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Abstract

In this paper, we discuss the boundedness of a product-type operator introduced by Stevi¢, which acting from Bergman
space to the weighted-type spaces or the little weighted-type spaces in the unit ball, and characterize the the essential norm
of the product-type operator. From which the sufficient and necessary condition of compactness of this type operator follows
immediately. (©2017 All rights reserved.
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1. Introduction

Let By, be the unit ball of C™ with boundary 0B,,. The class of all holomorphic functions on domain
B,, will be denoted by H(B,,). For any m € IN, the operator R™ : H(B,,) — H(B,) is defined as follows:

R™(F)(z) = ) k™filz), flz) =) fu(z)
k=1 k=1

for any f € H(By,) with the homogeneous expansions and z € B,,. It is easy to see that

Rf = (Vf(z),z),

where o of
Vi={(—,,—|.
(aZ1 aZn>
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The weighted-type space HYY = H{?(Bn) consists of all f € H(By) such that

[fllnge = sup n(z)lf(z)] < oo,
z€B,

where 1 is a positive continuous function on B, (weight).
We denote the little weighted-type space by HY, the subspace of the H{Y consisting of the those f € HY
such that |li‘m1 w(z)|f(z)] = 0. When p(r) = (1 —12)%, it is the space HY.
z|—

The Bergman space A2 consists of those holomorphic functions such that

1/2
Il = U |f(z)|2dvcx(z)} <o,

n

where dv is a probability measure on B,.
Let ¢ be a holomorphic self-map of By, u € H(By,), and m € IN. For f € H(B;,), the product-type
operator is defined by
Rt (f)(z) =u(z)R™f(@(2)), z€ By,

that is, it is the product of the multiplication, composition and the iterated radial operators M, 0 C, o R™.

In 2011, Stevié [4] characterized the boundedness and compactness of this type operator from Bloch-
type to weighted-type spaces. Motivated by it, here we study the essential norm of this operator from the
Bergman space to weighted-type space.

Throughout the remainder of this paper, constants C or C,, depending only on m, are positive and
may differ from one occurrence to the other. We write a < b, if there exist two positive constants ¢ and C
such that cb < a < Cb holds.

The essential norm of a continuous linear operator T is defined by ||T||. := inf{|| T — K||; Kis compact}.
Since ||T|le = 0 if and only if T is compact, the estimates on ||T|| will lead to conditions for T to be
compact.

2. Some lemmas

To begin the discussion, we will state several useful lemmas, which are used in the proofs of the main
results.

The following lemma is the crucial criterion for compactness, whose proof is an easy modification of
that of Proposition 3.11 of [1].

Lemma 2.1. Assume that m € IN, ¢ is a holomorphic self-map of By, w € H(By), and w is a weight. Then the
operator R}, : A3, — H is compact if and only if for every bounded sequence (fi)xewn C A% converging to zero
uniformly on compact subsets of By, as k — oo, we have

klglgo ”R;T,(pkaHf? =0.
Lemma 2.2 ([6, Theorem 2.1]). Suppose & > —1. Then

[ ]l
|f(z)| < (1 _ |Z|2)(n+l+<x)/2

forall f € A% and z € By,.

Lemma 2.3. Suppose that f € A%, and for fixed 0 < 6 <1, let G = {z € By, : |z| < 8}. Then

lim sup sup|R™(z) —R™(rz)| =0.
"L i)la<1 266G
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Proof.
1 1
RMELE(t
sup |[R™(z) — R™(rz)| < sup J RTTfltz) dt
z€G zeG [T t
1 me_Hf(tZ)(l _ |Z|2)m+1+(n—|—1+oc)/2
< supJ dt
e ) t(1 — |z2)m+1+(n+1+a)/2
1
< G (1 =1)[Ifll :gg (1— [z2)m+1+(n+1+a)/2
Cint1(1—=7)[If]l«
- (1 _ 52)m+1+(n+1+a)/2'
The lemma follows as v — 1. O

By Theorem 2.19 in [7], we obtain the following lemma immediately.

Lemma 2.4. Assume that m € IN and holomorphic functions f € A2%. Then the following asymptotic relations
hold

2

2 okf okf
= |l an ) dvatz) < Y azk(m‘ + Y| |o-Epm i) dva,
Bn k|<m [k|=m """
Lemma 2.5. For any z € By, let
1
fw(z) = (1— (z,w))n+1+a
her Punl(z, )
m{Z, W

R (z) = (1— <Z’W>)n+l+<x+m/

where
P (t) = piem™ 4 pim) gm=t o pI™2 (414t

with nonnegative numbers p].(m),j =1,2,...,m.
Proof. A direct calculation with mathematical induction leads to the lemma. O

Lemma 2.6. For any fixed 0 < v < 1, assume that the operator R7', : A% — HS is bounded, then R, is
compact.

Proof. Assume that Rt 18 bounded. By taking the test functions fi(z1,...,zn) = z; € A%x,i =12,...,n,
we get

n
sup u(z)[u(z)le(z)l = ) sup nz)lulz)llei(z)l = [|RY e fi 0 < oo
z€B, i=1 z€B, H
For every bounded sequence (fx)xen C A% converging to 0 uniformly on compact subsets of B, as
k — 0o, we have

IR il = sup n(2)u(2)[|R™fi(re(2))] < sup u(z)lu(z)lre(2)[VR™ i (ro(2))|

lim
k—ro00 2€By zE€By

< sup [VR™ 1 (0)] sup w(z)hu(z)llo(z)l.
[gI<r zE€Bn

Since (fx)ken converges to zero uniformly on compact subsets, the sequence (IVR™ 1 |)xen also con-

verges to zero on compacts for any m € IN. So by Lemma 2.1, R}%;, is compact. O
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3. Main theorems

In this section we characterize the boundedness of the operator R',, : A% — H. We also give the
essential norm estimates of the operators R}, : A% — H? (H0)-

Theorem 3.1. Assume that fixed m € IN, ¢ is a holomorphic self-map of B, uw € H(By), and W is a weight. Then
the operator Ry, : A% — HS is bounded if and only if

n(z)lu(z)lle(z)]

ZSGU]%? (1 — |(p(z)|2)m+(n+1+oc)/2 <00
Proof. Note that R™~'f € A2, =, whenever f € A%. And by Lemma 2.4, we have 9™ f ¢ A2,
and

w(Z)| R, fl < p(2)u(z)lle (@) IVR™ H(e(2)]

n m—1
<u(z>|u(z)||<p(z)|<z = f(@(an

ow
k=1 k

& aR™ ¢
Z H 0z HO(+2TT1

< u(2)hu(z)lle(2)l i —I_cp(Z)Iz)m““*““Vz

< np(z)u(z)lle(z)] 1 |@(Z§;§Hfﬂf‘n+l+w/2'

The last inequality comes from Lemma 2.2. So the sufficiency follows by the above estimate.
The proof of necessity is analogous to Theorem 1 of [3]. We give the proof here for completeness.
Assume that Ry 18 bounded. Taking the test functions fi(z,...,zn) =2z; € A%X,i =1,2,...,n, we get

sup p(z)u(z)llo(z I—Z sup u(z)u(z)llei(z I—ZHTR ofilli < 00
z€Bn 1Z€]B "

The proof can be divided into two cases.
Case 1: if |p(z)| < %, then

w(z)u(z)lle(z)| <C sup  p@u)le)] < oo

sup S
1—|@(z)P)m+(n+l+a)/2 lo(2)]<1/2

o(z)<1/2 (
Case 2: if |@(z)| > 1 , let
(1= lp(w)P) 1202
o) (2) = PSR
(1—(z, 0(w)))
The boundedness of R{}',, implies that for each w € By,

> ||RE o Fo(w) lHe = sup w(Z)u(2)IR™f o () (@ (2))
z€Bn

(W) (W) [P (|0 (W)?) _ p(w)lu(w)ll@ (w)

= (1_|(p(w)‘2)m+(n+1+cx)/2/ (1_|(p(w)|2)m+(n+l+oc)/2'

Therefore,

w(z)lu(z)lle(z)P? n(z)lu(z)lle(z)|

= su .
(1— |(p(z)|2)m+(n+l+cx)/2 I@(z)lzl/z 2(1— |(p(Z)|2)m+(n+1+cx)/2

C> sup
lo(2)1>1/2

Combining the two cases, the theorem follows. O
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Theorem 3.2. Assume that m € IN, ¢ is a holomorphic self-map of Bn, w € H(By,), and p is a weight. Suppose
that R, : AZ — H{Y is bounded, then the essential norm satisfies

n(z)lu(z)lle(z)]

|(p(z)|2)m+(n+l+cx)/2'

| R @He = hm sup
=1 g (z)>5 (1~

Proof. We first consider the upper estimate. For fixed 0 < r <1, and for any 0 < 8 < 1,

H:RE([JHE < HRE(L) LLT(pH = Ssup |( :Rﬂlr(p fHHff’
lIlle<1

< sup  sup  p(zZ)u(2)IR™f(@(2)) — R™f(ro(2))]
Iflla<1l@(2)I<8

+ sup sup u(z)u(z)[[R™f(@(z)) = R™f(re(z))].
[flla<1le(2)]>5

From Lemma 2.3, we can choose r sufficiently close to 1 such that the first term of the right-hand side is
less than any given €, and denote the second term by I. Using the estimate in Theorem 3.1, then

I< sup  sup u(z)u(z) (R™F(e(2)] +IR™f(re(2))])
Iflla<1 e (2)]>5

Cmlo(2)] Cmrle(z)]
S ohup () ((1 TP a2 T I gz pymr(nriTal2
o 2nCu(z)hu(z)lle(z)]
X o (2)ms (1— |(p(z)|2)m+(n+l+(x)/2

First let r — 1 and then 6 — 1, the upper estimate follows.
Now we turn to the lower estimate. Let (zx)ken C Bn be such that |@(z¢)| — 1 as k — oo, and

(1 —lp(zi) )1t/

(1= Gz oz

It is easy to check that sup, . [|fk [« < 0o and fix — 0 uniformly on compact subsets of B;,. Then for any
compact operator K,

fi(z) =

ClRie =Kl > Lim [[(Ri, = K)ficllreg
—>oo H:Ru,(pkaHff _]}i_{roloHkaHHff
> lim sup p(z)[u(z)|R™fy (4, ) (@(2))] -0

k—o0 zean
lim (zi)[u(zi )l (zi )|
k00 (1_|(p(zk)|2)m+(n+l+oc)/2'

WV

By the definition of essential norm, the lower estimate is obtained. O

Corollary 3.3. Assume that m € IN, @ is a holomorphic self-map of By, w € H(By.), and p is a weight. Then
operator R\, AZ — H{Y is compact if and only if

w(z)u(z)lle(2)]
(1—|o(z)2)m+(n+l+a)/2

=0.

lim su
=11 (2)|>5

Theorem 3.4. Assume that m € IN, @ is a holomorphic self-map of Bn, uw € H(By,), and p is a weight. Suppose
Rite A2 — HTy is bounded, then the essential norm satisfies

w(z)lu(z)lle(z)|
(1—|@(z)R)m+n+1l+a)/2°

R lle < im sup
e 8212155
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Proof. 1f Rt : A%X — Hffio is bounded, then as in Lemma 2.6, we have

lim p(z)fu(z)lle(z) = 0.
|z]—1
Notice that the proof of Theorem 3.2 is still valid for this case, and a little modification of Proposition 2.2

of [2] shows that ”lim sup ” could be replaced by ” lim sup ”. O
5211 (2)1>8 Tzl

Corollary 3.5. Assume that m € IN, @ is a holomorphic self-map of By, uw € H(By,), and w is a weight. Then
operator R, : A% — HY is compact if and only if

i n(z)lu(z)llo(2)]
im sup

=0.
81,55 (1— lp(z)[2)m+(n+1+e)/2
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