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Abstract

In this paper, we consider a new parallel algorithm combining viscosity approximation methods to approximate the
multiple-set split common fixed point problem governed by demicontractive mappings, and get the generated sequence con-
verges strongly to a solution of this problem. The results obtained in this paper generalize and improve the recent ones an-
nounced by many others. (©2017 All rights reserved.
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1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - |. The convex feasibility problem
(CFP) is formulated as follows.

If N, Ci#0, find apoint x* € N{L;Cj,

where n > 1 is an integer, and each C; is a nonempty closed convex subset of H. It has been proved
that the CFP has received so much attention due to its extensive applications in many applied disciplines
as diverse as approximation theory, image recovery and signal processing, and so on. A complete and
exhaustive study on algorithms and applications for solving the CFP can be found in [3, 5, 12, 13]. As a
special case of the CFD, the split feasibility problem can be stated as follows.

The split feasibility problem (SFP) in finite-dimensional Hilbert spaces was first introduced by Censor
and Elfving [2]. The SFP is to find

x* € C such that Ax* € Q, (1.1)

where C and Q are nonempty closed convex subsets of the Hilbert spaces H; and Hy, respectively, A :
H; — Hj is a bounded linear operator. It has been found that the SFP (1.1) can be used in many areas such
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as image restoration, computer tomograph, and radiation therapy treatment planning. Some methods
have been proposed to solve split feasibility problems; see, for instance, [1, 17, 18, 19].
Note that if the SFP (1.1) is consistent, it is no hard to see that x* solves the SFP (1.1) if and only if it
solves the fixed point equation
x* =Pc(I—=yA*(I—-Pg)A)X",

where Pc and Pq are the metric projections from H; onto C and from H; onto Q, respectively, vy is a
positive constant and A* denotes the adjoint of A (see [15, Proposition 3.2] for the details). This implies
that the SFP (1.1) can be solved by using fixed point algorithms.

In 2013, Moudafi and Al-Shemas [11] introduced the following new split feasibility problem, which
is called the split equality fixed point problem (SEFP). Let Hy, Hp, H3 be real Hilbert spaces, let A : H; —
H3, B : H — Hj3 be two bounded linear operators, let U : H; — Hy and T : Hy — Hy be two firmly
quasi-nonexpansive mappings. The SEFP in [11] is to

find x* € F(U), y* € F(T) such that Ax* = By™. (1.2)

The interest is to cover many situations, for instance, in decomposition methods for PDF’s, applications
in game theory and in intensity-modulated radiation therapy (IMRT).
For solving the SEFP (1.2), Moudafi and Al-Shemas [11] introduced the following simultaneous itera-
tive method:
{ X1 = Ulxe — A" (Axic — Byx)),
Yi+1 = T(yx +viB* (Axi — Byx))

for firmly quasi-nonexpansive mappings U and T, where vy € (¢, ﬁ —€),AA, A stand for the spectral
radiuses of A*A and B*B, respectively.
In 2016, Zhao and Wang [21] proposed the following viscosity iterative algorithm for solving the SEFP
(1.2):
Ux = Xk — YA (Axx — Byy),
X1 = o1 (xie) + (1 — o) (1 —widJuy +wieU(uy)),
Vk = Yk +YkB* (Axx — Byy),
Ykt = a2 (yi) + (1T — o) (1T —wi)vie + wi T (v ),

(1.3)

where f; : Hi — H; and f, : H, — Hj are two contractions, U : Hy — H; and T : Hy — H, are
quasi-nonexpansive. They proved a strong convergence result of the algorithm (1.3) in Hilbert spaces.

Recently, the multiple-set split equality common fixed-point problem (MSECFP) of quasi-nonexpansive
mappings studied by Zhao and Wang [20] is to

find x* € NP_;F(W), y* € N, F(Tj) such that Ax" =By~, (1.4)

where p,q > 1 are integers. They introduced two mixed cyclic and parallel iterative algorithms for
solving the MSECFP (1.4) of quasi-nonexpansive mappings and proved the weak convergence of these
two algorithms.

Inspired and motivated by the works mentioned above, we consider a new viscosity iterative algo-
rithm for the MSECFP (1.4) of demicontractive mappings which are generalization of quasi-nonexpansive
mappings in Hilbert spaces. Under some mild assumptions we obtain some strong convergence results
for solving the MSECFP (1.4) and the SEFP (1.2).

2. Preliminaries

Throughout this paper, we always assume that Hj, Hy, H3 are real Hilbert spaces and let N and R
be the set of positive integers and real numbers, respectively. We use — and — to denote strong and
weak convergence, respectively, and F(T) denotes the set of the fixed points of a mapping T. We use
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Wy (xK) ={x:3 XK, — x} to stand for the weak w-limit set of {xi} and use I' to stand for the solution set
of the MSECEFP (1.4).

Let C be a nonempty closed convex subset of a Hilbert space H. The metric (or nearest point) projection
Pc from H onto C is defined as follows: Given x € H, the unique point Pcx € C satisfies the property

[x = Pex|| = inf |x—yl|.
yeC

It is well-known [14] that P¢ is a nonexpansive mapping and is characterized by the inequality
Pcx € C, (x—Pcex,y—Pex) <0, VyeC. 2.1
Definition 2.1. Let H be a real Hilbert space. A mapping T : H — H is said to be
(i) Lipschitzian, if there exists a constant p > 0 such that
Mx =Tyl <pllx—yl, ¥xyeH,
especially, if p € (0,1), T is said to be a contraction with constant p;
(ii) nonexpansive, if ||Tx — Ty|| < [[x —y||, forall x,y € H;
(iii) quasi-nonexpansive, if F(T) # () and || Tx — q| < |[x —q]|, for all x € H, q € F(T);
(iv) firmly nonexpansive, if
ITx = Ty|? < [[x =yl = [(I-Thx = (I-Tyl?, ¥xyeH,

or equivalently,
[Tx—Ty|> < (x—y, Tx—Ty), Vx,ye€H;

(v) u-demicontractive, if F(T) # () and there exists a constant p € (—oo, 1) such that

ITx = ql* < [lx = glf* + wlx = Tx|[?>, ¥x € H,qeFT).

Remark 2.2. Notice that every 0-demicontractive mapping is exactly quasi-nonexpansive. In particular, we
say that it is quasi-strictly pseudo-contractive [9] if 0 < u < 1. Moreover, if u < 0, every p-demicontractive
mapping becomes quasi-nonexpansive. Therefore, it is sufficient to only take n € (0,1) in (v) of Definition
2.1 in Hilbert spaces.

It is worth noting that the class of demicontractive mappings is more general than the class of quasi-
nonexpansive mappings and the class of firmly quasi-nonexpansive mappings.

Definition 2.3. Let C be a nonempty closed convex subset of a real Hilbert space H. A mapping F: C — H
is said to be

(i) monotone, if (Fx —Fy,x —y) >0, for all x,y € C;
(ii) strictly monotone, if (Fx —Fy,x —y) >0, forall x,y € C,x #y;
(iii) n-strongly monotone, if there exists a constant n > 0 such that

(Fx —Fy,x —y) 2n]\x—y\|2, vV x,y € C.

Definition 2.4. Let H be a real Hilbert space. An operator T : H — H is called demiclosed at origin, if for
any sequence {xy} which converges weakly to x, and if the sequence {Txy} converges strongly to 0, then
Tx =0.
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As a special case of the demicloseness principle on uniformly convex Banach spaces given by [6], we
know that if C is a nonempty closed convex subset of a Hilbert space H, and T : C — H is a nonexpansive
mapping, then the mapping I —T is demiclosed on C. Now the following question is naturally raised:
If T: C — His quasi-nonexpansive, is I — T still demiclosed on C? The answer is negative even at 0 as
follows.

Example 2.5. The mapping T : [0,1] — [0, 1] is defined by

TX — %I X E [0/ %]I
xsin7mx, x € (%,1].

Then T is a quasi-nonexpansive mapping, but I — T is not demiclosed at 0.
In fact, F(T) = {0}. For any x € [0, %}, we have
Tx— 0] = yg_m <Ix—0l,
and for any x € (%, 1], we have
[Tx — 0] = |xsin7tx — 0] < |[x — 0.

Thus T is quasi-nonexpansive. Taking {xn} C (%, 1] and x,, — %(n — 00), we have

[(I—T)xn| = [xn[l —sinmxn]| = 0(n — oo).
But T% = 11—0 #* %, ie., (I— T)% #0,s0 [ — T is not demiclosed at 0.

Lemma 2.6 ([10]). Let T be a p-demicontractive self-mapping on H with F(T) # 0 and set Ty = (1 — &)1+ «T for
o € [0,1]. Then, Ty is quasi-nonexpansive provided that « € [0,1— p] and

ITox—ql? < [x—ql* —a(l—p—a)x = Tx|>, x€H, qeFT).

Lemma 2.7 ([9, Proposition 2.1]). Assume C is a closed convex subset of a Hilbert space H. Let T : C — C be
a self-mapping of C. If T is a u-demicontractive mapping (which is also called u-quasi-strict pseudo-contraction in
[9]), then the fixed point set F(T) is closed and convex.

Lemma 2.8 ([7]). Assume {sy} is a sequence of nonnegative real numbers such that

{ Sk1 < (1 —Ax)sk + Aicdi,
Sk+1 < Sk — Nk + Kk,

where {Ax} is a sequence in (0,1), {n} is a sequence of nonnegative real numbers and {dy} and {w} are two
sequences in R such that

(0) %=1 M =00
(ii) limy o0 ik = 0;
(iii) Limy_ oM, = 0 implies limsup,_, &y, < 0 for any subsequence {ki} C {k}.
Then limy _, o S1c = 0.

Lemma 2.9 ([8]). Let X and Y be Banach spaces, A be a continuous linear operator from X to Y. Then A is weakly
continuous.

Lemma 2.10 ([16, Proposition 2.7]). Let H be a real Hilbert space. Suppose that F : H — H is k-Lipschitzian and
n-strongly monotone over a closed convex set C C H. Then, the following VIP(F, C)

(v—u*,F(u*)) >0, VveC(C,

has its unique solution u* € C.
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3. Main results

In this section, we introduce a new parallel algorithm combining viscosity approximation methods for
the MSECFP (1.4) of demicontractive mappings and prove strong convergence of the algorithm.

Algorithm 3.1. Let f; : Hj — H; and f; : Hy — Hj be two contractions with constants p;, p2 € [0,1) and
{tx} € [0,1]. Let xo € Hy, yo € Hy be arbitrary and p,q > 1 be integers. Let {«}} C [0,1] (0 < i < p)
and {B}} € [0,1] (0 <j < q) such that } P jal =1 and > ;LoB) = 1. Assume that the k-th iterate
xkx € Hi, yx € Hj has been constructed, then we calculate (k 4 1)-th iterate (xx41, Yk41) via the formula

Uk = Xk — VA" (Axik — Byy), .

X1 = tiefr(xa) + (1= ti) (oQur + X P ok Ui (u)),
Vk =Yk + YkB* (Axk —Byx), .

Y1 = tifa(yi) + (1 — i) (Bvi + qu:1 BLT; (vi)).

(3.1)

Put H* = H; x Hp. Define the inner product of H* as follows:

((x1,11), (x2,Y2)) = (x1,%2) + (Y1, Y2), VY (x1,Y1), (x2,Y2) € H".

It is easy to see that H* is also a real Hilbert space and

1 *
106y = (x> + yl%)2, V¥ (xy) € H™.

Lemma 3.2. Given two bounded linear operators A : Hy — Hz, B : Hy — H3, let Ui : Hy — Hp (1 < i< p)and
T; : Ho — Ha (1 <j < q) be ti-demicontractive and 0;-demicontractive, respectively. Assume that the solution set
I"of (1.4) is nonempty. Then T is a nonempty closed convex set.

Proof. By Lemma 2.7 we have F(T;) (1 <1 <p) and F(Uj) (1 <j < q) are both closed convex subsets, and
since A and B are both linear, it is easy to see that I' is a closed convex subset in H*. O

Theorem 3.3. Let Hi, Ha, H3 be real Hilbert spaces. Given two bounded linear operators A : Hy — H3z, B : Hp —
Hs, let Ui : Hy — Hy (1 <i<p)and Ty : Hy — Hy (1 <j < q) be ti-demicontractive and 0;-demicontractive,
respectively. Suppose that 1—U; (1 <i<p), [-T; (1 <j < q) are demiclosed at origin and the solution set T of
the MSECFP (1.4) is nonempty. Assume that the following conditions are satisfied:

i) p1, p2 € [O,%);
(i) Uimy ootk =0and Y 7 otk = oo;
(iil) liminfy_yeo &) > T, liminfy_,oo BY >
(iv) Himinfi o ob >0 (1 < i< p), liminfy_,o0 B, >0 (1<j < q);

(V) Yk € (81 ﬁ - E)/

where T = maxigigp Ti, B = Maxigj<q 05, Aa,Ap stand for the spectral radiuses of A*A and B*B, respec-
tively and ¢ > 0 is small enough. Then the sequence {(xx,yx)} generated by Algorithm 3.1 converges strongly to
(x*,y*) € T which is the unique solution of the following variational inequality problem (VIP)

((T=f)x", (I=F2)y"), (x, y) = (x",y")) 20, V(xy) el (3.2)
Proof. We divide the proof into several steps.

Step 1. The VIP (3.2) has a unique solution (x*,y*) € T.
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By Lemma 3.2, we know that I' is a nonempty closed convex subset in H*. Let F: I' C H* — H* be defined
by

F(x,y) = ((I—f1)x, (I—f2)y), V(x,y)eT.
Putting p = max{p1, p2}, then from the condition (i) we have p € [0, %). For any (x1,y1), (x2,Y2) € T, since
f1 and f, are two contractions, we have

(F(x1,91)—F(x2,Y2), (x1,Y1) — (x2,Y2))
= (((I="f1)x1 — (I=f1)x2, (I = f2)y1 — (I —F2)y2), (x1 — %2, Y1 —Y2))
= ((I=f1)x1 — (I=f1)xz, %1 —x2) + (I = f2)y1 — (I —f2)y2,y1 —y2)
> |Jx1 — x| = [If1(x1) — f1(x2) || 1 — x2||
+llyr =201 = [If2(y1) = F2(y2) l[ys — v2|
> (1—p)(|pa —xal* + l[ly1 —v2[?)
= (1—p)[l(x1,y1) — (x2,92) 1%,

which implies that F is (1 — p)-strongly monotone, and

IF(x1,y1) — Flx2, y2) |1 = [ ((T—f1)x1 — (I—f1)x2, (I— f2)y1 — (I—f2)y2) |2
= (1= f1)x1 — (= f1)xal* + [ (T = f2)y1 — (1= f2)ya?
<2(1+ D)} —x2l® +2(1+ p3)lly1 — 2
<2(1+ p?)|(x1,y1) — (x2,92) 1%,

which implies that F is 2(1 + p?)-Lipschitzian. Therefore, it follows from Lemma 2.10 that the VIP (3.2)
has a unique solution (x*,y*) € T.

Step 2. The sequences {x,} and {y,} are bounded.

Since (x*,y*) € T, then x* € NY_,F(U;), y* € ﬂ).q:lF(Tj) such that Ax* = By*. By (3.1) and the definitions
of Ap and Ag, we have
[ = x* 1 = [ — yiA* (Axk — Byi) —x*||?
= [ = x| = 2y faic = x*, A* (Axic = Byi)) + vRIA* (Axic — By |12
= ||xi — x*||* = 2y (Axy — Ax*, Ax — Byy)
+ Vi (A" (Axic — Byi), A" (Axyc — Byy))
= ||xi — x*||* = 2y (Axy — Ax*, Axc — Byy)
+v2 (Axy — By, AA*(Axy — Byy))
< lxie = x)? = 2y (Axic — Ax*, Axc — Byy) + YiAA |Ax — Byy|%,

and

Ivie = y*|I* = [[lyx + viB* (Axic — Byi) —y*||?
= lyx —y*II* + 2 (Byx — By*, Axi — Byx) + v [ B* (Axi — Byi) |I?
= lyx —y*II* + 2y« (Byx — By*, Axx — Byx)
+v2 (Axi — Byy, BB* (Axi — Byy))
< lyk —y*I* + 2y (Byx — By*, Axi — Byi) + viAs | Axic — Byl
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By adding the above inequalities and Ax* = By*, we have
e =712+ vie =y I12 < e =17 + lye =y "1 = viel2 — (Aa + M)y [|Ax — By (3.3)

Taking wi = lf;“co (1<i<p)and (T){( = 113%50 (1<j<q) wehave ) ! , wl =1 and Zf‘:l CD%< =1 for
k k -

every k > 0. Put Uy = adwe + Y P, ok Ui (uy) and vy = BOvi + Z)q:l B).Tj(vx). Then

P

U = ockuk +(1— ock Z wku (uy)
i=1
P (3.4)
= Z wi (o + (1— o) U (wy)

Using Lemma 2.6 for any i € {1,2,-- -, p}, we have

o + (1 — o) Ui (i) — x*[|* < JJuwie — x*[1> = (1 — o) (o — ) [ Ui (wi) — wie || 35)
< e = x| = (1= o) (o — [ Ui (wie) — e[
for all sufficiently large k. Thus by (3.4), (3.5), the convexity of || - ||> and the condition (iii) we obtain
P
e —x* (1 < )~ willeu + (1— o) Ui (wie) —x*1?
i=1
P
< 2 wicllhwe—x" 7 = (1= o) (o} — 1)U () — e[
i=1
p .
= e —x* 2= (1= o) (o — 1) ) wh[[Us(wi) — |
i=1
p .
= Jwe = x| = (o =) Y o [[Ug (1) —wie? (3.6)
i=1
< Jhue —x*|? (3.7)
for all sufficiently large k. Similarly, we obtain
q .
B =y 112 < vie =y 112 = (B — 1) D BTy (vic) — v (3.8)
j=1
< v =y (3.9)
for all sufficiently large k. It follows from (3.1) and (3 6) that
X1 — x| < ticllfa (i) —x* > + *tk [ — |17
< tilor e —x*|| + ||f1 x*) = x* 17+ (1 — tie) (e —x* |2
P
— (o =) 3 o[ Us (1) — uie[|?)
. ; IR (3.10)
< 2t 0% xic = X* 2 4 2t [F1 (x*) = x> + (1 — i) e — x|
P
— (1 =tic) (o =) D oL () — e
i=1
Similarly, we obtain
ks —y*I1? < 260 [y —y*|? +2tk||fz —y P+ 1=t v =y
(3.11)

—(1—t)(BY — ZBkHT i) — |2

j=1
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It follows from (3.3), (3.10) and (3.11) that
Pxicen =%+ [lyrer —y*[1* < Ztkpz(ka =X+ [y —y*I1P) + 2t (11 () — x|
+1F20y") =y I?) + (1= tie) (e —x* |2 + v —y*|?)

— (1 =ty ) (e Z“k”u i) — ue||?

—(1—t)(BY — ZﬁkHT vie) — vie|]?

j=1
<[ =t (1 —2p2)] (| — x*[1* + ly —y*|%)
+ 2t (|1 (%) =X |12 + [ f2(y™) —y*[*)
—(1—t)yKl2— (AAHB Yidl|[ Axi — Byy |2

— (1 =ty ) (e Z“k”u i) — ue||?
i=1
q .
—(1=t)(BY — 1) ) BLITy(vic) —vicl1*.
j=1
Then setting sy = [|[xx —x*||% + [[yx —y*|%, we get

sir1 < 11—t (1 =202k 4 2t (|1 () — x*|2 + [ f2(y*) — y*[1?)
—(1—ti)y2— (AAHB Yil[|Axi — Byx||?

— (1 —t)( ZockHU ) — w2
p (3.12)
—(1=t)(BY — ) Y BLITi(vi) = viel®
j=1
2 f * —X* 2+ f *) _ 40%]||2
It follows from induction that
2([[f1(x*) —x*|* + [If2(y*) —y*[*)
Sk+1 < max{SOI 1— 2p2 }/ vk 2 0/
i.e., {sx} is bounded. So {xx} and {yx} are also bounded.
Step 3. The sequence {(xy, yx)} converges strongly to (x*,y*).
It follows from (3.1) and (3.7) that
i1 — x¥[|% =t [If10xi) — x> 4 2t (1 — ti) (F1 (xx) — X, Wy — x*)
+ (1= i) — x7|1?
<t [If1 () = X |12 4t (1 =t ) ([[f1 (x1) — F1.(x*) 1> + [ — x*||?)
+ (1 —ty) [ — x* ||2+2tk(1—tk)<f1( ) =X, —xF) (3.13)
<l () = X2 4t (1= ti) (pF e — x| + [ —x*||?)
+ (1 —ti)? Juie — x* % 4+ 2t (1 — tie) (F1 (x*) — x*, Ty — x*)

< tie(1— i) [ — X [1* + (1 — i) [[uie —x*||
|1 (i) — X |* 4 2t (1 — tye) (F1 (XF) — x*, Ty — x*).
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Similarly we have

i = y* 12 < (T =ty =y 12 + (1=t vie =y |12 + tIf2(yi) — ™12

; (3.14)
+ 2t (1=t ) (f2(y™) —y*, vk —y ™).
By (3.3), (3.13) and (3.14) we get
sir1 < tie(1—ti)p? ([Ixie — X* [ + [[lyx —y* 1)
+ (1 —ti) (luk —x* 1+ [[vi —y*||?)
+ 1 (11 0a) = x| + [ f2(yx) —y*|%)
+ 2t (1 =ty ) ((F1 (x™) = X", W —x™) + (f2(y™) —y*, vk —y™)) (3.15)
< 1=t (1= (1—ti)p)lsk + 1 (| [f1(xic) —x ||2+ If2(yx) —y*|?)
+ 2t (1=t ) ((F1 (") =", W —x) + (f2(y™) —y*, vk —y™))
= (1—Ax)sk +Axdi,
where A\, = ti (1 — (1 —ty)p?),
5 — tic (11 0ad) = x* |12 + [ f2(yi) —y* 1)
b 1—(1—ty)p?
n 2(1 — i) ((fr (x*) —x*, W —x*) + (f2(y*) —y*, vk —y*))
1—(1—ty)p? '
From (3.1), (3.6) and (3.8) we have
i1 — X717 < tellF1 0a) — x| + (1 — i) [[ e — |17
< el 1 (x) = %12 + (1 — ta) (Jlwge — ¥
P
—1) ) o]l Ui (we) — wie?)
and
[yrs1 —x*1* <t f2(y) —y* 1> + (1 — t) ok —y* |12
< tiellfa(yi) —y* [P + (1 — ti) (vie —y*|1?
q
—1) ) BLIT i) —viel )
j=1
which together with (3.3) imply that
sk < Jue — x5+ [[ve — y*HZthk (11 (xx) = x| + If2(y1) —y™[1)
— (1 —t)( Z ok || U () — wye|f?
q .
—1) Y BLIT (vi) = vie|?)
=1 (3.16)

< sy ([ f1 (xa) — x¥|% + [[fa( yk —y* 1) —vk[2— (Aa + M)yl
||AXk—BUkH2 (1—ti)((od — )

o

X Z o U (1) —wie*+ (B — 1) D BLITy(vid) —vie®)
i=1 j=1

< Sk — Tk + Mk,
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where e = ti ([|f1 () —x* |1 + [[f2(yx) — y*[|?)

Mk = Y2 — (A + A )vid[[Axi — By + (1 —ti) (o), — 1)
P q
x Yo [ U (i) —wiel P+ (BY — 1) D BT (vie) — vl )
i=1 j=1
It follows that ) 7 Ak and limy_, px = 0 due to the condition (ii) and the boundedness of {xi} and

{yx )
Next we show that lim;_,,, 1, = 0 implies that limsup,_, 6y, <0 for any {k;} C {k}. Indeed, for any

{ki} € {k} and lim;_, N, = 0, by the conditions (ii)-(v), for any i € {1,2,--- ,p}, j €{1,2,---, q} we have

lim [|Axy, — By, || = im [Juy, — Ui(uy,)|| = im [jvi, — Tj(vi,)|| = 0. (3.17)
l—oo l—oo l—o00
Then we have
lim [Jug, —xi, || = im v [|A"(Axi, — By, )| =0, (3.18)
l—oo l—oo
lim [[vk, =Yk, || = im v, [|B* (Axx, —Byy,)|| =0. (3.19)
l—oo l—o0

For any (X,y) € ww(xk,,Yk,), from (3.18) and (3.19) we have (x,y) € w (uy,,Vvk,). Due to the demi-
closedness of I—U; (1 < i< p)and I—-Tj (1 <j < q) at origin and (3.17) we get x € NI_;F(U;) and
y € ﬂjqle(Tj). It follows from Lemma 2. 9 that AX — By € w (Axy, — Byy,), which together with the
weakly lower semicontinuity of the norm and (3.17) implies

|AX —By|| < 11mmf||AXkl By, || =0.

Hence (x,y) € T, ie., ww(xk,Yx,) C T. It is easy to see that limy_,oo(1 — (1 —tx)p?) = 1—p? and
limy o0 tic (|[f1(x1) — x*||2 + [[f2(yx) —y*||?) = 0. So finally we only need to prove

lim sup((f1(x") —x*, W, = %) + (f2(y") =y, v, —y")) <0.

l—o0

From (3.17)-(3.19), for any i € {1,2,--- ,p}, j € {1,2,--- , q}, we have
i [Us(uak,) — x| = Jim [T vi) — wie | =0,
furthermore, by (3.18) and (3.19) we obtain
lim sup((fy (x™) —x*, Wy, —x*) + (f2(y™) —y*, Vi, —y™))

l—o00

P
= limsup((fy (x*) —x*, cx?(lukl + Z o, Ui (e, ) — %)

1—o00 i=1

+(f2y*) —y", ﬁklvaBk (Vi) —y*))
j=1
P

< limsup((fy (x*) —x*, oc?qu1 + Z oc{"qu1 —x*)
1—o00 i=1
q (3.20)
+(f2(y") =", B, Yy + D Bl Yk, — V™))
j=1
P
+limsup(fy (x*) —x* cxk1 (Wi, —xi) + Z oc}q (W) —xi))
l—o0
q
+limsup(fa(y*) —y~, Bkl (Vi, = Yxy) + Z B T (vie,) —Yi))
l—oo ] =1

< limsup((f1 (x*) —x*, xi, =x*) + (f2(y™) —y*, Yy, —y™))-

1l—o0
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By the boundedness of {(xi, Yk, )} in H*, there exists a point (p*, q*) € H* and a subsequence {(xk{,yk{)}
of {(xk,, Yk, )} in H* such that (xy/, yx;) = (p*, ") and

lim sup((f1(x™) —x*, x, =x*) + (f2(y™) =y, yx, —y™))
L0 ‘ (3.21)
= lim ((f1(x") =x*, x; =x") + (f2(y™) = y", yi; —y")).

l—o0

Then (p*, q*) € W (xk,, Yk, ). Similar to the proof of (x,y) € I', we have (p*,q*) € I. Thus by (3.2), (3.20)
and (3.21) we obtain

lim sup((f1(x") —x*, e, =x*) + (f2(y") =y, Vi, = y"))

l—oo
< lim ((f1(x™) =", %y = %) +(f2(y™) =y, yi; —y"))
l—o0
= (f1(x™) =x*, p* —x*) + (f2(y™) —y*, q* —y")
—((I—f)x* — (I—f2)y*, (p*, q*) — (x*,y*)) <0,
ie., limsup,_, 0k, < 0. Therefore it follows from Lemma 2.8 that limy_,, sx = 0, that is
Hm ([xe—x** + lye —y*|1*) =
k—o0

which implies that {(xx,yx)} generated by Algorithm 3.1 converges strongly to (x*,y*) € I' which is the

unique solution of the VIP (3.2). O
Take Uy = Uy =---=U, = U, Ty =T, =--- = Ty = T. Then Algorithm 3.1 reduces to the following
algorithm:

Algorithm 3.4. Let f; : Hy — Hj and f; : Hy — Hj be two contractions with constants p;, p2 € [0,1) and
{tx} € [0,1]. Let xg € Hy, yo € Hy be arbitrary. Let {oc} C [0,1] and {Bx} C [0,1]. Assume that the k-th
iterate xi € Hi, yx € Hj has been constructed, then we calculate (k 4 1)-th iterate (xyy1, yx+1) via the
formula

Ux = Xk — YA (Axx — Byy),

Xk41 = tief1 () + (1 —tie) (e + (1 — g ) U (ur)),

Vk = Yk +YkB* (Axx — Byi),

Y1 = tefa(yi) + (1=t (Brvie + (1 — Br) T(vi))-

By Theorem 3.3, we obtain the following result.

Corollary 3.5. Let Hy, Ha, Ha be real Hilbert spaces. Given two bounded linear operators A : Hy — Hz, B : Hp —
Hz, let U: Hy — Hyand T: Hy — Hy be t-demicontractive and p-demicontractive, respectively. Suppose that
[—U, I—T are demiclosed at origin and the solution set I" of the SEFP (1.2) is nonempty. Assume that the following
conditions are satisfied:

() p1, p2 € 10, 15);

(i) lmyg ooty =0and Y 3 otk =

)
(iii) T < liminfy_, o <limsup, | o <1;
V) |

(i

<liminfy_, By < limsup, , P <1

(V) vk € (&AAZW —€),

where Aa, Ag stand for the spectral radiuses of A*A and B*B, respectively and e > 0 is small enough.
Then the sequence {(xi, yx )} generated by Algorithm 3.4 converges strongly to a solution (x*,y*) of the SEFP (1.2)
which is the unique solution of the VIP (3.2).

If p =1 =0, since every 0-demicontractive mapping is quasi-nonexpansive, from Corollary 3.5 we
also have the following corollary.
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Corollary 3.6. Let Hy, Ha, H3 be real Hilbert spaces. Given two bounded linear operators A : Hy — Hz, B : Hp —
Hz, let U:H; — Hyand T: Hy — Hp (1 <j < q) be quasi-nonexpansive with the solution set T of the SEFP (1.2)
is nonempty. Suppose that I — U, I — T are demiclosed at origin. Assume that the following conditions are satisfied:

(i) p1, P2 €10, \f)
(ii) limy_so tx = 0 and Zio:O tx = oo,
(iii) 0 < liminfy_, o < limsup, .,  ou <1;
V)

(i

0 <liminfy o By < limsup, ,  Br <1,

(V) Yk € (81 )\Azﬁ - 8),
where Aa, Ap stand for the spectral radiuses of A*A and B*B, respectively and ¢ > 0 is small enough. Then the

sequence {(xx, Y )} generated by Algorithm 3.4 converges strongly to a solution (x*,y*) of the SEFP (1.2) which is
the unique solution of the VIP (3.2).

Remark 3.7. Theorem 3.3 extends and develops [21, Theorem 3.2] from the following aspects:

(a) Two quasi-nonexpansive mappings U and T are extended to two finite family of demicontractive
mappings {U}}_; and {Tj}iL .

(b) The parameter sequence {wy} be replaced by two different parameter sequences {«}.} and {Bl}.

(c) The split equality fixed point problem is extended to the multiple-set split equality common fixed-
point problem.

(d) The authors did not give the proof of unique solution of the VIP (3.2) in [21], which leads to an
incomplete proof. In this paper we prove it (see Step 1 in the proof). And the VIP (3.2) in this paper
is also more general than that in [21].

Now first we shall give an example which satisfies all the conditions of the solution set I' of the
MSECEFP (1.4), the mappings {U;}'_,, and {T; }q 1 in Theorem 3.3.

Example 3.8. Let Hy = Hy =Hz =f{y and leti € {1,2,--- ,p}and j €{1,2,---, q} be arbitrarily fixed. Let
Ui, T : € — € be defined by U;x = —2ix and Tjx = —(2j + 1)x for all x € {,. Then it is easy to see that
ol 1F( 1) =1{0}= ﬂ]q 1F(T;) and AO 0 = BO. Thus I={(0,0)} # 0. Also U is Ti-demicontractive and T;

2 +1 L and 0; = +1, then I —U; and I —Tj are demiclosed at 0.

Indeed, for any i €{1,2,--- ,p}and j €{1,2,---, q}, similar to the proof of Example 2.5 in [4], we have
U; is Ti-demicontractive and Tj is 0;-demicontractive. Meanwhile, I — U; is obviously demiclosed at 0.
For, whenever {x,,} is any sequence in {, such that x, — x € {; and ||xn, — Uixn|| — 0, we readily see that
x =0 € F(Uy). Also, I —Tj are demiclosed at 0.

Next we give an example which satisfies the conditions (iii)-(iv) in Theorem 3.3.

Example 3.9. For k > Owecantakeock—’t—l—pﬂ-km o =of = =af =T

is 05-demicontractive, where t; =

0 _ 2 _ q _ l—p —K
BY = L+ 471 + gty Pk =Pk = =B = ¢31 — qrarmie

4. Numerical examples

In this section, in order to demonstrate the effectiveness, realization and convergence of the algorithm
of Theorem 3.3, we consider the following example in (R, || - ||).

Example 4.1 (Numerical Example). Let H; = H, = H3 = Rand p = q = 3. Let f1, f2 : R — R be defined by
fi(x) = fa(x) = %x. Let A,B:R — R be defined by Ax = Bx = —x. For any i,j € {1,2,3},let U;, T; : R —+ R
be defined by Uijx = —2ix and Tjx = —(2j + 1)x, respectively Let the sequence {(xx,yx)} be generated
iteratively by (3.1), where of = §, oaf. = od = o = 5, B} = §, Bl = BL = B = »; and ty = 15 for all
k > 0. Then, the sequence {(xi, yx)} converges strongly to (0,0).
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Solution: It is easy to see that N3_ F(U
U; is Ti-demicontractive and Tj is 0;-demicontractive, where T; =

) ={0} =

ﬁf’:lF(Tj) and AO =0 = BO. Thus I'={(0,0)} # 0. Also
ui and [ — Tj
are demiclosed at 0, 1,j =1,2,3. Then T = % and p = %. From the definition of Aand B, A\p = Ag =1, we

21+1 { and 0;

)+1’

and I —

choose yx =v = % It can be observed that all the assumptions of Theorem 3.3 are satisfied.
Then the scheme (3.1) can be simplified as

(4.1)

_ _2Kk+49 k+1
{ Xk+1 = Ti(k12) ¥k T kg Yk

Yk+1 = k>0

Kot 1 K45
8(k+2) Xk T 82 Yk

Utilizing the scheme (4.1), we report the numerical results in Table 1 and Table 2. In addition, Figure 1
also demonstrates Theorem 3.3.

Table 1: The values of the sequences {x; } and {yy} with initial values xg =1, yo = 1.

k Xk
0-4  1.000000000000 0.392857142857 0.138605442177 0.045728559281 0.014446237679
59  0.004436210261 0.001336054152 0.000396689517 0.000116491267 0.000033907453
10-14  9.7979x10~° 2.8140x10—° 8.0400x10~7 2.2869x10~7 6.4795x10~8
21-25 8.7888x1012 2.4428x10~12 6.7796x10~13 1.8789x 1013 5.2006x 1014
26-30 1.4377x10~%  3.9703x10~15 1.0952x10~10  3.0184x10~16 8.3111x10~ Y
k Yk
0-4  1.000000000000 0.375000000000 0.126488095238 0.040663531037 0.012705562136
5-9  0.003887109325 0.001169434907 0.000347127548 0.000101931204 0.000029669088
10-14  8.5732x10° 2.4622x10~° 7.0350x10~7 2.0010x10~7 5.6696x108
21-25  7.6902x10712  21375x10712  59322x10~13 1.6441x10~ 13  45505x10~ 14
26-30 1.2580x10~ 1  34740x10~1°  95834x10716  26411x1071®  7.2723x10" Y

0.05

0.045 -

0.04

0.035 -

0.03

0.025 -

0.02 -

0.015

0.01

0.005 -

o X

* Y

*o

xxxxxxxxxxxxxxxxxxxxxxx

k| 4

(a) Initial values: xg =1, yo =1.

0.05
0.045 1
0.04
0.035 1
0.03 |

>
- 0.025 -
0.02
0.015 1
0.01

0.005 1

(b) Initial values: xg =1, yg = 2.

Figure 1: The convergence of {xy} and {yy}.
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Table 2: The values of the sequences {x; } and {yy} with initial values xg =1, yo = 2.

k Xk
0-4  1.000000000000 0.464285714286 0.187074829932 0.065988672255 0.021408939851
59  0.006632614002 0.002002531128 0.000594937394 0.000174731518  0.000050860910

10-14  1.4697x10~° 4.2210%x10~° 1.2060x10~° 3.4303x10~7 9.7192x108

21-25 1.3183x10~ 11 3.6643x10712 1.0169x 10712 2.8184x10~13 7.8009x 10~ 14
26-30 2.1566x1071%  5.9554x10~15 1.6429%x 10715 4.5277x10~16 1.2467x10~16
k Yk
0—4  2.000000000000 0.687500000000 0.210565476190 0.063599463223 0.019318759870
5-9  0.005852365377 0.001755702460 0.000520788203 0.000152902189  0.000044503901

10-14  1.2860x10~5 3.6934x10~° 1.0552x10~° 3.0015x10~7 8.5043x108

21-25 1.1535x10~11  32062x10712  8.8982x10"13  24661x10713  6.8258x10~14
26-30 1.8870x10~#  52110x10~15 1.4375x10~15 3.9617x1016 1.0908x 1016

5. Conclusion

In this work, we study the MSECFP (1.4) which is a generalization of the SEFP (1.2). In order to obtain
the strong convergence result, we introduce a new parallel algorithm combining viscosity approximation
methods for the MSECFP (1.4) of demicontractive mappings in Hilbert spaces. The results we obtained
mainly generalize and extend the ones in [21] from two quasi-nonexpansive mappings to two finite family
of demicontractive mappings and from the SEFP (1.2) to the MSECFP (1.4). Meanwhile, we give the
numerical example to demonstrate the effectiveness, realization and convergence of our algorithm. We
desire that the results presented here will be useful and valuable for researchers who study the branch of
split feasibility problems and related applications.
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