
Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 10 (2017), 4799–4811

Research Article

Journal Homepage: www.tjnsa.com - www.isr-publications.com/jnsa

Iterative algorithm for a common fixed point of two mono-pseudocontractive
mappings in Banach spaces

Naseer Shahzada,∗, Habtu Zegeyeb

aDepartment of Mathematics, King Abdulaziz University, P. O. B. 80203, Jeddah 21589, Saudi Arabia.
bDepartment of Mathematics, Botswana International University of Science and Technology, Private Mail Bag 16,Palapye, Botswana.

Communicated by Y. H. Yao

Abstract
In this paper, we introduce an iterative process which converges strongly to a common fixed point of two mono-pseudocon-

tractive mappings in Banach spaces. Our theorems complement the results that have been proved for the class of pseudocon-
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1. Introduction

Let H be a real Hilbert space. A mapping T : C→ E is called Lipschitzian if there exists L > 0 such that
||Tx− Ty|| 6 L||x− y||, for all x,y ∈ C. If L = 1, then T is called nonexpansive and if L ∈ [0, 1), then T is
called a contraction. A mapping T is called pseudocontractive if for each x,y ∈ C, we have

〈x− y, Tx− Ty〉 6 ||x− y||2. (1.1)

Let C be a nonempty, closed, and convex subset of a real Banach space E with dual E∗. One direction
of extending definition of pseudocontractive mapping in Hilbert spaces to Banach spaces is the following.
A mapping T : C→ E is called pseudocontractive if there exists j(x− y) ∈ J(x− y) such that

〈Tx− Ty, j(x− y)〉 6 ||x− y||2 for all x,y ∈ C, (1.2)

where J is the normalized duality mapping from E into 2E
∗

defined by

Jx := {f∗ ∈ E∗ : 〈x, f∗〉 = ||x||2 = ||f∗||2},

where 〈., .〉 denotes the generalized duality pairing. The single-valued normalized duality mapping is
denoted by j. It is well-known that if E is smooth, then the duality mapping J is single-valued and if
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E = H, a real Hilbert space, then J is the identity mapping on H and inequality (1.2) reduces to inequality
(1.1).

Apart from being an important generalization of nonexpansive mappings interest in pseudocontrac-
tive mappings stems mainly from their firm connection with the important class of nonlinear accretive
mappings, where a mapping A with domain D(A) ⊆ E and range R(A) in E is called accretive if there
exists j(x− y) ∈ J(x− y) such that

〈Ax−Ay, j(x− y)〉 > 0 for all x,y ∈ D(A).

We note that T is pseudocontractive if and only if A := I − T is accretive and thus a fixed point of T ,
F(T) := {x ∈ D(T) : Tx = x} is a zero of A, N(A) := {x ∈ D(A) : Ax = 0}. It is now well-known that if
A is accretive then the solutions of the equation Ax = 0 correspond to the equilibrium points of some
evolution systems [42].

A mapping A : D(A) ⊂ E→ 2E
∗

is called monotone if

〈x− y,Ax−Ay〉 > 0 for all x,y ∈ D(A).

If E = H, is a real Hilbert space, then the set of monotone mappings is the same as the set of accretive
mappings. Interest in monotone operators stems mainly from their usefulness in many functional equa-
tions. Many of them appear also in calculus of variations as subdifferential of convex functions (Pascali
and Sburian [22]).

In 1953, the most general iterative scheme for the approximation of fixed points of nonexpansive
mapping, which is called Mann algorithm, was introduced (in the light of [19]) as follows:

xn+1 = αnxn + (1 −αn)Txn, n > 0, (1.3)

where the initial guess element x0 ∈ C is arbitrary and {αn} is a real control sequence in the interval (0, 1).
Construction of fixed points of nonexpansive mappings via Mann’s algorithm [19] has extensively been
investigated recently in literature (see, e.g., [4, 6, 7, 11, 12, 14, 16, 20, 23, 25, 30, 39]). If T is a nonexpansive
mapping with a fixed point and if the control sequence {αn} is chosen so that

∑∞
n=0 αn(1 − αn) = ∞,

then the sequence {xn} generated by Mann’s algorithm (1.3) converges weakly to a fixed point of T (this is
indeed true in a uniformly convex Banach space with a Fréchet differentiable norm [23]). However, this
convergence is in general not strong (see the counterexample in [8]; see also [10]).

To obtain strong convergence, many iteration processes are often used to approximate a fixed point of
a nonexpansive mapping in Hilbert or Banach spaces (for example, see [9] and [4, 6, 7, 11, 23]). One of
them is now known as Halpern’s iteration process [11] and is defined as follows: let the sequence {xn} be
iteratively defined by x0 ∈ C and

xn+1 := αn+1u+ (1 −αn+1)T(xn), n > 0, (1.4)

where {αn} is a real numbers in (0, 1) and T is a nonexpansive mapping of C into itself. Halpern [11]
proved that the algorithm (1.4) converges strongly to a fixed point of T in the framework of Hilbert
spaces. Lions [16] and Wittmann [28] improved the result of Halpern by proving strong convergence of
{xn} to a fixed point of T under some mild conditions on the real sequence {αn}. Reich [24], Shioji and
Takahashi [25], and Zegeye and Shahzad [37] extended the result of Wittmann [28] to the case of Banach
spaces.

In 2000, Moudafi [21] introduced viscosity approximation method and proved that if H is a real Hilbert
space, then for x0 ∈ C, the sequence {xn} generated by the algorithm

xn+1 := αnf(xn) + (1 −αn)T(xn), n > 0,

where f : C → C is a contraction mapping and {αn} ⊂ (0, 1) satisfies certain conditions, converges
strongly to a fixed point of a nonexpansive mapping T . Moudafi [21] generalized Halpern’s theorems in
the direction of viscosity approximations.
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Recently, Zegeye [36] introduced Moudafi type approximation method and proved that if C is a
nonempty closed and convex subset of a real Hilbert space H and Ti : C → C for i = 1, 2 is continu-

ous pseudocontractive mappings such that F :=

2⋂
i=1

F(Ti) 6= ∅, then for x0 ∈ C the sequence {xn} generated

by

xn+1 = αnf(xn) + (1 −αn)TrnFrnxn,

where {αn} ⊂ [0, 1] and {rn} ⊂ (0,∞) satisfy certain mild conditions and f is a contraction from C

into C, converges strongly to z ∈ F. Zegeye’s [36] result extends Moudafi [21] result from the class of
nonexpansive mappings to the more general class of continuous pseudocontractive mappings. For other
related results, we refer to [2, 27, 31–35, 38].

Furthermore, considerable research efforts have been devoted to iterative methods for approximating
fixed points of pseudocontractive mappings in Banach spaces (see, e.g., [5, 12, 13, 17, 17, 36, 41]) connected
to the class of accretive mappings. However, the analogue of pseudocontractive mapping in Hilbert spaces
related to the class of monotone mappings in Banach spaces has not been studied.

It is our purpose in this paper to introduce the class of mappings connected with the class of monotone
mappings in Banach spaces which is the analogue of class of pseudocontractive mappings in Hilbert
spaces. In addition, we introduce a Halpern-type approximation method for finding a common fixed point
of a finite family of the introduced mappings. This provides affirmative answer to the above concern.

2. Preliminaries

Let E be a real Banach space. Let S(E) = {x ∈ E : ||x|| = 1}. Then the norm of E is said to be smooth if

lim
t→0

||x+ ty||− ||x||

t
(2.1)

exists for each x,y ∈ S(E). E is called uniformly smooth if the limit (2.1) exists and is attained uniformly
for all (x,y) ∈ S(E). So it is trivial that a uniformly smooth Banach space has a Gâteaux differentiable
norm. It is also known that if E is uniformly smooth, then J is uniformly norm to norm continuous on
each bounded subset of E. Furthermore, if E is a reflexive and strictly convex Banach space with a strictly
convex dual, then J−1 is duality mapping from E∗ into E where JJ−1 = IE∗ and J−1J = IE (see [26]). We
note that in a Hilbert space, H, J is the identity mapping.

The modulus of convexity of E is the function δE : (0, 2]→ [0, 1] defined by

δE(ε) := inf
{

1 −

∥∥∥∥x+ y2

∥∥∥∥ : ‖x‖ = ‖y‖ = 1; ε = ‖x− y‖
}

.

E is called uniformly convex if and only if δE(ε) > 0 for every ε ∈ (0, 2].
Let E be a reflexive, strictly convex, and smooth Banach space and let C be a nonempty closed and

convex subset of E. Throughout this paper, let the function φ : E× E → R, introduced by Alber [1], be
defined by

φ(y, x) = ||y||2 − 2〈y, Jx〉+ ||x||2 for x,y ∈ E. (2.2)

We observe that in a Hilbert space H, (2.2) reduces to φ(x,y) = ||x− y||2 for x,y ∈ H. The generalized
projection mapping, introduced by Alber [1], is a mapping ΠC : E→ C that assigns an arbitrary point x ∈ E
to the minimizer, x̄, of φ(., x) over C, that is, ΠCx = x̄, where x̄ is the solution to the minimization problem

φ(x̄, x) = min{φ(y, x),y ∈ C}.

The existence of the solution of this minimization problem is due to Alber [1].
In the sequel, we shall use of the following lemmas.
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Lemma 2.1 ([1]). Let C be a nonempty closed and convex subset of a real reflexive, strictly convex, and smooth
Banach space E and let x ∈ E. Then for all y ∈ C,

φ(y,ΠCx) +φ(ΠCx, x) 6 φ(y, x).

Lemma 2.2 ([15]). Let E be a real smooth and uniformly convex Banach space and let {xn} and {yn} be two
sequences of E. If either {xn} or {yn} is bounded and φ(xn,yn)→ 0 as n→∞, then xn − yn → 0, as n→∞.

Lemma 2.3 ([1]). Let C be a convex subset of a real smooth Banach space E. Let x ∈ E. Then x0 = ΠCx if and only
if

〈z− x0, Jx− Jx0〉 6 0,∀z ∈ C.

We make use of the function V : E× E∗ → R defined by

V(x, x∗) = ||x||2 − 2〈x, x∗〉+ ||x||2 for all x ∈ E and x∗ ∈ E,

studied by Alber [1]. That is, V(x,y) = φ(x, J−1x∗) for all x ∈ E and x∗ ∈ E∗.
We know the following lemma connected to the function V .

Lemma 2.4 ([1]). Let E be a reflexive strictly convex and smooth Banach space with E∗ as its dual. Then

V(x, x∗) + 2〈J−1x∗ − x,y∗〉 6 V(x, x∗ + y∗)

for all x ∈ E and x∗,y∗ ∈ E∗.

Lemma 2.5 ([3]). Let C be a nonempty, closed, and convex subset of a smooth, strictly convex, and reflexive real
Banach space E. Let A : C→ E∗ be a continuous monotone mapping. Then, for r > 0 and x ∈ E, there exists z ∈ C
such that

〈y− z,Az〉+ 1
r
〈y− z, Jz− Jx〉 > 0,∀ y ∈ C.

Lemma 2.6 ([40]). Let C be a nonempty, closed, and convex subset of a smooth, strictly convex, and reflexive real
Banach space E. Let A : C → E∗ be a continuous monotone mapping. For r > 0 and x ∈ E, define the mapping
Fr : E→ C as follows:

Frx := {z ∈ C : 〈y− z,Az〉+ 1
r
〈y− z, Jz− Jx〉 > 0,∀ y ∈ C}

for all x ∈ E. Then the following hold:

(1) Fr is single-valued;
(2) F(Fr) = VI(C,A);
(3) φ(p, Frx) +φ(Frx, x) 6 φ(p, x) for p ∈ F(Fr);
(4) VI(C,A) is closed and convex.

Lemma 2.7 ([29]). Let {an} be a sequence of nonnegative real numbers satisfying the following relation:

an+1 6 (1 −βn)an +βnδn, n > n0,

where {βn} ⊂ (0, 1) and {δn} ⊂ R satisfying the following conditions:
∞∑

n=1

βn = ∞, and lim sup
n→∞ δn 6 0. Then,

lim
n→∞an = 0.

Lemma 2.8 ([18]). Let {an} be a sequence of real numbers such that there exists a subsequence {ni} of {n} such that
ani

< ani+1 for all i ∈ N. Then there exists a nondecreasing sequence {mk} ⊂ N such that mk → ∞ and the
following properties are satisfied by all (sufficiently large) numbers k ∈N:

amk
6 amk+1 and ak 6 amk+1.

In fact, mk = max{j 6 k : aj < aj+1}.



N. Shahzad, H. Zegeye, J. Nonlinear Sci. Appl., 10 (2017), 4799–4811 4803

3. Main result

Definition 3.1. Let C be a nonempty, closed, and convex subset of a reflexive, strictly convex, and smooth
Banach space E. A mapping T : C→ E is called mono-pseudocontractive if for each x,y ∈ C we have

〈x− y, JTx− JTy〉 6 〈x− y, Jx− Jy〉.

Lemma 3.2. Let C be a nonempty, closed, and convex subset of a reflexive, strictly convex, and smooth Banach
space E. Let T : C → E be a map. Then T is psudocontractive if and only if A = (J− JT) : C → E∗ is monotone.
Furthermore, the zero of A is the fixed point of T .

Proof. Let x,y ∈ C be arbitrary. Suppose T is mono-pseudocontractive mapping. Then, for x,y ∈ C, we
have

〈Ax−Ay, x− y, 〉 = 〈(J− JT)x− (J− JT)y, x− y〉 = 〈Jx− Jy, x− y〉− 〈JTx− JTy, x− y〉 > 0.

Hence, A is monotone. Conversely, suppose A is monotone, we prove that T is mono-pseudocontractive.
Let x,y ∈ C. Then,

〈x− y, JTx− JTy〉 = 〈x− y, (J−A)x− (J−A)y〉 = 〈x− y, Jx− Jy〉− 〈x− y,Ax−Ay〉 6 〈x− y, Jx− Jy〉.

Hence, T is mono-pseudocontractive. In addition, we observe that the zero of A is the fixed point of T .

Let g : E → (−∞,∞] be a proper, convex, and lower semicontinuous function. Recall that the subdif-
ferential ∂g of g is defined for any x ∈ E by

∂g(x) := {z ∈ E∗ : 〈z,y− x〉 6 g(y) − g(x), ∀y ∈ E}.

Then Tx := J−1(J − ∂g)(x) is mono-pseudocontractive mapping since the subdifferential ∂g of g is a
monotone mapping (see [22, Theorem 2.13, p. 124]). If E = H, a real Hilbert space, then J is the identity
map on H. Consequently, every pseudocontractive map on H is mono-pseudocontractive.

A map T : C→ E is called mono-nonexpansive if

||x− y||||JTx− JTy|| 6 〈x− y, Jx− Jy〉, ∀x,y ∈ C.

Remark 3.3. We observe that if a map T is mono-nonexpansive then it is mono-pseudocontractive. In fact,

〈x− y, JTx− JTy〉 6 ||x− y||||JTx− JTy|| 6 〈x− y, Jx− Jy〉, ∀x,y ∈ C,

and ||JTx− JTy|| 6 ||Jx− Jy||,∀x,y ∈ C.
In the sequel, we shall make use of the following lemmas.

Lemma 3.4. Let C be a nonempty, closed, and convex subset of a uniformly smooth, and strictly convex real Banach
space E. Let T : C → E be continuous mono-pseudocontractive mapping. Then, for r > 0 and x ∈ E, there exists
z ∈ C such that

〈y− z, JTz〉− 1
r
〈y− z, (1 + r)Jz− Jx〉 6 0,∀ y ∈ C.

Proof. Let x ∈ E and r > 0. Let A := J− JT , where J is the normalized duality mapping. Then, clearly A
is continuous monotone mapping. Thus, by Lemma 2.5 there exists z ∈ C such that 〈y− z,Az〉+ 1

r〈y−
z, z− x〉 > 0 for all y ∈ C. But this is equivalent to 〈y− z, JTz〉− 1

r〈y− z, (1 + r)Jz− Jx〉 6 0 for all y ∈ C.
Hence the lemma holds.

Lemma 3.5. Let C be a nonempty, closed, and convex subset of a smooth, strictly convex, and reflexive real Banach
space E. Let T : C → C be continuous mono-pseudocontractive mapping. For r > 0 and x ∈ E, define a mapping
Tr : E→ C as follows:

Trx := {z ∈ C : 〈y− z, JTz〉− 1
r
〈y− z, (1 + r)Jz− Jx〉 6 0,∀ y ∈ C}

for all x ∈ E. Then the following hold:
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(1) Tr is single-valued;
(2) φ(p, Trx) +φ(Trx, x) 6 φ(p, x) for p ∈ F(Tr);
(3) F(Tr) = F(T);
(4) F(T) is closed and convex.

Proof. We note that 〈y− z, JTz〉− 1
r〈y− z, (1 + r)Jz− Jx〉 6 0 for all y ∈ C is equivalent to 〈y− z,Az〉+

1
r〈y− z, Jz− Jx〉 > 0 for all y ∈ C, where Az := Jz− JTz is continuous monotone mapping. Moreover, as T
is self-map we have that VI(C,A) = F(T). Thus, by Lemma 2.6 the conclusions of (1)-(4) hold.

Let C be a nonempty, closed, and convex subset of a smooth, strictly convex, and reflexive real Banach
space E. Let Ti : C → C for i = 1, 2 be continuous mono-pseudocontractive mappings. Then in what
follows, Trn , Frn : E→ C are defied as follows: for x ∈ E and {rn} ⊂ (0,∞), define

T1,rnx := {z ∈ C : 〈y− z, JT1z〉−
1
rn
〈y− z, (1 + rn)Jz− Jx〉 6 0,∀ y ∈ C}

and

T2,rnx := {z ∈ C : 〈y− z, JT2z〉−
1
rn
〈y− z, (1 + rn)Jz− Jx〉 6 0,∀ y ∈ C}.

Then in what follows, we shall study the following iteration process:{
u, x0 ∈ C chosen arbitrarily,
xn+1 = J−1(αnJu+ (1 −αn)JT2,rnT1,rnxn),

(3.1)

where J is the normalized duality mapping on E; αn ∈ (0, 1) satisfies limn→∞ αn = 0 and
∑∞

n=1 αn =∞;
{rn} ⊂ [c1,∞) for some c1 > 0 and for all n ∈N.

Now, we prove our main convergence theorem.

Theorem 3.6. Let C be a nonempty, closed, and convex subset of a uniformly smooth, and uniformly convex real

Banach space E. Let T1, T2 : C→ C be continuous mono-pseudocontractive mappings with F :=

2⋂
i=1

F(Ti) 6= ∅. Let

{xn}n>0 be a sequence defined by (3.1). Then, the sequence {xn}n>0 converges strongly to ΠF(u), where ΠF is the
generalized projection from E onto F.

Proof. Since by Lemma 3.5 we have F is nonempty closed and convex we can take x∗ := ΠFu. Let
un = T1,rnxn and wn = T2,rnun. Now from (3.1), Lemma 2.1, and property of φ we get that

φ(x∗, xn+1) = φ(x
∗, J−1(αnJu+ (1 −αn)Jwn))

= ||x∗||2 − 2〈x∗,αnJu+ (1 −αn)Jwn〉+ ||αnJu+ (1 −αn)Jwn||
2

6 ||x∗||2 − 2αn〈x∗, Ju〉− 2(1 −αn)〈x∗, Jwn〉+αn||Ju||
2 + (1 −αn)||Jwn||

2

= αnφ(x
∗,u) + (1 −αn)φ(x

∗,wn)

= αnφ(x
∗,u) + (1 −αn)φ(x

∗, T2,rnun)

6 αnφ(x
∗,u) + (1 −αn)φ(x

∗,un)
6 αnφ(x

∗,u) + (1 −αn)φ(x
∗, xn).

Then, by induction we get that

φ(x∗, xn+1) 6 max{φ(x∗, xn),φ(x∗,u)}, ∀n > 1,

and hence {xn}, {un}, and {wn} are bounded. Now, by Lemmas 2.1, 2.4, and 2.6 (3) we get

φ(x∗, xn+1) = V(x
∗,αnu+ (1 −αn)Jwn)
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6 V(x∗, Jxn+1 −αn(Ju− Jx∗)) − 2〈xn+1 − x
∗,−αn(Ju− Jx∗)〉

= φ(x∗, J−1(αnJx
∗ + (1 −αn)Jwn)) + 2αn〈xn+1 − x

∗, Ju− Jx∗〉
6 αnφ(x

∗, x∗) + (1 −αn)φ(x
∗,wn) + 2αn〈xn+1 − x

∗, Ju− Jx∗〉
6 (1 −αn)

[
φ(x∗,un) −φ(wn,un)

]
+ 2αn〈xn+1 − x

∗, Ju− Jx∗〉
= (1 −αn)φ(x

∗,un) − (1 −αn)φ(un,wn) + 2αn〈xn+1 − x
∗, Ju− Jx∗〉

6 (1 −αn)
[
φ(x∗, xn) −φ(un, xn)

]
− (1 −αn)φ(wn,un) + 2αn〈xn+1 − x

∗, Ju− Jx∗〉
= (1 −αn)φ(x

∗, xn) − (1 −αn)
[
φ(un, xn) +φ(wn,un)

]
+ 2αn〈xn+1 − x

∗, Ju− Jx∗〉 (3.2)
6 (1 −αn)φ(x

∗, xn) + 2αn〈xn − x∗, Ju− Jx∗〉+ 2αn||xn+1 − xn||||Ju− Jx∗||. (3.3)

Now, we consider two possible cases on φ(x∗, xn).

Case 1. Suppose that there exists n0 ∈ N such that {φ(x∗, xn)} is decreasing. Then, we obtain that
{φ(x∗, xn)} is convergent. Thus, from (3.2) we get that φ(wn,un),φ(un, xn)→ 0 and hence by Lemma 2.2
we obtain that

wn − un → 0,un − xn → 0, as n→∞. (3.4)

Furthermore, from the property of φ and the fact that αn → 0, as n→∞ we have that

φ(wn, xn+1) = φ(wn, J−1(αnJu+ (1 −αn)Jwn))

6 αnφ(wn,u) + (1 −αn)φ(wn,wn) 6 αnφ(wn,u) + (1 −αn)φ(wn,wn)→ 0 as n→∞,

and hence from Lemma 2.2 we get that wn − xn+1 → 0 and this with (3.4) give that

xn − xn+1 → 0 as n→∞. (3.5)

Since {xn} is bounded and E is reflexive, we choose a subsequence {xni
} of {xn} such that xni

⇀ z and
lim sup
n→∞ 〈xn − x∗, Ju− Jx∗〉 = lim

i→∞〈xni
− x∗, Ju− Jx∗〉. Then from (3.5) and (3.4) we get that uni

⇀ z and
wni

⇀ z.
Now, we show that z ∈ F(T1). But from the definition of un we have that

〈y− un, JT1un〉− 〈y− un,
(1 + rn)Jun − Jxn

rn
〉 6 0, ∀ y ∈ C,

and hence

−〈y− uni
, JT1uni

〉+ 〈y− uni
,
(1 + rni

)Juni
− Jxni

rni

〉 > 0, ∀ y ∈ C,

which implies that

〈y− uni
, Juni

− JT1uni
〉+ 〈y− uni

,
Juni

− Jxni

rni

〉 > 0, ∀ y ∈ C. (3.6)

Set vt = ty+ (1 − t)z for all t ∈ (0, 1] and y ∈ C. Then, we get that vt ∈ C. Now, from (3.6) it follows that

〈vt − uni
, Jvt − JT1vt〉 > 〈vt − uni

, Jvt − JT1vt〉− 〈vt − uni
, Juni

− JT1uni
〉− 〈vt − uni

,
Juni

− Jxni

rni

〉

= 〈vt − uni
, Jvt − Juni

〉− 〈vt − uni
,
Juni

− Jxni

rni

〉.

Furthermore, the mono-pseudocontractivity nature of T1 gives that 〈vt − uni
, (Jvt − JT1vt) − (Juni

−
JT1uni

)〉 > 0 and the uniform continuity of J with (3.4) imply that Juni
− Jxni

→ 0 as i → ∞. Thus,
it follows that

0 6 lim
i→∞〈vt − uni

, Jvt − JT1vt〉 = 〈vt − z, Jvt − JT1vt〉,
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and hence

〈y− z, Jvt − JT1vt〉 > 0, ∀ y ∈ C.

If t→ 0, the continuity of T1 and J imply that

〈y− z, Jz− JT1z〉 > 0, ∀ y ∈ C.

Now, considering y = T1z we obtain that 〈T1z− z, JT1z− Jz〉 6 0 and hence monotonicity of J implies that

〈y− z, Jz− JT1z〉 = 0, ∀ y ∈ C.

Thus, the strict convexity of E gives that T1z = z and hence z ∈ F(T1).
Similarly, considering the definition of wn we get that z ∈ F(T2). Therefore, we have that z ∈ F(T1) ∩

F(T2). Thus, by Lemma 2.3, we immediately obtain that lim sup
n→∞ 〈xn − x∗, Ju− Jx∗〉 = 〈z− x∗, Ju− Jx∗〉 6 0.

It follows from Lemma 2.7 and (3.3) that φ(x∗, xn)→ 0 as n→∞. Consequently, xn → x∗.

Case 2. Suppose that there exists a subsequence {ni} of {n} such that

φ(x∗, xni
) < φ(x∗,uni+1)

for all i ∈ N. Then by Lemma 2.8, there exists a nondecreasing sequence {mk} ⊂ N such that mk → ∞,
φ(x∗, xmk

) 6 φ(x∗, xmk+1) and φ(x∗, xk) 6 φ(x∗, xmk+1) for all k ∈ N. Thus, from (3.2) and the fact that
αn → 0 we obtain

(1 −αmk
)
(
φ(umk

, xmk
) +φ(wmk

,umk
)
)

6 (φ(x∗, xmk
) −φ(x∗, xmk+1)) +αmk

φ(x∗, xmk
)

+ 2αmk
〈xmk

− x∗, Ju− Jx∗〉+ 2αmk
||xmk

− xmk+1||||Ju− Jx∗||→ 0

as k → ∞. But this implies that φ(umk
, xmk

),φ(wmk
,umk

) → 0 as k → ∞. Thus, following the method
in Case 1, we obtain that

lim sup
k→∞ 〈xmk

− x∗, Ju− Jx∗〉 6 0. (3.7)

In addition, from (3.3) we have that

φ(x∗, xmk+1) 6 (1 −αmk
)φ(x∗, xmk

) + 2αmk
〈xmk

− x∗, Ju− Jx∗〉+ 2αmk
||xmk

− xmk+1||||Ju− Jx∗||, (3.8)

which implies that

αmk
φ(x∗, xmk

) 6 φ(x∗, xmk
) −φ(x∗, xmk+1) + 2αmk

〈xmk
− x∗, Ju− Jx∗〉

6 2αmk
〈xmk

− x∗, Ju− Jx∗〉+ 2αmk
||xmk

− xmk+1||||Ju− Jx∗||. (3.9)

Furthermore, since αmk
> 0, inequality (3.9) gives that

φ(x∗, xmk
) 6 2〈zmk

− x∗, Ju− Jx∗〉+ 2||xmk
− xmk+1||||Ju− Jx∗||.

Then it follows from (3.7) and (3.5) that φ(x∗, xmk
) → 0, as k → ∞. This together with (3.8) implies that

φ(x∗, xmk+1) → 0. Thus, since φ(x∗, xk) 6 φ(x∗, xmk+1) for all k ∈ N, we conclude that xk → x∗, as
k → ∞. Therefore, from Cases 1 and 2 we conclude that {xn} converges strongly to x∗ = ΠFu and the
proof is complete.

If in Theorem 3.6, we assume that T2 ≡ I, the identity mapping on C, then we obtain the following
corollary.
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Corollary 3.7. Let C be a nonempty, closed, and convex subset of a uniformly smooth, and uniformly convex real
Banach space E. Let T : C → C be continuous mono-pseudocontractive mapping with F(T) 6= ∅. Let {xn}n>0 be a
sequence defined by: {

u, x0 ∈ C chosen arbitrarily,
xn+1 = J−1(αnJu+ (1 −αn)JTrnxn),

(3.10)

where Trx := {z ∈ C : 〈y− z, JTz〉− 1
r〈y− z, (1 + r)Jz− Jx〉 6 0,∀ y ∈ C}, for all x ∈ E; J is the normalized

duality mapping on E; αn ∈ (0, 1) satisfying limn→∞ αn = 0 and
∑∞

n=1 αn = ∞ and {γn} ⊂ [c1,∞), for some
c1 > 0. Then, the sequence {xn}n>0 converges strongly to x∗ = ΠFu.

Proof. Put T := T1 and T2 = I, the identity mapping on C in Theorem 3.6. Then scheme (3.1) reduces to
(3.10). Therefore, the conclusion follows from Theorem 3.6.

If E = H, a real Hilbert space, we have that E is uniformly smooth and uniformly convex; J = I, the
identity operator on H. Thus, for r > 0, if we define

Ti,rx := {z ∈ C : 〈y− z, Tiz〉−
1
r
〈y− z, (1 + r)z− x〉 6 0,∀ y ∈ C} (3.11)

for all x ∈ E and i = 1, 2 then mono-pseudocontractive mappings reduce to pseudocontractive mappings.
Thus, the following corollary follows.

Corollary 3.8. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let T1, T2 : C → C be

continuous mono-nonexpansive mappings. Let F :=

2⋂
i=1

F(Ti) 6= ∅. Let {xn}n>0 be a sequence defined by:

{
u, x0 ∈ C chosen arbitrarily,
xn+1 = αnu+ (1 −αn)T2,rnT1,rnxn,

where T1,r, T2,r are as in (3.11), αn ∈ (0, 1) satisfying limn→∞ αn = 0 and
∑∞

n=1 αn = ∞, and {rn} ⊂ [c1,∞),
for some c1 > 0. Then, the sequence {xn} converges strongly to x∗ = ΠFu.

If T1 and T2, are mono-nonexpansive mappings, then they are mono-pseudocontractive mappings and
hence, we get the following corollary.

Corollary 3.9. Let C be a nonempty, closed and, convex subset of a uniformly smooth, and uniformly convex real

Banach space E. Let T1, T2 : C → C be continuous mono-nonexpansive mappings. Let F :=

2⋂
i=1

F(Ti) 6= ∅. Let

{xn}n>0 be a sequence defined by:{
u, x0 ∈ C chosen arbitrarily,
xn+1 = J−1(αnJu+ (1 −αn)JT2,rnT1,rnxn),

where T1,r, T2,r are as in (3.11), αn ∈ (0, 1) satisfying limn→∞ αn = 0 and
∑∞

n=1 αn = ∞, and {rn} ⊂ [c1,∞),
for some c1 > 0. Then, the sequence {xn} converges strongly to x∗ = ΠFu.

The proof of the following theorem for a common fixed point of a finite family of continuous mono-
pseudocontractive can be easily obtained from the method of proof of Theorem 3.6.

Theorem 3.10. Let C be a nonempty, closed, and convex subset of a uniformly smooth, and uniformly convex real
Banach space E. Let Tk, : C→ C, k = 1, 2, . . . ,m be finite family of continuous mono-pseudocontractive mappings.

Let F :=
m⋂
k=1

F(Tk) 6= ∅. Let {xn}n>0 be a sequence defined by


u, x0 ∈ C, chosen arbitrarily,
w1,n = T1,rnxn; w2,n = T2,rnw1,n; . . . ; wm,n = Tm,rnwm−1,n;
xn+1 = J−1(αnJu+ (1 −αn)Jwm,n),
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where αn ∈ (0, 1) satisfying limn→∞ αn = 0 and
∑∞

n=1 αn =∞ and {rn} ⊂ [c1,∞) for some c1 > 0. Then, the
sequence {xn} converges strongly to x∗ = ΠFu.

We also note that the method of proof of Theorem 3.6 provides the following theorem for approximat-
ing the minimum-norm point of a common fixed points of two mono-pseudocontractive mappings.

Theorem 3.11. Let C be a nonempty, closed, and convex subset of a uniformly smooth, and uniformly convex real

Banach space E. Let T1, T2 : C→ C be continuous mono-pseudocontractive mappings with F :=

2⋂
i=1

F(Ti) 6= ∅. Let

{xn}n>0 be a sequence defined by {
x0 ∈ C, chosen arbitrarily,
xn+1 = (1 −αn)T2,rnT1,rnxn.

Then, the sequence {xn}n>0 converges strongly to x∗ = ΠF(0), the minimum-norm x∗ of F with respect to the
Lyapunov function φ.

4. Numerical example

In this section, we give an example of two continuous mono-pseudocontractive mappings with all
the conditions of Theorem 3.6 and some numerical experiment result to explain the conclusion of the
theorem.

Example 4.1. Let H = R with Euclidean norm. Let C = [−1, 10] and T1 : C→ R be defined by

T1x :=

{
−4x− 3

2 , x ∈ [−1, −1
2 ),

x, x ∈ [−1
2 , 10].

Then, we see that I − T1 is continuous monotone and hence T1 is continuous mono-pseudocontractive
mapping on C with F(T1) = [−1

2 , 10]. In addition, if x ∈ [−1,−1
2), assuming that z ∈ [−1,−1

2) we have that

〈y− z, T1z〉−
1
r
〈y− z, (1 + r)z− x〉 6 0, ∀y ∈ C,

is equivalent to [
(1 + r)z− x+ (4zr+

3
2
r
)]
y >

[
(1 + r)z− x+ (4rz+

3
2
r)
]
z, ∀y ∈ C.

But this holds, if z = x− 3r
2

1+5r .
If x ∈ [− 1

2 , 10], considering z ∈ [− 1
2 , 10], we get that

〈y− z, T1z〉−
1
r
〈y− z, (1 + r)z− x〉 6 0, ∀y ∈ C,

is equivalent to (y− z)z− 1
r(y− z)

[
(1+ r)z− x

]
6 0 for all y ∈ C, which is equivalent to (z− x)y > (z− x)z

for all y ∈ C. But this holds, if z = x. Therefore, we get that

T1,rx :=

{
x− 3r

2
1+5r , x ∈ [−1,−1

2),
x, x ∈ [− 1

2 , 10].

Now, let T2 : C→ R be defined by

T2x :=

{
x, x ∈ [−1, 1),
x− 1

8(x− 1)2, x ∈ [1, 10].
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Then, we see that I− T2 is continuous monotone and hence T2 is continuous mono-pseudocontractive on
C with F(T2) = [−1, 1]. In addition, if x ∈ [−1, 1], considering z ∈ [−1, 1], we get that

〈y− z, T2z〉−
1
r
〈y− z, (1 + r)z− x〉 6 0, ∀y ∈ C,

is equivalent to (y− z)z− 1
r(y− z)

[
(1+ r)z− x

]
6 0 for all y ∈ C, which is equivalent to (z− x)y > (z− x)z

for all y ∈ C. But this holds, if z = x.
If x ∈ [1, 10], assuming that z ∈ [1, 10] we have that

〈y− z, T2z〉−
1
r
〈y− z, (1 + r)z− x〉 6 0,∀y ∈ C,

is equivalent to
(y− z)

[
(1 + r)z− x− zr+

r

8
(z− 1)2] > 0,∀y ∈ C.

But this holds, if (1 + r)z− x− zr+ r
8 (z− 1)2 = 0 or z = 1

2r(2r− 8) + 1
2r

√
64 + 32r(x− 1). Therefore, we

get that

T2,rx :=

{
x, x ∈ [−1, 1),
1

2r(2r− 8) + 1
2r

√
64 + 32r(x− 1), x ∈ [1, 10].

It is also clear that F(T1)∩ F(T2) = [−1
2 , 10]∩ [−1, 1] = [−1

2 , 1].
Now, if we take, αn = 1

n+100 , rn = 10 for all n > 1, and u ∈ C, we observe that the conditions of
Theorem 3.6 are satisfied and scheme (3.1) reduces to{

u, x0 ∈ C chosen arbitrarily,
xn+1 = αnu+ (1 −αn)T2,rnT1,rnxn. (4.1)

Thus, if u = 2 and x0 = 3, the scheme (4.1) converges strongly to 1.0 = PF(u) and if u = 0.5 and x0 = −1
the scheme (4.1) converges strongly to 0.5 = PF(u) (see Figure 1 below).

Figure 1: Convergence of xn with initial values u = 2, x0 = 3 and u = 0.5, x0 = −1

Remark 4.2. Definition 3.1 introduces a class of mono-pseudocontractive mappings which is very much
related to the class of monotone mappings in Banach spaces.
Remark 4.3. Theorem 3.6 provides strong convergence theorem for the class of mono-pseudocontractive
mappings (related to the class of monotone mappings) which is the analogue of class of pseudocontractive
mappings in Hilbert spaces. This complements the results of [24, 25, 37] for pseudocontractive mappings
(related to the class of accretive mappings) in Banach spaces.
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