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Abstract
This paper is concerned with a kind of fractional order systems with Caputo-Hadamard derivative (of order q ∈ C and

<(q) ∈ (1, 2)) and not instantaneous impulses. The obtained result uncovers that there exists a general solution for these
impulsive systems, which means that the state trajectory of these impulsive systems is non-unique, and it is expounded by a
numerical example. c©2017 All rights reserved.
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1. Introduction

Fractional calculus has gained much attention since it provides a key tool to describe hereditary
properties of some materials and processes in many fields of science and engineering, and the general
theory of fractional calculus can be referred in [5, 12, 15], and there are some advances in numerical
calculation, controllability, chaos synchronization, etc. for fractional differential equations [4, 11, 20–22].

Impulsive differential equations have been focused since it serves as an important tool to characterize
the phenomena in which sudden, discontinuous jumps occur in various fields of science and engineering,
and impulsive fractional (partial) differential equations have received much attentions [1, 2, 6, 8, 16–18, 23,
26]. However, impulses are instantaneous impulses in many existing papers about the impulsive models,
and it can not describe some processes such as evolution processes in pharmacotherapy. Therefore, the
authors in [9] presented a kind of impulsive differential equations with not instantaneous impulses, and
the authors in [14] continued studying on differential equations with not instantaneous impulses in a
PCα-normed Banach space. Next, the fractional differential equations with not instantaneous impulses
were considered in [13, 19].

Furthermore, the works in [7, 10] developed fractional calculus in frame of Caputo-Hadamard frac-
tional derivative, and Caputo-Hadamard fractional differential equations were studied in [3]. Next, the
recent results in [24, 25] discovered that Caputo-Hadamard fractional differential equations with instan-
taneous impulses have general solution, which uncovered that there may be general solution for Caputo-
Hadamard fractional differential equations with not instantaneous impulses. Therefore, we will try to
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seek general solution for the following Caputo-Hadamard fractional differential equations with not in-
stantaneous impulses: 

C−HD
q
a+z(t) = f(t, z(t)), t ∈ (sk, tk+1], k = 0, 1, . . . ,N,

z(t) = gk(t, z(t)), t ∈ (tk, sk],k = 1, 2, . . . ,N,
z(a) = za, z ′(a) = z̄a, za, z̄a ∈ C.

(1.1)

Here q ∈ C, <(q) ∈ (1, 2) and a > 0, C−HD
q
a+ denotes left-sided Caputo-Hadamard fractional derivative

of order q, f : [a, T ]×C → C is an appropriate continuous function, gk : (tk, sk]×C → C which denote
not instantaneous impulses are some appropriate continuous functions, g ′

k(sk, z(sk)) exist (here k =
1, 2, . . . ,N), and a = t0 = s0 < t1 6 s1 6 t2 6 · · · 6 tN 6 sN 6 tN+1 = T .

Next, we will introduce some definitions and conclusions in Section 2, and give the equivalent inte-
gral equations for a kind of Caputo-Hadamard fractional differential equations with not instantaneous
impulses in Section 3. Finally, an example is provided to illustrate the obtained result.

2. Preliminaries

Definition 2.1 ([12, p.110]). Let 0 < a < b < ∞ be finite or infinite interval of the half-axis R+. The
left-sided Hadamard fractional integral of order α ∈ C of function x(t) is defined by

HJ
α
a+x(t) =

1
Γ(α)

∫t
a

(
ln
t

s

)α−1

x(s)
ds

s
, (a < t < b),

where Γ(·) is the Gamma function.

Definition 2.2 ([10, p.4]). Let <(α) > 0 and n = [<(α)] + 1, x ∈
{
x : [a,b]→ C : δ(n−1)x(t) ∈ AC[a,b]

}
,

0 < a < b <∞. The left-sided Caputo-Hadamard fractional derivatives C−HD
α
a+x(t) exist everywhere on

[a,b] and if α /∈N0,

C−HD
α
a+x(t) =

1
Γ(n−α)

∫t
a

(
ln
t

s

)n−α−1

δnx(s)
ds

s
= HJ

n−α
a+ δnx(t),

where differential operator δ = t ddt with δ0x(t) = x(t). Moreover, if α = n ∈ N0, C−HD
α
a+x(t) = δnx(t).

In particular, C−HD
0
a+x(t) = x(t).

Lemma 2.3 ([10, p.5]). Let <(α) > 0, n = [<(α)] + 1, and x ∈ C[a,b]. If <(α) 6= 0 or α ∈N, then

C−HD
α
a+ (HJ

α
a+x) (t) = x(t).

Lemma 2.4 ([10, p.6]). Let x ∈ ACnδ [a,b] or Cnδ [a,b] and α ∈ C, then

HJ
α
a+ (C−HD

α
a+x) (t) = x(t) −

n−1∑
k=0

δkx(a)

k!

(
ln
t

a

)k
.

Considering a special case in Corollary 17 in [25], we can draw the following conclusion.

Lemma 2.5. Let w ∈ C, <(w) ∈ (1, 2),
∑0
i=1 yi = 0, and ξ, ζ are two constants. The impulsive system

C−HD
w
a+x(t) = g(t, x(t)), t ∈ (a, T ], t 6= tk(k = 1, 2, . . . ,m),

∆x|t=tk = x(t
+
k ) − x(t

−
k ) = Ik

(
x(t−k )

)
∈ C, k = 1, 2, . . . ,m,

∆x ′
∣∣
t=tk

= x ′(t+k ) − x
′(t−k ) = Īk

(
x(t−k )

)
∈ C, k = 1, 2, . . . ,m,

x(a) = xa ∈ C, x ′(a) = x̄a ∈ C

(2.1)



X. Zhang, J. Nonlinear Sci. Appl., 10 (2017), 4398–4407 4400

is equivalent to the integral equation

x(t) = xa + ax̄a ln
t

a
+

k∑
i=1

Ii(x(t
−
i )) +

k∑
i=1

tiĪi(x(t
−
i )) ln

t

ti
+

1
Γ(w)

∫t
a

(
ln
t

s

)w−1

g
ds

s

+

k∑
i=1

[
ξIi(x(t

−
i )) + ζtiĪi(x(t

−
i ))
]{ 1
Γ(w)

[∫ti
a

(
ln
ti
s

)w−1

g
ds

s
+

∫t
ti

(
ln
t

s

)w−1

g
ds

s

−

∫t
a

(
ln
t

s

)w−1

g
ds

s

]
+

ln t
ti

Γ(w− 1)

∫ti
a

(
ln
ti
s

)w−2

g
ds

s

}
, for t ∈ (tk, tk+1], k = 0, . . . ,m,

(2.2)

provided that the integral in (2.2) exists, here g = g(s, x(s)).

3. Main results

For convenience, let f = f(τ, z(τ)) in this section. Let

z(t) = Ak +Bk ln t+ za + az̄a ln
t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
, for t ∈ (sk, tk+1] ⊂ (0, T ], (3.1)

where Ak and Bk (k = 0, 1, . . . ,N) are some constants. In fact, Eq. (3.1) satisfies fractional derivative
condition of system (1.1) by Definition 2.2. Substituting (3.1) into system (1.1), we have

z(t) =

{
Ak +Bk ln t+ za + az̄a ln t

a + 1
Γ(q)

∫t
a

(
ln t
τ

)q−1
fdττ , for t ∈ (sk, tk+1], k = 0, . . . ,N,

gk(t, z(t)), for t ∈ (tk, sk], k = 1, 2, . . . ,N.

Thus, we obtain A0 = 0, B0 = 0,

Ak = gk(sk, z(sk)) − za + az̄a lna−
1
Γ(q)

∫sk
a

(
ln
sk
τ

)q−1
f
dτ

τ

−

[
skg

′
k(sk, z(sk)) −

1
Γ(q− 1)

∫sk
a

(
ln
sk
τ

)q−2
f
dτ

τ

]
ln sk,

and

Bk = skg
′
k(sk, z(sk)) − az̄a −

1
Γ(q− 1)

∫sk
a

(
ln
sk
τ

)q−2
f
dτ

τ
.

Therefore,

z(t) =



za + az̄a ln
t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
, for t ∈ (a, t1],

gk(t, z(t)), for t ∈ (tk, sk], k = 1, 2, . . . ,N,

gk(sk, z(sk)) −
1
Γ(q)

∫sk
a

(
ln
sk
τ

)q−1
f
dτ

τ
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ

+

[
skg

′
k(sk, z(sk)) −

1
Γ(q− 1)

∫sk
a

(
ln
sk
τ

)q−2
f
dτ

τ

]
ln
t

sk
,

for t ∈ (sk, tk+1], k = 1, 2, . . . ,N.

(3.2)
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It is clear that Eq. (3.2) meets all conditions of system (1.1). Moreover, Eq. (3.2) satisfies a hidden condition

lim[
gk(t,z(t))−za−az̄a ln ta−

1
Γ(q)

∫t
a

(
ln tτ

)q−1
f
dτ
τ

]
=0

for t∈(tk,sk] and all k∈{1,2,...,N}

{Eq. (3.2)}

⇔ z(t) = za + az̄a ln
t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
, for t ∈ (a, T ],

⇔ lim[
gk(t,z(t))−za−az̄a ln ta−

1
Γ(q)

∫t
a

(
ln tτ

)q−1
f
dτ
τ

]
=0

for t∈(tk,sk] and all k∈{1,2,...,N}

{system (1.1)} .

(3.3)

On the other hand, substituting z̃(t) = z(s+k ) + δz(s
+
k ) ln t

sk
+ 1
Γ(q)

∫t
sk

(ln t
τ)
q−1fdττ for t ∈ (sk, tk+1] (here

k = 0, 1, . . . ,N) into system (1.1), we have

ẑ(t) =



za + az̄a ln
t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
, for t ∈ (a, t1],

gk(t, z(t)), for t ∈ (tk, sk], k = 1, 2, . . . ,N,

gk(sk, z(sk)) + skg ′
k(sk, z(sk)) ln

t

sk
+

1
Γ(q)

∫t
sk

(
ln
t

τ

)q−1

f
dτ

τ
,

for t ∈ (sk, tk+1], k = 1, 2, . . . ,N.

It is clear that ẑ(t) satisfies fractional derivative condition and not instantaneous impulses conditions in
system (1.1), but it does not satisfy the corresponding hidden condition (3.3). Hence, ẑ(t) is only regarded
as an approximate solution of system (1.1), and Eq. (3.2) is only a particular solution of system (1.1) since
it does not contain

∫t
sk

(
ln t
τ

)q−1
fdττ , the key part of approximate solution ẑ(t) as t ∈ (sk, tk+1].

Theorem 3.1. Let ξk, ζk (k = 1, 2, . . . ,N) are some constants. The system (1.1) is equivalent to an integral
equation

z(t) =



za + az̄a ln
t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
, for t ∈ (a, t1],

gk(t, z(t)), for t ∈ (tk, sk], k = 1, 2, . . . ,N,

ĝk + skĝ
′
k ln

t

sk
+ za + az̄a ln

t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
+
[
ξkĝk + ζkskĝ

′
k

]
·

{
1
Γ(q)

[∫sk
a

(
ln
sk
τ

)q−1
f
dτ

τ
+

∫t
sk

(
ln
t

τ

)q−1

f
dτ

τ
−

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ

]

+
ln t
sk

Γ(q− 1)

∫sk
a

(
ln
sk
τ

)q−2
f
dτ

τ

}
, for t ∈ (sk, tk+1], k = 1, 2, . . . ,N,

(3.4)

provided that the integral in (3.4) exists, here ĝk = gk(sk, z(sk)) − za − az̄a ln ska − 1
Γ(q)

∫sk
a (ln skτ )

q−1fdττ and
ĝ ′
k = g ′

k(sk, x(sk)) − az̄a
sk

− 1
Γ(q−1)

1
sk

∫sk
a (ln skτ )

q−2fdττ .

Proof.

Sufficiency. By Lemma 2.4, the solution of system (1.1) as t ∈ (a, t1] satisfies

z(t) = za + az̄a ln
t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
, for t ∈ (a, t1],

and z(t) = g1(t, z(t)) for t ∈ (t1, s1].
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Next, by above discussion, the approximate solution ẑ(t) as t ∈ (s1, t2] is given by

ẑ(t) = g1(s
+
1 , z(s+1 )) + s1g

′
1(s

+
1 , z(s+1 )) ln

t

s1
+

1
Γ(q)

∫t
s1

(
ln
t

τ

)q−1

f
dτ

τ
, for t ∈ (s1, t2].

Let error e1(t) = z(t) − ẑ(t) for t ∈ (s1, t2], here z(t) denotes the exact solution of system (1.1). Moreover,
by the particular solution (3.2), the solution of system (1.1) satisfies

lim
ĝ1→0,ĝ ′

1→0
z(t) = za + az̄a ln

t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
, for t ∈ (s1, t2],

where ĝ1 = g1(s1, z(s1)) − za − az̄a ln s1
a − 1

Γ(q)

∫s1
a (ln s1

τ )
q−1fdττ . Thus,

lim
ĝ1→0,ĝ ′

1→0
e1(t) = lim

ĝ1→0,ĝ ′
1→0

{z(t) − ẑ(t)}

=
1
Γ(q)

[∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
−

∫s1

a

(
ln
s1

τ

)q−1
f
dτ

τ
−

∫t
s1

(
ln
t

τ

)q−1

f
dτ

τ

]

−
ln t
s1

Γ(q− 1)

∫s1

a

(
ln
s1

τ

)q−2
f
dτ

τ
, for t ∈ (s1, t2].

(3.5)

By (3.5), we make a hypothesis

e1(t) = κ
(
ĝ1, ĝ ′

1
)

lim
ĝ1→0,ĝ ′

1→0
e1(t)

= κ
(
ĝ1, ĝ ′

1
){ 1

Γ(q)

[∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
−

∫s1

a

(
ln
s1

τ

)q−1
f
dτ

τ
−

∫t
s1

(
ln
t

τ

)q−1

f
dτ

τ

]

−
ln t
s1

Γ(q− 1)

∫s1

a

(
ln
s1

τ

)q−2
f
dτ

τ

}
, for t ∈ (s1, t2],

(3.6)

where κ(·, ·) denotes an undetermined function with κ(0, 0) = 1. Therefore,

z(t) = ẑ(t) + e1(t)

= g1(s1, z(s1)) −
1
Γ(q)

∫s1

a

(
ln
s1

τ

)q−1
f
dτ

τ

+

[
s1g

′
1(s1, z(s1)) −

1
Γ(q− 1)

∫s1

a

(
ln
s1

τ

)q−2
f
dτ

τ

]
ln
t

s1
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ

+
[
1 − κ

(
ĝ1, ĝ ′

1
)]{ 1

Γ(q)

[∫s1

a

(
ln
s1

τ

)q−1
f
dτ

τ
+

∫t
s1

(
ln
t

τ

)q−1

f
dτ

τ
−

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ

]

+
ln t
s1

Γ(q− 1)

∫s1

a

(
ln
s1

τ

)q−2
f
dτ

τ

}
, for t ∈ (s1, t2].

(3.7)

On the other hand, consider a special case in system (1.1)

lim
t1→s1


C−HD

q
a+z(t) = f(t, z(t)), t ∈ (sk, tk+1], k = 0, 1,

z(t) = g1(t, z(t)), t ∈ (t1, s1],
z(a) = za, z ′(a) = z̄a, za, z̄a ∈ C.

=


C−HD

q
a+z(t) = f(t, z(t)), t ∈ (sk, tk+1], k = 0, 1,

z(t1) = z(s1) = g1(s1, z(s1)),
z(a) = za, z ′(a) = z̄a, za, z̄a ∈ C.
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⇔



C−HD
q
a+z(t) = f(t, z(t)), t ∈ (sk, tk+1], k = 0, 1,

z(t+1 ) − z(t−1 ) = g1(s1, z(s1)) − za − az̄a ln
s1

a
−

1
Γ(q)

∫s1

a

(
ln
s1

τ

)q−1
f
dτ

τ
,

z ′(t+1 ) − z ′(t−1 ) = g ′
1(s1, z(s1)) −

az̄a

s1
−

1
Γ(q− 1)

1
s1

∫s1

a

(
ln
s1

τ

)q−2
f
dτ

τ
,

z(a) = za, z ′(a) = z̄a, za, z̄a ∈ C.

(3.8)

Using (3.7) and Lemma 2.5 for system (3.8), respectively, we get

1 − κ
(
ĝ1, ĝ ′

1
)
= ξ1

[
g1(s1, z(s1)) − za − az̄a ln

s1

a
−

1
Γ(q)

∫s1

a

(
ln
s1

τ

)q−1
f
dτ

τ

]
+ ζ1

[
s1g

′
1(s1, z(s1)) − az̄a −

1
Γ(q− 1)

∫s1

a

(
ln
s1

τ

)q−2
f
dτ

τ

]
= ξ1ĝ1 + ζ1s1ĝ

′
1.

Thus, Eq. (3.7) can be rewritten as

z(t) = ĝ1 + s1ĝ
′
1 ln

t

s1
+ za + az̄a ln

t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
+
[
ξ1ĝ1 + ζ1s1ĝ

′
1
]

·

{
1
Γ(q)

[∫s1

a

(
ln
s1

τ

)q−1
f
dτ

τ
+

∫t
s1

(
ln
t

τ

)q−1

f
dτ

τ
−

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ

]

+
ln t
s1

Γ(q− 1)

∫s1

a

(
ln
s1

τ

)q−2
f
dτ

τ

}
, for t ∈ (s1, t2],

and z(t) = g2(t, z(t)) for t ∈ (t2, s2].
Next, the approximate solution ẑ(t) for t ∈ (sk, tk+1] is provided by

ẑ(t) = gk(s
+
k , z(s+k )) + skg

′
k(s

+
k , z(s+k )) ln

t

sk
+

1
Γ(q)

∫t
sk

(
ln
t

τ

)q−1

f
dτ

τ
, for t ∈ (sk, tk+1].

Let error ek(t) = z(t) − ẑ(t) for t ∈ (sk, tk+1], and z(t) denotes the exact solution of system (1.1). Further-
more, by the particular solution (3.2), the solution of system (1.1) satisfies

lim
ĝk→0,ĝ ′

k→0
z(t) = za + az̄a ln

t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
, for t ∈ (sk, tk+1],

here ĝk = gk(sk, z(sk)) − za − az̄a ln ska − 1
Γ(q)

∫sk
a (ln skτ )

q−1fdττ . Therefore,

lim
ĝk→0,ĝ ′

k→0
ek(t) = lim

ĝk→0,ĝ ′
k→0

{z(t) − ẑ(t)}

=
1
Γ(q)

[∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
−

∫sk
a

(
ln
sk
τ

)q−1
f
dτ

τ
−

∫t
sk

(
ln
t

τ

)q−1

f
dτ

τ

]

−
ln t
sk

Γ(q− 1)

∫sk
a

(
ln
sk
τ

)q−2
f
dτ

τ
, for t ∈ (sk, tk+1].

With similarity to (3.6), suppose

ek(t) = ϑ
(
ĝk, ĝ ′

k

)
lim

ĝk→0,ĝ ′
k→0

ek(t)

= ϑ
(
ĝk, ĝ ′

k

){ 1
Γ(q)

[∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
−

∫sk
a

(
ln
sk
τ

)q−1
f
dτ

τ
−

∫t
sk

(
ln
t

τ

)q−1

f
dτ

τ

]

−
ln t
sk

Γ(q− 1)

∫sk
a

(
ln
sk
τ

)q−2
f
dτ

τ

}
, for t ∈ (sk, tk+1],
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where ϑ(·, ·) is an undetermined function. Thus,

z(t) = ẑ(t) + ek(t)

= gk(sk, z(sk)) −
1
Γ(q)

∫sk
a

(
ln
sk
τ

)q−1
f
dτ

τ

+

[
skg

′
k(sk, z(sk)) −

1
Γ(q− 1)

∫sk
a

(
ln
sk
τ

)q−2
f
dτ

τ

]
ln
t

sk
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ

+
[
1 − ϑ

(
ĝk, ĝ ′

k

)]{ 1
Γ(q)

[∫sk
a

(
ln
sk
τ

)q−1
f
dτ

τ
+

∫t
sk

(
ln
t

τ

)q−1

f
dτ

τ
−

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ

]

+
ln t
sk

Γ(q− 1)

∫sk
a

(
ln
sk
τ

)q−2
f
dτ

τ

}
, for t ∈ (sk, tk+1].

(3.9)

Considering a special case of system (1.1), we get

lim
tk→sk



C−HD
q
a+z(t) = f(t, z(t)), t ∈ (si, ti+1], i = 0, 1, . . . , k,

z(t) = za + az̄a ln
t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
, for t ∈ (ti, si], i = 1, 2, . . . , k− 1,

z(t) = gk(t, z(t)), t ∈ (tk, sk],
z(a) = za, z ′(a) = z̄a, za, z̄a ∈ C.

=



C−HD
q
a+z(t) = f(t, z(t)), t ∈ (si, ti+1], i = 0, 1, . . . , k,

z(t) = za + az̄a ln
t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
, for t ∈ (ti, si], i = 1, 2, . . . , k− 1,

z(sk) = gk(sk, z(sk)),
z(a) = za, z ′(a) = z̄a, za, z̄a ∈ C.

⇔



C−HD
q
a+z(t) = f(t, z(t)), t ∈ (si, ti+1], i = 0, 1, . . . , k,

z(t) = za + az̄a ln
t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
, t ∈ (ti, si], i = 1, 2, . . . , k− 1,

z(s+k ) − z(s
−
k ) = gk(sk, z(sk)) − za − az̄a ln

sk
a

−
1
Γ(q)

∫sk
a

(
ln
sk
τ

)q−1
f
dτ

τ
,

z ′(s+k ) − z
′(s−k ) = g

′
k(sk, z(sk)) −

az̄a

sk
−

1
Γ(q− 1)

1
sk

∫sk
a

(
ln
sk
τ

)q−2
f
dτ

τ
,

z(a) = za, z ′(a) = z̄a, za, z̄a ∈ C.

(3.10)

System (3.10) can be regarded as a special case of system (2.1) with single impulsive point. By using (3.9)
and Lemma 2.5 for system (3.10), we obtain

1 − κ
(
ĝk, ĝ ′

k

)
= ξk

[
gk(sk, z(sk)) − za − az̄a ln

sk
a

−
1
Γ(q)

∫sk
a

(
ln
sk
τ

)q−1
f
dτ

τ

]
+ ζk

[
skg

′
k(sk, z(sk)) − az̄a −

1
Γ(q− 1)

∫sk
a

(
ln
sk
τ

)q−2
f
dτ

τ

]
= ξkĝk + ζkskĝ

′
k.

Thus, (3.9) is rewritten as

z(t) = ĝk + skĝ
′
k ln

t

sk
+ za + az̄a ln

t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
+
[
ξkĝk + ζkskĝ

′
k

]
·

{
1
Γ(q)

[∫sk
a

(
ln
sk
τ

)q−1
f
dτ

τ
+

∫t
sk

(
ln
t

τ

)q−1

f
dτ

τ
−

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ

]
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+
ln t
sk

Γ(q− 1)

∫sk
a

(
ln
sk
τ

)q−2
f
dτ

τ

}
, for t ∈ (sk, tk+1],

and z(t) = gk+1(t, z(t)) for t ∈ (tk+1, sk+2].

Necessity. We will verify that Eq. (3.4) satisfies all conditions of system (1.1). Taking the fractional
derivative to Eq. (3.4), we have

(i)

C−HD
q
a+

[
za + az̄a ln

t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ

]
=C−H D

q
a+

[
1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ

]
= f(t, z(t)), for t ∈ (a, t1],

(ii)

C−HD
q
a+

{
ĝk + skĝ

′
k ln

t

sk
+ za + az̄a ln

t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ

+
[
ξkĝk + ζkskĝ

′
k

]{ 1
Γ(q)

[∫sk
a

(
ln
sk
τ

)q−1
f
dτ

τ
+

∫t
sk

(
ln
t

τ

)q−1

f
dτ

τ
−

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ

]

+
ln t
sk

Γ(q− 1)

∫sk
a

(
ln
sk
τ

)q−2
f
dτ

τ

}}
t∈(sk,tk+1]

=

{
f(t, z(t))t>a +

1
Γ(q)

[
ξkĝk + ζkskĝ

′
k

]
×

{
C−HD

q

s+k

[∫t
sk

(
ln
t

τ

)q−1

f
dτ

τ

]
−C−HD

q
a+

[∫t
a

(
ln
t

τ

)q−1

f
dτ

τ

]}}
t∈(sk,tk+1]

=
{
f(t, z(t))t>a +

[
ξkĝk + ζkskĝ

′
k

]
[f(t, z(t))t>sk − f(t, z(t))t>a]

}
t∈(sk,tk+1]

= f(t, z(t))t∈(sk,tk+1].

Therefore, Eq. (3.4) satisfies C−HD
q
a+z(t) = f(t, z(t)) (here t ∈ (sk, tk+1] and k = 0, 1, . . . ,N) in system

(1.1).
Finally, by Eq. (3.4), we have

lim[
gk(t,z(t))−za−az̄a ln t

a−
1

Γ(q)

∫t
a (ln t

τ)
q−1
fdττ

]
=0

for all k=1,2,...,N

{Eq. (3.4)}

⇔ z(t) = za + az̄a ln
t

a
+

1
Γ(q)

∫t
a

(
ln
t

τ

)q−1

f
dτ

τ
, for t ∈ (a, T ],

⇔

{
C−HD

q
a+z(t) = f(t, z(t)), t ∈ (a, T ],

z(a) = za, z ′(a) = z̄a, za, z̄a ∈ C.

Therefore,
lim[

gk(t,z(t))−za−az̄a ln ta−
1

Γ(q)

∫t
a

(
ln tτ

)q−1
f
dτ
τ

]
=0

for all k=1,2,...,N

{Eq. (3.4)}

⇔ lim[
gk(t,z(t))−za−az̄a ln ta−

1
Γ(q)

∫t
a

(
ln tτ

)q−1
f
dτ
τ

]
=0

for all k=1,2,...,N

{system (1.1)} .

Thus, Eq. (3.4) satisfies all conditions of system (1.1).
According to above proof, the conclusion can be drawn. The proof is now completed.
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4. An example

In this section, we will give an example to illustrate that there exists a general solution for the Caputo-
Hadamard fractional differential equations with not instantaneous impulses.

Example 4.1. Let us consider the following impulsive system
C−HD

3
2
1+z(t) = ln t, t ∈ (1, 2]∪ (3, 4],

z(t) = t2, t ∈ (2, 3],
z(1) = 1, z ′(1) = 1.

(4.1)

By Theorem 3.1, the general solution of (4.1) can be obtained as

z(t) =



1 + ln t+
1
Γ( 7

2)
(ln t)

5
2 , for t ∈ (1, 2],

t2, for t ∈ (2, 3],

9 −
1
Γ( 7

2)
(ln 3)

5
2 +

[
18 −

1
Γ( 5

2)
(ln 3)

3
2

]
ln
t

3

∣∣∣∣
t>3

+
1
Γ( 7

2)
(ln t)

5
2

∣∣∣∣∣
t>1

+

{
ξ

[
8 − ln 3 −

1
Γ( 7

2)
(ln 3)

5
2

]
+ ζ

[
17 −

1
Γ( 5

2)
(ln 3)

3
2

]}

·

 1
Γ( 7

2)

(ln 3)
5
2 +

(
ln
t

3

)3
2
[

ln t+
3 ln 3

2

]
t>3

− (ln t)
5
2

∣∣∣∣
t>1

+
(ln 3)

3
2

Γ( 5
2)

ln
t

3

∣∣∣∣
t>3


for t ∈ (3, 4],

(4.2)

here ξ and ζ are two constants. To show solution trajectory of system (4.1), we plot (4.2) for several values
of ξ and ζ in Fig. 1.

1 1.5 2 2.5 3 3.5 4 4.5 5
0

5

10

15

20

25

30

t

z
(t

)

 

 
z1

z2

z3

z4

z

 

Figure 1: Solution trajectory of system (4.1).

z1, z2, z3, and z4 denote (4.2) with ξ = 2 and ζ = 2, ξ = 0 and ζ = 2, ξ = 2 and ζ = 0, and ξ = 0 and
ζ = 0, respectively, and z is the solution trajectory of system (4.1) without impulses in Fig. 1.
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