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Abstract

The conception of general L,-mixed width-integral of convex bodies is introduced and related isoperimetric type inequality,
Aleksandrov-Fenchel type inequality and a cyclic inequality are established. Further, the extremum values for the general L;-
mixed width-integral are obtained. (©2017 All rights reserved.
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1. Introduction and main results

Let X™ denote the set of convex bodies (compact, convex subsets with non-empty interiors) in Eu-
clidean space R™. For the set of convex bodies containing the origin in their interiors and the set of
convex bodies whose centroids lie at the origin in R™, we write X7 and KT, respectively. Let S*~! denote
the unit sphere in R™, and let V(K) denote the n-dimensional volume of a body K. For the standard unit
ball B in R™, we use w,, = V(B) to denote its volume.

If K € X™, then its support function, hx = h(K,-) : R™ — (—o00, o), is defined by (see [9, 30])

h(K,x) =max{x-y:y € K}, x € R",

where x -y denotes the standard inner product of x and y.

The study of width integral has a long history. The notion of the classical width-integral was first
considered by Blaschke (see [4]) and was further studied by Hardy et al. (see [16]). It was generalized to
the mixed width-integral by Lutwak [23] in 1977. For the more results associated with the mixed width-
integral, we refer the interested reader to [17, 21, 22, 25]. Particularly, Feng [6] generalized the definition
of mixed width integral to general mixed width integral: for T € (—1,1), the general mixed width-integral,
B(W(Ky, -+ ,Kn), of Ky, ,Kn € K is defined by

1

BIT(Ky, o, Kn) = nj B (Ky,u) -+ 1) (K, w)dS (),
Sn—1
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where b(™ (K, u) = f1(t)h(K, u) + f2(t)h(K, —u) and the functions f1(t) and f»(t) are chosen as follows

(1+7)2 (1—1)2
2(1+ 1) 2(1+72)

The main aim of this article is to define a corresponding notion of general L,-mixed width-integral,
and to extend Feng’s inequalities to the inequalities related to general L,-mixed width-integral. Moreover,
the extremum values and two Brunn-Minkowski type inequalities for the general L,-mixed width-integral
are established.

Now, we define the general L,-mixed width-integral as follows: for T € [-1,1] and p > 0, the general

L,-mixed width-integral, BI(,T) (Ki, -+, Kn), of Ky, - -+, Kn € K7 is defined by

1
By (Ki, o Kn) = — LM by (Ki, ) -+ by (K, w)dS(w), (1.1)

fi(7) = fa(1) =

where b{,T)(K, u) = (f1(x)hP(K,u) + f2(t)hP(K, —u))% for any u € S™!, and fi(71), f2(1) are chosen as

follows
(14 7)%P

(1+71)%P 4 (1 —1)2P’
Obviously, fi(t) and fa(T) satisfy

(1—1)%P
(1+7)? + (1 —1)?"

f1(1) = fa(T) =

fi(t) + fa(1) =1,
fi(=1) = fa(1), f2(—1) = f1 (7).

Note that the case p = 1 in definition (1.1) is just Feng’s general mixed width-integral. Two convex
bodies K and L are said to have similar general L,-width if there exists a constant A > 0 such that
bg)(K, u) = )\b](DT) (L,u) for all u € S 1. If b](DT) (K,u) = b](DT) (L,u) for all u € S™!, then we call K and L
have the same general L,-width.

Taking Ky = --- =K,y = Kand K, i1 = --- = K,y = Lin (1.1), the general L,-mixed width-integral,
B](OT,Q(K,L), of K,L € Xy is given by

1 ) .
Bk L) = 1| o K b L as ) (12)

Further, let L = B in (1.2). Then we write ng (K) for B]E:i) (K, B). Since b}f) (B,u) =1, it follows that

1 .

BL(K) = Lnl blY (K, ) S (w), (1.3)
where Bgi) (K) is called the ith general L,-mixed width-integral of K. If i = 0, then we write Bpfg (X) =
Béﬂ (K), which we call the general L,-width-integral of K, namely,

BLY (K) = 1J b4 (K, w™dS (w).
n Sn—1

The general operator belongs to the asymmetric Brunn-Minkowski theory which has its starting point
in the theory of valuations in connection with isoperimetric and analytic inequalities (see [1, 2, 7, 8, 10—
15, 19, 20, 27-29, 31-35]).

The main results are the following: we first establish the isoperimetric type, Aleksandrov-Fenchel type
and cyclic inequalities for the general L,-mixed width-integral.

Theorem 1.1. If t € [-1,1] and Ky,--- , Ky € KT, then for p >0
V(K- V(Kn) < BR (Koo K™, (14)
with equality if and only if Ky, - - -, Ky, are n-balls.
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Theorem 1.2. If t € [-1,1], Ky,--- , Ky € KT, and 1 < m < n, then for p >0
BI()T) (Klr T / H B Kl/ T Tl. mrs KTL*"L‘FlI Tty aniJrl)r (15)
with equality if and only if Kn_m1,- -+, Ky are all of similar general Ly-width.
Theorem 1.3. If Tt € [-1,1], K,L € X3, and p >0, thenfor i<j<k,
BLY (K, L) BT (K, L)~ > BUY (K, D)F T, (1.6)
with equality if and only if K and L have similar geneml L, -width.

Moreover, the extremum values for the general L,-mixed width-integral are also established.

Theorem 1.4. Ift € [-1,1], K € KT, and p > 0, then fori <n—p,

(0) (1) (£1) (1e7.
B, i (K) < B L(K) <BL(K); (1.7)
forn—p<i<nori>n
(0) (T) (£1)
B,,1(K) > B %/(K) =B % (K). (1.8)

If K is not origin-symmetric, equality holds in the left inequality if and only if T = 0 and equality holds in the
right inequality if and only if Tt = £1. When i =n, (1.7) and (1.8) are identical.

The proofs of theorems above will be given in Section 3 of this paper. In Section 4, two Brunn-
Minkowski type inequalities for the ith general L,-mixed width-integral will be established.

2. Preliminaries

The radial function, px = p(K,-) : R™\ {0} — [0, 00), of a compact star-shaped (about the origin) set K
in R™ is defined, for u € S™ 1, by (see [9, 30])

p(K,u)=max{A >0:A-u e K}
The polar body, K*, of K € X™ is defined by (see [9, 30])
K*={xeR":x-y<1lyeK}L
It is easy to check that for K € X7,

1 1
(K)*=K and hg:-=—, px»=_—.
PK hk
An extension of the well-known Blaschke-Santalé inequality is as follows (see [24]).

Theorem 2.1. If K € X', then
VIKIV(K) < w?,

with equality if and only if K is an ellipsoid.

For K,L € X3, p > 1and A, u > 0 (not both zero), the Firey L,-combination (also called L,,-Minkowski
combination), A - K+, - L € X, of K and L is defined by (see [26])

h(A K Tp K- L, ')‘P = Ah(K/ ')p + }’Lh“—/ ')p/

where the operation ”+,” is called Firey addition and A - K denotes the Firey scalar multiplication.
The polar coordinate formula for volume of a body K in R™ is

V(K) = 1 Ln1 p(K,u)™dS(u).
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3. Proof of main results
Proof of Theorem 1.1. From Jensen’s inequality (see [16]), we obtain

BLY(Ky, -+, Kn) = 1J b5 (Kp,w) -+ b5 (K, w)dS ()
n Snfl (3 1)

-1
> nwi U . béﬂ (K, uw)~ -+ bg) (Kn,u)ldS(u)}
sn—

with equality if and only if Ky,---,K;, have joint constant general L,-width. Together with Hélder’s
inequality (see [16]), we have

n

n .
Usnl b](DT) (Kq,w) ™t .br()TJ (Kn,w) ! dS(u)] > H Usnl bI()T) (Ki,u)ndS(u)] ) (32)

i=1

with equality if and only if Ky, - - -, Ky, have similar general L,-width. Using Minkowski’s inequality (see
[16]), we have

[1J by (Ki,w) ™dS(w)] + = [1J (FL(TRP (Ki, w) + F2 (1) WP (K, —w)) 7P dS(w)) =
n Jgn-1 T Jsnt
> [1J (f1(T)RP (K, w)) P dS(w)] ™ »
nls ) (3.3)
+[= J (f2(T)hP (Ki, —u)) " dS(w)]~»
n Jjgn-1
> [1J R(Ky,w) T dS(w] R = V(KR
n Jgn-1

with equality if and only if K; is origin-symmetric. Since p > 0, it follows from Theorem 2.1 and inequality
(3.3) that,
—1

[ni)z Ln_l bff)(Ki,u)“dS(u)} > V(Ki), (3.4)

with equality if and only if K; is an n-dimensional ellipsoid. By inequalities (3.1), (3.2), and (3.4), this
gives
V(K1) V(Kn) < By (Ky, oo K™

By the equality conditions of inequalities (3.1), (3.2), and (3.4), equality holds in (1.4) if and only if
Ky, -+, Ky are n-balls. O

Lemma 3.1 ([22]). If fo, f1,- -, fm are (strictly) positive continuous functions defined on S Land A, , Am
are positive constants the sum of whose reciprocals is unity, then

u x
o otnt- fniwasiw < ] U folw P was(w)| (3.5)
Sn—1 o1 Sn—1
with equality if and only if there exist positive constants o, - - - , m such that oqfi‘l (W) =+ = otmfam(u) for all

we sl
Proof of Theorem 1.2. Let in Lemma 3.1

Ai=m (1<ig<m);

fo = by (Ki,uw) - by (Knom,u) (=1 if m=n);
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fi = by (Kn_p1,u)  (1<i<m).
Then

[ B Kb K s ()

m 1
<IT|L oF 0 B K o (s, ()
i=1
Combining with (1.1), we have
m
B](DT) (Kll Tty Kn)m g H B](JT) (Kll Tty Kn—m/ ani+1l Tty ani+l)'
i=1

The equality condition of inequality (3.5) implies that equality holds in (1.5) if and only if K41,
--+, Ky are all of similar general L,-width. O

Proof of Theorem 1.3. 1t follows from Hoélder’s inequality (see [16]) that

=~

—j

K3 i 1 . . k—1
BUT (K, L)EBL (K, L) = (n Lnl by (K, )" 1b](f)(l_,u)ld8(u)>
X (J b](f)(K,u)“kb](f)(l_,u)de(u)>
n Sn—1
1 () n—ip () (1 1)) _ g0
> by (K, w7 (L wds(u) = BUY (K, 1).
n Snfl P

This gives
(T) k—jp(T) j—i (t) k—i
Bp,i (K/ L) Bp,k(Kr I—) 2 Bp,]' (KI L) .

The equality condition of Holder’s inequality implies that equality holds in (1.6) if and only if K and L
have similar general L,-width. O

Taking i =0, j =i, and k = n in inequality (1.6), we have the following.

Corollary 3.2. If t € [-1,1], K, L € X3, and p > 0, then for 0 < i< n,
BLY (K, D™ < B (KB (L)Y (3.6)

fori < 0ori>n,inequality (3.6) is reversed, with equality in every inequality if and only if i = n or, when 1 #n,
K and L have similar general Ly-width.

Let i = 1 in Corollary 3.2. The dual Minkowski type inequalities for the general L,-mixed width-
integral are as follows.

Corollary 3.3. If T € [-1,1] and K, L € K7, then
Bir (K, L)™ < By (K™ 1B (L),
with equality if and only if K and L have similar general Ly-width.

Corollary 3.4. If T € [-1,1] and K, L € K7, then

By (K, 1™ > By () 1B (D),

,—

with equality if and only if K and L have similar general Ly-width.
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Proof of Theorem 1.4. From (1.3) and using Minkowski’s inequality (see [16]), we obtain that fori <n —p

M1 B
(e [1 (D i n
Bp,i (K) Y by (K, u) dS(u)}

- . et

— |5 ], (P )+ e ()5 et
[T Jgn
—1 J i ngi

< |7 )., (eomP e ast)
[T Jsn1

N (37)
#n [ e ) ast)

p P

o [1J (hP (K, —u)) 5" dS(u)]
n Jgn-1

_ Lll Lnl (hP (K, w) "5 dS(u)]

n—i

1 .

— |5 ..., k) astu)
n Jgn-1

Similarly, from Minkowski’s inequality we have that forn —p <i<nori<n,

P
n—i

1 .
B0 > |2 [ ko)™t asw)
Pt n Jgn-1
From the equality condition of Minkowski’s inequality, we see that equalities hold in (3.6) and (3.7) if and
only if K and —K are dilates of one another, i.e., K is centered.

From f1(+1) =1 and f,(+1) = 0, we have

1

= Lnl (h(K,w)™ " dS(u).

B (k) — 1J (hP (K, W) 7 dS(u) =
Sgn—1

p,i
Together with (3.7), we have

(1) (£1)
Bi (K) < BLS(K),

which is just the right inequality of (1.3).

According to the equality condition of (3.7), we know that if T # £1, then equality holds in the right
inequality of (1.7) if and only if K is centered, i.e., if K is not origin-symmetric, equality holds in the right
inequality if and only if T = +1.

Now, we prove the left inequality of (1.7). Since f1(0) = f»(0) = %, together with Minkowski’s inequal-
ity, we have

(0) n]ii
Bp,i(K)
_1 nlli
=|= b (K w)™ S (u )]
[N Js
r n—i £
1 B n—u
= E ( hP (K, u) + hp( u)> dS(u)
- - 2
1 1 1 1 1 P o
= |- —f1(T)hP (K, u) + =f2(t)hP (K, —u) + =1 (T)hP (K, —u) + =f2(T)hP (K, u) dS(u)
n | 2 2 2 2
: n—i B
1 1 1 P o
< E < f1(T)hP (K, u) 2f2(’t)hp(K,—u)> dS(u)]
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+ 1J <1f1(T)hp(K,_u)—|—1f2(T)hp(K,u)) dS(u)] 7
n Sgn—1 2 2

_ [1 [ AR + falRP (6, - dS(u)]
n Jgn-1
1 T n—i %

=[5 o o 0o

=B (K).

That is,

B (k) > B (K).

pi = Fpi
The equality condition of Minkowski’s inequality tells us that if T # 0, then equality holds in the left
inequality of (1.7) if and only if K is centered. Thus if K is not origin-symmetric, then equality holds in
the left inequality of (1.7) if and only if T = 0.
For the case n —p < i <mnori>n, the proof is similar. O

4. Brunn-Minkowski type inequalities

In this section, we establish two Brunn-Minkowski type inequalities for the ith general L,-mixed
width-integral.
Theorem 4.1. If T € [-1,1], K,L € X3, and p > 0O, then for i < n—p,

BUY (K+p L)1 < BUY (K) 0 4+ BUY (L),
with equality if and only if K and L have similar general Ly-width.
In fact, the more general result than Theorem 4.1 will be obtained as follows.

Theorem 4.2. If K, L e X, 1€ [-1,1],and p >0, then for i< n—p <j<nand i#j

2 > 2
(Bé?(mp U)’ _ (Bé?(K))’ X (Bé&(u)’ | )
(* = (t) (1) ’ :
By (K+p L) B, (K) B (L)
forizn>izn—pandi#j
() 7 (t i (x i
(Bpli (K +p L)) N (Bp,i (K)) N (Bp,i (L)) W
G Z | L () / :
BLY (K4 L) BLY(K) BLY(L)

with equality in every inequality if and only if K and L have similar general Ly-width.

To complete the proof of Theorem 4.2, the following lemmas may be required. An extension of
Beckenbach’s inequality (see [3]) was obtained by Dresher (see [5]) through the means of moment-space
techniques.

Lemma 4.3 (Beckenbach-Dresher inequality). If p > 1 > 1 > 0, p # v, f,g > 0, and & is a distribution
function, then

1 1

(fIE(Hg)Pdcb)“ - (J"Efpdcl>>“+<fn~:9%b>*, (4.3)

Je(f+g)rdd Jgfrdé Jggrdd
with equality if and only if the functions f and g are positively proportional.

Here E is a bounded measurable subset in R™.
The inverse Beckenbach-Dresher inequality was established in the reference [18].
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Lemma 4.4 (Inverse Beckenbach-Dresher inequality). If 1 >p > 0> 1, p #1,f,g > 0, and ¢ is a distribution

function, then
LE(Hg)Pdcb)vl—f <fEfpdd>>vl—f (f]Egpd<l>>pl‘*
— > | T —_—— , 44

<I1E(f+9)rdd> “\eran)  "\Jggrao @

with equality if and only if the functions f and g are positively proportional.

Proof of Theorem 4.2. From (1.3) and (4.3), it follows that fori<n—p <j<n

P

] i

—

(
B (K+p L)
(

B (K+p L)

P
_ jsnlbp (K+p Lw)™*dS(u) |’
L by (K Lu)nidS(u)

-

V

|
-

L fsnit (FUDRP (K4 L) + B(hP (K4, L—w) 5 dS(w) | 7 7
1 s (F(ORP (K p L) + (1P (K 4 L —w)) ™ dS(u)

= Jsno1 (F1DORP (K, 1) + (0P (K, —u) + f1 (1)hP (L, w) + f2(OhP (L, —w) 7 dS(u) | 7
L fgnst (F(DRP(K,u) + f2(T)hP (K, —u) + f1 (T)hP (L, u) + f(T)hP (L, —u)) 7 dS(u)

[ & S (RORP (K W) + B2 (TP (K, —w) > dS(w) |
) Lo (RO (K, ) + f(0hP (K, —u)) 7 dS(w)

This gets the desired inequality (4.1). Using the same method, inequality (4.2) follows from inequality
(4.4).

Together with the equality conditions of inequalities (4.3) and (4.4), we see that equality holds in
inequalities (4.1) and (4.2) if and only if bé,T)(K, u) and br(,T) (L, u) are positively proportional, namely, K
and L have similar general L,-width. O

Letj =n in (4.1). Since B](DTT)L(K +1L)= BST)L(K) = B]E,T%(L) = wq, is a constant, we obtain Theorem 4.1.
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