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Abstract

A new modified iterative scheme {xn } is given for the viscosity approximating a common zero of a finite family of accretive
mappings {A;} in reflexive Banach spaces with a weakly continuous duality mapping | in the present paper. Under certain
conditions, we prove the strong convergence of the sequence {x}. The results here extend and improve the corresponding
recent results of some other authors. (©2017 All rights reserved.
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1. Introduction

Let E be a real Banach spaces and ] be the normalized duality mapping defined by
JO) ={f € B O ) = X[l xll = NIfl), - vx € E,

where (-, -) denotes the duality pairing and E* denotes the dual space of E. It is well-known that if E* is
strictly convex then ] is single-valued.

Assume that K is a nonempty closed convex subset of E. A mapping T : K — K is contractive on K if
there exists a constant o € (0,1) such that

1100 = fY)ll < edlx =y, vx,y €K

Tk denotes the collection of all contractive mappings on K. Let TTx ={f : f is a contractive mapping on K}.
Let T be a operator (possibly multivalued) with domain with domain D(T) and range R(T) in E. T is said
to be nonexpansive if

ITO) =TI < fx=yll, vxyek.
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We use F(T) to denote the set of fixed points of T, thatis F(T) ={x : x € K,x = Tx}.

If there exists a j(x1 —x2) € J(x1 —x2) such that (y; —ypz,j(x1 —x2)) = 0 for each x; € D(T), then T is
said to be accretive. T is said to satisfy the range condition if for all r > 0, such that cl(D(T)) C R(I+1T).
T is said to be m-accretive if T is an accretive operator and R(I+rT) = E for all r > 0. If an accretive
operator T satisfies the range condition, then for all r > 0, we define the mapping JI : R(I+1T) — D(T) by
JI = (I+7T)~1, ]I is called the resolvent operator of T. We know that J] is nonexpansive and F(JT) = N(T)
forallT >0, where N(T) =T 1(0) ={x e D(T): 0 Tx}, F(JI) = {x € E: J[x = x]}.

Kim and Xu [8] introduced an iterative sequence given by

Xn4+1 = GpU+ (1- O(n)ITn‘X’TlI

under certain conditions, they showed the iterative sequence {xn } converges strongly to a zero of A in the
uniformly smooth Banach spaces. Xu [15] extended Kim and Xu’s result [8] from a uniformly smooth
Banach space to a reflexive Banach space which has a weakly continuous duality mapping.

Zegeye and Shahzad [18] extended Xu'’s result [8, 15] from an m-accretive operator to a finite family
of m-accretive operators. Let the sequence {x,,} defined by

Xn41 = XU+ (1—=0tn)Srxn, n =0,

where S, = aol + aiJa, + @2Ja, + -+ a;Ja, with Ja, = (I+A;) 1 for0 < ai <1, i=01--,m
Y i_opai = 1. Under certain conditions, they proved {x,} converges strongly to a common solution of the
equations Ajx =0, fori=1,2,--- 7.

Moudafi [10] first proposed viscosity approximation method in 2000, since then many authors inves-
tigated the viscosity iterative sequence, see ([2—4, 7, 14, 16, 17]), Chen and Zhu [3, 4] used contractive
mapping and the resolvent ], of m-accretive operator A to construct viscosity iterative sequence {xn }

Xn41 = (an(Xn) + (1 - (Xn)]TnXTL'

Under certain conditions, they proved strongly convergence of the iterative sequence {x,} in the frame-
work of a uniformly smooth Banach space and a reflexive Banach space which has a weakly continuous
duality mapping, respectively.

Very recently Wang et al. [11] introduced a brand new iterative scheme {x, } by composite approxima-
tion method for finding a common zero of two accretive operators A and B in Banach spaces.

Yn = Bn]?nxn +(1— Bn)]/r/\nxnr
Xn41 = nXn + (1 —on)yn, n =0,

which converges weakly to a common zero of two accretive operators A and B under certain conditions.
Motivated by the above results, we study the following iterative sequence:

(1.1)

Yn = (11]1/.\T11Xn + GZI?ann 4+t allf\nlxn;
Xni1 = anf(xn) + (1 —an)yn, n=0.

We prove the iterative sequence {x,} defined by (1.1) converges strongly to a common zero of a finite
family of accretive operators in a reflexive Banach space which has a weakly continuous duality mapping.
The results in this paper improve and extend some recent corresponding results of other authors.

2. Preliminaries

The following definitions and lemma are needed in order to prove our results.
A Banach space E is called strictly convex if there exist a; € (0,1),i=1,2,---,1, such that Z%:l a; = 1.
when ||x1|| = ||x2|| = 1, we have ||a;x; + apxz|| < 1 for x; € E. In a strictly convex Banach space E, if for
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xi € E,a; € (0,1), 1=1,2,---,land [|x1]| = [|x2l| = -+ = ||x1]| = ||a1x1 + axxa + - - - + arxt||, such that
Z}:l a; = 1, then we have that xy = x, = -+ = x{.

A continuous strictly increasing function ¢ : [0,00) — [0, 00) is said to be a gauge if ¢(0) = 0 and
@(t) - ooast — oco. The J, : E — E* is defined by

Jo(x) ={x" € B : (x,x%) = [[x[lo(lIx[D, x| = @(lIx[])}, vx €E,

is called a duality mapping associated to a gauge o.

A Banach space E is said to be a weakly continuous duality mapping if there exists a gauge ¢ for
which the duality mapping ], is single-valued and weak-to-weak* sequentially continuous. Such as, 1P
has a weakly continuous duality mapping for all 1 < p < oo, with gauge ¢(t) = tP—1. Let

and
Jo(x) =0d([x]), Vvxe€E.

Then [9] and 0 denote the subdifferential in the sense of convex analysis.
Lemma 2.1 ([19]). Let a Banach space € have a weakly continuous duality mapping ], with a gauge @.
(i) The following inequality holds
dUx+yll) < oixl) + (Y Jox+y)), ¥ yek
(ii) If {xn} C E, x — E, then the following identity holds

limsup ¢([Jxn —yll) = limsup d([xn —x[) + d(ly =x[), ¥xy ek,
n—o0

n—c0
where — and — denote the weak convergence and the strong convergence, respectively.
Lemma 2.2 ([13]). Let {otn} be a sequence of nonnegative real numbers satisfying the condition
i1 < (1=vn)an +ynon, M >0,
where {yn} C (0,1) and {on} such that
(i) limn_ooyn =0and Y 55 5yn = o0;
(ii) either limsup,, , on <0o0r ) 3 (lynonl < co.
Then {on } converges to zero.

Lemma 2.3 (The resolvent identity [1]). For A, u > 0, and each x € E, there holds the identity:

v =T+ (1= D))
Lemma 2.4 ([12]). Let E be a reflexive Banach space, C be a nonempty closed convex subset of €, and T: C — E
an asymptotically contractive with Lipschitz continuous mapping. Suppose that E admits a weakly sequentially
continuous duality mapping. Then the mapping 1 —T is demiclosed on C, where 1 is the identity mapping, i.e., if
Xn — x and ||xn — Txn|| — 0, then x = Tx.

Lemma 2.5 ([5]). Let E be a reflexive Banach space which has a weakly continuous duality mapping ], with gauge
@. Suppose C is a nonempty closed convex subset of E, and T : C — C is a nonexpansive mapping. Let f : C — C
be a contractive mapping, for t € (0,1),x¢ = tf(x¢) + (1 —t)Txy. Then T has a fixed point if only if {x.} remains
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bounded as t — 0" and in this case, {x\} converges strongly to a fixed point of T as t — 0T. If we define a mapping
Q:Tle — F(T) by Q(f) = lim¢_,o x¢, f € T, then Q(f) solves the variational inequality

(I=1)Q(f), ] (Q(f) —p)) <0, Vp e F(T).

Lemma 2.6. Let C be a nonempty closed convex subset of a strictly convex Banach space E. Let Ay : C —
E, i=1,2,---,1beafinite family of accretive operators such that (\i_, N(A;) # 0 satisfying the range conditions
cl(D(Ay)) c C C ﬂrn>0 I—i—TnAl), 1i=1,2,---,1. Let aj,ay,---,ay be real numbers in (0,1) such that
Z} 1ai = 1 and Srn = allr + azlr -+ allﬁf, where ]f\n' = (I+1pA) Land rn > 0. Then Sy, iS
nonexpansive and F(S ﬂl 1 N(A

Proof. Since each A; satisfies the range conditions for any i € {1,2,-- - , 1}, we have that ]f\ni is well-defined
nonexpansive mappings from R(I+rnA;) to C with F(]ﬁ\n‘) = N(Ay). Forany x,y € ﬂ{zl R(I+71n,A4), and
for all r, > 0, we have

1Svx = SrnyH—HallHX+a2152X+ +GLIHX a7y — @) = —ag

< Z ai[Jrix—Jniy| < Z aillx =yl = Ix =yl
i=1 i=1

So we have know that S, is nonexpansive. Since F(]éj) =N(A;), so

1 !
ﬂ ﬂ ]Tn = )
i=1 i=1
Next we will show that F(S;. ) C ﬂl 1FJRE. Letp € ﬂ%zl F( ﬁ\ni),q € F(Sy,,), then
lg—pll = llar(J7 g —p) + @272 g —p) +- -+ ar(JRlg — )|

s E 2.1)
<)Y ailldia—pll<)_ailla—pl =la—pl
i=1 i=1

From (2.1) we obtain

1-1
la—=pll=>_aillg—pl+aillJ5 g —pl

i=1
=(1—a)lq—pll+alliq—pl

and so
la—pll = J2q—pl.

Similarly we obtain that

la =l =J3ra—pll =72 —pll = =15 g —pl.

From (2.1) we get that

lg—pl = a2 g —p) + a2(J22q —p) + -+ ar(JA g — )|,

and by the strictly convexity of E, we have that

q—p=Jpq-p=J2q—p=--=] q—p.
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So ]qu =q,fori=1,2,---,1, which implies q € ﬂ{zl F(]ﬁf). Therefore

1

F(Sr,) € [ FUM,

then we have

3. Main results

Theorem 3.1. Assume that E is strictly convex reflexive Banach space with a weakly continuous duality mapping
J o associated to a gauge @. Let K C E be a nonempty closed convex subset and f : K — K be a contractive mapping
with the contractive coeﬁ‘icient ae (0,1). Let Ay : K= E, 1=1,2,---,1 be a finite family of accretive operators
such that ﬂ1 1 N(Ay) # 0 satisfying the range conditions cl(D(Ay)) C K C ﬂrn>0 R(I+1hAy),1=1,2,---,1,
]rn = (I+710Ay)™ for i=1,2,---,L Forany xg € K, let {x} be defined by the formula (1.1). Assume that
0O<a <1 fori=12--,1 2}21 ai = 1 and {&xn} C (0,1), {yn} C (0,00) which satisfy the following
conditions:

(i) Hmpeoon =0, 3 3 gotn =00, 3 7 ol&ni1— &n| < oo
(i) yn = € for n >0 Y3 ohnt1 —vnl < 0o. Then {xn} converges strongly to a common zero of Ay, i =
1,2,---,L
Proof.

Step 1. We show that {x,,} is bounded. Indeed, we can take a point p € ﬂLl N(A;) = ﬂ%zl F(Jﬁ\ni).
So from (1.1), we have

lyn —7pll = ||a1]r "Xn + QZI/rL\ann +eet aﬂi\nlxn -7l
1 1
<D ailIfxn—pl <D aillxn —pll = xn —pll,
i=1 i=1
and
||Xn+1 —PH = ||‘an(xn) (1—oan) Yn — PH

< O(n”f(xn —P”+ 1—otn) Hyn_pH
< an[[f(xn) = F(P)I| + on [[f(p) — Pl + (1 — o) [[xn — Pl
< on&f[xn = pll + an[[f(p) = pl[ + (1 — an)[[xn — 7P|

f
=(1—an(l—a))llxn —pl+an(l— ||1P||
[f(p) =Pl
< — .
S max{[xn —pll, ==~}
By induction, for all n > 0, we obtain
f(p) —
o~ pll < max{xg —p|, TP Py

Therefore, the sequence {x,, } is bounded, and so are {yn}, {f(xn)}.
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Step 2. We show that ||xn+1 —Xn|| = 0, n — co. We calculate ||yn1 —yn|| firstly.
From (1.1), we know

[yn —Yn-1ll = Hal(lﬁnlxn - /r/\nlflxnfl) + aZ(]rAann - Jénzflxnfl) +oet CLLUQJXH - Jénl,lxnfl)u

L (3.1)
<D aillJdixn = TR X
i=1

Lemma 2.3 (The resolvent identity) implies that

A Ay (In-1 Tn-1,7A,
I‘rnlx‘n = ]T;,l( n Xn + (1 e )]‘rnj'xn)'
Tn Tn

If rn_1 < T, using the resolvent identity

Ai A A (Tn—1 Tn—1y7A: A
”Jrnlxn _Jrnl,lxnflu = ”Irn‘,l( :n Xn + (1— :n )]rnlx’ﬂ-) _]rnl,lxnle
Th—1 Th—1 .
<=+ (1= =)0 = x|

" - (3.2)
< xn —xnal + 11— ‘H]rnlxn_xn—lH

n
rn —Tn—1l A,
< e = x| + = R = X -
Substituting (3.2) into (3.1), we obtain
1
Irn—Tn-1l, A,
hyn —ynal = 3 aitlhon —n a4+ TR ) 63
< ”Xn —Xn-1 || + |Tn - Tn—l‘Mlz
where M, is a constant such that
Ay,
Ml = Sup{H]rnxng Xnil”’ i= 112/' o /l}
On the other hand, we have
Xn+1—Xn = tnf(xn) + (1 — an)yn — an—1f(xn—1) + (1 — xn—1)yn—1. (34)
So, from (3.3) and (3.4), we have
||Xn+1 _Xn” = ||O(n(f(xn) —fxn-1)) + (1 —an)(Yn —Yn—1)
+ (an - an—l)(f(xn—l) _Un—l)H
< O(an(Xn) - f(anl)H +(1— “n)”yn _ynle +lon — fxnflmf(xnfl) —yn71|| (3.5)
< (Xn(x”xn_xnfln+(1_‘Xn)(HXn_anl|| '

+ h”n _Tn71|M1) + |(XTL - (anlmf(xnfl) _ynle
g (1 - (Xn(l - (X))Hxn _anlu + M2(|rn _Tn71| + |o‘n - o‘n71|)/
where M5 is a constant such that
My = Sup{er Hf(xn—l) —Un—1||}-

By assumptions (i), (ii), we have that

o) &
TLIEI;OOCHZO' Zocxn(l_o‘)_oor Z(|T‘n_rnfl|+|‘xn_‘xn71|) < 0.
n= n=1

Hence, Lemma 2.2 is applicable to (3.5) and we obtain

IIXn+1—xnl| =0, N — oo.



Y. H. Wang, Y. Li, C. J. Pan, J. Nonlinear Sci. Appl., 10 (2017), 4751-4759 4757

Step 3. We show that limsup,_ _, ((I—f)Q(f),Jo(Q(f) —xn)) < 0, where Q(f) = lim_,oz¢. By using
an — 0 (n — 00),{yn},{f(xn)} are bounded, we have

IXn+1 —Ynl = an||f(xn) —yn|| = 0, N — oo.
By virtue of ||xn41 —xXn|| = 0, [|[Xn+1 —Yn|| = 0 (n — o0), we have
X —Ynll < lxn —=xnp1ll + lxnt1 = ynll = 0. (3.6)

Let S, = aﬂﬁ} + axJr A2+ -+ aiJr, Ar. From (1.1), we know

Yn = Sy, Xn. (3.7)

Combining (3.6) and (3.7), we obtain
IXn — S Xn|| =0, N — oo. (3.8)
From Lemma 2.6, we know S, is nonexpansive and F(Sy,) ﬂl 1 N(A;). Since E is reflexive Banach

space and {xn } is bounded, we may further assume that there exists a subsequence {xn,J
Xn, — X. (3.9)
By using of (3.8), (3.9) and Lemma 2.4, we obtain

L
X € F(Sr,) = [ N(AL). (3.10)
i=1

From Lemma 2.5, we know zy = tf(z¢) + (1 —t)S+, z¢ convergence strongly to a point in Q(f) € F(S,,) =
Ni_; N(A;), as t — 0 and
(I=1)Q(f),Jo(Q(f) —=p)) <0, p e F(Sy,). (3.11)
So from (3.9), (3.10), (3.11), we know that
limsup((I—f)Q(f), J (Q(f) —xn)) = lim ((I—1)Q(f),J (Q(f) —xn,))

n—oo k—vo0 (3.12)

= ((I=1Q(f), Jo (Q(f) =X)) <0.
Step 4. Finally we show that x, — Q(f). We apply Lemma 2.1 to get

d(xn+1 = QM) = d(lanf(xn) + (1 — an)Sr xn — Q)
= ¢([Joaen (f(xn) — Q(f)) + (1—0€n)(5rnxn QI
= d(flon(flxn) = FIQ())) + on (F(Q(F)) — Q(f)) + (1 — otn ) (Sr xn — Q(F))[])
S([(1 = an)(Srxn — Q(f)) + on (f(xn) — F(Q(F)))])
+ an (f(Q(f)) — Q(f), Jo (xn+1 — Q(f)))
S((1—on)lIxn — Q|| + onexflxn — Q(F)||) + an (F(Q(F)) — Qf), Jo (xn41 — Q(f)))
(1—an(l—a))d(lxn — Q) + an((I—F)Q(f), Jo (Q(f) —xn+1))-

By using of (3.12), limp 00 ¢n =0, Z _0%n (1 —«a) = oo, Lemma 2.2, we have

N

NN

d(|lxn —Q(f)[|) =0, n — oco.

That is
lxn — Q(f)|| = 0, n — oo,

xn — Q(f), n — oo.

The proof is completed. [
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Corollary 3.2. Let A; : K — E, i=1,2,--- 1, be a finite family of m-accretive operators such that (i_; N(A;) #
() and the rest conditions be the same as in Theorem 3.1. Then the conclusion of Theorem 3.1 still holds.

Corollary 3.3. Assume that E is strictly convex reflexive Banach space with a weakly continuous duality mapping
J associated to a gauge @. Let K C E be a nonempty closed convex subset and f : K — K be a contractive mapping
with the contractive coefficient « € (0,1), {T; : K = E,i =1,2,---,1} be a finite family of nonexpansive operators
such that (i_, F(T;) # 0. For any xo € K, suppose that {x,} is defined by the modified viscosity iteration

Yn = B1Tixn + BoToxn +- -+ B1Tixn,
Xn41 = (xnf(xn) + (1 - o‘n)ynr n =0,

where 0 < By < 1, fori =1,2,---,1, 2}21 Bi = 1 and {n} C (0,1). We assume that the following mild
conditions on the sequences of parameters are established:

o lim, oo an =0, Z;o:o Xn = 00, Z?:O lotn 1 — an| < o0.
Then {xn} converges strongly to a common fixed point of T;, i=1,2,---,L
Proof. We only need to replace J7 with T; in the proof of Theorem 3.1. O

Remark 3.4. In Theorem 3.1, if f = u,ap = --- = a1 = 0,a; = 1, then the sequence {x,,} defined by (1.1)
induces xn, 11 = opu+ (1— ocn)]f\n1 xn and the results of Theorem 3.1 are the main results in References
[18]and [6]. If A1 =0, f=u, a3 =--- = a1 =0, a1 = an, ap =1 — an, then the sequence {x,,} defined by
(1.1) turns to

Yn = QnXn + (1 - an)]éﬂzxn/
Xnt+1 = XnU~+ (1 —on)yn,

and the results of Theorem 3.1 are the main results in [10]. If = u, A; =0, then the sequence {x, } defined
by (1.1) changes as

Xni41l = GnU+ (1-— (Xn)srnxn/
Sen = arl+ a2 4+ aJR,

and the results of Theorem 3.1 are the main results in [14].
So, in some ways, the results here improve and extend many corresponding recent results in ([1-
4,6,7,10,11, 14, 18]).
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