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Abstract

In this paper, by virtue of fixed point index on cones, we obtain two existence theorems of positive solutions for a sys-
tem of nonlinear semipositone fractional g-difference equations with g-integral boundary conditions. Concave functions and
nonnegative matrices are used to characterize the coupling behavior of our nonlinearities. (©2017 All rights reserved.
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1. Introduction

In this work we study the following system of nonlinear semipositone fractional q-difference equations
with g-integral boundary conditions

Dg‘u(t) +f1(t,u(t),v(t)) =0, t € (0,1),

Dgv(t) +fa(t, u(t),v(t)) =0, t € (0,1),
1

u(0) =0, Dqu(0) =0, DYyu(l) = rsj Dyu(t)dqt, (1.1)
0

1
v(0) =0, Dqv(0) =0, Dgv(1) =B L Dgv(t)dqt,

where « € (2,3),v € (1,2) are real numbers, DJ is the Riemann-Liouville’s fractional gq-derivative of
order «, and the nonnegative constant 3, and the functions f; (i = 1,2) satisfy the conditions

(H1) p>0and1—f [jt* ¥ ldqt:=A > 0;
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(H2) f; € C([0,1] x R* x R*",R) and there exists M > 0 such that
fi(t,x,y) = —M, V(t,x,y) €[0,1] x Rt x R",i=1,2.

Recently, there are a large number of papers involving fractional differential equations in the litera-
tures, for example, we refer the readers to [1-5, 7-25] and the references therein. In [7, 14], Henderson
and Luca had studied the system of fractional differential equations with sign-changing nonlinearities

D¢ u(t) +Af(t, u(t),v(t)) =0,
D v(t) + ngltu(t), v(t) =

u(0) = uM(0) =0,u/(1) = [3v(s)dH(s), i=1,2,...,n—2,
v(0) =v(0) =0,v/(1) = [ju(s)dK(s), i=1,2,...,m—2,

and they obtained the existence of positive solutions by the nonlinear alternative of Leray-Schauder type
and the Guo-Krasnosel’skii fixed point theorem. Their nonlinearities f, g are superlinear growth depend-
ing on the unknown functions u,v, i.e.,
, o f(tuv) . . g(tuv) 1
foo = lim min —————= =00, = lim min ———= =00, c € (0, =). 1.2
T utvoootelel—c] U4V ©0r Goo utv—rootelel—c] UWU+V e ( 2) (12)
In [3, 19-21], the authors had adopted the similar conditions of (1.2) to obtain various existence theo-
rems of positive solutions for some semipositone fractional boundary value problems.
In [25], Zhang et al. had studied the system of fractional differential equations with Riemann-Liouville
fractional derivative

Dg D&, x(t) = f(t,x,x/, D0+xyy, Dgy) =0,t € (0,1),
D&, D y(t) = g(t, x,x', —D§, x,y,y’,—D§,y) =0,t € (0,1),
x(0) =x’(0) =x'(1) = D& x(0) = D& x(0) = D§'x(1) = 0,
y(0) =y’(0) = y’(1) = D§y(0) = D y(0) = D§y(1) = 0.

(1.3)

They used the Krasnoselskii-Zabreiko fixed point theorem to establish some existence theorems of positive
solutions for (1.3).

In this paper, inspired by the above works, we investigate the existence of positive solutions for (1.1)
by fixed point index on cones. Moreover, some appropriate concave functions and nonnegative matrices
are used to depict the coupling behavior of our nonlinearities, and then our nonlinearities grow both
superlinearly and sublinearly.

2. Preliminaries

Let q € (0,1) and define

1—q°
[a}q: 1_q, acR
The g-analogue of the power function (a —b)™ with Ny is
n—1
(a=b)°=1 (a—b)"=]Jla=bg"), neN, g, beR.
k=0
More generally, if « € R, then
(a—1b)™) = g% H a—bq®

a— bqoc+n ’
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Note that, if b = 0 then a(®) = a*. The g-gamma function is defined by

_ (=gt L
rq(X)—W, XER\{O, 1, 2,...},
and satisfies 'y (x +1) = [x]Tq(x). The g-derivative of a function f is here defined by
_ f(x) —f(qx) o
(Dgf)lx) = =gt (Dgf(0) = lim(Dyf)(x)

and q-derivatives of higher order by
(DYf)(x) =f(x) and (D3f)(x) =Dgq(DF 'f)(x), neN.

The g-integral of a function f defined in the interval [0, b] is given by

X [oe]

(Iqf)(x) = J f()dgt =x(1—q) ) _f(xq™)q", x€[0,bl.

0

If a € [0,b] and f is defined in the interval [0, b], its integral from a to b is defined by

Jb f(t)dqt = E f(t)dgt — La f(t)dqt.

a

Similarly as done for derivatives, an operator Ig can be defined, namely,

(I°f)(x) = f(x) and (Igf) (x) = Iq(Ig_lf)(x), n € IN.

The fundamental theorem of calculus is applied to these operators I4 and D; i.e.,
(Dglqf)(x) = f(x),

and if f is continuous at x = 0, then
(IgDgf)(x) = f(x) —£(0).

Basic properties of the two operators can be found in the book [9]. We now point out three formulas that
will be used later (;D 4 denotes the derivative with respect to variable 1)

la(t—s)]®) = a*(t—s)(%),
Dg(t—s)® =[adq(t—s)*,

(v J Digt) )

Remark 2.1 ([4]). We note thatif o« >0and a < b < t, then (t—a)(®) > (t —b)(%)

JX Dy f(x, t)dqt + f(gx, x).
0

Definition 2.2 ([1]). Let « > 0 and f be a function defined on [0,1]. The fractional g-integral of the
Riemann-Liouville type is (I% f)(x) = f(x) and

(IFF) (x) = Jx(x— qt) > Vf(t)dgt, «>0, x€[0,1].

rq((x) 0

Definition 2.3 ([16]). The fractional q-derivative of the Riemann-Liouville type of order « > 0 is defined
by (Dgf)(x) = f(x) and
(DF)(x) = (DI *F)(x), o >0,

where m is the smallest integer greater than or equal to o.
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Next, we list some properties that are already known in the literature, for more details, please refer to
[1, 4, 16].

Lemma 2.4. Let «, 3 > 0 and f be a function defined on [0,1]. Then the following formulas hold:
(1) (I§1¢F)(x) = (1FPH) (),
(2) (DGIgH(x) = f(x).

Lemma 2.5. Let o« > 0 and p be a positive integer. Then the following equality holds:

xX—P+k
Z Fq (x+k—p+1)

(IgDEF)(x) = (DRIST)(x (DEF)(0).

Next, we study the following fractional boundary value problems

Dg‘u(t) +f(t,u(t)) =0, t(0,1),

1 2.1)

u(0) =0, Dqu(0) =0, Dzu(l) =B Jo Dju(t)dqt,

where 3, f satisfy (H1) and
(H2)" f e C([0,1] x R*,R) and there exists M > 0 such that
f(t,x) > —M, V(t,x) € [0,1] x RT.
Lemma 2.6. Let x € (2,3),v € (1,2). Then (2.1) is equivalent to the Hammerstein integral equation

1
u(t) = j G(t, gs)f(s,u(s))dgs, Vt € 0,1],
0

where
tO(—l 1
Glt,s) = Ha(t,s) + 2 < J Hz(t,s)dqt], (2.2)
0
Hilts) = — L toe (1 —g)levD (g —gs)(x ) 0<s<t <, 03
H T () 11— )ty 0<t<s<1, '
Hy(t, s) = 1 eVl —g)lemv=l (g _g)le=v=l) 0 <s <t <1, o
2 T (e v (1)l v, 0<t<s<l '

Proof. From the definitions and properties of the fractional gq-derivative of the Riemann-Liouville type,
we have

u(t) = et oot 2+ st P —I8f(t, u(t), ¢ €R,i=1,2,3.
The conditions 1(0) = 0, Dqu(0) = 0 enable us to obtain ¢y = c¢3 = 0. Hence,

u(t) = crt* T =I5t u(t),

and . (@) , .
v _ qlx ax—v—1 o (x—v—1)
un(t) = 7Fq(oc—v)clt 7Fq(cx—v) Jo (t—qs) (s, u(s))dgs.

From Dyu(1) = fo Dyu(t)dqt we have

rq(“) 1 ! (a—v—1)

Fq(oc—v)C1_ My (o —v) Jo(l—qs) f(s,u(s))dgs
— Ih(“) ! x—v—1 B bt (—v—1)
= BmCl Jot dqt—rq((x_‘v)JO JO (t—qS) f(S,u(S))qudqt,

and
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1 1 (a—v_1) B 1 pt (1)
= AT (@) L(l —qs) (s, uls))dqs — ATy (@) L L (t—qs) f(s,u(s))dgqsdqt
= 1 ! (oe—v—1) p e (x—v—1)
= ATy () L(l —qs) f(s,uls))dqs — AT, (o) JO L (t—qs) f(s,u(s))dqtdgs.
Therefore,
1 1 Btocfl 1 rl
u(t) = ATy (o) JO toc—l(l — qs)(“—v—l)f(S,u(S))qu — W L J (t— qs)(a—v—l)f(slu(s))dqtdqs
- Jt(t—qs)(“nf(s u(s))dgs + L Jl t* 11— qs) (Y Uf(s,u(s))dgs
Fq () Jo ’ Ty Jo ’ q
1

1
(@) L 11— qs)(“*"*l)f(s,u(s))dqs

1
= Jo Hi(t, qs)f(s,u(s))dgs

Btoc_l ! ! x—v—11 (x—v—1) _
" Al () Jo “ot (1=as) dqt L

1
= J Hi(t, gs)f(s,u(s))dgs +J
0 0

1

(t— qs)(“V1)dqt] f(s,u(s))dgs

0

1
J Ho(t, qs)dqt] f(s,u(s))dgys

1
= J G(t, gs)f(s,u(s))dgs.
0

O
Lemma 2.7 ([5]). The functions Hi(t,s) (i =1,2) in (2.3)-(2.4) satisfy the following properties:
(1) Hi(t,gqs) > 0fort,s €[0,1];
(2) t*'Hy(1,qs) < Hi(t,qs) < Hy(1,qs) fort,s € [0,1];
(3) Hi(t, qs) < ﬁto‘*l(l —s)=v=1 fort,s € 0, 1].
Proof. The proof is analogous to the proof of Lemma 3.0.7 in [5], and hence, we omitted it. O
From Lemma 2.7, for all t, s € [0, 1], we have
o1 B[ B[
t (Hl(l, gs) + A L Hs(t, qs)dqt]> < G(t,gs) < Hi(1,qgs) + A Jo Hs(t, qs)dqt] ,

and

G(t,qs) < t*! < 1 (1—s)lev=1 4 B Jl Hj(t, qs)dqt]> . (2.5)

Iq (o) Al
For convenience, we let
_ B[ _ 1 (av—1) , B |['
@(s) =Hi(1,qs) + A Jo Hz(t,qs)dqt] , d(s) = o (o) (1—s) + A Jo Hz(t,qs)dqt] , Vs € [0,1].

Subsequently, we have

1

K1@(s) < J G(t,gs)e(t)dqt < k20(s) fors € [0,1], (2.6)
0



W. Cheng, J. Xu, Y. Cui, ]. Nonlinear Sci. Appl., 10 (2017), 4430—4440 4435

where k| = f(l) t* lo(t)dqt, ko = fé @(t)dqt.
Let E := C[0,1], [Ju|| := max¢cq) [u(t) and P = {u € E: u(t) > 0,Vt € [0,1]}. Then (E, | - ||) is a real
Banach space and P is a cone in E.

f(t,0)+M,z <0,
boundary value problem

f(t M,z >0, .
Let F(t,z) = { (t2)+M,z >0 and w(t) = Mf(l) G(t,gs)dgs for t € [0,1]. Then we consider the

Dg‘u(t) +F(t,u(t) —w(t)) =0, t e (0,1),

1 (2.7)
u(0) =0, Dqu(0) =0, Dqu(1) = Jo Dju(t)dqt,

where 3 satisfies (H1). From Lemma 2.6, (2.7) is equivalent to the Hammerstein integral equation

1

u(t) = L G(t, qs)F(s,u(s) —w(s))dgs := (Bu)(t) fort e [0,1].

Then B : P — P is a completely continuous operator. Moreover the following claims are true:

(1) if u* is a positive solution of (2.1), then u* +w is a positive fixed point of B;
(2) if u is a positive fixed point of B and u(t) > w(t),t € [0,1], then u* = u—w is a positive solution of
(2.1).

Lemma 2.8. Let Py :={u € P:u(t) > t* Yul||}. Then Py is a cone in E and B(u) C Py.

To obtain a positive solution of (2.1), we seek a positive fixed point u of B with u > w. From (2.5), for
any u € Pg we have

1
u(t) —w(t) =ut) — MJO G(t,gs)dgs

1 1 1 (t)

to‘_lch(s)dqs:u(t)Mt“_lJ $(s)dgs >u(t)MJ d(s)dgs——

> ult) MJ . 0 Tl

0
As a result, u(t) > w(t) for t € [0, 1] if [jul| > MIO s)dgs = k3.

Lemma 2.9 ([6]). Let Q C E be a bounded open set and A : Q NP — P a completely continuous operator. If there
exists ug € P\ {0} such that w— Au # pug for all @ > 0 and uw € 9Q NP, then i(A,QNP,P) = 0, where i
denotes the fixed point index on P.

Lemma 2.10 ([6]). Let QO C E be a bounded open set with 0 € Q. Suppose A : QNP — P is a completely
continuous operator. If u # pAu forallu € 0QNPand 0 < u < 1, then i(A,QNP,P) =1
3. Main results

From Lemma 2.6, we see that (1.1) is equivalent to the system of Hammerstein integral equations

fo (t, qs)fi(s, uls), v(s))dgs,
fo (t,gs fz s, u(s) v(s))dgs,

filt,x, y) + M, x,
fi(t/ 0/ O) + M/ X,

7

0
0 Then we can define the operators

=
where G is defined by (2.2). Let Fi(t,x,y) = { .

Y
Y
1

Ti(w,v)(t) = J;) G(t,gs)Fi(s,u(s) —w(s),v(s) —w(s))dgs for u,v € E,
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and
T(u,v)(t) = (71, T2) (u,v)(t) for u,v € E.

Therefore, if (u, V) is a positive fixed point for T with u(t) > w(t), v(t) > w(t) for t € [0, 1], then (u*,v*) =
(u—w,v—w) is a positive solution for (1.1). Moreover, from the continuity of G and F; (i = 1,2), we know
that T3 : P x P — P, T7: P x P — P x P are completely continuous operators.

Let X := maxy s¢p01) G(t, qs), Bp :={v € E: [[v|| < p} for p > 0. In the sequel, we use ¢y, ¢{, c2,...,d1,
dy, ... to stand for different positive constants. Now, we list our assumptions on Fi(i =1,2).

(H3) There exist p,q € C(R",R™") such that
(i) p is concave and strictly increasing on R*;
(ii) there exist d; > 0,dy > 0,c¢q > 0 such that d;d; K% >1and

Fl(t/X,y) 2 dlp(y) —C1, FZ(t/X/y) 2 dzq(x) —Clzv(t,X/y) S [O/ ]-] X R+ X R+/

(iii) p (d2XKq(u(s) —w(s))) = daX(u(s) —w(s)) —cy foru e RT.
(H4) There exists M; € (0, 3k, ') such that

Fi(t,x,y) <My, VY(t,x,y) € [0,1] x [0,k3] x [0,k3],i=1,2.
(H5) There exist M, > 0,0 € (0,1) and tg € [0, 1] such that tg‘*lMQ fé @(s)dqs = k3 and
Fi(t,x,y) = M, for (t,x,y) € [0,1] x [0, k3] x [0,k3],1=1,2.
(H6) There exist d; >0 (1 =3,4,5,6) and c{ > 0 such that

1-— K2d3 —K2d4 >0

kodz <1, kods <1, A= —kods  1— kpdg ’

and
F1(t,x,y) < dsx+dgy + ¢, Fa(t, x,y) < dsx+dsy +¢1, ¥(t,x,y) €[0,1] x R x R*.
Theorem 3.1. Suppose that (H1)-(H4) hold. Then (1.1) has at least one positive solution.

Proof. We first want to show that there exists an adequately big positive number R > k3 such that
(w,v) # T(w,v) + A, $),V(u,v) € 9Bg N (P x P),A =0, (5.1)

where 1 € Py is a given function. Indeed, if not, there exist (u,v) € 9Bgr N (P x P) and A > 0 such that
(w,v) =T(w,v) + A(, ), and then u(t) > T7(u,v)(t), and v(t) = Ta(u,v)(t) for t € [0,1]. In view of (H3),
we have

1
1MU>J;quﬂ(mPWBr—wBD—cﬂd¢
(3.2)

1 1
ZLGW%H%Mwm—NWMH—mdﬁZQLGWWWWQMﬁ—%

and
1

1
WU>LG@®H®QMQ—WMF%0%S>®LG@%MWM—WMM&—%

By the concavity of p, we obtain

1
pv(t)+c3) =p (dz L G(t, qs)q(u(s) —W(S))qu)
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1
> L p(d2G(t, gs)q(uls) — w(s)))dgs

1 1
:J . (dZJCG(J;'CqS)q(u(s) —w(s))) dgs >J G(tj'cqs)p (d2%Kq(u(s) —w(s))) dgs.
0 0

From (H3) (iii) we have
p(v(t)) = p(v(t) +c3) —plca)
1
| Sl (axauts) — wis)) dgs — ples)

2JlG(t,qSJ
0 X

WV

1
(2% (w(s) — w(s)) — cildgs — plea) = da L G(t, gs) (u(s) — w(s))dgs — ca.

Combining this with (3.2), we obtain

1

u(t) > dy J

1
. G(t, gqs) <d2J G(s,qT)(u(T) —W(T))qu—C4> dgs—c2

0

1 1

G(t, gs) J G(s, qT)u(t)dqTdgs —cs.

> dleJ
0

0
Now multiplying by ¢(t) and integrating over [0, 1], from (2.6) we obtain
1 1
| ottnuvdge> aaad| poundgt -,
0 0

and thus

Note that u € Py, we have

1
J et Hulldgt < J e(thu(t)dqgt <
0 0

and

On the other hand, by (3.2) we have

Cs5K
+ 5K2

K1 (dl dz K%—l

C2

dq dq

1
L G(t, gs)p(v(s))dgs <

This implies

1

|, epvinag <,

Note that we may assume v(t) # 0 for t € [0, 1]. Then ||v|| > 0 and p(||v||) > 0. For v € Py, we have
[l Jl v(t)

v(t) o vl
o) rpvdgt < s JO QUML) dgt € Tt 5.

Hence, p(|Jv]]) < Klel. From (H3), lim,_, ,  p(z) = +00, and thus there exists N, > 0 such that ||v|| < N>.

1
bl < [ etomaet = Sy
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As a result, we can take R > max{ks, W, Ny} such that (3.1) holds true. Lemma 2.9 implies
1

i(T,Bg N (P x P),P x P) = 0. (3.3)
From (H4) we have
1 1
T1(w,v)(t) = L G(t, gs)Fi(s, u(s) —w(s),v(s) —w(s))dgs < L @(s)M1dgs < k3 = [[u]].

This implies ||T1(w, v)|| < |[u||. Similarly, ||T2(u,v)|| < |[v]|. Hence, ||T(u,v)|| < ||(u,v)| for u,v € 9B, NP.
This indicates
(w,v) #AT(u,v),¥(u,v) € 0B, N (P x P),A € [0,1].

It follows from Lemma 2.10 that
i(T,B,N(PxP),PxP)=1. (3.4)

From (3.3) and (3.4) we have
(T, (BR\B,)N(P xP),PxP)=0—1=—1.

Therefore the operator T has at least one fixed point in (Bg\B,) N (P x P), and then (1.1) has at least a
positive solution. This completes the proof. O

Theorem 3.2. Suppose that (H1), (H2), (H5), (H6) hold. Then (1.1) has at least one positive solution.

Proof. By (H5) we have
1 1
T1(w,v)(to) = L G(to, qs)Fi(s,u(s) —w(s),v(s) —w(s))dgqs > L t& L o(s)Madgs > K.

Hence, ||71(w,v)|| = T1(u,v)(to) = ||u||. Similarly, ||72(u, )|
||(w,v)|| for u,v € 0B, N P. This yields

> To(u,v)(to) = ||v||. This implies ||T(u,v)| >

(w,v) # T(w,v) +A(Y, ), V(u,v)€0B,N(PxP),A>0,
where 1 € P is a given function. Lemma 2.9 implies
i(T,B,N (P xP),PxP)=0. (3.5)
On the other hand, we prove that there exists an adequately big positive number R > k3 such that
(w,v) #AT(w,v), V(u,v) € 0BrN(PxP),Aecl0,1]. (3.6)

If not, there exist (u,v) € 0Br N (P x P) and A € [0,1] such that (u,v) = AT(u,v), and then u(t) <
T1(w,v) (1), v(t) < To(u,v)(t) for t € [0,1]. By (H6) we have

1

1
u(t) < J G(t, qs)ldz(u(s) —w(s)) + ds(v(s) —w(s)) +cildgs < Jo G(t, gs)(dzu(s) + dgv(s))dgs +cs,

0

1
v(t) < J G(t, qs)lds(u(s) —w(s)) + de(v(s) —w(s)) 4+ cildgs < Jo G(t, gs)(dsu(s) + dev(s))dgs + ce.

0

Now multiplying by ¢(t) and integrating over [0, 1], by means of (2.6) we get

1 1
memma<mL@mmNm+mwm%vm“L
1

1
me&magmL@mwwm+%wm%vm“z
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This implies
|: 1-— K2d3 —K2d4 ]

—kods  1—xads | | [5o(t)v(t)dgt CoK2

[y @(tut)dgt ] . [ cox2 ] |

Hence, we have
Lli Q(thu(t)dqt
Joe(t)v(t)dqt

Therefore, there exist N3 > 0, N4 > 0 such that

o etu(t)dqt <[N3}
[oetvtidgt | [ Na |’

< l 1-— K2d6 K2d4 CeK2
= A K2d5 1— K2d3 CeK2 )

Note that u,v € Py, we have
lull < & ™Na, vl < kN

As a result, we can take R > max{ks, Kflj\fg, Ky IN,} such that (3.6) holds true. Lemma 2.10 implies
i(T,BrN(PxP),PxP)=1. (3.7)
From (3.5) and (3.7) we have
i(T,(BR\B,)N(PxP),PxP)=1-0=1.

Therefore the operator T has at least one fixed point in (Bg\B,) N (P x P), and thus (1.1) has at least a
positive solution. This completes the proof. O
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