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Abstract

This paper investigates matrix Fourier multiwavelet frames multipliers with dilation factor a. First, the definition of matrix
Fourier multiwavelet frame multiplier was proposed, which is N1 ×N matrices with L∞ function entries, and maps Parseval
multiwavelet frames of length N to Parseval multiwavelet frames of length N1. Then, two sufficient conditions of matrix Fourier
multiwavelet frame multiplier were given, and two necessary conditions of matrix Fourier multiwavelet frame multiplier were
characterized by means of frame wavelet sets. Finally, several numerical examples were constructed. As Fourier wavelet frames
multiplier, matrix Fourier multipliers can be used to derive new Parseval multiwavelet frames and can help us better understand
the basic of frame theory. c©2017 All rights reserved.

Keywords: Parseval frames multiwavelet, Fourier multipliers, matrix Fourier multiwavelet frames multipliers, frame wavelet
set.
2010 MSC: 42C15, 42C40.

1. Introduction

As we all know, people have tried to use existing wavelets to construct new wavelets, and proposed
the concept of wavelet multiplier and given a series of characterizations and results of wavelet multipliers
[6, 8, 13, 16, 18]. Whether the wavelet multiplier (that can be seen as an operator) must be a unitary
operator is still an open problem so far. However, a class of special wavelet multipliers–Fourier wavelet
multiplier, gave a positive answer that Fourier wavelet multiplier must be a unit operator. Based on this
good character of the Fourier wavelet multiplier, people naturally carried out systematic study and char-
acterize it. Because of the rapid development of frame theory in nearly twenty years, people naturally
want to use the given frame to get a new frame. Consequently, the concept of wavelet multipliers is gener-
alized to wavelet frame multipliers, Parseval wavelet frame multipliers and Parseval multiwavelet frame
multipliers, and then people gave the corresponding characterizations [1, 5, 10–12, 14, 15, 17]. Unfortu-
nately, these references only consider the case of dilation factor 2 and force the matrix is a square matrix.
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In order to improve the theory of matrix Fourier frame wavelet multiplier and multi-channel theory, this
paper will give the concept of matrix Fourier multiwavelet frames multipliers with dilation factor a, and
obtain two sufficient conditions and two necessary conditions of the matrix Fourier multiwavelet frames
multipliers with dilation factor a. Finally, we also give some numerical examples.

Let H be a separable Hilbert space. The sequence {ϕk}k∈Λ in H is called a frame if there exist
constants 0 < A 6 B <∞ such that

A‖f‖2 6
∑
k∈Λ

| < f,ϕk > |2 6 B‖f‖2, ∀f ∈ H.

A, B are called the lower and upper frame bounds respectively.
If the upper and lower frame bounds are equal, then the frame is called tight frame. If it ceases to be

a frame whenever any one of its elements is removed, the frame is called exact frame. In particular, frame
{ϕk}k∈tΛ is called Parseval frame when A = B = 1, and there exists the following reconstruction formula

f =
∑
n∈Z

〈f,ϕn〉ϕn.

Furthermore, if {ϕk}k∈Λ is also linear independence, then {ϕk}k∈Λ is called a Riesz basis for H.
In this paper, let H = L2(R), ψ ∈ L2(R), and

DjTkψ(t) = ψj,k(t) = a
j
2ψ(ajt− k),

where a is called the dilation factor, i.e., a is a positive integer that greater than or equal to 2. For
f ∈ L1(R)

⋂
L2(R), Fourier transform F is defined as follows:

(Ff)(ξ) = f̂(ξ) =
1√
2π

∫
R

f(x)e−ixξdx.

By the Plancheral theorem, the definition can be uniquely extended to L2(R). In this paper, F−1 represents
inverse Fourier transform, χE represents characteristic function of measurable set E, ∅ denotes empty set,
|G| denotes measure of measurable set G.

If sequence {DjTkψ, j,k ∈ Z} is a frame for L2(R) with the lower bound A and upper frame bound B,
then ψ is called a frame wavelet and we have

A||f||2 6
∑
j∈Z

∑
k∈Z

|〈f,ψj,k〉|2 6 B||f||2.

Furthermore, if sequence {DjTkψ, j,k ∈ Z} is a Parseval frame of L2(R), then ψ is called Parseval frame
wavelet. If sequence {DjTkψ, j,k ∈ Z} is an orthonormal basis of L2(R), then ψ is called orthonormal
wavelet.

Definition 1.1 ([2]). Let ψ` ∈ L2(R), ` = 1, 2, · · · ,N. Suppose that the set {{ψ`j,k}j,k∈Z}
N
`=1 constitutes the

Parseval frame for L2(R), and

N∑
`=1

∑
j∈Z

∑
k∈Z

|〈f,ψ`j,k〉|2 = ||f||22, ∀f ∈ L2(R).

Then (ψ1,ψ2, · · · ,ψN) is called Parseval frame multiwavelet or Parseval multiwavelet frame with dilation
factor a of length N. In particular, if {{ψ`j,k}j,k∈Z}

N
`=1 can form an orthonormal basis for L2(R), then

(ψ1,ψ2, · · · ,ψN) is called orthonormal multiwavelet with dilation factor a.

We first give a characterization of Parseval Frame multiwavelet with dilation factor a.
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Proposition 1.2 ([2]). Let ψ` ∈ L2(R), ` = 1, 2, · · · ,N. Then (ψ1,ψ2, · · · ,ψN) is a Parseval frame multiwavelet
with dilation factor a of length N if and only if

N∑
`=1

∑
j∈Z

|ψ̂`(ajξ)|2 =
1

2π
, a.e. ξ ∈ R, (1.1)

and

ρq(ξ) =

N∑
`=1

∞∑
j=0

ψ̂`(ajξ)ψ̂`(aj(ξ+ 2πq) = 0, a.e. ξ ∈ R, q ∈ Z \ aZ. (1.2)

Suppose that f is a measurable function, for any Parseval frame wavelet ψ, if the inverse fourier
transform of (fψ̂) is always Parseval frame wavelet, then f is called Fourier wavelet frame multiplier. For
Fourier wavelet frame multiplier, we have the following conclusion:

Proposition 1.3 ([16, 18]). A measurable function f is a Fourier wavelet frames multiplier with dilation factor 2 if
and only if ‖f‖ = 1 and the period of f(2s)/f(s) is 2π.

The definition of the matrix Fourier wavelet frames multiplier with dilation factor 2 in [14] is as
follows.

Proposition 1.4 ([14]). Assume that mij(ξ), i, j = 1, 2, · · · ,N are measurable function, M(ξ) = (mij(ξ))N×N
is a matrix-value function. For any Parseval frame multiwavelets (ψ1,ψ2, · · · ,ψN) with dilation factor 2, if the
inverse Fourier transform of M(ξ)(ψ̂1(ξ), ψ̂2(ξ), · · · , ψ̂N(ξ))T = (η̂1(ξ), η̂2(ξ), · · · , η̂N(ξ))T is also a Parseval
frame multiwavelet with dilation factor 2, thenM(ξ) = (mi,j(ξ))N×N is called matrix Fourier multiwavelet frames
multiplier with dilation factor 2.

In fact, we find it is not necessary to limit that M(ξ) is a square matrix. Here we give two examples to
illustrate this fact.

Example 1.5. When N = 1, let M1(ξ) = (cos(ξ), sin(ξ))T , M2(ξ) = (cos(ξ), sin(ξ) cos(θ), sin(ξ) sin(θ))T ,
θ ∈ R. Assume that ψ is any Parseval frame multiwavelets with dilation factor a of length 1, let
(ψ̂1(ξ), ψ̂2(ξ))T =M1(ξ)ψ̂(ξ), i.e., ψ̂1(ξ) = cos(ξ)ψ̂(ξ), ψ̂2(ξ) = sin(ξ)ψ̂(ξ). Then, we have

2∑
`=1

∑
j∈Z

|ψ̂`(ajξ)|2 =
∑
j∈Z

|ψ̂(ajξ)|2 =
1

2π
, a.e. ξ ∈ R,

and

ρq(ξ) =

2∑
`=1

∞∑
j=0

ψ̂`(ajξ)ψ̂`(aj(ξ+ 2πq)) =
∞∑
j=0

ψ̂(ajξ)ψ̂`(aj(ξ+ 2πq)) = 0, a.e. ξ ∈ R, q ∈ Z \ aZ.

According to Proposition 1.2, (ψ1,ψ2) is a Parseval frame multiwavelet with dilation factor a of length 2.
In similar way, the inverse fourier transform of M2(ξ)ψ̂(ξ) is a Parseval frame multiwavelet with dilation
factor a of length 3, where a > 2.

Example 1.6. When N = 2, let M3(ξ) =

(
a11 a12
a21 a22

)
is a unitary matrix. According to [14], we know

M3(ξ) is a matrix Fourier multiwavelet frame multiplier with dilation factor 2. Furthermore, let M4(ξ) = cos(ξ) sin(ξ)
sin(ξ) sin(θ) − cos(ξ) sin(θ)
sin(ξ) cos(θ) − cos(ξ) cos(θ)

. Suppose that (ψ1,ψ2) is a Parseval frame multiwavelet with dilation

factor a of length 2. Let M4(ξ)(ψ̂1(ξ), ψ̂2(ξ))T = (η̂1(ξ), η̂2(ξ), η̂3(ξ))T , we have

3∑
`=1

∑
j∈Z

|η̂`(ajξ)|2 =

2∑
`=1

∑
j∈Z

|ψ̂`(ajξ)|2 =
1

2π
, a.e. ξ ∈ R,
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and

3∑
`=1

∞∑
j=0

η̂`(ajξ)ψ̂`(aj(ξ+ 2πq)) =
2∑
`=1

∞∑
j=0

ψ̂`(ajξ)ψ̂`(aj(ξ+ 2πq)) = 0, a.e. ξ ∈ R, q ∈ Z \ aZ.

By Proposition 1.2, (η1,η2,η3) is a Parseval frame multiwavelet with dilation factor a of length 3, where
a > 2.

From Examples 1.5 and 1.6, M1(ξ), M2(ξ) and M4(ξ) can act as matrix Fourier multiwavelet frame
multipliers. Based on this fact, we give the following definition.

Definition 1.7. Assume that mij(ξ), i = 1, 2, · · · ,N1, j = 1, 2, · · · ,N are measurable function, M(ξ) =
(mij(ξ))N1×N is a matrix-value function andN1>N. For any Parseval frame multiwavelet (ψ1,ψ2,· · · ,ψN)
with dilation factor a, if the inverse Fourier transform of

M(ξ)(ψ̂1(ξ), ψ̂2(ξ), · · · , ψ̂N(ξ))T = (η̂1(ξ), η̂2(ξ), · · · , η̂N1(ξ))T ,

is also a Parseval frame multiwavelet with dilation factor a, then M(ξ) = (mi,j(ξ))N1×N is called matrix
Fourier multiwavelet frames multiplier with dilation factor a.

2. Main conclusions and proofs

From Example 1.5 and Example 1.6, we have

M∗1(ξ)M1(ξ) =M
∗
2(ξ)M2(ξ) = 1, M∗3(ξ)M3(ξ) =M

∗
4(ξ)M4(ξ) = I2.

We first give two sufficient conditions of matrix Fourier multiwavelet frames multipliers with dilation
factor a.

Theorem 2.1. Assume that mi,j(ξ) ∈ L∞(R), i = 1, 2, · · · ,N1, j = 1, 2, · · · ,N, M(ξ) = (mi,j(ξ))N1×N is a
matrix-value function and N1 > N. If M(ξ) satisfies the following conditions:

(1) M∗(ξ)M(ξ) = IN for ξ ∈ R;

(2) M(aξ)M∗(ξ) is 2π-periodic function;

(3) M∗(ξ)M(ξ+ 2πq) = λq(ξ)IN, where λq(ξ) = 1, q ∈ Z \ aZ,

then M(ξ) is a matrix Fourier multiwavelet frames multiplier with dilation factor a.

Proof. For any Parseval frame multiwavelet (ψ1,ψ2, · · · ,ψN), let
η̂1(ξ)

η̂2(ξ)
...

η̂N1(ξ)

 =M(ξ)


ψ̂1(ξ)

ψ̂2(ξ)
...

ψ̂N(ξ)

 .

The proof is divided into four steps:
The first step: since M∗(ξ)M(ξ) = IN, we have that

N1∑
`=1

∑
j∈Z

|η̂`(ajξ)|2 =
∑
j∈Z

〈
M(ajξ)


ψ̂1(ajξ)

...
ψ̂N(ajξ)

 ,M(ajξ)


ψ̂1(ajξ)

...
ψ̂N(ajξ)


〉
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=
∑
j∈Z

〈
ψ̂1(ajξ)

...
ψ̂N(ajξ)

 ,M∗(ajξ)M(ajξ)


ψ̂1(ajξ)

...
ψ̂N(ajξ)


〉

=
∑
j∈Z

N∑
`=1

|ψ̂`(ajξ)|2 =

N∑
`=1

∑
j∈Z

|ψ̂`(ajξ)|2 =
1

2π
.

Therefore, the formula (1.1) of Proposition 1.2 holds.
The second step: when j > 1, let t = aj−1ξ. For q ∈ Z \ aZ, from the condition (2) of Theorem 2.1, we

have that

M(ajξ)M∗(aj−1ξ) =M(a(aj−1ξ))M∗(aj−1ξ) =M(at)M∗(t)

=M(a(t+ aj−12πq))M∗(t+ aj−12πq)

=M(a(aj−1ξ+ aj−12πq))M∗(aj−1ξ+ aj−12πq)

=M(aj(ξ+ 2πq))M∗(aj−1(ξ+ 2πq)).

(2.1)

The third step: due to M∗(ξ)M(ξ) = IN, by matrix extension principle, there exists an N1×N1 unitary
matrix U(ξ) such that

M(ξ) = U(ξ)

(
IN
O

)
, M∗(ξ) = (IN,O)U∗(ξ),

where O denotes zero matrix with appropriate size. Using (2.1), we have

U(ajξ)

(
IN
O

)
(IN,O)U∗(aj−1ξ) = U(aj(ξ+ 2πq))

(
IN
O

)
(IN,O)U∗(aj−1(ξ+ 2πq)). (2.2)

Since both U(ajξ) and U∗(aj−1(ξ+ 2πq)) are unitary matrix, U∗(ajξ) premultiplying both sides of (2.2)
and U(aj−1(ξ+ 2πq)) postmultiplying the both sides of (2.2), respectively. We obtain that(

IN
O

)
(IN,O)U∗(aj−1ξ)U(aj−1(ξ+ 2πq)) = U∗(ajξ)U(aj(ξ+ 2πq))

(
IN
O

)
(IN,O). (2.3)

Now, (IN,O) premultiplying both sides of (2.3) and
(
IN
O

)
postmultiplying the both sides of (2.3),

respectively. We obtain that

(IN,O)U∗(aj−1ξ)U(aj−1(ξ+ 2πq))
(
IN
O

)
= (IN,O)U∗(ajξ)U(aj(ξ+ 2πq))

(
IN
O

)
.

Thus
M∗(ajξ)M(aj(ξ+ 2πq)) =M∗(aj−1ξ)M(aj−1(ξ+ 2πq)). (2.4)

Repeat use of (2.4), we have

M∗(ajξ)M(aj(ξ+ 2πq)) =M∗(aj−1ξ)M(aj−1(ξ+ 2πq))

=M∗(aj−2ξ)M(aj−2(ξ+ 2πq))
= · · · =M∗(ξ)M(ξ+ 2πq) = λq(ξ).

The fourth step: let

ρq(ξ) =

N1∑
`=1

∞∑
j=0

η̂`(ajξ)η̂`(aj(ξ+ 2πq)),q ∈ Z \ aZ.
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From (2.4), for q ∈ Z \ aZ, it follows that

ρq(ξ) =

∞∑
j=0

〈
M(ajξ)


ψ̂1(ajξ)

...
ψ̂N(ajξ)

 ,M(aj(ξ+ 2πq))


ψ̂1(aj(ξ+ 2πq))

...
ψ̂N(aj(ξ+ 2πq))


〉

=

∞∑
j=0

〈
ψ̂1(ajξ)

...
ψ̂N(ajξ)

 ,M∗(ajξ)M(aj(ξ+ 2πq))


ψ̂1(aj(ξ+ 2πq))

...
ψ̂N(aj(ξ+ 2πq))


〉

= λq(ξ)

∞∑
j=0

〈
ψ̂1(ajξ)

...
ψ̂N(ajξ)

 ,


ψ̂1(aj(ξ+ 2πq))

...
ψ̂N(aj(ξ+ 2πq))


〉

= λq(ξ)

∞∑
j=0

N∑
`=1

ψ̂`(ajξ)ψ̂`(aj(ξ+ 2πq)) = λq(ξ)
N∑
`=1

∞∑
j=0

ψ̂`(ajξ)ψ̂`(aj(ξ+ 2πq)) = 0.

Hence, equation (1.2) of Proposition 1.2 holds. Therefore, M(ξ) is a matrix Fourier frame multiwavelet
multiplier with dilation factor a.

Remark 2.2. The third step of the proof of Theorem 2.1 needs using the matrix extension principle, but
if you adopt the method of the literature [14], we cannot get the result of Theorem 2.1. This is due to
the multiplier in the literature [14] is a unitary matrix, but the multiplier M(ξ) of Theorem 2.1 is a more
general matrix.

Theorem 2.3. Suppose that mi,j(ξ) ∈ L∞(R), i = 1, 2, · · · ,N1, j = 1, 2, · · · ,N, M(ξ) = (mi,j(ξ))N1×N is a
matrix-valued function and N1 > N. If M(ξ) satisfies the following conditions

(1) M∗(ξ)M(ξ) = IN for ξ ∈ R;

(2) M(ξ) is 2π-periodical,

then M(ξ) is a matrix Fourier frame multiwavelet multiplier with dilation factor a.

Proof. The proof of Theorem 2.3 is similar to the proof of Theorem 2.1.

Remark 2.4. When N = 1,a = 3, let M1(ξ) = ( 1√
2
e−

iξ
2 , 1√

2
e
iξ
2 )T . Let ψ be any Parseval frame multiwavelet

with dilation factor 3 of length 1, and (ψ̂1(ξ), ψ̂2(ξ))T =M1(ξ)ψ̂(ξ), that is ψ̂1(ξ) = 1√
2
e−

iξ
2 ψ̂(ξ), ψ̂2(ξ) =

1√
2
e
iξ
2 ψ̂(ξ). After simple calculation, we have

2∑
`=1

∑
j∈Z

|ψ̂`(3jξ)|2 =
∑
j∈Z

|ψ̂(3jξ)|2 =
1

2π
, a.e. ξ ∈ R,

and

ρq(ξ) =

2∑
`=1

∞∑
j=0

ψ̂`(3jξ)ψ̂`(3j(ξ+ 2πq)) = (−1)q
∞∑
j=0

ψ̂(3jξ)ψ̂`(3j(ξ+ 2πq)) = 0, q ∈ Z \ 3Z.

That is, M(ξ) is a matrix Fourier frame multiwavelet multiplier with dilation factor 3. In fact, M(ξ)
satisfies three conditions of Theorem 2.1, but M(ξ) does not satisfy the conditions of Theorem 2.3. In fact,
M(ξ) is not 2π-periodical.
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Remark 2.5. When the condition M∗(ξ)M(ξ) = IN holds, the condition (2) of Theorem 2.3 can derive
the conditions (2) and (3) of Theorem 2.1. Conversely, the conditions (2) and (3) of Theorem 2.1 might
not yield the condition (2) of Theorem 2.3. This states the condition “M(ξ) is 2π-periodical” is not the
necessary condition of ”M(ξ) is matrix Fourier frame multiwavelet multiplier with dilation factor a”.

In order to discuss the necessary conditions of the matrix Fourier frame multiwavelet multiplier, we
firstly review the concept of wavelet set and frame wavelet sets. Let E be a measurable subset of R. If
the inverse Fourier transform of ψ̂(ξ) = 1√

2π
χE is an orthonormal wavelet, then E is called a wavelet set.

Similarly, if the inverse Fourier transform of ψ̂(ξ) = 1√
2π
χE is a Parseval Frame wavelet, then E is called a

Parseval frame wavelet set. E is a wavelet set with dilation factor a if and only if |E| = 2π, {E+ 2`π : ` ∈ Z}

and {anE : n ∈ Z} form a disjoint partition of R. The conclusions of wavelet sets and frame wavelet sets
are given in [3, 4, 7, 9].

Lemma 2.6. Let a be any positive integer dilation factor, and G = A∪B∪C∪D, where

A = [−
2aπ
a+ 1

,−
2π
a+ 1

), B = [
2π

a2 − 1
,

2π
a+ 1

), C = [
2aπ
a+ 1

, 2π), D = [2π,
2a2π

a2 − 1
),

then G is a wavelet set with dilation factor a.

Proof. Firstly, we know

(A+ 2π)∩B = (A+ 2π)∩C = B∩C = (A+ 2π)∩ (D− 2π)
= B∩ (D− 2π) = C∩ (D− 2π) = ∅,

and
(A+ 2π)∪B∪C∪ (D− 2π) = [0, 2π).

In addition, |G| = 2π. So
⋃
k∈Z

(G+ 2kπ) = R.

Secondly, {A,B, 1
aC, 1

aD} is a partition of set [− 2aπ
a+1 ,− 2π

a+1)
⋃
[ 2π
a2−1 , 2aπ

a2−1). Therefore, {anG : n ∈ Z} is
a partition of R. Finally, let ψ = 1√

2π
F−1(χG), then {a

n
2 ψ(ant− `) : n, ` ∈ Z} constitutes the orthonormal

bases of L2(R). In summary, G is a wavelet set with dilation factor a and ψ is an orthonormal wavelet
with dilation factor a.

Based on Lemma 2.6, we can get the following conclusion.

Lemma 2.7. Let a be any positive integer dilation factor, then there exist N measurable sets E1,E2, · · · ,EN with
measure of nonzero, which satisfy the following conditions:

(1) for any `,k ∈ Z, we have (Ei + 2`π)∩ (Ej + 2kπ) = ∅, i 6= j, i, j = 1, 2, · · · ,N;

(2) let G = E1
⋃
E2
⋃
· · ·
⋃
EN, then |G| = 2π and

⋃
k∈Z

(G+ 2kπ) = R;

(3) {anG : n ∈ Z} constitutes a partition of R. Furthermore, if let ψi := 1√
2π

F−1(χEi), then (ψ1,ψ2, · · · ,ψN)
is a Parseval frame multiwavelet with dilation factor a.

Proof. It is directly derived from Lemma 2.6 and Proposition 1.2.

Remark 2.8. Lemma 2.6 and Lemma 2.7 are very useful to characterize the necessary conditions of matrix
fourier multiwavelet frames multipliers with dilation factor a. Because it ensures the existence of Parseval
frame multiwavelets with dilation factor a.

According to [7, Corollary 3], we get the following lemma.
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Lemma 2.9 ([7]). Each measurable subset of R is a countable union of intersection of pairs of wavelet sets with
dilation factor a. The family of wavelet sets with dilation factor a generates the Borel structure of R.

Lemma 2.10. Assume ξ ∈ R, q is a nonzero integer. If ξ /∈ 2πqZ and ξ 6= 2πq
aj−1 , j 6= 0, j ∈ Z, then there exists

ε > 0 such that ξ+ 2πq /∈ Ω =
⋃
n∈Z

an[ξ− ε, ξ+ ε].

Proof. The proof of Lemma 2.10 is similar to [14, Lemma 2.1].

Lemma 2.11. Assume that mi,j(ξ) ∈ L∞(R), i = 1, 2, · · · ,N1, j = 1, 2, · · · ,N, M(ξ) = (mi,j(ξ))N1×N is a
matrix-value function and N1 > N. If M(ξ) is a matrix Fourier multiwavelet frames multiplier with dilation factor
a, then M∗(ξ)M(ξ) = IN.

Proof. Let (ψ1,ψ2, · · · ,ψN) be a Parseval frame multiwavelet with dilation factor a, then (η1,η2, · · · ,ηN1)

is also a Parseval frame multiwavelet with dilation factor a, where M(ξ)


ψ̂1(ξ)

...
ψ̂N(ξ)

 =


η̂1(ξ)

...
η̂N1(ξ)

.

Using Proposition 1.2, for any ξ ∈ R, we have

N1∑
`=1

∑
j∈Z

|η̂`(ajξ)|2 =
∑
j∈Z

〈
ψ̂1(ajξ)

...
ψ̂N(ajξ)

 ,M∗(ajξ)M(ajξ)


ψ̂1(ajξ)

...
ψ̂N(ajξ)


〉

=
1

2π
, (2.5)

and
N∑
`=1

∑
j∈Z

|ψ̂`(ajξ)|2 =
∑
j∈Z

〈
ψ̂1(ajξ)

...
ψ̂N(ajξ)

 ,


ψ̂1(ajξ)

...
ψ̂N(ajξ)


〉

=
1

2π
. (2.6)

By (2.5) and (2.6), for any ξ ∈ R,

∑
j∈Z

〈
ψ̂1(ajξ)

...
ψ̂N(ajξ)

 , (I−M∗(ajξ)M(ajξ))


ψ̂1(ajξ)

...
ψ̂N(ajξ)


〉

= 0. (2.7)

Next, we choose some special Parseval frame multiwavelets (ψ1,ψ2, · · · ,ψN) with dilation factor a to
ensure that M∗(ξ)M(ξ) = IN.

For any nonzero ξ ∈ R, there exists a wavelet set G = E1 ∪ E2 ∪ · · · ∪ EN with dilation factor a such
that ξ ∈ G, where Ei satisfies the conditions of Lemma 2.7. Let ψi be defined by the way of Lemma 2.7,
then {ψ1,ψ2, · · · ,ψN} is a Parseval frame multiwavelet with dilation factor a.

Because of ξ ∈ G, so there exists i0, such that ξ ∈ Ei0 . Without loss of generality, let i0 = 1, then ξ ∈ E1
and ξ /∈ ajE1, j 6= 0. At the same time, ξ /∈ ajEi, j ∈ Z, i = 2, 3, · · · ,N, so (2.7) becomes

〈 ~b1, (I−M∗(ξ)M(ξ)) ~b1〉 = 0,

where ~b1 = (1, 0, · · · , 0)T . Similarly, {ψ2,ψ1,ψ3, · · · ,ψN} is also a Parseval frame multiwavelet with dila-
tion factor a, then

〈 ~b2, (I−M∗(ξ)M(ξ)) ~b2〉 = 0, ~b2 = (0, 1, 0, · · · , 0)T ,

and so on, we have
〈 ~bN, (I−M∗(ξ)M(ξ)) ~bN〉 = 0, ~bN = (0, · · · , 0, 1)T .

Namely, for any N-dimensional vector ~b, we have

〈~b, (I−M∗(ξ)M(ξ))~b〉 = 0.

Therefore, M∗(ξ)M(ξ) = IN.
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Theorem 2.12. Assume that mi,j(ξ) ∈ L∞(R), i = 1, 2, · · · ,N1, j = 1, 2, · · · ,N, M(ξ) = (mi,j(ξ))N1×N is a
matrix-value function and N1 > N. If M(ξ) is a matrix Fourier multiwavelet frames multiplier with dilation factor
a, then when j > 0, q ∈ Z \ aZ, ξ ∈ R, we have M∗(ajξ)M(aj(ξ+ 2qπ)) is a diagonal matrix.

Proof. Let

M∗(ajξ)M(aj(ξ+ 2qπ)) =


f
j
11(ξ) f

j
12(ξ) · · · f

j
1N(ξ)

f
j
21(ξ) f

j
22(ξ) · · · f

j
2N(ξ)

...
...

. . .
...

f
j
N1(ξ) f

j
N2(ξ) · · · f

j
NN(ξ)

 ,

we need to explain that the matrix M∗(ajξ)M(aj(ξ+ 2qπ)) is always related to integer q, but in order to
facilitate mark, q did not appear in the matrix elements fjk`(ξ), the same as below.

Assume ξ ∈ R satisfies the condition of Lemma 2.10, then there exists ε > 0 such that ξ+ 2πq /∈ Ω
and ε is chosen enough small to ensure Ω 6= R, where Ω =

⋃
n∈Z

an[ξ− ε, ξ+ ε]. According to Lemma 2.9,

there exist two wavelet sets G and H with dilation factor a such that ξ ∈ G, ξ+ 2πq ∈ H.
Let E = G ∩Ω, F = H ∩Ωc, where Ωc is complementary set of Ω. It is obvious that Ω and Ωc are

a-dilation invariant, i.e., aΩ = Ω and aΩc = Ωc because of aR = R.
Let ψ̂1 = 1√

2π
χE, ψ̂2 = 1√

2π
χF. G is a wavelet set with dilation factor a, so |G| = 2π, {G+ 2`π : ` ∈ Z}

and {anG : n ∈ Z} forms a partition of R. This contains that E has translation invariance of 2π and
{anE : n ∈ Z} forms a partition of Ω. Therefore, ψ1 is a Parseval frame wavelet in L2(Ω). Similarly,
ψ2 is a Parseval frame wavelet in L2(Ωc). So (0, · · · , 0,ψ1, 0, · · · , 0, · · · ,ψ2, 0, · · · , 0) is a Parseval frame
multiwavelet with dilation factor a of length N, where ψ1 is `-th component and ψ2 is k-th component.

M(ξ) is a matrix Fourier multiwavelet frames multiplier with dilation factor a, let

(η̂1(ξ), η̂2(ξ), · · · , η̂N1(ξ))T =M(ξ)(0, · · · , 0, ψ̂1(ξ), 0, · · · , 0, · · · , ψ̂2(ξ), 0, · · · , 0)T .

Then, (η1,η2, · · · ,ηN1) is also a Parseval frame multiwavelet with dilation factor a, therefore

0 = ρq(ξ) =

N1∑
`=1

∞∑
j=0

η̂`(ajξ)η̂`(aj(ξ+ 2πq))

=

∞∑
j=0

〈


...
ψ̂1(ajξ)

...
ψ̂2(ajξ)

...


,M∗(ajξ)M(aj(ξ+ 2πq))



...
ψ̂1(aj(ξ+ 2πq))

...
ψ̂2(aj(ξ+ 2πq))

...


〉

.

Because ξ ∈ E, ξ + 2πq ∈ F, E
⋂
F = ∅, E and F are 2π-translation disjoint, we can get that ψ1(ξ) =

1,ψ1(ξ+ 2πq) = 0, ψ2(ξ) = 0 and ψ2(ξ+ 2πq) = 0. Based on the translation invariance of Ω and Ωc, we
get that for any j > 0,

ψ1(ajξ) = ψ1(aj(ξ+ 2πq)) = ψ2(ajξ) = ψ2(aj(ξ+ 2πq)) = 0.

Therefore, (2.7) becomes

0 =

〈


...
ψ̂1(ajξ)

...
ψ̂2(ajξ)

...


,


f0

11(ξ) f0
12(ξ) · · · f0

1N(ξ)
f0

21(ξ) f0
22(ξ) · · · f0

2N(ξ)
...

...
. . .

...
f0
N1(ξ) f0

N2(ξ) · · · f0
NN(ξ)





...
ψ̂1(ξ+ 2πq)

...
ψ̂2(ξ+ 2πq)

...


〉
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=

〈


...
1
...
0
...


,


f0

11(ξ) f0
12(ξ) · · · f0

1N(ξ)
f0

21(ξ) f0
22(ξ) · · · f0

2N(ξ)
...

...
. . .

...
f0
N1(ξ) f0

N2(ξ) · · · f0
NN(ξ)





...
0
...
1
...


〉

.

This means that f0
`k(ξ) = 0, ` 6= k. By the arbitrariness of `,k, M∗(ξ)M(ξ+ 2qπ) is a diagonal matrix. For

any j0 > 0, using Lemma 2.9, there exists εj0 > 0 such that aj0ξ+ 2πaj0q /∈ Ωj0 , where

Ωj0 =
⋃
n∈Z

an[aj0ξ− εj0 ,aj0ξ+ εj0 ].

Let Gj0 and Hj0 be two wavelet sets, such that aj0ξ ∈ Gj0 , aj0ξ+ 2πaj0q ∈ Hj0 . Let Ej0 = Gj0 ∩Ωj0 , Fj0 =

Hj0 ∩Ωcj0 , and define ψ̂1
j0

= 1√
2π
χEj0 , ψ̂2

j0
= 1√

2π
χFj0 . Based on the above discussions, we obtain that

f
j0
`k(ξ) = 0, when ` 6= k. Utilizing the arbitrariness of j0, we have that j > 0, q ∈ Z \ aZ, for ξ ∈ R, thus
M∗(ajξ)M(aj(ξ+ 2qπ)) is a diagonal matrix.

Remark 2.13. When a > 3, we do not know that whether the conditions (2) and (3) of Theorem 2.1 are
the necessary conditions of matrix Fourier multiwavelet frames multiplier. Therefore, when a > 3, the
necessary and sufficient conditions of matrix Fourier multiwavelet frames multiplier M(ξ) with dilation
factor a are worth further discussion. In fact, sufficient conditions may be more important for constructing
a new Parseval multiwavelet frames with dilation factor a.

3. Numerical example

Example 3.1. When a = 2, letM1(ξ) =

(
sin(ξ) − cos(ξ)
cos(ξ) sin(ξ)

)
, thenM1(ξ) is a matrix Fourier frame multi-

wavelet multiplier with dilation factor 2. Applying M1(ξ) to Parseval frame multiwavelet (ψ1,ψ2), where
(ψ̂1(ξ), ψ̂2(ξ)) = ( 1√

2π
χ[− 4π

3 ,− 2π
3 )(ξ),

1√
2π
χ[ 4π

3 , 8π
3 ))(ξ), we can get a Parseval frame multiwavelet (η1,η2) of

length 2 which satisfies(
η̂1(ξ)

η̂2(ξ)

)
=M1(ξ)

(
ψ̂1(ξ)

ψ̂2(ξ)

)
=

1√
2π

(
sin(ξ)χ[− 4π

3 ,− 2π
3 )(ξ) − cos(ξ)χ[ 4π

3 , 8π
3 )(ξ)

cos(ξ)χ[− 4π
3 ,− 2π

3 )(ξ) + sin(ξ)χ[ 4π
3 , 8π

3 )(ξ)

)
.

The images of (η̂1, η̂2) are shown in Figure 1.

Figure 1: The images of η̂1, η̂2.
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Example 3.2. When a = 2, let M2(ξ) =

 sin(ξ) − cos(ξ)√
3

2 cos(ξ)
√

3
2 sin(ξ)

1
2 cos(ξ) 1

2 sin(ξ)

, then M2(ξ) is a matrix Fourier

frame multiwavelet multiplier with dilation factor 2. Applying M2(ξ) to Parseval frame multiwavelet
(ψ1,ψ2), where (ψ̂1(ξ), ψ̂2(ξ)) = ( 1√

2π
χ[− 4π

3 ,− 2π
3 )(ξ),

1√
2π
χ[ 4π

3 , 8π
3 ))(ξ), we can get a Parseval frame multi-

wavelet (η1,η2,η3) of length 2 which satisfies η̂1(ξ)

η̂2(ξ)

η̂3(ξ)

 =M(ξ)

(
ψ̂1(ξ)

ψ̂2(ξ)

)
=

1√
2π

 sin(ξ)χ[− 4π
3 ,− 2π

3 )(ξ) − cos(ξ)χ[ 4π
3 , 8π

3 )(ξ)√
3

2 cos(ξ)χ[− 4π
3 ,− 2π

3 )(ξ) +
√

3
2 sin(ξ)χ[ 4π

3 , 8π
3 )(ξ)

1
2 cos(ξ)χ[− 4π

3 ,− 2π
3 )(ξ) +

1
2 sin(ξ)χ[ 4π

3 , 8π
3 )(ξ)

 .

Example 3.3. When a = 2, let M3(ξ) =

 cos(θ) sin(θ) cos(ξ) sin(θ) sin(ξ)
sin(θ) − cos(θ) cos(ξ) − cos(θ) sin(ξ)

0 sin(ξ) − cos(ξ)

, ξ, θ ∈ R are pa-

rameters, then M3(ξ) is a matrix Fourier frame multiwavelet multiplier with dilation factor 2. Applying
M3(ξ) to Parseval frame multiwavelet (ψ1,ψ2,ψ3), where

(ψ̂1(ξ), ψ̂2(ξ), ψ̂3(ξ)) = (
1√
2π
χ[− 32π

7 ,−4π)∪[−π,− 4π
7 )(ξ),

1√
2π
χ[ 4π

7 ,π)(ξ),
1√
2π
χ[4π, 32π

7 )(ξ)),

we can get a Parseval frame multiwavelet (η1,η2,η3) of length 3 which satisfies η̂1(ξ)

η̂2(ξ)

η̂3(ξ)

 =M3(ξ)

 ψ̂1(ξ)

ψ̂2(ξ)

ψ̂3(ξ)



=
1√
2π

 cos(θ)χ[− 32π
7 ,−4π)∪[−π,− 4π

7 )(ξ) + sin(θ) cos(ξ)χ[ 4π
7 ,π)(ξ) + sin(θ) sin(ξ)χ[4π, 32π

7 )(ξ)

sin(θ)χ[− 32π
7 ,−4π)∪[−π,− 4π

7 )(ξ) − cos(θ) cos(ξ)χ[ 4π
7 ,π)(ξ) − cos(θ) sin(ξ)χ[4π, 32π

7 )(ξ)

sin(ξ)χ[ 4π
7 ,π)(ξ) − cos(ξ)χ[4π, 32π

7 )(ξ)

 .

The images of (η̂1, η̂2, η̂3) are shown in Figure 2. It is important to state thatM3(ξ) is also a matrix Fourier
multiwavelet frame multiplier with dilation factor 3.

Figure 2: The images of η̂1, η̂2, η̂3.

Example 3.4. When a = 3, let M4(ξ) =

 eiξ 0 0
0 cos(ξ) sin(ξ)
0 − sin(ξ) cos(ξ)

, ξ ∈ R, then M4(ξ) is a matrix

Fourier frame multiwavelet multiplier with dilation factor 3. Apply M4(ξ) to Parseval frame multiwavelet
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(ψ1,ψ2,ψ3), where (ψ̂1(ξ), ψ̂2(ξ), ψ̂3(ξ)) = ( 1√
2π
χ[− 3π

2 ,−π
2 )
(ξ), 1√

2π
χ[π4 ,π2 )

(ξ), 1√
2π
χ[ 3π

2 , 9π
4 )(ξ)). We can get

the length of 3 and 3 scale Parseval frame multiwavelet (η1,η2,η3) satisfies η̂1(ξ)

η̂2(ξ)

η̂3(ξ)

 =M(ξ)

 ψ̂1(ξ)

ψ̂2(ξ)

ψ̂3(ξ)

 =
1√
2π

 e
iξ
2 χ[− 3π

2 ,− 1π
2 )(ξ)

cos(ξ)χ[π4 ,π2 )
(ξ) + sin(ξ)χ[ 3π

2 , 9π
4 )(ξ)

− sin(ξ)χ[π4 ,π2 )
(ξ) + cos(ξ)χ[ 3π

2 , 9π
4 )(ξ)

 .

The images of (η̂1, η̂2, η̂3) are shown in Figures 3 and 4.

Figure 3: The images of the imaginary part and real part of η̂1.

Figure 4: The image of η̂2, η̂3.

Example 3.5. When a = 3, let M5(ξ) =


eiξ 0 0
0

√
2

2 e
−iξ 0

0
√

2
2 cos(ξ) sin(ξ)

0 −
√

2
2 sin(ξ) cos(ξ)

, ξ ∈ R, then M5(ξ) is a matrix

Fourier frame multiwavelet multiplier with dilation factor 3. Applying M5(ξ) to Parseval frame multi-
wavelet (ψ1,ψ2,ψ3) with dilation factor 3, where

(ψ̂1(ξ), ψ̂2(ξ), ψ̂3(ξ)) = (
1√
2π
χ[− 3π

2 ,−π
2 )
(ξ),

1√
2π
χ[π4 ,π2 )

(ξ),
1√
2π
χ[ 3π

2 , 9π
4 )(ξ)),

we can get a Parseval frame multiwavelet (η1,η2,η3,η4) which satisfies
η̂1(ξ)

η̂2(ξ)

η̂3(ξ)

η̂4(ξ)

 =M(ξ)

 ψ̂1(ξ)

ψ̂2(ξ)

ψ̂3(ξ)

 =
1√
2π


eiξχ[− 3π

2 ,− 1π
2 )(ξ)√

2
2 e

−iξχ[π4 ,π2 )
(ξ)

√
2

2 cos(ξ)χ[π4 ,π2 )
(ξ) + sin(ξ)χ[ 3π

2 , 9π
4 )(ξ)

−
√

2
2 sin(ξ)χ[π4 ,π2 )

(ξ) + cos(ξ)χ[ 3π
2 , 9π

4 )(ξ)

 .
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Example 3.6. When a = 3, let M6(ξ) =

 sin(ξ) cos(ξ) sin(θ) cos(ξ) cos(θ)
− cos(ξ) sin(ξ) sin(θ) sin(ξ) cos(θ)

0 cos(θ) − sin(θ)

, θ ∈ R, then M6(ξ)

is a matrix Fourier frame multiwavelet multiplier with dilation 3. Applying M6(ξ) to Parseval frame
multiwavelet (ψ1,ψ2,ψ3) with dilation factor 3, where

(ψ̂1(ξ), ψ̂2(ξ), ψ̂3(ξ)) = (
1√
2π
χ[− 3π

2 ,−π
2 )
(ξ),

1√
2π
χ[π4 ,π2 )

(ξ),
1√
2π
χ[ 3π

2 , 9π
4 )(ξ)),

we can get a Parseval frame multiwavelet (η1,η2,η3) which satisfies η̂1(ξ)

η̂2(ξ)

η̂3(ξ)

 =
1√
2π

 sin(ξ)χ[− 3π
2 ,−π

2 )
(ξ) + cos(ξ) sin(θ)χ[π4 ,π2 )

(ξ) + cos(ξ) cos(θ)χ[ 3π
2 , 9π

4 )(ξ)

− cos(ξ)χ[− 3π
2 ,−π

2 )
(ξ) + sin(ξ) sin(θ)χ[π4 ,π2 )

(ξ) + sin(ξ) cos(θ)χ[ 3π
2 , 9π

4 )(ξ)

cos(θ)χ[π4 ,π2 )
(ξ) − sin(θ)χ[ 3π

2 , 9π
4 )(ξ)

 .

The images of (η̂1, η̂2, η̂3) are shown in Figure 5.

Figure 5: The images of η̂1, η̂2, η̂3.

Example 3.7. When a = 4, let

M7(ξ) =


cos(ξ) sin(θ) cos(ξ) cos(θ) sin(ξ) cos(θ) sin(ξ) sin(θ)
sin(ξ) cos(θ) − sin(ξ) sin(θ) − cos(ξ) sin(θ) cos(ξ) cos(θ)
sin(ξ) sin(θ) sin(ξ) cos(θ) − cos(ξ) cos(θ) − cos(ξ) sin(θ)
cos(ξ) cos(θ) − cos(ξ) sin(θ) sin(ξ) sin(θ) − sin(ξ) cos(θ)

 ,

ξ, θ ∈ R, then M7(ξ) is a matrix Fourier frame multiwavelet multiplier with dilation factor 4. Applying
M7(ξ) to Parseval frame multiwavelet (ψ1,ψ2,ψ3,ψ4), where

(ψ̂1(ξ), ψ̂2(ξ), ψ̂3(ξ), ψ̂4(ξ)) =
1√
2π

(χ[− 8π
5 ,− 2π

5 )(ξ),χ[ 2π
15 , 2π

5 )(ξ),χ[ 8π
5 ,2π)(ξ),χ[2π, 32π

15 )(ξ)),

we can get a Parseval frame multiwavelet (η1,η2,η3,η4) which satisfies

√
2π


η̂1(ξ)

η̂2(ξ)

η̂3(ξ)

η̂4(ξ)

 =


cos(ξ) sin(θ)χ[− 8π

5 ,− 2π
5 )(ξ) + cos(ξ) cos(θ)χ[ 2π

15 , 2π
5 )(ξ) + sin(ξ) cos(θ)χ[ 8π

5 ,2π)(ξ) + sin(ξ) sin(θ)χ[2π, 32π
15 )(ξ)

sin(ξ) cos(θ)χ[− 8π
5 ,− 2π

5 )(ξ) − sin(ξ) sin(θ)χ[ 2π
15 , 2π

5 )(ξ) − cos(ξ) sin(θ)χ[ 8π
5 ,2π)(ξ) + cos(ξ) cos(θ)χ[2π, 32π

15 )(ξ)

sin(ξ) sin(θ)χ[− 8π
5 ,− 2π

5 )(ξ) + sin(ξ) cos(θ)χ[ 2π
15 , 2π

5 )(ξ) − cos(ξ) cos(θ)χ[ 8π
5 ,2π)(ξ) − cos(ξ) sin(θ)χ[2π, 32π

15 )(ξ)

cos(ξ) cos(θ)χ[− 8π
5 ,− 2π

5 )(ξ) − cos(ξ) sin(θ)χ[ 2π
15 , 2π

5 )(ξ) + sin(ξ) sin(θ)χ[ 8π
5 ,2π)(ξ) − sin(ξ) cos(θ)χ[2π, 32π

15 )(ξ)

 .
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The images of (η̂1, η̂2, η̂3, η̂4) are shown in Figure 6.
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Figure 6: The images of η̂1, η̂2, η̂3, η̂4.
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