Hemlholtz projection to the Stokes equation (1.3). With the estimates for the
nonlinear terms, a uniform in time H? estimate for the phase variable can be obtained. Consequently, a
standard Galerkin procedure would construct approximate solutions and the limit functions turns out to
be the unique strong solution of the CHS system.

The remainder of the paper is organized as follows. In Section 2, we review and analyze the weak
solution to the dynamic CHS equation. In Section 3, a global in time strong solution, with regularity of
L(0, T; H2) N L2(0, T; H*) is established for the CHS system (1.2), (1.3), (1.4), with any H2 initial data for
¢. Furthermore, the existence and uniqueness of the strong solution are also proven.
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2. Global in time of the weak solution

2.1. Review of the weak solution

For any positive final time T, the functions (¢, u) with the following regularities

$ € L®0, T; HY N30, T; H3), 3:d e L' (0, T;H HNL20,T;H3),
u=(u,v,w) e L®0,T;L?)NL%0,T;HY,

are called a weak solution for the dynamic CHS system (1.2), (1.3), (1.4), if

(atd),'ll)) - (u(b/ vlb) = (H; All))l Vﬂ) € H3(Q)I

2.1)
otu—Au+u=—yPy(dVy),

where = ¢3 — ¢ — e2A¢d and Py denotes the standard Helmholtz projection, which leads to Py Vp = 0.

Theorem 2.1. Let &g = &(-,0) € H(Q). Then there exists at least one global weak solution for the dynamic CHS
equation (1.2), (1.3), (1.4), such that for any T > 0

[l oH < AL [l mme) <Az 10edll2rH-3) < As,
<

[ulliwot,i2) S Ag, Iulli2o 1,101y < As,

where A1 and Ay are time independent and Ay, Az, and As are time dependent constants.

Before we prove this theorem, we build some framework.

2.2. Construction of approximation solution and properties

To prove Theorem 2.1, we recall the following Galerkin procedure.
Let {®j}j>1 C H*(Q) be eigenfunctions of the Laplacian operator corresponding to the eigenvalues
—Aj,i=1,2,---,with0 <Ay <A <---, such that

0D;
—AD; = \jD5, a—n’bg =0.

Additionally, we choose H(D H =1for j > 1. Obviously, {®;}j>1 C C*°(Q) defines a complete orthonormal
basis in L2(Q).
Denote Gp as the vector space spanned by {®

12(Q) to Gm:

J}M1 and define Pp; as the standard projection from

M 00
Pm=) f30; for Z i, (f, @;). (2.2)
— Py

To seek a weak solution of the CHS equation (1.2), (1.3), (1.4), we find an approximate solution
{dnm, um} with dap € Gm, such that

0tdm +Pm(um - Vom) = Apm, (2.3)
dtupm — Aupm +um = —YPu(dmVium), (2.4)
dmli=0 = Pmbo, (2.5)

where upm = ?M(d):;’vl) —dm — 2Adm € Gm. Note that iy ¢ Gy in general, since ppmVum € Gm.
We also present the following results, which will be used in the analysis later in the paper. For brevity,
in the following, || - || denotes the L2-norm || - || 2.
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Lemma 2.2. The following estimates are valid.

[PmF < [Ifll, VFel*(Q), M=>1, (2.6)
(Pmf,gm) = (f,gm), VF€L*(Q), M>1, gm€Gm, 2.7)
(VO;, VO;) =0, for i#j, (2.8)
IV (Pm)|| < ||VE||, for f smooth enough. (2.9)

Proof.

(1) Based on the eigenfunction expansion (2.2) and its projection, we apply the orthonormal property of
{d)j}joil and get

M
1PamFI> =D 152 < ) Zmz
j=1

so that (2.6) is proven.

(2) For gm € Gm, assume its eigenfunction expansion is gm = Z;\il g;j®;. In turn, the following
derivation could be made,

(f — Pamf, gm) Z fCD],Zg)
j=M+1

in which the last step comes from the orthogonal property of {®;}52;.

(3) Due to the homogeneous Neumann boundary condition, (2.8) is a direct consequence of integration
by parts,
(V(Di,V@j) :—((Di,A(Dj) :—Aj(q)i,q)j) :O, for 175]

(4) The eigenfunction expansion (2.2) and its projection indicate that

V(Pmf) = vaq%, Vf:iijd)
j=1

Hence, we apply the orthogonal property (2.8) for {V®;}?; and arrive at

IV (P> —Z|f Plves|* < IV =
j=1 j=1
which in turn completes the proof of (2.9). O

Moreover, a detailed calculation shows that the following formulas of integration by parts are also
valid.
(f, Agm) = —(VE,Vam), (£, A%gm) = (Af, Agm), (2.10)
(Af, A2gpm) = —(VAF, VAgM),

for gnm € Gm and f smooth enough.

2.3. Proof of Theorem 2.1

It is straightforward to obtain the local in time existence of the approximation solution, since the
Galerkin scheme (2.3) and (2.5) with the velocities determined by (2.4) is an initial value problem for a
system of ODEs. But to discuss the global in time of the weak solution, energy estimates are necessary.
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Proof of Theorem 2.1. Taking the inner product of (2.3) with upm = Pm ((I)?\A) — dm — e2Adm, by the above-
mentioned result (2.7) and the integration by parts formula (2.10), we have

(Db, tm) + (Tm - Vdm, im) + [[Vim | = 0. (2.11)

For the first term, according to (2.7), (0tdm, (PM(cb:fw)) = (0¢dm, d):;’vl) and a direct result can be derived

as follows,
(Bedm, im) = (dedm, Pm(P) — dm — 2Adm)

= (0edm, P} — dm — E2Adm) (2.12)
d
EECHN)M)
where Ecn(dm) = [ [ — %d)%vl + %IVd)MIZ] dx. For the second term,

(Um - Vom, um) = (V- ([Tmdm), um) = —(mdm, Vim)

_ _ 1 . _ _
—(Uum, dmVum) = _(UM/_§(atuM — Aupm +um))

(2.13)
(Um, 0up — Ay + Upm)

<\~

1 1 d _
g T+ 9T P 4 30

Substituting (2.12) and (2.13) into (2.11), we obtain the energy estimate

d
—E V (v 0,
G EON) + [Vinal+ (V0 [+ 10 )

) ) 1,
in which E(¢ém) = Ecul(dm) + E HuMHz-

As a result, this energy bound gives a uniform in time H! bound for the approximate solution ¢pp. In
turn, a global (in time) solution for (2.3), (2.4), (2.5) is assured, for any fixed M > 1.
Moreover, more detailed Sobolev analysis indicate the following bounds,

[dMmllwo.m) <AL [[dMllzorms) < A2, [[0tdMmll201,1-3) < As,
<

<
Um0 12) S At UM 1200711 < As,

where the constant A; and A4 are time independent, Ay, Az and As are time dependent. We leave to be
confirmed the details to interested readers.
Since these estimates are uniform in M, there exist subsequences ¢1m, im, 0t d1m and limit functions
¢ e L0, T; HY) NL2(0, T; H3), 0+ € L2(0, T; H3), u € L*°(0, T; L2) N L2(0, T; H!) such that
b w ¢ in PO, THY), dum wi ¢ in L®(0,T;HY,
tim w u in *0,T;HY, Tm w u in L¥(0,T;1?),
ddim w dd in L3O, T;H).

Also, by applying an improvement of the Aubin compactness result in [21], we have
dim  — ¢ strongly in L2(0, T; H).

Now we may pass to the limit, showing that the limit function (¢, u) is indeed a weak solution in the
sense of (2.1). This completes the proof of Theorem 2.1. O
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3. Global in time strong solution

The main results of this paper are the following global existence and uniqueness of solutions for the
CHS system.

Theorem 3.1. Let ¢po = ¢(-,0) € H3(Q). Then there exists a unique global (in time) strong solution for the
dynamic CHS equation (1.2), (1.3), (1.4), such that for any T > 0

By, [[0tdll12(01,12) < B3,
Bs,

H‘bHLw(o,T;HZ) By, H¢HL2(0,T;H4)
B

<
3.1
< (3.1)

<
< By, Hu”LZ(o,T;HZ)

[l o 0,111
in which By and By are time independent and By, B3, and Bs are time dependent constants.
To prove this result, two important inequalities must be introduced.
Lemma 3.2 (Elliptic regularity [15]). There is a constant C > 0, such that, for any P € H™+2(Q),
[Wlrmee < CUAG 1 + (1] ),
[Wlrem < CUIA™ W2 + [[W]l2),
[Wl[rzme < CUIVAT |2 + [[bll2)-

Lemma 3.3 (Gagliardo-Nirenberg inequality [25]). Assume that uw € L9(R™),D™u € L"(R™),1 < q,r <
00,0 < j < m. we have the estimate as follows

IDIwfr < CID™ w5 ul [4®,

where C is a positive constant, 0 < )H <a<l,
1 1 m 1
s I )
P n T on q

Prior estimates for ¢ € L°°(0, T; H2) N 12(0, T; H*) and for u € L*°(0, T; H') N L%(0, T; H2) are needed to
establish a global in time strong solution. In particular, the estimate for the nonlinear convection term is
vital in our proof.

3.1. Priori estimates for ¢ € L*°(0,T; H2) N L2%(0, T; H*) and u € L*°(0, T; H) N L2(0, T; H?)
Taking the inner product of (1.2) with 2A%¢ yields

% |AG|* + 2€2 HAzq)HZ =2 (A($%), A%¢) —2 (Ad, A%D) —2 (u- Vi, A%D). (3.2)

The term associated with the concave diffusion can be treated in a straightforward way, with the help
of a Sobolev interpolation inequality,

—2(8, %) = 2||VAG|? < CUIVOI - |a%] 12 < ¢ [VollF - [a20]|F < CA-[[a%]7,  (3.3)

in which the global in time H! estimate (as shown in Theorem 2.1) was applied in the last step.
For the term associated with the cubic nonlinear part in (3.2), an application of Cauchy-Schwartz
inequality yields,
2 (A7), %) <2][|A(B7)] - [[A%]. (3.4)

At the same time, it follows from the standard expansion

A(d%) =3 Ad + 60 [V,
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that ) )
3C [dll1e - [[AD][re +6C [[dll1s - [[VPII1Ls

)17 - 1A + [l - IV l)
A Ad|lp +Ar - [[VO)

1A

—

(A2 VoI - 420 + A - (Vo] - |A20]°)2)

7

in which the 3-D Sobolev embedding from H! into L® was repeatedly applied in the derivation. Its
combination with (3.4) results in

2(A(9?),A%) < CAf HA%H? (3.5)

For the term associated with the nonlinear convection, we also start with an application of Holder
inequality,
—2(u- Vo, A%) < 2[ulie - [VO] - [A20]] < 241 Jull - - [A%]]. (3.6)

Meanwhile, a combination of the 3-D Sobolev embedding, interpolation inequality and elliptic regularity
shows that

1-25 % 1-28 3425
Wi < Csllull 305 < Collull ™ -luflz < Cslul - (ufl+ [|Au]) = 57)
1-28 3428 34265 ‘
<CoA, T - (Agt [ Au) T < CoAs(1+ [Au) ).

As a result, a combination of (3.2), (3.3), (3.5), (3.6) and (3.7) implies that
d 2 2 4 z 5 3425
m 18D + 262 | A2 < CIAT [|A%0[|° + AT [|A2]]° + AtAs(1+ [|Au] 5 ) - |A%]).  (3.8)
For (1.3), taking the inner product with —2Au yields
d 2 2 2
3¢ 1vull” + 2 [Au]® + 2[[Vul|” = 2y (Au, Vi), (3.9)

in which the orthogonality between Au and Vp comes from the incompressible property of Au.
For the nonlinear term appearing on the right hand side, a preliminary estimate indicates that

[dVul < bl - |V (6° — b — *Ad)||
6]l (V@) + bl + €* |[VAD]) (3.10)
bl ([[V(@*)] + A1+ €*[[VAD]) .

/

NN

The term ||$||;« can be bounded by

[bllie < CUDIL ITAGIE +1dlce) < COIDIL [TAGIE + [l 1n)
< bl (190l - [|a%] ) + 1) (3.11)
< C(Alg : HAZq)H% + A1),
with the help of Gagliardo-Nirenberg inequality. The two other terms in V can be analyzed as
V(%) = [136*Vo || <3 blTs - [Vllre < ClOIF - [Vlyp
< CAZ- [Vo||F - [ a2 < CA A%, (3.12)

2 1 2
IVAG] < C V| - [a%]° < CA; - || a2 . (3.13)
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A substitution of (3.11), (3.12), (3.13) into (3.10) yields

5 1 8 2 19 5
loVu]| < C(A] - A% +A(A] - [|4%]|° + A1) < CAf - [[A%]|° + C(A4).
Going back to (3.9), we arrive at
d 19 5
2 [Vl + 2 Au? 2 Vu)® = 2y (Au, Vi) < Cy (AL - [|A%0]|* + C(A1) - [ Au]. (3.14)
Consequently, a combination of (3.8), and (3.14) implies that

d
S AGIP + [ Vul) +2¢2 [[ 4% + 20| au)> + [ u)
< (AT (1A% + A A2 + ArAu(1 + | Au] ) - [|a%
19 5
AL [ A%0]]° + C(A) - Aul]).

Since the power index sum for ||[A%¢|| and ||Au]| is less than 2 (in each term), the Young inequality
(ab < %p + bqi with % + % = 1) can be applied to bound them:

S IIAZel13 2 e? 2,112 3
CA} [[4%]* < CeAT+ (1A%, (p=3,q=73),
SIA213 14 e? 2,112 6
CAY [[A%0[]° < CeAr + - [[A%]]7, (p=6,a=2),
2
CAIAL |70 < CeATAT+ % 18%0]%, (p=24=2),

3425
1. ‘

2 1
CA1A4 || Au| |A%¢]| < Ceppn, + % a2 + 1 lAau|?, (p=2,q=2),
CR €22 1 2
CAL [|A%0]* - Aul < Cen, + 7 470"+ g 1Aul®, (P =2,q=2),
1
C(A1) - [[Au] < C(AL) + 4 [Aul?,  (p=2,q=2).

Therefore,
d 2
= (1807 + [Vul?) + € A2 * + [ AulP + [ Vul> < Ca,aye. (3.15)

Moreover, with an application of elliptic regularity,

2
Co [Ad|* < [[A%]7,  Co|Vul® < [Au|?,

we get

d
= (1801 + [VulP) + Cae? (I A¢17 + [Vul?) < Capae.
This in turn gives an estimate containing an exponential decay for ¢ € H? and u € H!:

Cavase .

A+ [Vu]? < e (Jap(0)* + [ Tu(0)]?) + 5oy

— Bl

Hence, a uniform in time H? bound for ¢ is obtained by the elliptic regularity,

o)z < C(|dM@)] + [Ad)]) < C(AL+ (B))/?) =By,
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in which clearly B; is time independent, and
[ullyn < C(JJufl + [Vul)) < C(Ag+ (B})'/?) =By,

where By is also time independent.
Based on (3.15), the following estimate can also be derived,

Ca,ageT+ | AG(t=0)]* + [Vu(t = 0)|
e2

T 2,112 2 N
L (1420 + [lAu/P)dt < ;.

t)|]), an 1%(0, T; H*) estimate for

Consequently, due to the elliptic regularity || (t)[| s+ < C([[(t)[| + || A%(
¢ is available,

1Dl 0mm < CUDM 2 0r02) + [|[ 270 (1) 2 01.12)) S ClA2+ (B B3)!/?) := B.
Also, by the elliptic regularity |[u|/,;2 < C(||u|| + ||Aul|), we can obtain the estimate for u,
||U||L2(0,T;H2) < C(||U||L2(0,T;L2) + HAuHLZ(O,T;LZ)) < C(As+(B )1/2) = Bs.
Finally, from CHS equation (1.2), an 12(0, T; L?) estimate for d¢¢ can be obtained
10¢dl120,112) < ClA ull2 o) + [| A% 20,12 + B2) < C(A1By+ BIT + By) := B3,
with a Sobolev analysis applied for A(¢?) in the last step.

3.2. Existence of the strong solution
The proof of existence in Theorem 3.1. Since all these estimates are at hand, a global in time strong solution

for the CHS equation can be established by the standard Galerkin procedure. Taking the inner product
with (2.3) by 2A2¢p, we have
d 2
2 120mIP +2¢2 [ A20m | = 2(A(Pam(dRn)), A20m) —2(Adm, Adm)
—2(Pm(T- V), A2dm).

The prior analysis provided above can be applied to (3.16) in the same way, and we are able to get the
following bounds, uniform in M > 1,

(3.16)

oMl orH2) < Bt ldMmlliziorme) < B2 [[0edmll2(o7;12) < Ba,

<
UM Lo (01;11) < Ba, ([ WMl 12(0,7;112) < Bs,
and details are left to interested readers.

As a result, the limit function (¢, u) is a strong solution to the CHS equation (1.2), (1.3), (1.4). Hence
the proof of existence in Theorem 3.1 is complete and the estimates (3.1) are available. O

3.3. Uniqueness of the strong solution

Assume (¢d1,u1) and ($y, uy) are two strong solutions to (1.2), (1.3), (1.4), with the same initial data,
that is,

dedr +ur - V1 = AP — 1 — 2A¢1), (3.17)
dewy — Aug +uy = —yPr(d1 V(0] — b1 — 2Ad1)), (3.18)
Ot 2+ Uz - Vo = A3 — b2 — €2 Adn), (3.19)
dly — Atz + Uy = —yPr (P2 V(3 — ho — 2 Ad2)), (3.20)

d1li—0 = bali—o = do € H?,
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in which (¢i,ui),1 =1,2 satisfy

le Hat(biHLz(O,T;LZ) < B3/

1 il <
4, willizeo1;12) < Bs.

[ Dill Lo 0,1;02) <
[WillLoo(o,1;11) <

The difference functions are given by

d = d1— b, U=u —up.
Subtracting (3.19)-(3.20) from (3.17)-(3.18), we get
h+ur-Vh =A (7 + P1d2+ $3)d — d — 2AP), (3.21)
0l — AU+ 1 = —yPr(2V(($] + br1d2 + 93)b — d — 2 Ad)
+OV(h] — o1 — 2A%1)), (3.22)
$li—o =0.

We also introduce the following lemma to prove the uniqueness of the global in time strong solution.
For the details, see [5].

Lemma 3.4 ([5]). The following estimates are valid.

J P(t)dx =0, Vit >0,
o)

18] < (3.23)
HV((¢%+¢1¢2+¢2)J>)H < CBj (3:24)
-
| Mitar< st M = vl
0
T
| Miwar < B3B3, Mot = [V AG (0,
0
16V (0] — b1 —2A01)|| < Cp, [V +CM(0) [V [[vAG] ", (3.25)
in which By and By are time independent and By, B3, and Bs are time dependent constants.
Next, we present the following uniqueness analysis in Theorem 3.1.
The proof of the uniqueness in Theorem 3.1. Taking the inner product with (3.21) by —2Ad, we get
d 12 ~2 7112
— ||V 2e7||[VA
S 78I 222 [v.23) 2 26
= 2w d + Uy, VAD) +2 || Ad[]" +2(V((d] + d1da + $3)D), VAD).
The H Ad HZ can be controlled with the help of Young inequality,
2
|68| = ~(8,v28) < [V6] - [VAd] < 262 [Va ]} + 5 [[7ad]*. 627)

According to the formula (3.24) in Lemma 3.4, the last nonlinear term in (3.26) can also be analyzed
by a similar method as follows,

(V(($F + P12+ $3)D), VAD) < [|[V((dF + d1dba + $3)D) | - [ VA

B [[Vall- HVMH (3.28)

C
< CBle 2| Vo|*+ 5 VAl
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Considering the nonlinear terms associated with the velocity convection, we first discuss the simpler
one,

—(wd, VAP) < fui |- HCT)H (VA = CcMa(t) [|d]] - [[VA]

- (3.29)
<2cMi(t)e 2 ||V +* Ivad|®.

On the other hand, for the other nonlinear term in the Convectlon, from (3.22), we can rewrite the form
of VAP as follows,

G VAP = ylsz((atﬂ — AL +1)+NLE) + Vo,
with ) ) i
NLE =vyPoV(P(T + d1d2 + D3) — B) + V(T — b1 — 2 Ady).

Therefore we have the following estimate,

1 . 1
—(ttdy, VAD) = — (1, p2VAP) = fw((ﬁ,atﬂfﬁﬁ+ﬁ)Hﬁ,NLS)),
1 1 d 1
=3 Zdt [l + VR + [[2)*) — — (@ NLe)
1 _ 12 12 1
S- — |- [N
72 2dt Ll + v + ) )+ e el INee|
1 l d 1 . X
] NLE
a2 g 1P+ IVl ) + o () + INGe )

in which (11, V') vanishes because of the property of the Helmholtz projection Py.
With formulas (3.23) and (3.25) from Lemma 3.4, the term | NLE|| can also be derived,

INLE| < ||p2V (B (DT + p1d2 + $3)) — 1 —¢
< Cg, |[VO|| + CMa(t) |V V10l - [ VO
< Cg, [VO[[ +CMa(t) [ V|

Y vad)

Y vad|

1/4

which yields

3/2‘ 1/2

INCE|? < Co, [[VH]” + CMa(t) [V [VAd|
2
< Co, VO +Cy,e M3 (0) [ VO] + - [V2S| (3.30)
2
< (Co, + Cy,e M3 P (1) [V + Y- [V 2G*.
Consequently, a combination of (3. 26) (3.27), (3.28), (3.29) and (3.30) leads to

S IVaIF+— zdt © i+ [vas)
<4e2||VR|* +2Bie 2 ||V +4M2 e 2| v (3.31)
+(Co, + Cy, MY 10) V6] - = ).

We denote D(t,y,e) = 4e 2 + 28‘115*2 + 4M%(t)a*2 + (Cp, + CY,EM;LB(JL)), and obtain the integrability of
the coefficient,

.
J D(t,y,s)dt—J 4¢72 4+ 2BYe 2+ 4M3(t)e 2+ (Cp, + Cy,c M3 (1)) dt
0 0

.
< Cp,eT+Cp, B2+ Cye J (MA(t) +1)dt
0

< Cp, T+ Cp, B2+ C,y BB :=E7.
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Furthermore, the inequality (3.31) can be rewritten as

H 3|’ +fza||u|| Dit,y, &) (|| + ). (3.32)

Therefore, an application of the Gronwall-Bellman inequality to (3.32) implies that

Va2 + ylsz la(®)? < exp (ED(|VHO)|P + ylsz la)?) =0,

with the trivial initial data applied in the last step. By the inequality ||¢|| <
the strong solution (¢, u) is assured. The proof of the uniqueness in Theorem 3.1 is complete. O

Remark 3.5. Similarly, the techniques proposed in this paper can be applied to analyze the higher order
derivatives of the solution of the dynamic CHS equation in the same fashion, (for example, the initial
function ¢o = ¢(-,0) € H™(Q), (m > 3)), and the details are skipped for brevity.
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