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Abstract

Suppose L = —A + V is a Schrodinger operator on R™, where n > 3 and the nonnegative potential V belongs to reverse
Holder class RHy,. Let b belong to a new Campanato space /\?5 (p), and let ujL be the Marcinkiewicz integrals associated with
L. In this paper, we establish the boundedness of the m-order commutators [b™, ij} from LP(R™) to L9(R™), where 1/q =
1/p—mpB/nand 1 <p <n/(mp). As an application, we obtain the boundedness of [b™, u)!-} on the generalized Morrey spaces
related to certain nonnegative potentials. (©2017 All rights reserved.
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1. Introduction and results
In this paper we consider the Schrédinger operator
L=—A+V on R", n>3,

where V is a nonnegative potential. We will assume that V belongs to a reverse Holder class RHq for
some q > n/2, that is to say, V satisfies the reverse Holder inequality

1 )9 ¢
— | V(y)id <JV d
(1, vooran) < [, v
for any balls B C R™.

As in [10], for a given potential V € RHy with q > n/2, we define the auxiliary function

1
p(x):sup{r>0:rn_zj V(y)dy <1}, x € R™.
B(x,r)

It is well-known that 0 < p(x) < oo for any x € R™.
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Let® > 0and 0 < B < 1, in view of [6], the new Campanato class /\%(p) consists of the locally
integrable functions b such that

= (1+555)
_— b —bgldy<C(1+—
Bl B/ [ s 0~ PeldY o0x)

for all x € R™ and r > 0. A seminorm of b € /\% (p), denoted by [b}%, is given by the infimum of the
constants in the inequalities above.

Note that if 6 = 0, /\%(p) is the classical Campanato space; if 3 = 0, /\%(p) is exactly the space
BMOg(p) introduced in [1].

We define the Marcinkiewicz integral associated with the Schrodinger operator L by

1/2
. 00 2 dt /
H; f(x) = o e ’

where KjL(x,y) = KNJ.L(x,y)Ix—y\ and KN).L(x,y) is the kernel of RjL = a%j[fl/z,j =1,---,mn.

J KE(x,y)f(y)dy
[x—yl|<t

Let b be a locally integrable function and m be a positive integer. The m-order commutator generated
by ujL and b is defined by
1/2
L E
0 t3 .

Let lzjz(x,y) denote the kernel of the classical Riesz transform R; = a%inl/ 2. Then KjA(x,y) =

[bm,u}]f(X)=< Jl < Ky (x,y) (b(x) = b(y)) ™ f(y)dy
x—y|<t

KA _ (—y5)/Ix—yl
K]. (xylx—yl = W

. Obviously, ijf (x) is the classical Marcinkiewicz integral. Therefore, it
will be an interesting thing to study the property of u).L.

The area of Marcinkiewicz integral associated with the Schrédinger operator has been under inten-
sive research recently. Gao and Tang in [5] showed that ujL is bounded on LP(IR™) for 1 < p < oo, and
bounded from L!(R™) to weak L'(R™). When b belongs to BMOg(p), Chen and Zou in [3] proved that

the commutator [b, ij] is bounded on LP(R™) for 1 < p < oo. Chen and Jin in [2] investigated the bound-
edness of [b, u)-L} on some Morrey space related to nonnegative potential V. In this paper, we consider the
boundedness of m-order commutator [b™, ujL] on LP(IR™) when b belongs to the new Campanato class
/\?5 (p), and get the following result.

Theorem 1.1. Let V € RHy,. Then for any b € /\%(p),O < B < 1, the commutator [b™, ujL] is bounded from
LP(IR™) into L9(IR™), and

6™, i 1f]|arny < CLIBIR)™ ]l (R,

B
_mT,1<p<L

1 _1
where = = B

q_p
The classical Morrey space was introduced by Morrey in [8], since then a large number of investi-
gations have been given to them by mathematicians. It is well-known that the classical Morrey space
plays an important role in the theory of partial differential equations. In [2], Chen and Jin showed the
boundedness of ujL and [b, u).L] on the Morrey spaces related to certain nonnegative potentials. In [9], we
introduced the generalized Morrey space related to nonnegative potential V, which covers the general
Morrey space; see [2, 7, 8, 11].
Definition 1.2 ([9]). Let @(x, 1) be a positive measurable function on R™ x (0,00),1 < p < oo, > 0,

and V € RHq(q > n/2). We denote by Mg‘;¥ = Mg‘;(\;(]R“) the generalized Morrey space related to

nonnegative potential V, the space of all functions f € L (R™) with finite quasinorm

x

r 71 _

sy = 5o (1+555) oo™l wisn
X nr>
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As an application of Theorem 1.1, we consider the boundedness of [b™, ujL] on Mg‘;g(]R“), get the
following result.

Theorem 1.3. Let V € RH,,,b € /\%(p),O < B <1, and (@1, @2) satisfies the condition

t<s<oo

oo essinfq(x, s) dt
| < copalim), 1)

T t% t

where cq does not depend on x and r. Then the operator [b™, ujL} is bounded from Mgy (R™) to M&y (R™), and

o™ gy, < O™ Iy,

whereé:%— 1<p<m[3

In this paper, we shall use the symbol A < B to indicate that there exists a universal positive constant
C, independent of all important parameters, such that A < CB. A = B means that A < B and B S A.

2. Some preliminaries

Proposition 2.1 ([10]). Let V € RH,, 5. For the function p there exist C and ko > 1 such that

—ko 1+k0
CTp(x) <1+"‘_y'> < oly) < Co(x) (1+"‘ ‘J')

p(x) p(x)
forall x,y € R™
Assume that Q = B(xo, p(xo)), for x € Q, Proposition 2.1 tells us that p(x) = p(y), if [x —y| < Cp(x).
Lemma 2.2 ([9]). Let k € IN and x € 251B(xg, 1) \ 2¥B(xo, 1). Then we have

1 < 1
N ~ N/(ko+1) "
2kt 2k
(1+25) (1+25)

Proposition 2.3 ([4]). There exists a sequence of points {x\ }3°_; in R™, so that the family of critical balls Qy =
B(xk, p(xk)), k = 1, satisfies

6] Uk Q=R
(ii) there exists N = N(p) such that for every k € N, card{j : 4Q; N4Qy} < N

Fora >0, g € LIOC(IR“), and x € R™, we introduce the following maximal functions

1 1
Mpag(x) =  sup MJ gy)ldy, M. g(x)= sup “Sj l9(y) — gsldy,
XGBG(BQ,O( B XEBG‘Bp,cx B

where B, « ={B(z,7) :z€ R™ and r < ap(y)}.
We have the following Fefferman-Stein type inequality.

Proposition 2.4 ([1]). For 1 < p < oo, there exist 6 and {3 such that if {Qy}y_ is a sequence of balls as in
Proposition 2.3 then

P
| Mosgoaraxs | wPax Y Qu (107 b 19

forall g € LIOC(IR“).
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We give an inequality for the function b /\% (p).

Lemma 2.5 ([6]). Let 1 < s < oo,b € /\%(p), and B = B(x, ). Then

<1J Ib(y) —bgl®d )1/S<C[b]9(2‘<)B (1 2kr>e/
25B] Jpep Y T ORI ) SRR ETE O

for all k € IN, where 0’ = (ko + 1)0 and kg is the constant appearing in Proposition 2.1.
The following proposition gives some estimates on the kernel of ujL.
Proposition 2.6 ([10]). Suppose V € RH.

(i) If @ = n, then for every N, there exists a constant C such that

C(l+x—zl/p(x) ™
|X_Z|n—1

Kj(x,2)| <

(ii) If q = n, then for every N and 0 < & < 1 —n/q, there exists a constant C such that

Ch—yl® (1+x—2l/p(x)) N
|X_Z|n71+6 4

|K]L(X,Z) 7K}(U/Z)| <
where [x —y| < %\x—zl.

3. Proof of Theorem 1.1
We first prove the following lemmas.
Lemma 3.1. Let V€ RH,, b € /\%(p), and Q = B(xo, p(xo)). Then forany 1 < s < oo,

m—1
JQ 0™ 13115 (DJ3)™ inf Moupa(0) + 3 (0IR)™ i My (07, 151000

1
Ql

_<

holds for all f € L*(IR™), where

1 J )1/8
Mg s(f)(x) =sup | ——————| If(y)]*d .
() X£<|B|1mﬁs/n ifty)idy

Proof. By Binomial Theorem we have
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then
00 2 dat 1/2
[b™, u1f(y) = (JO J KtKjL(U/Z)(b(U)—b(z))mf(z)dz t3>
Y—zZix
m—1
< Cymlb(y) =A™ YO, 1 1(f)(y) + i (b —A) ™) (y).
v=0

1 m—1
= J Cym(b(y) —Mm—v[bv,u}](f)(y)‘dy
Qllol =
m—1 1
ST o | 10 =)™ Y, whin ) ay
v=0 Q
m—1 1 , 1/s’ 1 1/s
< (HJ b(y) — bag| ™5 dy) (J |[by,u}]f(y)|5dy>
= Q QI Jq
m—1 1 1/s
<S> (BIR)™ Y (p(xg))Pm—Y) <Q|j |[bv,u}]f(y)|5dy)
v=0 Q
m—1
<D (bIg)m™ Inf Mimy,5 (107, 17IF) (),
v=0

where 1 < s <oo,and 1/s+1/s’ =1.
For the second term, we split f = f; + f, with f; = fxpq. Let 1 < § < s < oo, and v = s§/(s —3), by the
boundedness of ujL on L¥(R™), Holder’s inequality, and Lemma 2.5 we obtain

= b= b iy < <1j (b = bag) ™) )§>1/§
QoM 2Q7 IWIEYS JQi o ™ 2Q) UM
1 . 1/58
<[ . m 5
N(|Q| LQI(b(y) b20) ™ (y)] dy)
1 . 1/s 1 . 1/v
5<|Q|LQ'”‘J” dy) (@LQ b(y) = bao| dy)

S(6IR)™ inf Mo« ()

For the remaining term, note that p(y) ~ p(xo) for any y € Q, by Proposition 2.6, Minkowski’s inequality,
*© fa(z)|[b(z) — bag|™
|HjL((b—sz)mf2)(U)|§<J Jl fa(2)[blz) — bag|

and Lemma 2.5 we get
1/2
St
0 Uy—z<ely—z 11+ y—zl/p))N ] &

If2(2)lIb(z) — bag™ at\ V2
1 N 3 dz
re [y =z H 1+ ly —zl/p(y)) y—zl<t t
If(z)l[b(z) — bag|™
Sp(x NJ dz
Sp(xo) 20 N

dz

N

— (2%p(xo))~ N

Solxo)N ) g [£(2)lIb(z) — bag|™dz
k=1

J2k+1 Q\2kQ
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Z/\

> 2 " GG Jyrg D) ~ 20l

O_o kN 1 , A\ 1 1/s
b _b ms - f sd
g (2“1Ql Lm' 2l dl) <|2k+1Q| LMQ' = Z)

ng)mZz*kN inf Mng,s(f)(x)

2/\

x€Q
<(I%)™ Q&S Mg, (F)(x).
This finishes the proof of Lemma 3.1. O

Lemma 3.2. Let V € RH, and b € /\?3( ), then for any s > 1 and 'y > 1, there exists a constant C such that
|15 (b —bg)™f2) (W) — u (b —bg)™2)(2)] < C(IbIF)™ Inf Ming,sf(x)

holds for all f € L (R™), u,z € B = B(xo, 1) with v < yp(xo) and f, = X 2B)e

loc

Proof. We write

|1k (b= bp)™ ) (W) — uk (b — bp) ™) (2)]

< ([l

1/2
2§ /
Ju—yl<t<iz—yl t3

(o/e]

+ J J KL (1, )2 () (b(y) — bas)™ldy
lz—y|<t<|u—y]

1/2
2 4t
3

+ (Jw | KE () — K (2, 9)12(9) (b(y) — bog) ™ldy
{lu—yI<t lz—yl<t)

K} (w,y)fa(y) (b(y) — o) ™dy

0

1/2
2 4t
3

Due to the estimates for J; and J, which are similar, then we only consider J;. Let Q = B(xo, vp(x0)).
Since u,z € Q, then p(u) = p(xp) and [u—1y| = |z —y|. By Minkowski’s inequality and Proposition 2.6 we
have

0
=Jh+J2+]s

1/2
J1 éj K (1, y)f(y) (b(y) —b2)™| (J dt> dy
(2B)e

lu—y|<t<|z—yl t3
KL _ m
Sr1/2j | ](u,y)f(y)(b(;.g)z bop) |d
(2B)e u—yl¥/

f(y)lIb(y) — bo|™ [f(y)llb(y) — bop|™
< 1/2 | 1/2 N
ST JQ\ZB hu—ynt1/2 dy +1/“p(xp) JQC TRV EEEVERY dy

=Ju + J12-
Let jo be the least integer such that 20 > yp(x¢)/r. Splitting into annuli, we have
jo

|
< 2—1/2.J f(y)|lb(y) — bog|™dy.
Jut ]; 2B 2jBI (Ylib(y) —bog|™dy
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By Holder’s inequality, Lemma 2.5, and noting that 2/ < yp(xg) for j < jo, then we have

1 o 2ir \™ /1 1/s
5 | I Ibty) — ba ey ()" 2 (1+ ) <J |f(y)|5dy>
2B |20B] Joig
0
B

<
S(blg)™ ;relfB Mumg,sf(x).
Thus
Ji1 < mZ22 i/2 1nf Mmp,sf(x) S ([b}%)mggf]g Mimp,sf(x).
j

Note that for j > jo,

L1 ) bly) — bas™dy <(1B18)™(2r)™8 (1 2 )me <1J f(y)l*d )1/5
|2j]3|J2iB JIPHI T DaBl Y S ’ +P(X0) 120B| Joig I

j moe’
SI™ () it Mongaf(0)

Then, by choosing N > m6’ we get

1/2 N [f(y)llbo(y) — bap|™
J12 < v7%p(x0) JQC [ — ymri/2+N

1
< N N 2 j(1/2+N) J b —b m
T p(xo) ]ZJ 2] 2]B| (Ylo(y) —bapl™dy
N—mo’
b]0) /2 .
b8 mJZ)Z j < iy > QrelfB Mmg,sf(x)
0
S ([b](es) Qgg Mumg,sf(x).

For J3, note that p(u) = p(xo),lu—y| = [z—yl|, and [u—z| < %Iu —yl, then by Minkowski’s inequality
and Proposition 2.6, similar to the estimates for J;; and ]2, we have

dt 1/2
13<J |f(y)||b(y)—b23|m|KjL(U,U)—K5L(Z,U)|<J 3> dy
(2B)c {lu—yl<t lz—yl<ty b

<J If(y)llbly) — szImIKL(u y)— (Z,y)ldy
~ JoB)e lu—yl

f(y)llb(y) —bog|™ J If(y)llbly) —bag™
< ) | d ) N d
ST JQ\ZB u—yprs TRt T T N Y

Then the proof of Lemma 3.2 is completed. O

Lemma 3.3. Let s > 1, B = B(xg, r) with v < yn(xg), and x € B. Then

m—1
ME (6™, 1 16) (%) S (D)G) ™ Mamp,s (F)(x) + Y ([bJ3)™ Y M(m_y)p,s (b7, 1f16) (%),
=0

)
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Proof. Since

m—1

then

1
j ™, Whf(y) — (1™, k1) 5| dy
IBl Jg

m—1
<X B | 10009 = b2 ™ 167, W) ) = ((bfy) — bas) ™17, (1) [y
=
+ [ (b —bas)™)y) (1} (0 —bas) ™)y
m—1 1
< — — m—yrpY L
<X 51| 100) b ™Y, by
1
|B|J WL (b — bap) ™) (y) — (1 ((b — bap) ™)) |dy
=XK1+ Ks.

By Holder’s inequality and Lemma 2.5 we get

m—1 1
% < L\(b(g)—bzg)m Y[, () (y)|dy

m—1 1/s’ 1/s
1 (m—vy)s’ 1 L s
< <|m JB |b(y) — bas] dy) <|m JB |6Y, 1y 1) (y)] dy)

<D (IR ™ Y Min_yp,s (07, 1f1(£)) ().

For X, we split f = f; 4 f with f; = fxop, we have
1 1
XK <|BJB I ((b—bap) ™ 1) (Y)ldy + — Bl J |5 (b —b28) ™) (y) — (15 (b —bap) ™)) |dy = Ka1 + Kno.
As the proof in Lemma 3.1, we obtain
Ko1 S(BIR) ™ Munp,s (F)(x).
For K2, by Lemma 3.2, we get
1
Koo Sz | | (00— bo) ™) () — (0= bw) ™ 2) )]y S (161F)™ M ()1
O]

Now let us prove Theorem 1.1.

Choose numbers t, such that % = %— %,y =0,1,---,m—1. Then % = % — % We need to

prove the following inequality

1
106, 31 gy S (1™ ey + 3 (I D, WO e gy 3D
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If (3.1) holds, then Theorem 1.1 will be proved by the mathematical induction. In fact, when m =1, we
have y = 0 and p = t. Note that [b’, ujL] = ij, by the boundedness of ujL on LP(R™) for 1 < p < oo, then
(b, ujL] is bounded from LP (R™) into L9(R™). Suppose that the L? — L" boundedness of [bY, ujL] holds for
1 1 .
™ :5—%,that1s

H [by/ H']L](f) HLty (R™) SJ ([b]%)nyHLP(]Rn),
where y =2,3,---, m—1, then by (3.1) we get

1™, k| o ) S (BI8)™ 1l .

In the following, we will focus on the proof of (3.1).
Let1 <s <p < oo, feLP(R™). By Proposition 2.4 we have

6™, I gy < LRn Mo, (6™, 1l (x) | dx
#t m q 1 m L a
< J]R“ ’Mp,n([b , H) ’ dX+Z |Qxl <Q|J ’[b Atk ]f(x)’ dx) .
By Lemma 3.3,
m—1
ME (6™, 1 16) (%) S (D)G) ™ Mamp,s (F) (%) + Y ([bJ3)™ Y M(m_y)p,s (b7, 1f16) (%),

1

: 1_ 1 (m—vy)B
Since il

,and t, =p when y =0, then

LG IME (6™, i 16) (x)] Y dx < ([blg)™d LR [Mimp,s (F)(x)| 9 dx

n
m—1

+ 3 (O] My (107, b 1)00)
v=0 "

.
< (1) ™[I gy + D (BIR) ™I DY, 11|y (-

By Proposition 2.3 and Lemma 3.1 we have

q
Z|Qk|(|Q|J Mbm,u}]f(x)\dx> %quj Mg, (F)|9dx

m—1

+ Y (b)) WZJ oy s (07, 1E19)] dx
= 2Qu
<([b)g)™a LR Mo, (F) ()| Ydx
m—1
3™ | My 107, wI00)|
v=0 R

SO ™19 oy + S (D13 ™97, w10y -

Then the proof of (3.1) is finished.
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4. Proof of Theorem 1.3
To prove Theorem 1.3, we first investigate the following local estimate.

Lemma 4.1. Let V € RHy, b € AR (p). If 1 < p < g, é = % — B then the inequality

n IIf]]c B(xo,t)) dt
6™, W16 o vy () [~ B0t S8
2r ta t

holds for any f € LY (R™).

loc

Proof. We write f as f = f1 + f2, where f1(y) = f(y)Xg(x,2r)(y). Then

5™, WOy < 5™ I sy + 157 D

(xo,7))"

By Theorem 1.1 we know [b™, p.]!-] is bounded from LP(IR™) to L9(IR™), then we get

6™, 1w (1) [0 (B (xor)) SIS )™ Fll10 (5 (x0.2r))

o0
Bym dt
SOI™ sz | oy

T

IfllLe (B (xot)) dt
<([b1B )™ J LR (Bxo,t)) OF
2r ta t

We now turn to deal with the term H b™, u) (f2) HLq _ By Binomial Theorem, we have

B (xo,
m
[b™, 2 (x Z Cy,mlb(x) = bag Y (b —bop)™ Y (f2) (x).

By Proposition 2.6 and Lemma 2.2 we have

J 1 o b ™ VIf(y) < JOO dt>”2 a
2 B 73 Y

L m—
sup  Hi((b—byp)™ Y f2)(x)
p(x

x€B(xq,1)

A

2k+1y
p(xo)

— 1
< k+1.y—n _ m—y
~ Z )N/(ko+1) (257r) LkHB |b —b2gl If(y)ldy.

pas) (1 +

From Lemma 2.5 we get
@7 | Tbly) — bael™ )y
2k+1B

1/p’ N
< <(2k+11‘)_n LkHB b(y) _bZB‘(m—V)P dy> (2k+1.r)_5 HfHLP(B(XO,Zkﬂr))

2Ky
p(xo)

A

m—y)0 N
(1™ (1+ ) (250) VB ] L g

Then

sup i ((b—bap)™ V) (x)

x€B(xq,1)
Om
a3 (14 ]

(m—y)8'~N/(ky+1) )
> (zkr)(miwdﬁigHfHLP(B(XO,ZkHr))'

(4.1)
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Notice that

n 2r 0’y
_ Y < 0VvBY+y (1 )
[(b—b2g)Y|lLa2e) < ([blg)¥Yr™ " ( + p(X0)>
Then, taking N > (ko +1)(m)6’ and noticing mf3 — % =—1 we get

q
H b™, H}_](fZ)H]_q(B(XU,T))

< ([b]e)mrg iz_yﬁ <1+ 2Ky
~oR = p(x0)

>m9’N/(ko+l)

o]

S ([bJg)™ra Z(Zkf)fa IFIlLp (B (xg,2%11))
k=1
o0 2k+1

S ()t Y |

" flle
e J2kr t

B(xot)) dt
q t

n [ |If
— (b)3)™rd J ””L(B(ndtt
2r ta
Combining (4.1) and (4.2), the proof of Lemma 4.1 is completed.

Proof of Theorem 1.3. Note the fact that |[f[|;p g (x,,t)) iS @ nondecreasing function of t, and f € M2

we have

x x
(1+ﬁ) IFl1Lp (B (xo,t)) (1+ﬁ) [IFlILe (B (xo,t))
%

- < esssup w
essinf@q(xg, s)s t<s<oo @1(xp, 8)s®
t<s<oo

X
(1 + ﬁ) IF11LP (B (x0,8))

0<s<oo ©1(x0,8)s? P/eq
Since o > 0, and (@1, ;) satisfies the condition (1.1), then

< sup

~

[0 ¢ n

. . n
r" FllLe (B (x0,t)) dt J‘” <1+ p(‘xo)) fllr (B xo) g83inf@1(xo )87 g4
ta v t

t<s<oo

2 t 2 essinf@i(xo, s)s t )8
X0, q
' ' t<s<oo(pl 0 (1+P(X0)) ta

00 essinf(pl(xo,s)s% dt

< HfH t<s<oo “tr

~ Mg:xl 2r 1 t . n t

( +P(X0)> te

t<s<oo

—& oo essinf(pl(xo,s)S% dt
< [l <1+ r ) J dt
2 U o)

S gy, (1+

n
q

T t t

Then by Lemma 4.1 we get

P(xo)

[0 4
T 1
H[bm,p}](f)HMwZ < sup <1+ ) @2(x0, 1)1 n/ql\[bm,M)-L](f)HLq(B(xo,r)]

x 1 [ e (B (xe,t)) dt
> 02(x0,7) 1J iﬂ(xO, )
q

xgER™,r>0

S(BIR)™  sup <1+

xgERM™,r>0
S (1R ™[l ey -

P01

p(XO) 2r

(250) ™ P[]l (B (xp 25 411)

S Mfllmey -

(4.2)

O
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