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Abstract

In this paper, we discuss the boundedness of a product-type operator introduced by Stević, which acting from Bergman
space to the weighted-type spaces or the little weighted-type spaces in the unit ball, and characterize the the essential norm
of the product-type operator. From which the sufficient and necessary condition of compactness of this type operator follows
immediately. c©2017 All rights reserved.
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1. Introduction

Let Bn be the unit ball of Cn with boundary ∂Bn. The class of all holomorphic functions on domain
Bn will be denoted by H(Bn). For any m ∈N, the operator Rm : H(Bn)→ H(Bn) is defined as follows:

Rm(f)(z) =

∞∑
k=1

kmfk(z), f(z) =

∞∑
k=1

fk(z)

for any f ∈ H(Bn) with the homogeneous expansions and z ∈ Bn. It is easy to see that

Rf = 〈∇f(z), z〉,

where

∇f =
(
∂f

∂z1
, · · · ,

∂f

∂zn

)
.
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The weighted-type space H∞
µ = H∞

µ (Bn) consists of all f ∈ H(Bn) such that

‖f‖H∞
µ
= sup
z∈Bn

µ(z)|f(z)| <∞,

where µ is a positive continuous function on Bn (weight).
We denote the little weighted-type space by H∞

µ,0 the subspace of the H∞
µ consisting of the those f ∈ H∞

µ

such that lim
|z|→1

µ(z)|f(z)| = 0. When µ(r) = (1 − r2)α, it is the space H∞
α .

The Bergman space A2
α consists of those holomorphic functions such that

‖f‖α :=

[∫
Bn

|f(z)|2 dvα(z)
]1/2

<∞,

where dvα is a probability measure on Bn.
Let ϕ be a holomorphic self-map of Bn, u ∈ H(Bn), and m ∈ N. For f ∈ H(Bn), the product-type

operator is defined by
Rmu,ϕ(f)(z) = u(z)R

mf(ϕ(z)), z ∈ Bn,

that is, it is the product of the multiplication, composition and the iterated radial operatorsMu ◦Cϕ ◦Rm.
In 2011, Stević [4] characterized the boundedness and compactness of this type operator from Bloch-

type to weighted-type spaces. Motivated by it, here we study the essential norm of this operator from the
Bergman space to weighted-type space.

Throughout the remainder of this paper, constants C or Cm depending only on m, are positive and
may differ from one occurrence to the other. We write a � b, if there exist two positive constants c and C
such that cb 6 a 6 Cb holds.

The essential norm of a continuous linear operator T is defined by ‖T‖e := inf{‖T −K‖; K is compact}.
Since ‖T‖e = 0 if and only if T is compact, the estimates on ‖T‖e will lead to conditions for T to be
compact.

2. Some lemmas

To begin the discussion, we will state several useful lemmas, which are used in the proofs of the main
results.

The following lemma is the crucial criterion for compactness, whose proof is an easy modification of
that of Proposition 3.11 of [1].

Lemma 2.1. Assume that m ∈ N,ϕ is a holomorphic self-map of Bn, u ∈ H(Bn), and µ is a weight. Then the
operator Rmu,ϕ : A2

α → H∞
µ is compact if and only if for every bounded sequence (fk)k∈N ⊂ A2

α converging to zero
uniformly on compact subsets of Bn as k→∞, we have

lim
k→∞ ‖Rmu,ϕfk‖H∞

µ
= 0.

Lemma 2.2 ([6, Theorem 2.1]). Suppose α > −1. Then

|f(z)| 6
‖f‖α

(1 − |z|2)(n+1+α)/2

for all f ∈ A2
α and z ∈ Bn.

Lemma 2.3. Suppose that f ∈ A2
α, and for fixed 0 < δ < 1, let G = {z ∈ Bn : |z| 6 δ}. Then

lim
r→1

sup
‖f‖α61

sup
z∈G

|Rm(z) −Rm(rz)| = 0.
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Proof.

sup
z∈G

|Rm(z) −Rm(rz)| 6 sup
z∈G

∣∣∣∣∣
∫ 1

r

Rm+1f(tz)

t
dt

∣∣∣∣∣
6 sup
z∈G

∫ 1

r

∣∣∣∣Rm+1f(tz)(1 − |z|2)m+1+(n+1+α)/2

t(1 − |z|2)m+1+(n+1+α)/2

∣∣∣∣ dt

6 Cm+1(1 − r)‖f‖α sup
z∈G

1
(1 − |z|2)m+1+(n+1+α)/2

6
Cm+1(1 − r)‖f‖α

(1 − δ2)m+1+(n+1+α)/2 .

The lemma follows as r→ 1.

By Theorem 2.19 in [7], we obtain the following lemma immediately.

Lemma 2.4. Assume that m ∈ N and holomorphic functions f ∈ A2
α. Then the following asymptotic relations

hold

‖f‖2
α �

∫
Bn

∣∣(1 − |z|2)mRmf(z)
∣∣2 dvα(z) �

∑
|k|6m

∣∣∣∣∂kf∂zk
(0)
∣∣∣∣+ ∑

|k|=m

∫
Bn

∣∣∣∣(1 − |z|2)m
∂kf

∂zk
(z)

∣∣∣∣2 dvα(z).

Lemma 2.5. For any z ∈ Bn, let

fw(z) =
1

(1 − 〈z,w〉)n+1+α .

Then
Rmfw(z) =

Pm(〈z,w〉)
(1 − 〈z,w〉)n+1+α+m ,

where
Pm(t) = p

(m)
m tm + p

(m)
m−1t

m−1 + · · ·+ p(m)
2 t2 + (n+ 1 +α)t,

with nonnegative numbers p(m)
j , j = 1, 2, . . . ,m.

Proof. A direct calculation with mathematical induction leads to the lemma.

Lemma 2.6. For any fixed 0 < r < 1, assume that the operator Rmu,ϕ : A2
α → H∞

µ is bounded, then Rmu,rϕ is
compact.

Proof. Assume that Rmu,ϕ is bounded. By taking the test functions fi(z1, . . . , zn) = zi ∈ A2
α, i = 1, 2, . . . ,n,

we get

sup
z∈Bn

µ(z)|u(z)||ϕ(z)| =

n∑
i=1

sup
z∈Bn

µ(z)|u(z)||ϕi(z)| =
∥∥Rmu,ϕfi

∥∥
H∞
µ
<∞.

For every bounded sequence (fk)k∈N ⊂ A2
α converging to 0 uniformly on compact subsets of Bn as

k→∞, we have

lim
k→∞ ‖Rmu,rϕfk‖H∞

µ
= sup
z∈Bn

µ(z)|u(z)||Rmfk(rϕ(z))| 6 sup
z∈Bn

µ(z)|u(z)||rϕ(z)||∇Rm−1fk(rϕ(z))|

6 sup
|ζ|6r

|∇Rm−1fk(ζ)| sup
z∈Bn

µ(z)|u(z)||ϕ(z)|.

Since (fk)k∈N converges to zero uniformly on compact subsets, the sequence (|∇Rm−1fk|)k∈N also con-
verges to zero on compacts for any m ∈N. So by Lemma 2.1, Rmu,rϕ is compact.
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3. Main theorems

In this section we characterize the boundedness of the operator Rmu,ϕ : A2
α → H∞

µ . We also give the
essential norm estimates of the operators Rmu,ϕ : A2

α → H∞
µ (H∞

µ,0).

Theorem 3.1. Assume that fixed m ∈N,ϕ is a holomorphic self-map of Bn, u ∈ H(Bn), and µ is a weight. Then
the operator Rmu,ϕ : A2

α → H∞
µ is bounded if and only if

sup
z∈Bn

µ(z)|u(z)||ϕ(z)|

(1 − |ϕ(z)|2)m+(n+1+α)/2 <∞.

Proof. Note that Rm−1f ∈ A2
α+2m−2, whenever f ∈ A2

α. And by Lemma 2.4, we have ∂Rm−1f
∂zk

∈ A2
α+2m,

and

µ(z)|Rmu,ϕf| 6 µ(z)|u(z)||ϕ(z)||∇Rm−1f(ϕ(z))|

6 µ(z)|u(z)||ϕ(z)|

(
n∑
k=1

∣∣∣∣∂Rm−1f

∂wk
(ϕ(z))

∣∣∣∣
)

6 µ(z)|u(z)||ϕ(z)|

n∑
k=1
‖∂Rm−1f

∂zk
‖α+2m

(1 − |ϕ(z)|2)m+(n+1+α)/2

6 nµ(z)|u(z)||ϕ(z)|
Cm‖f‖α

(1 − |ϕ(z)|2)m+(n+1+α)/2 .

The last inequality comes from Lemma 2.2. So the sufficiency follows by the above estimate.
The proof of necessity is analogous to Theorem 1 of [3]. We give the proof here for completeness.

Assume that Rmu,ϕ is bounded. Taking the test functions fi(z1, . . . , zn) = zi ∈ A2
α, i = 1, 2, . . . ,n, we get

sup
z∈Bn

µ(z)|u(z)||ϕ(z)| =

n∑
i=1

sup
z∈Bn

µ(z)|u(z)||ϕi(z)| =

n∑
i=1

∥∥Rmu,ϕfi
∥∥
H∞
µ
<∞.

The proof can be divided into two cases.

Case 1: if |ϕ(z)| 6 1
2 , then

sup
|ϕ(z)|<1/2

µ(z)|u(z)||ϕ(z)|

(1 − |ϕ(z)|2)m+(n+1+α)/2 6 C sup
|ϕ(z)|<1/2

µ(z)|u(z)||ϕ(z)| <∞.

Case 2: if |ϕ(z)| > 1
2 , let

fϕ(w)(z) =
(1 − |ϕ(w)|2)(n+1+α)/2

(1 − 〈z,ϕ(w)〉)n+1+α .

The boundedness of Rmu,ϕ implies that for each w ∈ Bn,

C > ‖Rmu,ϕfϕ(w)‖H∞
µ
= sup
z∈Bn

µ(z)|u(z)||Rmfϕ(w)(ϕ(z))|

> C
µ(w)|u(w)|Pm(|ϕ(w)|2)

(1 − |ϕ(w)|2)m+(n+1+α)/2 > C
µ(w)|u(w)||ϕ(w)|2

(1 − |ϕ(w)|2)m+(n+1+α)/2 .

Therefore,

C > sup
|ϕ(z)|>1/2

µ(z)|u(z)||ϕ(z)|2

(1 − |ϕ(z)|2)m+(n+1+α)/2 > sup
|ϕ(z)|>1/2

µ(z)|u(z)||ϕ(z)|

2(1 − |ϕ(z)|2)m+(n+1+α)/2 .

Combining the two cases, the theorem follows.
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Theorem 3.2. Assume that m ∈ N,ϕ is a holomorphic self-map of Bn, u ∈ H(Bn), and µ is a weight. Suppose
that Rmu,ϕ : A2

α → H∞
µ is bounded, then the essential norm satisfies

‖Rmu,ϕ‖e � lim
δ→1

sup
|ϕ(z)|>δ

µ(z)|u(z)||ϕ(z)|

(1 − |ϕ(z)|2)m+(n+1+α)/2 .

Proof. We first consider the upper estimate. For fixed 0 < r < 1, and for any 0 < δ < 1,

‖Rmu,ϕ‖e 6 ‖Rmu,ϕ −Rmu,rϕ‖ = sup
‖f‖α61

|(Rmu,ϕ −Rmu,rϕ)f‖H∞
µ

6 sup
‖f‖α61

sup
|ϕ(z)|6δ

µ(z)|u(z)||Rmf(ϕ(z)) −Rmf(rϕ(z))|

+ sup
‖f‖α61

sup
|ϕ(z)|>δ

µ(z)|u(z)||Rmf(ϕ(z)) −Rmf(rϕ(z))|.

From Lemma 2.3, we can choose r sufficiently close to 1 such that the first term of the right-hand side is
less than any given ε, and denote the second term by I. Using the estimate in Theorem 3.1, then

I 6 sup
‖f‖α61

sup
|ϕ(z)|>δ

µ(z)|u(z)| (|Rmf(ϕ(z))|+ |Rmf(rϕ(z))|)

6 sup
|ϕ(z)|>δ

nµ(z)|u(z)|

(
Cm|ϕ(z)|

(1 − |ϕ(z)|2)m+(n+1+α)/2 +
Cmr|ϕ(z)|

(1 − r|ϕ(z)|2)m+(n+1+α)/2

)
6 sup

|ϕ(z)|>δ

2nCmµ(z)|u(z)||ϕ(z)|
(1 − |ϕ(z)|2)m+(n+1+α)/2 .

First let r→ 1 and then δ→ 1, the upper estimate follows.
Now we turn to the lower estimate. Let (zk)k∈N ⊂ Bn be such that |ϕ(zk)|→ 1 as k→∞, and

fk(z) =
(1 − |ϕ(zk)|

2)(n+1+α)/2

(1 − 〈z,ϕ(zk)〉)n+1+α .

It is easy to check that supk∈N ‖fk‖α <∞ and fk → 0 uniformly on compact subsets of Bn. Then for any
compact operator K,

C‖Rmu,ϕ −K‖ > lim
k→∞ ‖(Rmu,ϕ −K)fk‖H∞

µ

> lim
k→∞ ‖Rmu,ϕfk‖H∞

µ
− lim
k→∞ ‖Kfk‖H∞

µ

> lim
k→∞ sup

z∈Bn

µ(z)|u(z)||Rmfϕ(zk)(ϕ(z))|− 0

> lim
k→∞C µ(zk)|u(zk)||ϕ(zk)|

(1 − |ϕ(zk)|2)m+(n+1+α)/2 .

By the definition of essential norm, the lower estimate is obtained.

Corollary 3.3. Assume that m ∈ N,ϕ is a holomorphic self-map of Bn, u ∈ H(Bn), and µ is a weight. Then
operator Rmu,ϕ : A2

α → H∞
µ is compact if and only if

lim
δ→1

sup
|ϕ(z)|>δ

µ(z)|u(z)||ϕ(z)|

(1 − |ϕ(z)|2)m+(n+1+α)/2 = 0.

Theorem 3.4. Assume that m ∈ N,ϕ is a holomorphic self-map of Bn, u ∈ H(Bn), and µ is a weight. Suppose
Rmu,ϕ : A2

α → H∞
µ,0 is bounded, then the essential norm satisfies

‖Rmu,ϕ‖e � lim
δ→1

sup
|z|>δ

µ(z)|u(z)||ϕ(z)|

(1 − |ϕ(z)|2)m+(n+1+α)/2 .



Y.-S. Chen, Z.-S. Fang, Y.-C. Liou, J. Nonlinear Sci. Appl., 10 (2017), 4269–4274 4274

Proof. If Rmu,ϕ : A2
α → H∞

µ,0 is bounded, then as in Lemma 2.6, we have

lim
|z|→1

µ(z)|u(z)||ϕ(z)| = 0.

Notice that the proof of Theorem 3.2 is still valid for this case, and a little modification of Proposition 2.2
of [2] shows that ” lim

δ→1
sup

|ϕ(z)|>δ

” could be replaced by ” lim
δ→1

sup
|z|>δ

”.

Corollary 3.5. Assume that m ∈ N,ϕ is a holomorphic self-map of Bn, u ∈ H(Bn), and µ is a weight. Then
operator Rmu,ϕ : A2

α → H∞
µ,0 is compact if and only if

lim
δ→1

sup
|z|>δ

µ(z)|u(z)||ϕ(z)|

(1 − |ϕ(z)|2)m+(n+1+α)/2 = 0.
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