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Abstract

In this paper, the (LP! x ... x LPm [9)-estimate for the commutator Try, generalized by multilinear square function T and
Lipschitz function b is established for % = Z]Tll & — %, Pi > po = 1. Meanwhile, we also establish (LP* x --- x LPm, /\ﬁ,% )-
boundedness and (LP1 x --- x Lf%m, BMO)-estimates for the commutator Tryp. Finally, the (LP? x --- x LPm, Fg *?)-boundedness
is obtained, too. (©2017 All rights reserved.
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1. Introduction

It is well-known that multilinear Calderon-Zygmund operators originates from the works of Coifman
and Meyer’s, see [1-3]. Later, Grafakos and Torres [9, 10] extended Coifman and Meyer’s works. Since
multilinear Littlewood-Paley g-function and related multilinear Littlewood-Paley type estimates were
applied to PDE and any other fields, see [4-6], more and more people devote themselves to study the
multilinear Littlewood-Paley theory and more works about multilinear Littlewood-Paley type operators,
see [13, 15, 17, 18] and the references therein.

Let K be a locally integrable function defined away from the diagonal x =y; = --- = ym in (R™)m+1
and K¢ =t~ ™"K(-/t). Then, multilinear square function T is defined by
1
= *® _pdt)?

0 = ([ 71] | Kibxue ity fmlym)ag )

where f = (f1,-+ ,fm) € (S(R™))™ and x ¢ ﬂjnll supp fj.
To study the boundedness of multilinear square function and the associated commutators, Si, Xue and
Yabuta introduced the following condition.
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Definition 1.1. Let 1 < pg < 0o, $;(Q) =2Q\2771Q, if j > 1, and So(Q) = Q. Then, assume that
(Hy) forallpg <7, ,Tm<ooand 0 <1< oowith%: Tl—]—i-'-‘—i-é. Tmaps L™ x --- x L™ into L™*;

(Hy) there exists 6 > I so that for the conjugate exponent p/, of pg, one has
Po jug P Poorp

% . o dt
(J J (J |Kt(X,y)Kt(Z/y)|2)
Sim (Q) 55, (Q) \JO ¢

for all balls Q, all x,z € %Q and (j1,--- ,jm) # (0,--- ,0), where jo = maxy—1,... mijix}

NS

1 _n
) X—z Po ;

NEL

(H3) there exists some positive constant C > 0 such that
o7 2—mnjo/po
d~) RISy

o0 o dt
(J | (j |Kt(x,y)|2> ”
Sim(Q)  Js5,(Q) \Jo t Q|0

for all balls Q, all x,z € %Q and (j1,--- ,jm) # (0,--- ,0), where jo = maxy—1,... m{jx}-

The iterated commutator of multilinear square operator T with BMO functions b is defined as follow-
ing:

T (100 = (1] T30 = by (s Ke 90 )+ a5 ) a
j=1

for any f=(f, - ,fm) € S(R™) x --- x S(R™), Y= (y1,---,ym) and x € Nj supp fj.
Shi et al. [15] established multiple weighted estimates for multilinear square operator T with vg €
Ap /p, But we only use the following un-weighted case.

Proposition 1.2. Let T be the multilinear square function with a kernel satisfying conditions (Hy), (Hz) and (H3)
j;lorl;ome 1 < pg < o0. Then, for any po < p1,--- ,Pm < 00, satisfying % = é 4+ p%' the following estimates
old.

(i) If there is no pi = po, then
m
IT@ e rey < CT T e -
j=1
(ii) If there is some pi = po, then

m
IT(F)lLpoo(rny < C H 150l Lps (rn)-
=1

In order to illustrate our motivation, we define the multilinear fractional integral

f1(y1) -+ fm(ym)
(Roym (X —y1l+ -+ x—ym[)mne

I, f(x) = J dyi---dym,
where m > 2 and 0 < o« < mn.

It is well-known that multilinear fractional integral was first studied by Grafakos [8]. Later Kenig and
Stein [11] showed that multilinear fractional operator I, « is bounded from LP* x --- x LPm to L9(R™)
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with % =y é — 2 and each p; > 1. If some p; = 1, then [, « is bounded from LP! x ... x LP™ to
L9°°(R™). In 2008, Tang [16] established the (Mj!(R™) x - -- x Ma™(R™), BMO) estimate and (Mjp! (R™) x
- X ng: (R™), Lipﬁ_1 )-estimates for multilinear fractional integral operator I, «.

The purpose of this paper is to investigate some endpoint estimates for iterated commutators gener-
alized by multilinear square function T and Lipschitz function b. Since the kernel of multilinear square
operator does not have the explicit pointwise size condition, we cannot obtain our results via the same
boundedness of multilinear fractional integrals after using Minkowski’s inequality. We are not able to
use the original approach (for instance, one often proves that the commutator is dominated by multilin-
ear fractional integrals) so that we need to seek new methods. For this reason, our computations and
estimates in proofs are complicated and possibly very technical. We formulate our results as follows.

Theorem 1.3. Let T be a multilinear square function with a kernel satisfying conditions (Hy), (Hy) and (Hs) for
some 1 < po < oo. Assume that 3 = Z}’;l B with 0 < B5 < 1and 1 < qj, pi < oo satisfying

[ SIS SR 1
_)119; n a5 v 5P

Then for by € Ag,, we have if all p; > po, then

m

[ Triw (F)[[Larny < CT ] IIb; H/\Bj 1515 (Rny-
=1

The following theorem is concerned with the mapping properties in Lipschitz spaces.

Theorem 1.4. Let T be a multilinear square function with a kernel satisfying conditions (Hl) (Hy) and (H3) for
some 1 < po < 0. Assume that po < p1,- -+, pm satisfying rl) = % + .- pl , Pi > and

§ > max %,5 —n(a — = } Then for by € Ag, fori=1,--- ,muwith =Y ", Bl/ we have

o (DA, CHHb lAg, If5llrs-

'd

In order to obtain the following results, we introduce some new condition:

Condition (Hy): There exists some positive constant C > 0 such that

/

<LO(Q)MLO(Q) <J:° |Kt(x’g)|2dtt>p2 4 ) < ClQI ™

Theorem 1.5 says the (Lﬁll X +ee X LﬁLm, BMO)-boundedness of the iterated commutator Tryp.

o\"—‘

for all balls Q.

Theorem 1.5. Let T be a multilinear square function with a kernel satisfying conditions (Hy), (Hz), (Hs) and (Ha)
for some 1 < po < min{ﬁ,- .., Lm}. We further assume that & > %. Then for b; € /\Bifor i=1,---,mwith

B =2 Bi, we have

o (F)[[lBMo < CHHb g, 1651l -

Finally we establish the (LP? x --- x LPm, FE’(’O)—boundedness of Tryp with é 4+ pi =

o =
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Theorem 1.6. Let T be a multilinear square function with a kernel satisfying conditions (Hy), (Hz), (Hs) and (Hy)
for some 1 < pg < min{%,‘-- , Lm}. We further assume that & > max{%,% — %}. Then for by € /'\[3.L for
i=1,--,muwith p =Y ", Bi, we have

m
ITroo (Fllge < CLTI051A, 1151005
j=1

Remark 1.7. In our knowledge, we first investigate the endpoint estimates for the commutator generalized
by multilinear square function and Lipschitz function. By the assumption on the kernel of the multilinear
square function, the commutator that we study cannot be dominated by multilinear fractional integral.
So our results cannot be followed from the results in [16]. The computation and proof of our results
are more complicated with more techniques. On the other hand, the boundedness of commutator in
Triebel-Lizorkin space is also new and interesting.

This paper is arranged as follows. In Section 2, we will give some basic notations and use lemmas.
The (LP? x --- x LPm,L9)-boundedness of the commutator will be given in Section 3. We will investigate

the Lipschitz mapping property in Section 4 and the (Lf%l x -+ x LBm ,BMO)-boundedness of Trp will
be proved in Section 5. Finally, we will establish the (LP? x --- x LPm, Fg’oo)-boundedness of the iterated

commutator of multilinear square function.
2. Preliminary and some lemmas
For B > 0, the homogeneous Lipschitz space Ag(R™) is the space of function f such that

(Bl+1
A 1b(x)
[ol\, = sup R

< 00,
x,RERM, h£0 [P

where A]ﬁ is the k-th difference operator, which is referred in [14].
Here are some information on this Lipschitz spaces. They can be found in [14].

Lemma 2.1.

(@ For0< B <1, 1< q < oo, we have

1
1 1 1 q
Il A ~ sup J |f(x)fQ|dx%sup(J’ |f(x)fQ|qu>
" Q QM Je o 105 \IQlJq

For q = oo, the formula should be interpreted appropriately.

(b) Let Q C QF, then

B

IfQ —fo:l < ClIfllA,lQI,
_ 1
where fq = 157 fQ f(x)dx.
In fact, if x € Q C QF, it is easy to follow that
B
b(x) = bo: < ClIfl 4, 1Q71", @.1)

which will be used frequently in our the proof of our theorems.
Next we will give an equivalent norm of the Triebel-Lizorkin space Fg e,
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Lemma 2.2.

1

fl|; ~
[l .

Let

1

Msf(x) = M(IfI1%)3 (x )_Z‘?i(iQJ f (y)de)&.

Also, let M! be the usual sharp maximal function of Fefferman and Stein [7],

: = ~ _
Mif(x) = (sglgf@j f(y) —cldy ~ Z‘iﬁlQlJ f(y) — Foldy,

where fg = H@ Jo fly)dy.
We need to use the following Fefferman-Stein inequality, see [7].

Lemma 2.3. Let 0 < p, 8 < oo and let w be a weight in A. Then, there exists C > 0 (depending on the A
constant of w), such that

n

J (Mg,f(x))pw(x)dngJ (MEF(x))Pw(x)dx

for all functions f for which the left hand side is finite.

We will use unweighted case in the proof of Theorem 1.3.
Now we give the definition of fractional maximal operators as follows:

1
M f dy,
)= sup s J f(y)ldy

and

1

1 s
Moc,sf(x)zsu <0<SJ |f(y)|sdy) .
o QI Jg

From [8], we know that:

Lemma24. Let0<p<n, 0<s<p<Z, %—%

[Ma,s(f)

— % Then

leatrmy < Clltll e

Definition 2.5. For f a complex-valued locally integrable function on R™, set
1
[fllemo =sup = | [f(x)—fqldx,
o 10l o
where the supremum is taken over all cubes Q in R™.

3. The boundedness of iterated commutator of multilinear square functions on Lebesgue spaces

In this section, we will investigate the (LP? x --- x LPm,L9)-boundedness for commutators of square
function.

We first establish the following pointwise estimate of sharp maximal function of multilinear square
function.



D. X. Chen, A. Z. Huang, ]J. Nonlinear Sci. Appl., 10 (2017), 4846—4865 4851

Lemma 3.1. Let Ty, be the iterated commutator defined as (1.1) with kernel Ky satisfying the conditions (Hy ), (Hp)
and (Hz). Assume that 0 < 6 < min{1, %} and b; € /\[3j withp =P1+---+Pm, 0<PBj <1, 0< P <1 Then

ME (Trro (F) (%) CHHb g, (Mp (T "‘HMB)PU
j=1

Proof. For brief, we only need to consider the case m = 2 since the argument for m > 2 is similar. Fix
a point x € R™ and a ball Q containing x. For 0 < & < min{1, 22}, we split f; into the following form

fi = fixq+ + fixgrn\ @+ = fg + f7°, where Q* = 2Q. It suffices to show that there exists a constant cq such
that

(|Q|J oo (F1, £2) ()] —|CQ|"’|dz>

1

d
|Tnb f1,2)(2) CQ\édZ>

O\H(O\

b1(2) (o1 lontz) - (bz)Q*|T(f1,f2)(Z)|dZ)

o=

+C Ib1(z) — (bl)Q*|6|T(f1/(b2_(bZ)Q*)fZ)(Z)|5dZ>
|Q| Jo

o=

( ba(z) — (b2) @+I°[T((by — (bl)Q*)fl,fz)(z)sz)
QlJo

o=

e <|Q| nQ IT((b1— (bl)Q*)flr (b — (bz)Q*)fz)(z) — CQ|6dZ>
= [+ 11+ I+ 1V,

We first estimate I. Lemma 2.1 says that

I < Clb1l[Lipg, [D2/[Lipg, Mp (T(f1, f2))(x).

Since II and III are very symmetric, we only consider the second term II. We decompose

1

1I<C (1J b1(z) — (b1)=°[T(fY, (ba — (bz)Q*)fS)(z)f’dzy
IQlJg

o=

(g | o1(2) — oulg- TR (- (b2)o- 1) (2) 0z

o=

+C< L [b1(2) — (b1) QI T(£9°, (bZ_(b2)Q*)fg)(Z)|5dZ>
|Q| JQ

1

c (1 [ b1 (2) = (b1) o PIT(E, (bz—(bz)Q*)fgo)(ZNédZ)B
|Q| JQ

= II1 + Il 4 I3 + I4.

Proposition 1.2, (2.1) and the Kolmogorov inequality (po < qo) give that
B0 0
I < Clfbrf| 4, QI T, (b2 = (b2) =) ) (2)]] 5

< CllballA,, |Q|(|(12|J |f1(y1)|p0dy1)“p°(|(12JQ [b2(y2) — (b2) @+ PoIf1 (1) Pody;) /P

< Cllballa, D2l A, My polf1)(X) M, (£2) ().
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Since II; and II3 are symmetric, we only bound the second term II,. Thanks to Minkowski’s inequality
and the condition (Hj), we obtain

1 < bl Q1% iy [ () etz 020 ) 0 aty)— (o) ey dndt

!
o0

o0 Zdt pTO 1/1’(/)
< Clloala, Q1% 5| 3 <J (J Kilzy1,v2) ) dyldyz> dz
QI &= \so@xsi@s) \Jo t

1/‘p0 1/P0
. (j |f1(y1)|f’°dy1> (j (ba(y) — (bz))Q*|p°|fz(y2)|p°dyz>
sz*\zkle* Q*

© H-2nk/py 5 1/po 6 1/Po
< Cllorlag, Ioalag, 3 2@ ([ a1 (] i)

k=1 [Q*[Po
< CHblu/\Bl”bZH/\BzMﬁllpo(fl)(x)MBZ/PO(fZ)(X)'

Similarly, we have

o—2nk/po 1/po 8 1/po
1y < Cloilg, 02y, > i@l a jQ filyoPay IQ*In(LkQ ) Paye

k=1 |Q*|pO
< CHblH/\Bl HbZH/\BZMﬁl,po(fl)(X)MBZ,po(fZ)(X)-

Next we will handle the last term II4. The condition (H;) and Holder’s inequality give that

. "
1< bl Q1 iy | [ () etz 1P
x [f1°(y)ll(b2(y2) — (b2)) o+ If3° (y2)ldy1dy2dz

!
(e.¢]

< Cllrlz, Q1% o | (j (j Kelz g1, 2)] ) dy1dyz> az
A Q| QZ $L(Q ) xSu(Q) \Jo t

k=1
1/po

1/po
x (J Ifl(y1)lp°dy1) <J (baly2) — (bz))Q*|p°fz(y2)|p°dyz>
Zk * ZkQ*

2—2nk/po 1/p0 By 1/po
< Cllorlag Tozla,, 3 2 Ial% Joog o0 ) Q1R (] atuaimay

k=1 |Q*|”0
< CHbl”/\Bl HbZH/\ﬁzMﬁl,‘po(fl)(x)MBQ,po(fZ)(X)/

which together with the estimates of 113, II, II3 and II4 concludes that
II< C|!b1||/\ﬁl HbZH/\ﬁZMﬁlrpo(fl)(X)Mﬁz,Po(fZ)(X)'

Finally, we will bound the last term IV. Choosing

2 1

” dt)?

Co = <J ILZ Ki(xq,Y1,Y2) H j *)ijO(yj)dyldyﬂzt) )
j=1

0

we decompose IV into the following form:

1

L jQ T((b1 — (b1) @), (bz — (bz)Q*)fg)(z)f’dz> 5

IV<C<|Q
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o=

+c( L |T((b1—(bl)Q*)f?,(bz—(bz)Q*)f?)(z)sz)
Qo

+c( L |T((b1—(an*)fme—(bz)Q*)fg)(z)sz>
o

+ C <|é| NQ |T((b1 - (bl)Q*)f?o, (bz — (bZ)Q*)fSO)(Z) _ CQ|5dZ> >

=1IVi+IVo + 1V3 + 1V,

o=

To bound 1V;: Following the same idea to estimate II;, we show that
Vi < Clfba][ A, [[02] Ay, Mpy,po (F1) ()M pg (F2) (x).

Similar to II,, we have

NS

o]

00 dt
IV2 CJ <J <J Kt(Z,ULUZ”Z)
Ql kal S0(Q*)xSk(Q*) \Jo t

1/po
‘ (j (b (1) — (bl))Q*W%fl(anOdyl) (J
Q* 2kQ*\2k—1 Q*

) 2—2nk/pg 6 1/po o B2 1/po
< Cllrlag alag, ¥ 2@ ([ intwnrean ) 2@ (| iyaae)

k=1 [Q*[Po
< Cllorll A 1020l Ay Mpy,po (f1) ()M, g (F2) ().

The same method to estimate IV, says that

Vs < CHbl”Aﬁ HbZHAﬁ Adﬁlpo(fd( )Adﬁbpoﬁé)(xy

The condition (Hy) and Holder’s inequality yield that

1/pg
dyldy2> dz

1/po
(baly2) — (bz))Q*p°|fz(yz)|p°dyz>

1
1 ]
IVy < IQIJ JRz (L Kt (z,y1,y2) — Ke(xQ, y1,y2)P > T 115 (y; i) Q-IIf5° (yj)ldy1dy2dz
n =1
1 > at) ¥ w
P
CJ > (J <<J IKt(z,m,yz)—Kt(XQ,yl,yz)lzt) dyldyz> ‘dz
Qg . 1 Vi@ 0

1/p0 1/p0
. (J b1 (yr) — (bl)Q*WOﬁ(mnmdyl) ( J ba(y2) — (bz)Q*|p°|f2(y2)|p°dyz)
2 Q* Q-+

1
< Clinlag, o2l oy [ 3

jo=1

|Z_XQ|m(6fn/po)

—28j
|Q*|m5/n 2 "dz

Q% (| Py ) "2 ([ iafyaldys
2)0Q* 2o Q*
—2in(5—B
< Cloalla, Ib2lla,, D 27700 2 M g (f1) )My g (£2) (X)

jo>0
< Cllball A, b2l Ay, Mp1p (1) (X)Mpy,p, (F2) (%)
From the estimates of I, 11, III and 1V, it follows that
ME (T (f1, £2)) (x < Cloafl A, 1020l 4y, (Mp (T(f1, f2)(x) + M, po (f1) (X)Mp, py (f2) (X)),

which finishes the proof of this lemma. O
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Now we are in position to prove Theorem 1.3.

Proof of Theorem 1.3. Thanks to Lemma 3.1 and the (LP! x --- x LPm,LP)-boundedness of T, the (LP,L9)-
boundedness of fractional maximal operator M(g,, Mg, p, and Mﬁz Po

[ Trro (F)]| L HMé Trro (F)[[La < [IME (Trro (F) ()] o
Cl_[llb ||/\,3 (IMp (T(f)]|La + HHMBj/PO(fj)HLq)
j=1 j=1
Cl_Illb ||/\B (|IT( ﬂ!\LvﬂLHHMB)po )| Las)
j=1 j=1
Cl_Illb ||/\B 151113,
j=1

which completes the proof of Theorem 1.3.
We are left to prove

M (Trro (F)) | La < oo. 3.1)
The proof of (3.1) is standard, we refer the reader to [12]. O

4. The commutators of multilinear square function on Lipschitz spaces

In this section, we will show Theorem 1.4.

Proof of Theorem 1.4. For brief, we only need consider the case m = 2 since the argument for m > 2 is
similar.

2

p1+5—1J [Tro (f1, 2) (2) — (Trin (F1, f2)) @ldz < CT T 1051l A 1l vs-
Q Q""" v JQ i1 j

Fix Q = Q(xq,{q) which is any cube with center at xg and side length {q. Let A; = (bi)g+ fori=1,2,
and we split f; into the following form f; = fixq+ + fixgrn\ @+ = f? +f5°, where Q* = 2Q.

We write
1
|QI1+_J Trro (f1, f2)(2) — (Trrw (1, f2)) @ ldz
! 0 £9 1 0 oo
C——— | Mm(f, R)Eldz+ ——— | Mme(f, ) (2)ldz
QI v JQ Q" n 7 JQ
1
+BIJ |Tnb(f(1)olfg)(l)|dz+ﬁlj Tro (£5°, £2°) (z) — Cqldz
QMR Ja Qhs o
=A1+A2+FA3+ Ay,
where
" : dt)\ 2
- 00 (1 pdt
Cq = (L IL2 Ke(xqQ,y1,42) 1—{ Q)" (yj)dy1dys| t> )

We will estimate Aq, Ay, Az and Ay respectively. Choose 1 < q, p1,p2 < oo satisfying
11,1 B _1_B Then using Holder’s inequality and Theorem 1.3, one has
qd p1 ' 'p2 m_p n

1
1 CI

m<cmﬁmg<tmwwwwm%a@lq
nTp
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CHHb LAg, I3 lles (rm

j=1

For the second term A;, we split A; into the following form:

Ar<C 1[ 1b(2) — (br)q-llba(z) — (b2) e T(F, #9) (2)]dz
|Q|l+
% Ib1(z) — (b1) @+ [T(f7°, (ba — (bz)Q*)fg)(Z)\dz
Q" n7r JQ
+C 11ﬁ_1 (b2 — (b2) @ )IT((b1(z) — (b1) @+ ), 19)(2)ldz
Q' v JQ
o (i) — (b1) @), (b2 — (b)) ) (2)ldz
QI 7w JQ
= Ap1 + A + Az + Ay

Condition (H3) in Definition 1.1 and Holder’s inequality give that

> dt.1
CHHb P j [ (T et

A < )2 1£5° (Y1) If9(y2) | dy1 dyadz

|Q|1

(e.¢]

00 a2 1/p4
CHH illAg, —1T J Z (J (J IKt(z,Y1,Y2)l ) dy1dy2) dz
T1Q Q 3 \JSe(Q1)xs(Q*) \Jo t

1/po 1/po
. (J |f1(yl)|mdy1> (J |f2(yz)p°dy2> a
2kQ*\2k71 Q* Q*

— 272nk/Po NS HUE E T
CHHb A, |Q|p > —[[fillee [[fal[Le2 [25Q7 [P0 Pr{Q7[Po P2
j=1 k=1 |Q*[vo
CHHb g, %5115 (rm)

j=1

Since Ay, and Az are very similar, we only need to consider the second term Ap,.

1
1 00 dt) 2
S — J J (J |Kt(z,y1,yz)|2>

x [£5° (Y1) ll(b2(y2) — (02)) o+II1f3 (y2)|dy1 dyodz

Az < Cllbil A,

o0

1_Ba_ *© dt
< Cllorl 5, Q1 1| Z(J (J |Kt(z,y1,yz)|2>
! Q 3 \JSa(Q1)Ixsk(Q*) \Jo t
1/po
x(J |f1(y1)|p°dy1> (j |(b2(y2)—(bz))Q*|pU|f2(y2)|p0dy2>
sz*\zkle* Q*

1 S 272nk/‘p0 1/po 1/po
< Clbilag Ioallag JQIF Y- 22 ([ ity ) (jQ a2 Pays
2—2nk

k=1 |Q*|Po
2
< CI_IWJJ'”/'\B),|Q|P Z 7Hfl||LP1Hf2||LP2|2kQ |"0 pl|Q |pO
=1

k=1 [Q*|Po

IS

1/pg
dy1dy2> dz

1/po
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2
<cJI 10511 A, 115 llPs (-

j=1

Similarly, we also have

2
An<CJ] 10511 A, 1151l P (-
j=1

For the last term Ay, thanks to condition (H3) and the Holder inequality, we have

A24 |(2|1+11)J JRzn <JO |Kt(Z,yl,y2)|2tt> |(b1(y1)_(b1))Q*|

x 152 (y1) (b2 (y2) — (b2)) @+ 13 (y2)ldy1 dyadz

Po 1/
1 s S dt\ 2 Po
1 1J Z(J <J |Kt(Z191/UZ)|2> dyldyz) dz
IQI 13 Jo = \Use@xse@) \Jo t
1/po
<(] (01(31) = (o1))e- iy )t
2kQ*\2k—lQ*
1/po
x (jQ (ba(y2) — (bz))Q*lp°|fz(y2)lp°dyz>
2 72— —2nk y
< CHHbjll/\ﬁ.lQIP Z7HflllmHlelml2 Q* 7o~ "1|Q 75~
j=1 ’ =1 |Q*|Po
2
<Cc][ HijABj 1511175 (R
j=1

Finally, we bound the fourth term A4. Similar to A;, we also need to split A4 into the following four
terms.

Au< 17” J T((by — (b)), (b — (b2)o:)F3)(2)ldz
QI w
L (o — (b))t (b — (b)) ) ()ldz
|Q|1+n 'pJQ
— L T = (1)), (b — (b2) o)D) (2)]dz
lQl1+ »JQ
+C 1777 IT((b1 — (b1)+)fT", (b2 — (b2) @+)f5°)(z) — Cgldz
|Q|l+TL JQ

=Ag+Ap+Ay+Ay.

Following the same line to bound A, we have

Agq1 < CHHb H/\ﬁ 15| s -
j=1

Due to Ay and Ay3 are similar, we only handle the second term Ay. Similar to Ay, it is easy to follow

1 00 %6 1/pq
Ap < C “J > (J (J Ki(z,y1,y2)P ) dy1dyz> dz
Q| w5 Usuoxsoen)
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1/po
X <J [(b1(y1) — (b1))Q*|pO|f1(yl)|p“dyl>

1/po
X <JQ [(b2(y2) — (b2)) o+ |p°|f2(yz)|p°dyz)

[e¢]

_B 1 2-2kn/po B1 11 By 1_ 1
<IQITH Y 2R Q7I T oall g [25Q7T P 1 ni 1Q7TF bl o, IQI P2 e
k=1 [Q*[Po

2 00 2
—k (%,L)
< CTTIbsla, Illm Y277 < CTTlosla, 1 ln,
j=1 k=1 j=1

here we have used the fact that p; > ﬁ
Similarly, we have

2
Ags < CH 10511 A, 151l v
=1 J
forpy > &=

At last we shall handle the fourth term A44. Similar to Ay, the condition (H;) and Holder’s inequality
yield that

1

1 o dt) 2

A44<C[31J J (J |Kt(2191192)_Kt(XQIULUZHZ)
|Q|1+;*5 Q Jrm 0 t

2
x T 105 (y5) — (05) Q- I1F5° (y5)ldy1 dy2dz
j=1

) 1

1 > at\ 2 v
e | ¥ <J < | |Kt(z,y1,yz)—Kt(xQ,yl,yz)F> dyldyz> ' dz
Q" v JQ 431 \sj@oxsii@s) \Jo t

1/po 1/po
([ o =0 Pinay: ) ([ ate) o) Plalyal Mae
JO* *

<C||b1|Aﬁl||bz||A,32|Q|Hﬁ1ZJQ o g2z

P ezl

jo | oL é% jo B2 ﬁ%
x 20Q*w | [fi(ydPPdyr | 12°QF [ [ | [f2(y2)PPdy2
200 Q 20 Q-+

1_B s _ B1 By ; 1_ 1 ; 11
< Cllbilla, [D2llo,, QPR 3 2705 Qe 33 fy o1 [210Q 7071 ]|z 20 Q7|07

jo=1
2 2jo(8—B/2—(3—55)) 2
_ _B/2—n(l_1
<CTTIvsla, Ifilln 327" i) < Tl 116,
j=1 ’ jo>1 j=1 J
where we have used the condition 5 > & — n(+ —.L). O
2 Po 2p

5. Commutators of multilinear square functions on BMO spaces

In this section, we will prove the boundedness of commutators of multilinear square function on BMO
spaces.
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Proof. For simplicity, we only consider the case m = 2, the other case m > 2 are very similar. We write

1
J ITro (f1, f2)(2) — (Trw (f1, f2)) @ldz
QI Jg
1
<cj T (10, ) (2)ldz + = J T (10, £5°) (2)1dz
Qo \QI
1
+J T (£5°, 19) (2)ldz + J T (£5°, %) (2) — Coldz
Qo Q
=By + B2+ B3+ By,
where
00 2 dt %
Co = (L IJRZ Ki(xqQ,Y1,Y2) H 5 *)fg"’(yj)dmdszZt) :

Now we cope with By, By, B3 and By, respectively. To bound B4, we write

B, clj 1b1(2) — (b1) - [b2(2) — (b2) Q- IT(F2, ) (2)]dz

Q
e A oiz) = (b1) e IT(R, (b2 — (b2) 0+ )3 (2)ldz
Qo
+CE [ Ibalz) = (b2) @ IT((b1 — (b1) o), 1) (2)ldz
Qo
e A Ty = (b1)g ), (b2 — (b2) o)) (2)ldz
QI Jg

= B11 + B12 + B3 + Byg.

To estimate Byq: The condition (Hy) and Holder’s inequality say that

1 *° dt
By < CJ (J (J |Kt(7~,y1,92)|2>
|Q| Q \so(@n Xso Q) \Jo t

1

Po
2

1/po
dy dy2> dz

X H [|b; HAB Q"I H (JQ If; (Uj)|p0dy].> Po

j=1

CHIIb 1Ag,1Q" R 1Q7 Pl f1 (el Q7 [P0k

j=1

CHIIb g, 12l 120l g

j=1

where we used the assumption pg < min{%, & :
Following the same argument to By, it is easy for us to prove

2
Bii < CH 10511 A g, I1Fll g 1211
j=

for i =2, 3,4, which gives that

2
Bi < CLTIvslia, Il g IF2l o
j=1
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For the second term B, we also split it into the following form:

By < clj 1b1(2) — (b1) - ba(2) — (b2) Q- IT(, £5°) (2)ldz

Ql
e ba(z) = (b1)or IT(R, (bz — (b2) o)) (2)ldz
Qg
+c|(12 22 (2] (o1 — (o1) - 1, 5 2)1d=
e | T = (1)), (b2 — (b2)0 ) ) (2)ldz
Qo

= By1 4+ By 4+ Bog + Boy.

The condition (H3) and Holder’s inequality yield that

By < C J <J (J IKt(z,y1,92)l ) dyldyz> dz
Z |Q| (Q*) xSk (Q*) ¢ t

0 Po
XHllb A, 1Q7 I“( If1(y1 |P0dyl) (LkQ |f2(yz)|p°dyz>

2— 2kn/po

|
< cHHijA 1Q71 ZJ
i1 B = 1QllJq

|Q [Po

o¢]

2
< cHHbjnA-ﬁjuﬁu el g 32

qulb illag, 1Pl lIt2ll s
)

because of the fact that po < 5-.
The same argument to bound By, B13 and By yields that

2
Bai < CJ ] Ib; g, If2ll g If2ll g
j=1

for i =2,3,4, which in turn imply that

2
B2 < C_l_{ 103l A IF2l g 121 g
J:

Similarly, it also has

2
B
By < CL T lbylla, QIR 1) 12l g
j=1

QU Hle & lIf2ll g 2°Q" L

Finally, we will handle the fourth term By. We first need decompose By into the following terms:

By < c|1Q| J b1 (2) — (b1) - [ba(2) — (b2) Q- IT(FF, £5°) (2)]dz
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+ C|1Q|  r2) = (o), (b2 — (b2) ) ) (2
+CE [ Ibalz) = (b2) e IT((br — (b1) o )2, £5°)(2)ldz
|Q| JQ
+ 0 T = (o)), (b2 — (12).)13°)(2) — Coldz
|Q| .JQ
= By1 + By + Byz + Byy.

Since By, B4, B4z can be handled along the same way to estimate B1;, we only need to compute the fourth
term. Similar to estimate Ay with p; = %, P2 = %, we have

B < CJ (J J |K (Z‘r 1, 2) —K (X 7 Y1, 2)' > d 1d92> dz
STO] 2 5;(Qxse@0 o g QIR Y

Qjx>1

x(J | (bl(yn—(bl)*npufl(ylnmdm)”’(J (bz(yz)—(bz)*)lpolfz(yz)lpodm)po
2 Q* 2kQ*

n

2(57
1 Ixo — z| 1_PB
<Y arl, == TN ashqaain g Rl 2P QI

jo=1 |(2*|n
x [20Q| % b2l A, 127°Q" I%W!!sz
2
2 _9j (6—1) 2
< CLTibslAg IFall g lf21l, Z\QI P02 0 |Q
J'*l jo=1

CHIIb g, 12l 2l g

where § must satisfy & > -&.
From the estimates of B, B, B3 and B4, one follows that

o (f1, f2)[Bmo < Cllball o, 1204, Tt g l1f2ll g

6. Boundedness of iterated commutators on Triebel-Lizorkin spaces

Along the same line to prove Theorem 1.4, we also consider the case m = 2, since the argument for
the case m > 2 is similar.

Lemma 6.1. Let Try, be the iterated commutator of multilinear square function defined in (1.1) with kernel K¢
satisfying the conditions (Hy), (Hz), (H3) and (Hy). Assume that b; € /\Bj forj = 1,2 satisfying 0 < Bj, B <
1, p= Z?:l B5. We further assume that & > % — % and some s3 > 1. Then

1
QIR

j Tro (f1, f2)(2) — (Trro (1, f2))oldz
CH 195114, M3 (T(F1, £2)) (%) + Mips (f1) () Mips (f2) (x))- (6.1)

Proof. Fix Q to be any cube with its center xg and side length (. Let f{,f°, i = 1,2 and Q* be as in the
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proof of Theorem 1.4. Then we write

|Q|f+ﬁ JQ Ty (f1,£2)(2) = (Trw (1, £2))qldz
C|Q|}+g JQ [b1(2) — (b1) @+ lIba(2) — (b2) @+ IIT(f1, £2) (2)ldz
C|Q|}+E JQ [b1(2z) — (b1) @+ [IT(f1, (b2(z) — (b2) @+ )f2) (2)ldz
Qe JQ [b2(2) — (b2) @+ IIT((b1(2) — (b1)q+)f1, f2)(2)ldz
+ |Q|}+5 o [T((by — (b1)@-)f1, (ba — (b2) o+ )f2)(2)

—T((b1 — (b1) @+ )17, (b2 — (b2) @) f3°) (xq)ldz
= D1+ Dy + D3+ Dy.

Thanks to Holder’s inequality and Lemma 2.2, we have

C<QI115161 J Ib1(z) — (bl)Q*Ple)Sl(@'iszﬁz JQ |b2(z)—(b2)Q*|52dz>sz

1

‘ <|1Q' JQ T(fl,fz)(znsadz) B

< Clfoall A 102l A, Ms; (T(F1, f2)) (x),

Dy

N

w1th + —l— =1
We spht D3 into the following term.

Ds < C|Q|LB o [b2(z) — (b2) @+ IIT((by — (b1)@-)f}, 1) (2)ldz
* |Q|}+ﬁ hQ [b2(2) — (b2) @+ IIT((b1 — (b1) @+ )], £5°) (2)ldz
+ |Q|}+ﬁ hQ [ba(2) — (b2) Q- IIT((b1 — (b1) =) f5°, 13)(2)ldz
* |Q|}+ﬁ hQ [b2(2) — (b2) @+ IT((b1 — (b1) @+ ), £5°) (2)Idz

= D31 + D3y + D33 + Day.

Similar to estimate By, the condition (Hz), (2.1) and Holder’s inequality give that

e e] 4

Po
1 o dt) 2 Po
D3z < Cl[b2l4, ij (J <J IKt(Z,yl,y2)|z> dyldy2> dz
LS QR JQ \si(Qe)xse(Q) \Jo t

x(j |(b1(y1)—(bl)Q*)|P0|f1(y1)|P°dy1)”“<J |f2(yz)|p°dyz>po
2kQ* Q*

00 2nk

1 2 P 1,1
< Clloallag, Ioallag, 3 — o | a2k QI™
=1 [QI' = JQ |Q*|Po




D. X. Chen, A. Z. Huang, ]J. Nonlinear Sci. Appl., 10 (2017), 4846—4865 4862

71 Po plio Po plio
X 2507 Lo [f1(y1)P0dys ) [f2(y2)P0dy»
k(-
< Cllbal[ A, lb2ll Ay Mp(f1)(x ZZ B1)

< Cllb Ay, bl 4 My (F1)(x Moo 105,

where & must satisfy 1 < .-
The same argument to D33, we deduce that

Dai < Cl[bal[ A, lIb2ll Ay Mpo(f1)(x)Mp, (£) (x)
for i =1,2,4, which imply
Ds < Cllbill o, [ball A, My (1) () My (£) ()

Similarly, one has

D2 < Cllba A, [1ball Ay, Mg (1) () Mpy (F) (x).

At last, we need to handle the fourth term.

D, < C|Q|}+ﬁ J (1= (o0 ) (02~ (2)g B 2)id=
G Jo (01 = (1)) (o2 = (b)) 2
Coto o M1~ o0 7 (b= (b2l ) 2oz
oo Jo M1 (o0l 7 (b2 = (b2l )5

—T((by — (b1) @) f°, (b2 — (b2) @+ )f3°) (xg)ldz
= D41 + Dy + Dy3 + Dyy.

Following the same line to estimate Ay, the condition (Hy) and Holder’s inequality read that

PO 1
1 o0 at\ 2 b0
Dy <C 5 J (J <J |Kt(Z/ULUZ)|) dyldyz> dz
QM n $1(Q*)x$1(Q*) \Jo t

xl‘[(J by) ) POl (y;)mdy)) "
1 B 2 o vlT)
CHII illA, |Q|1+ JQ Qv dzlQ*I~ [ ] (JQ* 1£5(y;)IP dyj>

=1
\C||b1||/\51\|b2|\/\62 My, (f1) (x)Mp, (f2) (x),

and

NI

1 = o0 ,dt /v
Dpp<Co—p| > Kilzyu 2l =) dyidye dz
QM JQ k3 \Jsk(Q*)xSe(Q*) \Jo
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1/po
X (J (b1(y1) — (bl))Q*|p°|f1(Ul)|p°dy1>

1/po
X (J ) [(b2(y2) — (bz))Q*|p°|fz(y2)|p°dyz>
27— —2kn

B Bl B2
< Clfol A, [[02]l 4, 1Q nZ—\z“Q Q™
B1 B2 vt |(2*|P0

1/P0 1/]30
X (J If1 (yl)l”‘)dm) (J Ifz(yz)lpf’dyz>
ZkQ*

> n(L_B1)
< Clbill o, b2l A, M (F1) ()Mo, (£2)(x) 3~ 27 o0
& & k=1

< ClIball oy, 21l A, Mpo (F1) ()M, (£2) ().
Here it is based on the fact that pg < &+

B1°
Following the line to estimate D4y, we have

> k(™ —
Das < Cllba o, b2, Mps (F1) )My, (£2) () Y 2770~
k=1

< C”blu/\ﬁl Hb2|’/\ﬁ2 Mpo(fl)(X)Mpo(fZ)(X)/

which used the condition py < %
Finally, the same argument as Ay yields that

!

Po 1
1 00 dt\ 2 g
Dy <C J E (J (J [Ke(z,y1,Y2) — Ke(x ,y1,yz)l2> dy1dyz> dz
QI+ & $5(Q*)x Sk (Q) Q t

Qjk>1

1/190 1/p0
X (JQ |b1(91)—(b1)Q*|p°|f1(yl)|p°dyl> <LkQ |bz(yz)—(bz)Q*|p°|f2(yz)|p°dyz>
20* *

lz —x[2E—m/Po)

< C|lby| A ’ J 2728504z
Ib1]l4,, Ib HAMQ'HBZ o 1QEm

1
. B Po . B PO
< Q| ( J o (y1)|p°dy1> Q% ( L |f2(yz)|p°dyz>
2 0 * 0 *

. 2 1/po 1/po
< Cloallg, Toalla,, 3 2792 0115 ( [ iran) ([ i)
1 2 on* ZOQ*

jo=1

30 (28— 2n
< Cl[billag, 162l A, Mo (F1) ()M (f2) (x) Y 27" 7P 0]

jo>0

CH 1511, Mo (F1) () My (£2) ().

Here we used the condition § > & — l
Combining the estimates of D41 D44, it follows that

CHHb I g, Moo (F1) ()M, (£2) (),
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which together with the estimates of D1, D, and D3 gives that

1
|Q|1+%

jQ Tro (f1, f2)(2) — (Trrw (1, f2))oldz

2
< CTTbslA, My (TCF1, £2)) () + My (F1) () M, (£2) (x).
j=1

Now we are in position to prove Theorem 1.6.

Proof of Theorem 1.6. Taking LP-norm on both sides of (6.1) and apply the LP-boundedness of the maximal
operator Ms,, My, and (LP' x LP2, LP)-boundedness of T, we have

1
QI

I Trro (f1, f2) [l poe = H JQ ITriw (f1, £2)(2) — (Triw (f1, f2)) gldz

Lp

2
<c]Tlv; IAg, (M (T(f1, f2))llLe + [[Mepg (F1) ()M, (2) (%) [ L)
j=1

2
<c]] 10511 A, (ITCFL 2 llLe + [|Mpg (FL) e [Mepg (£2)][Lr2)
j=1
2
< CLTIvsla, Ifaller i£2llre,
j=1
which completes the proof of Theorem 1.6. O
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