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Abstract
Suppose L = −∆+ V is a Schrödinger operator on Rn, where n > 3 and the nonnegative potential V belongs to reverse

Hölder class RHn. Let b belong to a new Campanato space Λθβ(ρ), and let µLj be the Marcinkiewicz integrals associated with
L. In this paper, we establish the boundedness of the m-order commutators [bm,µLj ] from Lp(Rn) to Lq(Rn), where 1/q =

1/p−mβ/n and 1 < p < n/(mβ). As an application, we obtain the boundedness of [bm,µLj ] on the generalized Morrey spaces
related to certain nonnegative potentials. c©2017 All rights reserved.
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1. Introduction and results

In this paper we consider the Schrödinger operator

L = −∆+ V on Rn, n > 3,

where V is a nonnegative potential. We will assume that V belongs to a reverse Hölder class RHq for
some q > n/2, that is to say, V satisfies the reverse Hölder inequality(

1
|B|

∫
B

V(y)qdy

)1/q

6
C

|B|

∫
B

V(y)dy

for any balls B ⊂ Rn.
As in [10], for a given potential V ∈ RHq with q > n/2, we define the auxiliary function

ρ(x) = sup
{
r > 0 :

1
rn−2

∫
B(x,r)

V(y)dy 6 1
}

, x ∈ Rn.

It is well-known that 0 < ρ(x) <∞ for any x ∈ Rn.

∗Corresponding author
Email addresses: wanghui1639@126.com (Hui Wang), renbijun1959@163.com (Bijun Ren)

doi:10.22436/jnsa.010.08.24

Received 2017-07-01

http://dx.doi.org/10.22436/jnsa.010.08.24


H. Wang, B. Ren, J. Nonlinear Sci. Appl., 10 (2017), 4295–4306 4296

Let θ > 0 and 0 < β < 1, in view of [6], the new Campanato class Λθβ(ρ) consists of the locally
integrable functions b such that

1
|B(x, r)|1+β/n

∫
B(x,r)

|b(y) − bB|dy 6 C

(
1 +

r

ρ(x)

)θ
for all x ∈ Rn and r > 0. A seminorm of b ∈ Λθβ(ρ), denoted by [b]θβ, is given by the infimum of the
constants in the inequalities above.

Note that if θ = 0, Λθβ(ρ) is the classical Campanato space; if β = 0, Λθβ(ρ) is exactly the space
BMOθ(ρ) introduced in [1].

We define the Marcinkiewicz integral associated with the Schrödinger operator L by

µLj f(x) =

(∫∞
0

∣∣∣∣∫
|x−y|6t

KLj (x,y)f(y)dy
∣∣∣∣2 dtt3

)1/2

,

where KLj (x,y) = K̃Lj (x,y)|x− y| and K̃Lj (x,y) is the kernel of RLj = ∂
∂xj
L−1/2, j = 1, · · ·,n.

Let b be a locally integrable function and m be a positive integer. The m-order commutator generated
by µLj and b is defined by

[bm,µLj ]f(x) =

(∫∞
0

∣∣∣∣∫
|x−y|6t

KLj (x,y)(b(x) − b(y))mf(y)dy
∣∣∣∣2 dtt3

)1/2

.

Let K̃∆j (x,y) denote the kernel of the classical Riesz transform Rj = ∂
∂xj
∆−1/2. Then K∆j (x,y) =

K̃∆j (x,y)|x − y| = (xj−yj)/|x−y|

|x−y|n−1 . Obviously, µ∆j f(x) is the classical Marcinkiewicz integral. Therefore, it

will be an interesting thing to study the property of µLj .
The area of Marcinkiewicz integral associated with the Schrödinger operator has been under inten-

sive research recently. Gao and Tang in [5] showed that µLj is bounded on Lp(Rn) for 1 < p < ∞, and
bounded from L1(Rn) to weak L1(Rn). When b belongs to BMOθ(ρ), Chen and Zou in [3] proved that
the commutator [b,µLj ] is bounded on Lp(Rn) for 1 < p <∞. Chen and Jin in [2] investigated the bound-
edness of [b,µLj ] on some Morrey space related to nonnegative potential V . In this paper, we consider the
boundedness of m-order commutator [bm,µLj ] on Lp(Rn) when b belongs to the new Campanato class
Λθβ(ρ), and get the following result.

Theorem 1.1. Let V ∈ RHn. Then for any b ∈ Λθβ(ρ), 0 < β < 1, the commutator [bm,µLj ] is bounded from
Lp(Rn) into Lq(Rn), and

‖[bm,µLj ]f‖Lq(Rn) 6 C([b]
θ
β)
m‖f‖Lp(Rn),

where 1
q = 1

p − mβ
n , 1 < p < n

mβ .

The classical Morrey space was introduced by Morrey in [8], since then a large number of investi-
gations have been given to them by mathematicians. It is well-known that the classical Morrey space
plays an important role in the theory of partial differential equations. In [2], Chen and Jin showed the
boundedness of µLj and [b,µLj ] on the Morrey spaces related to certain nonnegative potentials. In [9], we
introduced the generalized Morrey space related to nonnegative potential V , which covers the general
Morrey space; see [2, 7, 8, 11].

Definition 1.2 ([9]). Let ϕ(x, r) be a positive measurable function on Rn × (0,∞), 1 6 p < ∞,α > 0,
and V ∈ RHq(q > n/2). We denote by Mα,V

p,ϕ = Mα,V
p,ϕ(R

n) the generalized Morrey space related to
nonnegative potential V , the space of all functions f ∈ Lploc(R

n) with finite quasinorm

‖f‖
Mα,V
p,ϕ

= sup
x∈Rn,r>0

(
1 +

r

ρ(x)

)α
ϕ(x, r)−1r−n/p‖f‖Lp(B(x,r)).
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As an application of Theorem 1.1, we consider the boundedness of [bm,µLj ] on Mα,V
p,ϕ(R

n), get the
following result.

Theorem 1.3. Let V ∈ RHn,b ∈ Λθβ(ρ), 0 < β < 1, and (ϕ1,ϕ2) satisfies the condition

∫∞
r

ess inf
t<s<∞ϕ1(x, s)s

n
p

t
n
q

dt

t
6 c0ϕ2(x, r), (1.1)

where c0 does not depend on x and r. Then the operator [bm,µLj ] is bounded from Mα,V
p,ϕ1

(Rn) to Mα,V
q,ϕ2

(Rn), and∥∥[bm,µLj ]f
∥∥
Mα,V
q,ϕ2

6 C([b]θβ)
m‖f‖

Mα,V
p,ϕ1

,

where 1
q = 1

p − mβ
n , 1 < p < n

mβ .

In this paper, we shall use the symbol A . B to indicate that there exists a universal positive constant
C, independent of all important parameters, such that A 6 CB. A ≈ B means that A . B and B . A.

2. Some preliminaries

Proposition 2.1 ([10]). Let V ∈ RHn/2. For the function ρ there exist C and k0 > 1 such that

C−1ρ(x)

(
1 +

|x− y|

ρ(x)

)−k0

6 ρ(y) 6 Cρ(x)

(
1 +

|x− y|

ρ(x)

) k0
1+k0

for all x,y ∈ Rn.

Assume that Q = B(x0, ρ(x0)), for x ∈ Q, Proposition 2.1 tells us that ρ(x) ≈ ρ(y), if |x− y| < Cρ(x).

Lemma 2.2 ([9]). Let k ∈N and x ∈ 2k+1B(x0, r) \ 2kB(x0, r). Then we have

1(
1 + 2kr

ρ(x)

)N .
1(

1 + 2kr
ρ(x0)

)N/(k0+1) .

Proposition 2.3 ([4]). There exists a sequence of points {xk}
∞
k=1 in Rn, so that the family of critical balls Qk =

B(xk, ρ(xk)),k > 1, satisfies

(i)
⋃
kQk = Rn;

(ii) there exists N = N(ρ) such that for every k ∈ N, card{j : 4Qj ∩ 4Qk} 6 N.

For α > 0, g ∈ L1
loc(R

n), and x ∈ Rn, we introduce the following maximal functions

Mρ,αg(x) = sup
x∈B∈Bρ,α

1
|B|

∫
B

|g(y)|dy, M]
ρ,αg(x) = sup

x∈B∈Bρ,α

1
|B|

∫
B

|g(y) − gB|dy,

where Bρ,α = {B(z, r) : z ∈ Rn and r 6 αρ(y)}.
We have the following Fefferman-Stein type inequality.

Proposition 2.4 ([1]). For 1 < p < ∞, there exist δ and β such that if {Qk}∞k=1 is a sequence of balls as in
Proposition 2.3 then ∫

Rn
|Mρ,δg(x)|

pdx .
∫

Rn
|M

]
ρ,βg(x)|

pdx+
∑
k

|Qk|

(
1

|Qk|

∫
2Qk

|g|

)p
for all g ∈ L1

loc(R
n).
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We give an inequality for the function b ∈ Λθβ(ρ).

Lemma 2.5 ([6]). Let 1 6 s <∞,b ∈ Λθβ(ρ), and B = B(x, r). Then

(
1

|2kB|

∫
2kB

|b(y) − bB|
sdy

)1/s

6 C[b]θβ(2
kr)β

(
1 +

2kr
ρ(x)

)θ ′
for all k ∈N, where θ ′ = (k0 + 1)θ and k0 is the constant appearing in Proposition 2.1.

The following proposition gives some estimates on the kernel of µLj .

Proposition 2.6 ([10]). Suppose V ∈ RHq.

(i) If q > n, then for every N, there exists a constant C such that

∣∣KLj (x, z)
∣∣ 6 C (1 + |x− z|/ρ(x))−N

|x− z|n−1 .

(ii) If q > n, then for every N and 0 < δ < 1 −n/q, there exists a constant C such that

|KLj (x, z) −KLj (y, z)| 6
C|x− y|δ (1 + |x− z|/ρ(x))−N

|x− z|n−1+δ ,

where |x− y| < 2
3 |x− z|.

3. Proof of Theorem 1.1

We first prove the following lemmas.

Lemma 3.1. Let V ∈ RHn, b ∈ Λθβ(ρ), and Q = B(x0, ρ(x0)). Then for any 1 < s <∞,

1
|Q|

∫
Q

|[bm,µLj ]f| . ([b]θβ)
m inf
x∈Q

Mmβ,s(f)(x) +

m−1∑
γ=0

([b]θβ)
m−γ inf

x∈Q
M(m−γ)β,s([b

γ,µLj ]f)(x)

holds for all f ∈ Ls(Rn), where

Mmβ,s(f)(x) = sup
x∈B

(
1

|B|1−mβs/n

∫
B

|f(y)|sdy

)1/s

.

Proof. By Binomial Theorem we have

(b(y) − b(z))m =

m∑
l=1

Cl,m(b(y) − λ)l(λ− b(z))m−l + (λ− b(z))m

=

m∑
l=1

Cl,m(b(y) − λ)l(λ− b(y) + b(y) − b(z))m−l + (λ− b(z))m

=

m∑
l=1

m−l∑
h=0

Cl,m,h(b(y) − λ)
l+h(b(y) − b(z))m−l−h + (λ− b(z))m

=

m−1∑
γ=0

Cγ,m(b(y) − λ)m−γ(b(y) − b(z))γ + (λ− b(z))m,
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then

[bm,µLj ]f(y) =

(∫∞
0

∣∣∣∣∫
|y−z|6t

KLj (y, z)(b(y) − b(z))mf(z)dz
∣∣∣∣2 dtt3

)1/2

6
m−1∑
γ=0

Cγ,m|b(y) − λ|m−γ[bγ,µLj ](f)(y) + µ
L
j ((b− λ)

mf)(y).

Let λ = b2Q. Then by Hölder’s inequality and Lemma 2.5 we get

1
|Q|

∫
Q

∣∣∣∣m−1∑
γ=0

Cγ,m(b(y) − λ)m−γ[bγ,µLj ](f)(y)
∣∣∣∣dy

.
m−1∑
γ=0

1
|Q|

∫
Q

∣∣(b(y) − b2Q)
m−γ[bγ,µLj ](f)(y)

∣∣dy
.
m−1∑
γ=0

(
1
|Q|

∫
Q

|b(y) − b2Q|
(m−γ)s ′dy

)1/s ′ ( 1
|Q|

∫
Q

|[bγ,µLj ]f(y)|
sdy

)1/s

.
m−1∑
γ=0

([b]θβ)
m−γ(ρ(x0))

β(m−γ)

(
1
|Q|

∫
Q

|[bγ,µLj ]f(y)|
sdy

)1/s

.
m−1∑
γ=0

([b]θβ)
m−γ inf

x∈Q
M(m−γ)β,s([b

γ,µLj ]f)(x),

where 1 < s <∞, and 1/s+ 1/s ′ = 1.
For the second term, we split f = f1 + f2 with f1 = fχ2Q. Let 1 < s̃ < s <∞, and ν = ss̃/(s− s̃), by the

boundedness of µLj on Ls̃(Rn), Hölder’s inequality, and Lemma 2.5 we obtain

1
|Q|

∫
Q

|µLj ((b− b2Q)
mf1)(y)|dy 6

(
1
|Q|

∫
Q

|µLj ((b− b2Q)
mf1)(y)|

s̃

)1/s̃

.

(
1
|Q|

∫
2Q

|(b(y) − b2Q)
mf(y)|s̃dy

)1/s̃

.

(
1
|Q|

∫
2Q

|f(y)|sdy

)1/s( 1
|Q|

∫
2Q

|b(y) − b2Q|
mνdy

)1/ν

.([b]θβ)
m inf
x∈Q

Mmβ,sf(x).

For the remaining term, note that ρ(y) ≈ ρ(x0) for any y ∈ Q, by Proposition 2.6, Minkowski’s inequality,
and Lemma 2.5 we get

|µLj ((b− b2Q)
mf2)(y)| .

(∫∞
0

∣∣∣∣∫
|y−z|6t

|f2(z)||b(z) − b2Q|
m

|y− z|n−1(1 + |y− z|/ρ(y))N
dz

∣∣∣∣2 dtt3

)1/2

6
∫

Rn

|f2(z)||b(z) − b2Q|
m

|y− z|n−1(1 + |y− z|/ρ(y))N

(∫
|y−z|6t

dt

t3

)1/2

dz

.ρ(x0)
N

∫
(2Q)c

|f(z)||b(z) − b2Q|
m

|y− z|n+N
dz

.ρ(x0)
N
∞∑
k=1

(2kρ(x0))
−N

|2k+1Q|

∫
2k+1Q\2kQ

|f(z)||b(z) − b2Q|
mdz
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.
∞∑
k=1

2−kN
1

|2k+1Q|

∫
2k+1Q

|f(z)||b(z) − b2Q|
mdz

.
∞∑
k=1

2−kN
(

1
|2k+1Q|

∫
2k+1Q

|b(z) − b2Q|
ms ′dz

)1/s ′ ( 1
|2k+1Q|

∫
2k+1Q

|f(z)|sdz

)1/s

.([b]θβ)
m
∞∑
k=1

2−kN inf
x∈Q

Mmβ,s(f)(x)

.([b]θβ)
m inf
x∈Q

Mmβ,s(f)(x).

This finishes the proof of Lemma 3.1.

Lemma 3.2. Let V ∈ RHn and b ∈ Λθβ(ρ), then for any s > 1 and γ > 1, there exists a constant C such that∣∣µLj ((b− bB)mf2)(u) − µ
L
j ((b− bB)

mf2)(z)
∣∣ 6 C([b]θβ)m inf

x∈B
Mmβ,sf(x)

holds for all f ∈ Lsloc(R
n), u, z ∈ B = B(x0, r) with r < γρ(x0) and f2 = fχ(2B)c .

Proof. We write∣∣µLj ((b− bB)mf2)(u) − µ
L
j ((b− bB)

mf2)(z)
∣∣

6

(∫∞
0

∣∣∣∣∫
|u−y|6t<|z−y|

|KLj (u,y)f2(y)(b(y) − b2B)
m|dy

∣∣∣∣2 dtt3

)1/2

+

(∫∞
0

∣∣∣∣∫
|z−y|6t<|u−y|

|KLj (u,y)f2(y)(b(y) − b2B)
m|dy

∣∣∣∣2 dtt3

)1/2

+

(∫∞
0

∣∣∣∣∫
{|u−y|6t,|z−y|6t}

|KLj (u,y) −KLj (z,y)||f2(y)(b(y) − b2B)
m|dy

∣∣∣∣2 dtt3

)1/2

= J1 + J2 + J3.

Due to the estimates for J1 and J2 which are similar, then we only consider J1. Let Q = B(x0,γρ(x0)).
Since u, z ∈ Q, then ρ(u) ≈ ρ(x0) and |u− y| ≈ |z− y|. By Minkowski’s inequality and Proposition 2.6 we
have

J1 6
∫
(2B)c

|KLj (u,y)f(y)(b(y) − b2B)
m|

(∫
|u−y|6t<|z−y|

dt

t3

)1/2

dy

. r1/2
∫
(2B)c

|KLj (u,y)f(y)(b(y) − b2B)
m|

|u− y|3/2 dy

. r1/2
∫
Q\2B

|f(y)||b(y) − b2B|
m

|u− y|n+1/2 dy+ r1/2ρ(x0)
N

∫
Qc

|f(y)||b(y) − b2B|
m

|u− y|n+1/2+N dy

= J11 + J12.

Let j0 be the least integer such that 2j0 > γρ(x0)/r. Splitting into annuli, we have

J11 6
j0∑
j=2

2−j/2 1
|2jB|

∫
2jB

|f(y)||b(y) − b2B|
mdy.



H. Wang, B. Ren, J. Nonlinear Sci. Appl., 10 (2017), 4295–4306 4301

By Hölder’s inequality, Lemma 2.5, and noting that 2jr 6 γρ(x0) for j < j0, then we have

1
|2jB|

∫
2jB

|f(y)||b(y) − b2B|
mdy 6([b]θβ)

m(2jr)mβ
(

1 +
2jr
ρ(x0)

)mθ ′ ( 1
|2jB|

∫
2jB

|f(y)|sdy

)1/s

.([b]θβ)
m inf
x∈B

Mmβ,sf(x).

Thus

J11 6 ([b]θβ)
m

j0∑
j=2

2−j/2 inf
x∈B

Mmβ,sf(x) . ([b]θβ)
m inf
x∈B

Mmβ,sf(x).

Note that for j > j0,

1
|2jB|

∫
2jB

|f(y)||b(y) − b2B|
mdy 6([b]θβ)

m(2jr)mβ
(

1 +
2jr
ρ(x0)

)mθ ′ ( 1
|2jB|

∫
2jB

|f(y)|sdy

)1/s

.([b]θβ)
m

(
2jr
ρ(x0)

)mθ ′
inf
x∈B

Mmβ,sf(x).

Then, by choosing N > mθ ′ we get

J12 6 r1/2ρ(x0)
N

∫
Qc

|f(y)||b(y) − b2B|
m

|u− y|n+1/2+N dy

6 r−Nρ(x0)
N
∞∑
j=j0

2−j(1/2+N) 1
|2jB|

∫
2jB

|f(y)||b(y) − b2B|
mdy

. ([b]θβ)
m
∞∑
j=j0

2−j/2
(
ρ(x0)

2jr

)N−mθ ′

inf
x∈B

Mmβ,sf(x)

. ([b]θβ)
m inf
x∈B

Mmβ,sf(x).

For J3, note that ρ(u) ≈ ρ(x0), |u− y| ≈ |z− y|, and |u− z| < 2
3 |u− y|, then by Minkowski’s inequality

and Proposition 2.6, similar to the estimates for J11 and J12, we have

J3 6
∫
(2B)c

|f(y)||b(y) − b2B|
m|KLj (u,y) −KLj (z,y)|

(∫
{|u−y|6t,|z−y|6t}

dt

t3

)1/2

dy

.
∫
(2B)c

|f(y)||b(y) − b2B|
m|KLj (u,y) −KLj (z,y)|
|u− y|

dy

. rδ
∫
Q\2B

|f(y)||b(y) − b2B|
m

|u− y|n+δ
dy+ rδρ(x0)

N

∫
Qc

|f(y)||b(y) − b2B|
m

|u− y|n+δ+N
dy

. ([b]θβ)
m inf
x∈B

Mmβ,sf(x).

Then the proof of Lemma 3.2 is completed.

Lemma 3.3. Let s > 1, B = B(x0, r) with r 6 γη(x0), and x ∈ B. Then

M]
ρ,η([b

m,µLj ]f)(x) . ([b]θβ)
mMmβ,s(f)(x) +

m−1∑
γ=0

([b]θβ)
m−γM(m−γ)β,s([b

γ,µLj ]f)(x).
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Proof. Since

[bm,µLj ]f(y) =
m−1∑
γ=0

Cγ,m(b(y) − b2B)
m−γ[bγ,µLj ](f)(y) + µ

L
j ((b− b2B)

mf)(y),

then

1
|B|

∫
B

∣∣[bm,µLj ]f(y) − ([bm,µLj ]f)B
∣∣dy

.
m−1∑
γ=0

1
|B|

∫
B

∣∣(b(y) − b2B)
m−γ[bγ,µLj ](f)(y) −

(
(b(y) − b2B)

m−γ[bγ,µLj ](f)
)
B

∣∣dy
+

1
|B|

∫
B

∣∣µLj ((b− b2B)
mf)(y) − (µLj ((b− b2B)

mf))B
∣∣dy

.
m−1∑
γ=0

1
|B|

∫
B

∣∣(b(y) − b2B)
m−γ[bγ,µLj ](f)(y)

∣∣dy
+

1
|B|

∫
B

∣∣µLj ((b− b2B)
mf)(y) − (µLj ((b− b2B)

mf))B
∣∣dy

= K1 +K2.

By Hölder’s inequality and Lemma 2.5 we get

K1 .
m−1∑
γ=0

1
|B|

∫
B

∣∣(b(y) − b2B)
m−γ[bγ,µLj ](f)(y)

∣∣dy
6
m−1∑
γ=0

(
1
|B|

∫
B

∣∣b(y) − b2B
∣∣(m−γ)s ′

dy

)1/s ′ ( 1
|B|

∫
B

∣∣[bγ,µLj ](f)(y)
∣∣sdy)1/s

.
m−1∑
γ=0

([b]θβ)
(m−γ)M(m−γ)β,s([b

γ,µLj ](f))(x).

For K2, we split f = f1 + f2 with f1 = fχ2B, we have

K2 6
1
|B|

∫
B

|µLj ((b− b2B)
mf1)(y)|dy+

1
|B|

∫
B

∣∣µLj ((b− b2B)
mf)(y) − (µLj ((b− b2B)

mf))B
∣∣dy = K21 +K22.

As the proof in Lemma 3.1, we obtain

K21 .([b]θβ)
mMmβ,s(f)(x).

For K22, by Lemma 3.2, we get

K22 .
1
|B|2

∫
B

∫
B

∣∣µLj ((b− bB)mf2)(u) − µ
L
j ((b− bB)

mf2)(y)
∣∣dudy . ([b]θβ)

mMmβ,s(f)(x).

Now let us prove Theorem 1.1.
Choose numbers tγ such that 1

tγ
= 1
p − γβ

n ,γ = 0, 1, · · ·,m− 1. Then 1
q = 1

tγ
−

(m−γ)β
n . We need to

prove the following inequality

∥∥[bm,µLj ]f
∥∥q
Lq(Rn)

. ([b]θβ)
mq‖f‖q

Lp(Rn) +

m−1∑
γ=0

([b]θβ)
(m−γ)q

∥∥[bγ,µLj ](f)
∥∥q
Ltγ(Rn)

. (3.1)
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If (3.1) holds, then Theorem 1.1 will be proved by the mathematical induction. In fact, when m = 1, we
have γ = 0 and p = tγ. Note that [b0,µLj ] = µ

L
j , by the boundedness of µLj on Lp(Rn) for 1 < p <∞, then

[b,µLj ] is bounded from Lp(Rn) into Lq(Rn). Suppose that the Lp− Ltγ boundedness of [bγ,µLj ] holds for
1
tγ

= 1
p − γβ

n , that is ∥∥[bγ,µLj ](f)
∥∥
Ltγ(Rn)

. ([b]θβ)
γ‖f‖Lp(Rn),

where γ = 2, 3, · · ·,m− 1, then by (3.1) we get∥∥[bm,µLj ](f)
∥∥
Lq(Rn)

. ([b]θβ)
m‖f‖Lp(Rn).

In the following, we will focus on the proof of (3.1).
Let 1 < s < p <∞, f ∈ Lp(Rn). By Proposition 2.4 we have∥∥[bm,µLj ]f

∥∥q
Lq(Rn)

6
∫

Rn

∣∣Mρ,δ([b
m,µLj ]f)(x)

∣∣q dx
6
∫

Rn

∣∣M]
ρ,η([b

m,µLj ]f)(x)
∣∣qdx+∑

k

|Qk|

(
1

|Qk|

∫
2Qk

∣∣[bm,µLj ]f(x)
∣∣dx)q .

By Lemma 3.3,

M]
ρ,η([b

m,µLj ]f)(x) . ([b]θβ)
mMmβ,s(f)(x) +

m−1∑
γ=0

([b]θβ)
m−γM(m−γ)β,s([b

γ,µLj ]f)(x).

Since 1
q = 1

tγ
−

(m−γ)β
n , and tγ = p when γ = 0, then∫

Rn

∣∣M]
ρ,η([b

m,µLj ]f)(x)
∣∣qdx . ([b]θβ)

mq

∫
Rn

∣∣Mmβ,s(f)(x)
∣∣qdx

+

m−1∑
γ=0

([b]θβ)
(m−γ)q

∫
Rn

∣∣M(m−γ)β,s([b
γ,µLj ]f)(x)

∣∣qdx
. ([b]θβ)

mq‖f‖q
Lp(Rn) +

m−1∑
γ=0

([b]θβ)
(m−γ)q

∥∥[bγ,µLj ](f)
∥∥q
Ltγ(Rn)

.

By Proposition 2.3 and Lemma 3.1 we have∑
k

|Qk|

(
1

|Qk|

∫
2Qk

∣∣[bm,µLj ]f(x)
∣∣dx)q .([b]θβ)

mq
∑
k

∫
2Qk

|Mmβ,s(f)|
qdx

+

m−1∑
γ=0

([b]θβ)
(m−γ)p

∑
k

∫
2Qk

∣∣M(m−γ)β,s([b
γ,µLj ]f)

∣∣q dx
.([b]θβ)

mq

∫
Rn

∣∣Mmβ,s(f)(x)
∣∣qdx

+

m−1∑
γ=0

([b]θβ)
(m−γ)q

∫
Rn

∣∣M(m−γ)β,s([b
γ,µLj ]f)(x)

∣∣qdx
.([b]θβ)

mq‖f‖q
Lp(Rn) +

m−1∑
γ=0

([b]θβ)
(m−γ)q

∥∥[bγ,µLj ](f)
∥∥q
Ltγ(Rn)

.

Then the proof of (3.1) is finished.
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4. Proof of Theorem 1.3

To prove Theorem 1.3, we first investigate the following local estimate.

Lemma 4.1. Let V ∈ RHn,b ∈ Λθβ(ρ). If 1 < p < n
mβ , 1

q = 1
p − mβ

n , then the inequality

‖[bm,µLj ](f)‖Lq(B(x0,r)) . ([b]θβ)
mr

n
q

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
q

dt

t

holds for any f ∈ Lploc(R
n).

Proof. We write f as f = f1 + f2, where f1(y) = f(y)χB(x0,2r)(y). Then∥∥[bm,µLj ](f)
∥∥
Lq(B(x0,r)) 6

∥∥[bm,µLj ](f1)
∥∥
Lq(B(x0,r)) +

∥∥[bm,µLj ](f2)
∥∥
Lq(B(x0,r)).

By Theorem 1.1 we know [bm,µLj ] is bounded from Lp(Rn) to Lq(Rn), then we get

‖[bm,µLj ](f1)‖Lq(B(x0,r)) .([b]βθ )
m‖f‖Lp(B(x0,2r))

.([b]βθ )
mr

n
q ‖f‖Lp(B(x0,2r))

∫∞
2r

dt

t
n
q+1

.([b]βθ )
mr

n
q

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
q

dt

t
.

(4.1)

We now turn to deal with the term
∥∥[bm,µLj ](f2)

∥∥
Lq(B(x0,r)). By Binomial Theorem, we have

[bm,µLj ]f2(x) 6
m∑
γ=0

Cγ,m|b(x) − b2B|
γµ((b− b2B)

m−γ(f2)(x).

By Proposition 2.6 and Lemma 2.2 we have

sup
x∈B(x0,r)

µLj ((b− b2B)
m−γf2)(x) .

∫
(2B)c

1(
1 +

|x−y|
ρ(x)

)N |b− b2B|
m−γ|f(y)|

|x0 − y|n−1

(∫∞
|x0−y|

dt

t3

)1/2

dy

.
∞∑
k=1

1(
1 + 2k+1r

ρ(x0)

)N/(k0+1) (2
k+1r)−n

∫
2k+1B

|b− b2B|
m−γ|f(y)|dy.

From Lemma 2.5 we get

(2k+1r)−n
∫

2k+1B

|b(y) − b2B|
m−γ|f(y)|dy

.

(
(2k+1r)−n

∫
2k+1B

|b(y) − b2B|
(m−γ)p ′dy

)1/p ′

(2k+1r)−
n
p ‖f‖Lp(B(x0,2k+1r))

. ([b]θβ)
m−γ

(
1 +

2kr
ρ(x0)

)(m−γ)θ ′

(2kr)(m−γ)β−n
p ‖f‖Lp(B(x0,2k+1r)).

Then

sup
x∈B(x0,r)

µLj ((b− b2B)
m−γf2)(x)

. ([b]θβ)
m−γ

∞∑
k=1

(
1 +

2kr
ρ(x0)

)(m−γ)θ ′−N/(k0+1)

(2kr)(m−γ)β−n
p ‖f‖Lp(B(x0,2k+1r)).
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Notice that

‖(b− b2B)
γ‖Lq(2B) . ([b]θβ)

γrβγ+
n
q

(
1 +

2r
ρ(x0)

)θ ′γ
.

Then, taking N > (k0 + 1)(m)θ ′ and noticing mβ− n
p = −nq we get∥∥[bm,µLj ](f2)

∥∥
Lq(B(x0,r))

. ([b]θβ)
mr

n
q

∞∑
k=1

2−γβ
(

1 +
2kr
ρ(x0)

)mθ ′−N/(k0+1)

(2kr)mβ−
n
p ‖f‖Lp(B(x0,2k+1r))

. ([b]θβ)
mr

n
q

∞∑
k=1

(2kr)−
n
q ‖f‖Lp(B(x0,2k+1r))

. ([b]θβ)
mr

n
q

∞∑
k=1

∫ 2k+1r

2kr

‖f‖Lp(B(x0,t))

t
n
q

dt

t

= ([b]θβ)
mr

n
q

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
q

dt

t
.

(4.2)

Combining (4.1) and (4.2), the proof of Lemma 4.1 is completed.

Proof of Theorem 1.3. Note the fact that ‖f‖Lp(B(x0,t)) is a nondecreasing function of t, and f ∈Mα,V
p,ϕ1

, then
we have (

1 + t
ρ(x0)

)α
‖f‖Lp(B(x0,t))

ess inf
t<s<∞ϕ1(x0, s)s

n
p

. ess sup
t<s<∞

(
1 + t

ρ(x0)

)α
‖f‖Lp(B(x0,t))

ϕ1(x0, s)s
n
p

. sup
0<s<∞

(
1 + s

ρ(x0)

)α
‖f‖Lp(B(x0,s))

ϕ1(x0, s)s
n
p

. ‖f‖
Mα,V
p,ϕ1

.

Since α > 0, and (ϕ1,ϕ2) satisfies the condition (1.1), then∫∞
2r

‖f‖Lp(B(x0,t))

t
n
q

dt

t
=

∫∞
2r

(
1 + t

ρ(x0)

)α
‖f‖Lp(B(x0,t))

ess inf
t<s<∞ϕ1(x0, s)s

n
p

ess inf
t<s<∞ϕ1(x0, s)s

n
p(

1 + t
ρ(x0)

)α
t
n
q

dt

t

. ‖f‖
Mα,V
p,ϕ1

∫∞
2r

ess inf
t<s<∞ϕ1(x0, s)s

n
p(

1 + t
ρ(x0)

)α
t
n
q

dt

t

. ‖f‖
Mα,V
p,ϕ1

(
1 +

r

ρ(x0)

)−α ∫∞
r

ess inf
t<s<∞ϕ1(x0, s)s

n
p

t
n
q

dt

t

. ‖f‖
Mα,V
p,ϕ1

(
1 +

r

ρ(x0)

)−α

ϕ2(x0, r).

Then by Lemma 4.1 we get

‖[bm,µLj ](f)‖Mα,V
q,ϕ2

. sup
x0∈Rn,r>0

(
1 +

r

ρ(x0)

)α
ϕ2(x0, r)−1r−n/q‖[bm,µLj ](f)‖Lq(B(x0,r))

. ([b]θβ)
m sup
x0∈Rn,r>0

(
1 +

r

ρ(x0)

)α
ϕ2(x0, r)−1

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
q

dt

t

. ([b]θβ)
m‖f‖

Mα,V
p,ϕ1

.



H. Wang, B. Ren, J. Nonlinear Sci. Appl., 10 (2017), 4295–4306 4306

References

[1] B. Bongioanni, E. Harboure, O. Salinas, Commutators of Riesz transforms related to Schrödinger operators, J. Fourier
Anal. Appl., 17 (2011), 115–134. 1, 2.4

[2] D. Chen, F. Jin, The boundedness of Marcinkiewicz integrals associated with Schrödinger operator on Morrey spaces, J.
Funct. Spaces, 2014 (2014), 11 pages. 1, 1

[3] D. Chen, D. Zou, The boundedness of Marcinkiewicz integral associated with Schrödinger operator and its commutator, J.
Funct. Spaces, 2014 (2014), 10 pages. 1
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