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Abstract

In this paper, we obtain the best proximity point theorem for o-proximal contraction of the first and second kinds in Banach
spaces by using fixed point theorems. Also, we mention an example for justification of our results. (©2017 All rights reserved.
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1. Introduction

If we talk about the fixed point of any mapping T in a metric space then one can easily answer about
this query that fixed point exists for a self-mapping in a metric space if x = Tx. Similar concept can
be applied in Banach spaces for fixed point theory. No doubt, in fixed point theory, Banach contraction
principle [8] is one of the very earlier results in the literature of the mathematics and non-linear analysis.
Furthermore, moving ahead if we can not find a fixed point, we have a non-self-mapping T : A — B
where A, B are subsets of given space then one can find best proximity point which gives us optimal
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approximate solution in the sense that the error d(x, Tx) = d(A,B) is minimum. Simply, it asserts that
to find the solution for non-self-mapping that is to find best proximity point for any mapping is more
general case than to find fixed point for any mapping. It shows that fixed point theory is the special
case of best proximity point theory by taking self-mapping instead of non-self-mapping. Authors in [6]
proposed different fixed point results relating to metric spaces. For further detail related to best proximity
points in different spaces one can see the references [1-5, 7, 9-11].

In this paper, we obtain the best proximity point theorems via fixed point theorems for o-proximal
contractions in the setting of complete norm spaces. We present an example to prove the validity of our
results. Our results extend and unify many existing results in the literature. Also, it is easily verified that
a normed linear space is a metric space with respect to metric d defined by d(x,y) = ||x —y||, (see [12]).
Banach space is a complete normed linear space.

2. Preliminaries
Definition 2.1 ([1]). Let X be a metric space, and A and B two nonempty subsets of X. Define

d(A,B) =inf{d(a,b):a € A,b € B},
Ap ={a € A : there exists some b € B such that d(a,b) = d(A, B)},
Bg = {b € B : there exists some a € A such that d(a,b) = d(A,B)}.

Definition 2.2 ([10]). Given a non-self mapping f : A — B, then an element x* is called best proximity
point of the mapping if the following condition is satisfied

d(x*, fx*) = d(A, B).
Definition 2.3 ([10]). Let (X, d) be a metric space and A,B C X. Wesay T: A — B is

1. generalized proximal contraction of the first kind if there exist non-negative numbers «, 3, y with
o+ 2B + 2y < 1 such that the condition

d(u, Tx) = d(A,B) = d(v, Ty)
implies
d(w,v) < ad(x,y) + Bd(x,u) + Bd(y,v) +vd(x,v) +vd(y,u);

2. generalized proximal contraction of the first kind if there exist non-negative numbers «, 3, y with
o+ 2p + 2y < 1 such that the condition

d(u, Tx) = d(A,B) = d(v, Ty)
implies
d(Tu, Tv) < ad(Tx, Ty) + Bd(Tx, Tu) + Bd(Ty, Tv) +vd(Tx, Tv) +yd(Ty, Tu).

Theorem 2.4 ([1]). Let X be a complete metric space and let Y C X and Y # (). Define a mapping F : Y — (—o0, 0]
which is proper function and bounded from below. Let S : Y — 2Y \ {0} be a multivalued mapping such that for each
x € Y there exists y € Sx with the following inequality:

Fly) +d(x,y) < F(x).

Assume that for z € X
inf{d(x,z) +d(x,Sx):x€Y}=0= z€ SznY.
Then there exists w € Y such that w € Sw.

Motivated by Ardsalee and Saejung in [1], in this paper, we will introduce new notions about general-
ized contractions in Banach spaces and find out best proximity points by using fixed point theorem with
certain conditions.
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3. Fixed point theorem for generalized multivalued mappings in Banach spaces

In this part of the research article we will present fixed point theorem for multivalued mappings in
Banach spaces. Furthermore, we will apply this theorem to some best proximity point problems with
certain generalized contractions under Banach spaces.

Theorem 3.1. Let X be a Banach space and let Y C X and Y # (). Define a mapping A : Y — (—oo, co] which is
proper function and bounded below. Let S : Y — 2¥ \ {0} be a multivalued mapping such that for each x € Y there
exists y € Sx with the following inequality:

AW+ [x =yl <IAKX)] (3.1)

Assume that for z € X
inf{||[x —z|| +|[[x = Sx| : x € Y} =0= z€ SzNY. (3.2)

Then there exists w € Y such that w € Sw.

Proof. Let xg € Y such that |A(xo)| < co. By inequality (3.1), there exists x; € Sxg such that [A(x1)| + ||xo —
x1]| < |A(xp)|. By induction, we obtain a sequence {xn} € Y such that

Xn+1 € Sxn and |A(xn41)|+ [[Xn —Xn41|| < JA(xn)| forall n > 0.

Thus, {A(xn )} is a decreasing sequence. Since A is bounded below, limp o, A(xn) = k for any k € R. Let
us assume m > 0. We get

In=0 Ixn = xnga || SERZ0HA(xR) — Alxn1)l = [A (x0)l — [A(xn41)] < [A(x0)| — k.

Then I, [|xn — Xn41|l = ZRZ0M IXn — Xn41]| < 00 and so {x,,} is a Cauchy sequence. So limp o Xpn =W
for any w € X. Noting

lim [[xn —w|| =0 and lim [[xn —Sxn|| < Im |xn —xn41|| =0,
n—oo n—oo n—oo

by (3.2), we conclude that w € SwNY. O]

4. New results related to generalized a-proximal contraction of the first kind in Banach spaces

In this section, we will present some new notions and contraction (x-proximal contraction of the first
kind) to find the best proximity point with the help of results of Ardsalee and Saejung [1], to find optimal
approximate solution for multivalued mappings in Banach spaces and will express best proximity point
theorems by using fixed point theorem.

Definition 4.1. Let X be a Banach space and let A, B be non-empty subsets of X with Ay # ¢. The non-
self-mapping T : A — B is said to be generalized x-proximal contraction of the first kind if there exist
non-negative numbers 3,y with 23 +y < 1 such that the condition

lu—"Tx[| = d(A,B) = [lv—Tyl|

implies that
Bllw—=x[+vlx =yl +Blly =Vl

loe(x, y)l[[u—v[| <
where o : X x X — [0, 00) such that x(x,y) > 1,
d(A,B) :=inf{|la—b||: a € A, b € B},

and
Ao={a€A:|a—b| =d(A, B}

Likewise, define By.
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Theorem 4.2. Let X be a Banach space and A, B be subsets of X and Ag # () and closed. Define a mapping
T: A — B such that T(Ag) C Bg and T is generalized «-proximal contraction of the first kind. Consider that for
each x,y € Ag satisfying || x — T(y)|| = d(A, B), we have |x(x,y)| > 1. Then the following are satisfied:

1. there exists a unique element x € A such that ||x — Tx|| = |A —B||;
2. if {xn} is a sequence in Ag with ||xn1 — Txn| = [|A — B|| for each n > 0, then

lim x, = x.
n—oo

Proof. Since Ay # (), we take xg € Ay, since T(Ag) C By, there exists x; € Ag such that
X1 = T(xo)[| = d(A, B), with [x(xo,x1)| > 1.

Again, in same manner we get x; € Ag such that
|xa —T(x1)]| = d(A, B), with |(xq,x2)| > 1.

Repeating this process, we get |x(xn,Xn1)| = 1 for any n € IN. For every element x € Aj, we assume that
Sx={y:y € Ag and [y — Tx[| = d(A, B)},

where d(A,B) = inf{||x —y||, for x € A, y € B}. It shows that S : Ag — 27\ {}}. Since T is generalized
a-proximal contraction of the first kind, there are 3,y > 0 with 23 +v < 1 such that |ju—Tx|| = d(A,B) =
|lv—Ty|| implies that

u—vll < «(x,y)llu—v[| < Bllu—x[l +v[x =yl +Blly —vl

for all u,v,x,y € A. Substitute k = (15_% and b = % Then0 <k <b< 1.
Claim that, for every x,y,z € Ag, it y € Sx and z € Sy, then

Iz =yl < kly —x].
To verify this, let us check, for x,y,z € Ag such thaty € Sx and z € Sy. Then
ly = Tx|l = d(A,B) = z—Ty.
Since T is generalized «-proximal contraction of the first kind,
Iz =yl < lelx, yllllz = yll < Bllz =yl +vlly —x[| + Bllx —yll-

Thus,
lz—yll < X[y —x]|.

So, we proved the claim.
Further, we will express that whether the inequality (3.1) holds here. For this, let us take x € Ag. Since
0 <b <1, we can take y € Sx so that
blx =yl < [ —Sx|. (4.1)

If z € Sy, then we get by the proved claim that
Iy =Syl < llz =yl < Ky —x|. (42)
By using (4.1) and (4.2), we obtain

[y =Syl +bllx =yl < kfx—yll + f[x—Sx||.
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Then

1
R | P _ < _ .
el =Syl + lly =l < b= Sx]

Suppose F : Ag — [0,00) is a mapping defined as F(x) = 1 ||x — Sx|| for every x € Ay. So F satisfies
inequality (3.1) of Theorem 3.1. Next step is to confirm that whether the inequality (3.2) of Theorem 3.1
is also satisfied or not?

For this, let us consider a sequence {xn} € Ap and z € X with

lim ||xn —z|| =0and lim ||xn —Sxn| =0.
n—o0 n—oo

Since Ay is closed so we get z € Ag and Tz € T(Ap) C Bg. Then we obtain an element u € Ay such that
[w—Tz[| = d(A, B).

We choose a sequence {u,} € Ag as un € Sx, also

1
[IXn —unll < ||xn — Sxnl| + -

for each n > 1. So, limy , [|[Xn — un|| = 0. We know that u,, € Sx,, for eachn >0,
lun — Txn || = d(A, B).

Also, we have limy ;o |[Xn —z|| = 0 and limn ;. ||Xn —un|| = 0, by using these, we obtain lim, ;o un, = z.
Using (4.1) and (4.2), and with the fact that T is generalized o-proximal contraction of the first kind, we
get for every n > 0,

oz, xn)l[u = unl < Bllw=xnll +vlxn =2zl + Bllz—un].

Now, by taking limit as n — oo, we have |[u—z|| < limn_, [x(z, xn)[|Ju—z|| < Bljlu—z|| < ||Ju—z||. This
is a contradiction. Thus, u = z and so ||z — Tz|| = d(A, B), this shows that z € Sz. Hence inequality (3.2)
of Theorem 3.1 is also satisfied here. To conclude this, we say by using Theorem 3.1 there is an element
w € Ag such that w € Sw, it means

lw—Tw]| = d(A,B).

Now, for uniqueness, let |[W — Tw|| = d(A, B) for some W € A. We know that T is generalized «-proximal
contraction of the first kind, we get as

[w—w|| < vllw—Wl.

From here we obtain w = W. Hence we get the first part. Next to prove second part, let us take a sequence
{xn}in Ag such that
|Xn+1— Txn|| = d(A,B) for each n > 0.

Hence X1 € Sxn. From the claim, we obtain as for every n > 0,
[xn+2 = Xnpal| < kfxn1 —xnll-

Thus {xn} is a Cauchy sequence and hence lim; o, Xn = x for some x € Aj. Since T is generalized
a-proximal contraction of the first kind, we get

X1 = Wl < o, Wll[xna1 =Wl < Vlixn —=wll 4+ Blxn = xniall + Bllw —w]|

for every n > 0. Taking limit as n — oo, we obtain ||[x —w|| < y|/x —w||. From here we can say that x = w.
Therefore, lim,,_,o Xn = W and now we have also proved the second part. Hence, we have proved the
theorem. =
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5. Some new results related to generalized x-proximal contraction of the second kind in Banach spaces

In this part, we will define generalized «-proximal contraction of the second kind and will express
some results related to this kind of contraction.

Definition 5.1. Let X be a Banach space and let A, B be non-empty subsets of X with Ay # (. The non-
self-mapping T : A — B is said to be generalized x-proximal contraction of the second kind if there exist
non-negative numbers 3,y with 23 +y < 1 such that the condition

[u—Tx| =d(A,B) = [lv—Ty]

implies that
lo(Tx, Ty)l[Tu —Tv|| < B[ Tu—Tx|| +v[[Tx — Ty + BTy — Tv|,

where « : X x X — [0, 00) such that «(x,y) > 1,
d(A,B) :=inf{|la—b||:a € A, b€ B},

and
Ao={a € A:|a—b| =d(A,B)}.

Likewise, define By.

Theorem 5.2. Let us take a Banach space (X, ||.||) and A, B be two non-empty subsets of X such that Ay # &.
Let us define a non-self-mapping T : A — B such that T(Ag) C Bo. If we consider that T is generalized -
proximal contraction of the second kind and T(Ay) is closed subset of X. Consider that for each x,y € Ag satisfying
Ix —T(y)|| = d(A, B), we have |«(x,y)| > 1. Then the following hold:

(I) there exists x € A such that ||x — Tx|| = d(A, B);
(IT) if there is X € A such that ||X — TX|| = d(A, B), then Tx = TX;
(III) if {xn} is a sequence in Ag with ||xn41 — Txn|| = d(A, B) for each n > 0, then

Iim Tx,, = Tx.
n—oo

Proof. Since Ag # ), we take xg € Ay, since T(Ag) C By, there exists x; € Ag such that
Ix1 —T(xo)|| = d(A, B), with |x(xo,x1)| > 1.
Again, in same manner we get x, € Ag such that
|2 — T(x1)]| = d(A, B), with |ax(x1,x2)| > 1.
Repeating this process, we get |x(xn,Xn+1)| = 1 for any n € IN. We suppose that for each x € T(Ay),
Sx ={y :y = Tu where u € Ap and ||ju—x|| = d(A,B)}

It shows that S : T(Ag) — 2T(A0)\ {§}. Since T is generalized o-proximal contraction of the second kind,
so there are 3,y > 0 with 23 +v < 1 such that ||[u—Tx|| = d(A, B) = ||[v— Ty|| shows that

Tu—Tv[| <ol YI[[Tu—=Tv[| < BI[Tu—Tx|| +v[[Tx = Ty|[ + [Ty —Tv[,

for every u,v,x,y € A. Putk = ?_ﬂ and b = % Then 0 < k < b < 1. Now, we have to prove the claims
of Theorem 3.1 as the first claim is about: for each u,v,x,y € T(Ag), if u € Sx and v € Sy, then

lu=vll <vlx—yll+Blx—ull + Blly —vl.
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Now, let us prove this claim as by taking elements u,v,x,y € T(Ap) such that u € Sx and v € Sy. So
u=Tu,v=T9,x =TX,y = T{ for some 1, V,%,§ € Ap with

[a—Tx| = d(A,B) = [[v—Tg]|.
We know that T is generalized o-proximal contraction of the second kind, so
ITe = To[| < feclx, I T = Tol| < BT —Tarf| +v|[Tx = Tg|[ + BTy — Tv[|,
that is,
u=vI[ < vlx =yl +Blx —ul +Blly — vl

Hence, we have proved the first claim. Now, we will prove the second claim of Theorem 3.1, that is, for
each x,y,z € T(Ap) if y € Sx and z € Sy, then ||z —y|| < k||x —y]|. For this, let us assume x,y,z € T(Ap)
such that y € Sx and z € Sy. Here we will use the first claim, we get

lz—yll < vlly =]+ Blly — 2 + Blx —yl.

So ||z —y]| < k||x —y||. Hence, the second claim has been proved.
Next, we will prove that inequality (3.1) in Theorem 3.1 holds here. Let x € T(Ag). Since 0 < b < 1,
there exists y € Sx such that
bx =yl < [P —Sx]. (5.1)

Let z € Sy then we get by using the claim II,
Iy = Syll < llz =yl < klx—yll. (5.2)
Now, using (5.1) and (5.2), we get
Iy =Syl + bl =yl < klx =yl + [x = Sx||.

Then 1|y — Syl + [[x —y|| < gi¢lx — Sx||. Suppose F : T(Ag) — [0,00) is a mapping defined as
F(x) = ﬁ |x — Sx|| for every x € T(Ap). So F satisfies the inequality (3.1) of Theorem 3.1 here.
Further we will prove that the inequality (3.2) of Theorem 3.1 also holds. Let z € X and {x,} is a
sequence in T(Ap) such that
lim ||[xn, —z|| =0and lim ||x, —Sxn]| =0.
n—o0 n—oo
Since T(Ayp) is closed, z € T(Ay) and so we can let Z € Sz.

Now we have to show that z = Z. Since limp ;o [|[Xn — Sxn|| = 0, we can choose a sequence {y,} in
T(Ag) so that

Yn € Sxn
for every n > 0 and
T}gréo [Xn —yn| =0.
Since limy 00 [|[Xn — z|| = 0 and limn ;. ||Xn —yn|| = 0, we get limn 0o yn = z. Using (5.1), (5.2) and

claim I,

12 = ynll < lelen, ynlllIZ =ynll < vllz =xnl + Bllz = Z[| + Bllxn —ynl-

As n — oo, we obtain ||Z —z|| < B||z—Z|| < ||z— Z|, which gives us a contradiction, so z = Z. Thus,
inequality (3.2) in Theorem 3.1 also holds here. Using Theorem 3.1, there exists w € T(Ag) such that
w € Sw, that is, there exists w* € Ag such that w = Tw* and

[lw* —Tw*|| = d(A, B).
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So we have best proximity point for T. Thus, we have proved the first part (I). Next, to prove uniqueness of
best proximity point of T, that is second part (II) of Theorem 5.2, for this v € A be another best proximity
point of T such that |[v—Tv|| = d(A, B). Since T is generalized x-proximal contraction of the second kind,

[Tv—Tw*|| < oe(Tv, TW)|||Tv — Tw*|| < v[|Tv—Tw*|| + B||Tv — Tv|| + B||TW* — Tw*||.

Then ||Tv—Tw*|| < v||Tv—Tw*|| < ||[Tv—Tw*|| implies that Tv = Tw*. Hence we have proved the first
two parts of Theorem 5.2, now it only remains that the last part left to be proved. For this, let {x,,} be a
sequence in Ag such that |[xn4+1 — Txn|| = d(A, B) for all n > 0. So we get Tx, 11 € STxn. By using claim
II of this theorem, we have for alln > 0,

[Txns2 = Txnpa |l < K[ Txngr — Txn -

Thus {Tx, } is a Cauchy sequence and so limy oo Txn = s for any s € X. Since w € Sw and Txn 41 € STxn,
we get

W = Txngall < la(w, txn)l[[w = Txn || < vilw = Txn || 4+ Blw —w]l + B[ Txn — Txna]-

By taking limit as n — oo, we obtain |[w —s|| < y|lw —s||. So w = s. It means that limp o TXn, = W.
Thus, theorem has been proved. O

Definition 5.3. Let (X, ||.||) be a Banach space and let A, B be non-empty subsets of X. The set B is said
to be approximately compact with respect to A if every sequence {y,} of B satisfying the condition that
limn e ||X —yn|| = d(x, B) for some x € A has a convergent subsequence.

Theorem 5.4. Let (X, ||.||) be a Banach space and A, B be non-empty closed subsets of X such that A is non-empty.
Assume a continuous mapping T : A — B which is generalized «-proximal contraction of the second kind such that
T(Ao) C Bo. If A is approximately compact with respect to B, then the following hold:

1. there exists x € A such that |x —Tx|| = d(A, B);
2. if there is X € A such that ||X — TX|| = d(A, B), then Tx = TX;
3. if {xn} is a sequence in Ay with ||xn+1 — Txn|| = d(A, B) for each n. > 0, then

Iim Tx, = Tx.
n—oo

Proof. Let define mappings S: T(Ag) — 2T(A N\ {p}and F: T(Ag) — [0, ) as in the proof of Theorem 5.2
likewise. Proceeding the same proof lines with above mentioned mappings, we proved that the inequality
(3.1) of the Theorem 3.1 is satisfied.

Next, to prove that second inequality (3.2) of Theorem 3.1 also holds. For this, assume that a sequence
{xn} € T(Ap) and let z € X. Suppose that

lim ||xn —z||=0and lim |[xn —Sxnl| =0. (5.3)
n—oo n—oo

Since xn € T(Ag) C T(A) C B and B is closed, z € B. We take a sequence {yn} in T(Ap) so that yn € Sxn
for every n > 0 and
[xn —ynl = 0. (54)

We know that y,, € Sx,, for each n > 0, we may write y,, = Tu, for some u,, € Ag with
lun —xn|| = d(A, B).
We have

d(A,B) < [lun =2 < flun = xnl + [xn —zll = A{A, B) + [[xn — 2]
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Thus limy o |un —z|| = d(A, B). Since A is approximately compact with respect to B, there is a subse-
quence {uy, } of {un} such that u,, — u for some u € A. Since T is continuous, we get Tu,, — Tu. By
using (5.3) and (5.4), we obtain Yy, — z and so
Tu = lim Tun, = lim Tuy = lim y, =z.
k—o0 n—oo n—oo
Therefore,
lu=Tul = [u—z[ = lm |un, —xn[| = d(A,B),
k—o00

that is, Tu € STu or z € SzN T(Ag). Therefore, the inequality (3.2) in Theorem 3.1 holds here. Now by
using Theorem 3.1, we can say, there is w € T(Ag) such that w € Sw, it means w = Tw for any W € Ay
with |[W —Tw|| = d(A,B). Hence, the first part of this theorem 5.4 is proved and the rest of it can be

proved from the conclusions from Theorem 5.2. O
Example 5.5. Let us take R?> with usual norm and A = {(0,a) : 0 < a} and B = {(1,b) : 0 < b}. We
take Ag = A and By = B. Define a mapping T : A — B as T(0,a) = (1,g(a)), where g(a) = %—F %H and

(0,a) € A. Also,
3 3
a+4 b+4

3
lg(a) = g(b)[| =] I'< 4lla=Dbl.
Since we know that T(Ag) = T(A) ={(1,x) : x € [0, %)} is not closed, it is obvious that A is approximately
compact with respect to B and also T is continuous. Define o : X x X — R™ as

a(x,y) =1, if x,y € (0,a) where a > 0,

otherwise 0. We will prove that T is generalized a-proximal contraction of the second type. Let us take
u,v,x,y € A such that |[u—Tx|| = ||[v—Ty|| = d(A, B). Then we can say that x = (0, a;) and y = (0, ap) for
some aj, ap > 0. Thus, u = Tx thatis, u = (1, g(a1)) and v = Ty implies that v = (1, g(az)). We write as

3 3
ITw—Tvl| = [lg*(a1) — g*(a2) | < glgtar) —glaz)|f = £ [[Tx —Tyl|.

Therefore, T is generalized x-proximal contraction of the second type. Thus, claims of Theorem 5.4
satisfied.

6. Conclusions

In this article the authors introduced the new notions of generalized «-proximal contractions of the
first and second kinds in Banach spaces. These contractions and theorems in this paper motivated the
new techniques for finding the best proximity points in Banach spaces.
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