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Abstract

This paper investigates matrix Fourier multiwavelet frames multipliers with dilation factor a. First, the definition of matrix
Fourier multiwavelet frame multiplier was proposed, which is N; x N matrices with L* function entries, and maps Parseval
multiwavelet frames of length N to Parseval multiwavelet frames of length N;. Then, two sufficient conditions of matrix Fourier
multiwavelet frame multiplier were given, and two necessary conditions of matrix Fourier multiwavelet frame multiplier were
characterized by means of frame wavelet sets. Finally, several numerical examples were constructed. As Fourier wavelet frames
multiplier, matrix Fourier multipliers can be used to derive new Parseval multiwavelet frames and can help us better understand
the basic of frame theory. (©2017 All rights reserved.
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1. Introduction

As we all know, people have tried to use existing wavelets to construct new wavelets, and proposed
the concept of wavelet multiplier and given a series of characterizations and results of wavelet multipliers
[6, 8, 13, 16, 18]. Whether the wavelet multiplier (that can be seen as an operator) must be a unitary
operator is still an open problem so far. However, a class of special wavelet multipliers—Fourier wavelet
multiplier, gave a positive answer that Fourier wavelet multiplier must be a unit operator. Based on this
good character of the Fourier wavelet multiplier, people naturally carried out systematic study and char-
acterize it. Because of the rapid development of frame theory in nearly twenty years, people naturally
want to use the given frame to get a new frame. Consequently, the concept of wavelet multipliers is gener-
alized to wavelet frame multipliers, Parseval wavelet frame multipliers and Parseval multiwavelet frame
multipliers, and then people gave the corresponding characterizations [1, 5, 10-12, 14, 15, 17]. Unfortu-
nately, these references only consider the case of dilation factor 2 and force the matrix is a square matrix.

*Corresponding author
Email addresses: xiao_jinlin@163.com (Fengjuan Zhu), nxhyd74@126. com (Yongdong Huang), 977998177@qq. com
(Shengnan Shi), 13649507784@163. com (Xiao Tan), 1334801264@qq . com (Juan Zhao)

doi:10.22436 /jnsa.010.09.32

Received 2017-07-10


http://dx.doi.org/10.22436/jnsa.010.09.32

F. J. Zhu, Y. D. Huang, S. N. Shi, X. Tan, J. Zhao, J. Nonlinear Sci. Appl., 10 (2017), 4915-4929 4916

In order to improve the theory of matrix Fourier frame wavelet multiplier and multi-channel theory, this
paper will give the concept of matrix Fourier multiwavelet frames multipliers with dilation factor a, and
obtain two sufficient conditions and two necessary conditions of the matrix Fourier multiwavelet frames
multipliers with dilation factor a. Finally, we also give some numerical examples.

Let J{ be a separable Hilbert space. The sequence { @x}xea in H is called a frame if there exist
constants 0 < A < B < oo such that

AlfIP< Y I<f o> P <B|f> vfedt
keA

A, B are called the lower and upper frame bounds respectively.

If the upper and lower frame bounds are equal, then the frame is called tight frame. If it ceases to be
a frame whenever any one of its elements is removed, the frame is called exact frame. In particular, frame
{ 1 Jketn is called Parseval frame when A = B =1, and there exists the following reconstruction formula

f= Z (f, on)Pn.

nez

Furthermore, if { ¢ }xe is also linear independence, then { @y }xca is called a Riesz basis for K.
In this paper, let H = [?(R), ¥ € [*(R), and

DITEP(t) = 1y (1) = abip(alt — k),

where a is called the dilation factor, i.e., a is a positive integer that greater than or equal to 2. For
f € L'(R) N L?(R), Fourier transform J is defined as follows:

— T _L —ix§
(F9)(8) = Fle) = = LRf(x)e dx.

By the Plancheral theorem, the definition can be uniquely extended to L?(R). In this paper, ! represents
inverse Fourier transform, xg represents characteristic function of measurable set E, () denotes empty set,
|G| denotes measure of measurable set G.

If sequence {DIT*,j, k € Z} is a frame for L2(IR) with the lower bound A and upper frame bound B,
then 1 is called a frame wavelet and we have

AR <SS 1, w002 < Bl

JEZkKEZ

Furthermore, if sequence {DIT*1,j, k € Z} is a Parseval frame of L2(RR), then 1 is called Parseval frame
wavelet. If sequence {DIT¥,j, k € Z} is an orthonormal basis of L2(RR), then 1 is called orthonormal
wavelet.

Definition 1.1 ([2]). Let ¢ € [2(R), ¢ =1,2,---,N. Suppose that the set {{d)f/k}j,kez}]eil constitutes the
Parseval frame for [?(R), and

N
D D D KEWIP=IIfIB, vfe*(R).
(=1jE€Z keZ

Then (P!, 2, --- ,pN) is called Parseval frame multiwavelet or Parseval multiwavelet frame with dilation
factor a of length N. In particular, if {{ﬂ’f,k}j,kez}]ﬁ:l can form an orthonormal basis for [*(R), then

(P, P2, -+, PpN) is called orthonormal multiwavelet with dilation factor a.

We first give a characterization of Parseval Frame multiwavelet with dilation factor a.
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Proposition 1.2 ([2]). Let b* € [2(R), £ =1,2,---,N. Then (W', W?,--- ,bN) is a Parseval frame multiwavelet
with dilation factor a of length N if and only if

WIS 1
> D WUAEP =, ae E€R, (1.1)
. 27
t=1jez
and N
pq(8) =Y Y VU EHaI(E+21q) =0, ae EER, q€Z\aZ (1.2)
t=1j=0

Suppose that f is a measurable function, for any Parseval frame wavelet 1, if the inverse fourier
transform of (f\») is always Parseval frame wavelet, then f is called Fourier wavelet frame multiplier. For
Fourier wavelet frame multiplier, we have the following conclusion:

Proposition 1.3 ([16, 18]). A measurable function f is a Fourier wavelet frames multiplier with dilation factor 2 if
and only if ||f|| = 1 and the period of f(2s)/f(s) is 2m.

The definition of the matrix Fourier wavelet frames multiplier with dilation factor 2 in [14] is as
follows.
Proposition 1.4 ([14]). Assume that my;(&), 1,j = 1,2,---, N are measurable function, M(&) = (my;(&))NxN
is a matrix-value function. For any P Parseval frame multiwavelets (P!, $?,--- , ™) with dilation factor 2, if the

inverse Fourier transform of M(§, (ll)l( ),1/1)\2(5),-" SPNENT = (ﬂAl(E),ﬂAz(i),' o mN(E)T is also a Parseval
frame multiwavelet with dilation factor 2, then M(&) = (my;(&)) NN is called matrix Fourier multiwavelet frames
multiplier with dilation factor 2.

In fact, we find it is not necessary to limit that M(£) is a square matrix. Here we give two examples to
illustrate this fact.

Example 1.5. When N = 1, let My (&) = (cos(&),sin(&))T, Ma(&) = (cos(&), sin(&) cos(0),sin(&) sin(0))T,
6 € R. Assume that 1 is any Parseval frame multiwavelets with dilation factor a of length 1, let

(WHE)LW2(E))T = My(E)D(E), ie., WL(E) = cos(E)D(£), P2(£) = sin(£)h(E). Then, we have

S SR = Y blait - o ae £ER

t=1j€ezZ jez

and

2 o 00
=Y Y VD d(E+2nq) = Y B(AIEWHAI(E+21q)) =0, ae. EER, q€Z\aZ.

¢=1j=0 §=0

According to Proposition 1.2, (!,?) is a Parseval frame multiwavelet with dilation factor a of length 2.
In similar way, the inverse fourier transform of My (&)W (&) is a Parseval frame multiwavelet with dilation
factor a of length 3, where a > 2.

Example 1.6. When N = 2, let M3(&) = < i G ) is a unitary matrix. According to [14], we know

az; a2
Mj3(&) is a matrix Fourier multiwavelet frame multiplier with dilation factor 2. Furthermore, let My(&) =
cos(&) sin(&)
( sin(&)sin(0) — cos(&) sin(0) ) Suppose that (!,1?) is a Parseval frame multiwavelet with dilation
sin(&) cos(0) —cos(&) cos(0)

factor a of length 2. Let My(&)($1(£), $2(£))" = (n}(£),n2(€),n3(£))", we have

ZZh‘I (&) ZZIll)’Z (g —, ae £ER,

t=1jeZ (=1jeZ
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and

3 ™ 2
> > Ak (A EPY (I (& +27q)) :ZZ (JEW (I (E+27q)) =0, ae. E€R, qeZ\aZ.
£=1j=0

¢=13j=0

By Proposition 1.2, (n!,n?,1?) is a Parseval frame multiwavelet with dilation factor a of length 3, where
a>2.

From Examples 1.5 and 1.6, M;(&), M2(&) and My(&) can act as matrix Fourier multiwavelet frame
multipliers. Based on this fact, we give the following definition.

Definition 1.7. Assume that my;(&), i = 1,2,---,Ny, j = 1,2,---,N are measurable function, M(§) =
(mij(&))N; x N is @ matrix-value function and N1 > N. For any Parseval frame multiwavelet (W2, N
with dilation factor a, if the inverse Fourier transform of

—

M(E)(WI(E),P2(E), -+, PN(ENT = (1 (E),m2(8), -+ mN1(E)T,
is also a Parseval frame multiwavelet with dilation factor a, then M(&) = (m;;(&))n, x~ is called matrix
Fourier multiwavelet frames multiplier with dilation factor a.
2. Main conclusions and proofs

From Example 1.5 and Example 1.6, we have
MI(E)M1(E) = M3 (E)Ma(E) =1, M3(E)M3(E) = M (E)My(E) = I

We first give two sufficient conditions of matrix Fourier multiwavelet frames multipliers with dilation
factor a.

Theorem 2.1. Assume that m;;(£) € L°(R), i =1,2,--- ,Ng, j =1,2,--- ,N, M(&) = (my;(&E))n,xN is 4
matrix-value function and Ny > N. If M(&) satisfies the following conditions:

(1) M*(E)IM(E) = 1IN for E € R;
(2) M(a&)M* (&) is 2m-periodic function;
(3) M*(E)M(&+2mq) = Aq(&)In, where Aq(E) =1, q € Z\ aZ,
then M(&) is a matrix Fourier multiwavelet frames multiplier with dilation factor a.

Proof. For any Parseval frame multiwavelet (W2, -, pN), let

n!(&) PI(E)
2 2

n EE,) —M(g) P :(ci)

N (&) PN (&)

The proof is divided into four steps:
The first step: since M*(E)M(&) = In, we have that

Pl(alE) Pl(alg)
ZZM (&) Z<M(a5£) : S M(di§) : >

(=1jeZ i€z @(aia) I/I)N(aj&)
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V(g Pl (dE)
= Z< : M* (A E)M(dE) : >
A WN(aIE) @(ajé)
—ZZIM ()] ZZIM (&)
ez 1—1 t—1jez

Therefore, the formula (1.1) of Proposition 1.2 holds.
The second step: whenj > 1, lett = aJ— L&, For q € Z\ aZ, from the condition (2) of Theorem 2.1, we

have that
(I 1E))M* (I 71E) = M(at)M* (1)
a(t+ a12mq))M*(t 4+ o 12nq) 2.1)
(@71 + d2mg))M* (d1E 4+ oV 127q) '
j

(&+2mq))M* ()1 (& + 27q)).

The third step: due to M*(E)M(&) = In, by matrix extension principle, there exists an Ny x Ny unitary
matrix U(§) such that

Mo =we) (Y ), M@ = v 0,
where O denotes zero matrix with appropriate size. Using (2.1), we have
wale) (3 ) ot te) = utaler2ma) (3 ) O @ e 42 @2)

Since both U(a/&) and U*(a)~1(& 4 27tq)) are unitary matrix, U*(a)&) premultiplying both sides of (2.2)
and U(a) (& + 27tq)) postmultiplying the both sides of (2.2), respectively. We obtain that

( ION >(1N,0)u*(aila)u(ai1(<i+2rcq)) = U*(d&)U(d) (& +2mq)) < ION )(IN,O). (2.3)

Now, (In,O) premultiplying both sides of (2.3) and ( > postmultiplying the both sides of (2.3),
respectively. We obtain that

(In, O)U* (&) U(I (£ + 271q)) ( ION > = (In, O)U* (JE)U(A (& +271q)) < ION )

Thus
M*(dE)M(d (& +27mq)) = M* (T E)M(d) (& +27q)). (2.4)

Repeat use of (2.4), we have

M*(dE)M(d) (& +27mq)) = M*(dTE)M(d (& + 27mq))
M*(d2E)M(d) (& +27q))

= M (E)M(E +27q) = Aq(&).

The fourth step: let

N1 oo

pq(€) =Y 3 nt(dEnt(dl (& +2nq)),q € Z\ aZ.

¢=1j=0
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From (2.4), for q € Z \ aZ, it follows that

- Pi(dE) P (£ +2mq))
Pq(E) =Z< (a)€) : M(d (& +2nq)) : >
=0 PN (d€) YN (d (& +27q))
o0 Pl(dE) 1/1)\1(aj(£+27tq))
:Z< f M*(dE)M(d (& +27q)) : >
=0\ pN(diE) YN (d (& + 271q))
w [ VHIE) W (I + 2mq)
=Aq(a>z< | ; >
=0 pN(de) YN (d) (£ +27q))

o N N o
8 Y vl pl(al(&+2mq) =Aq(E) )Y vHdE)p(ai(&+2mq)) =

j=0 ¢=1 ¢=13j=0

Hence, equation (1.2) of Proposition 1.2 holds. Therefore, M (&) is a matrix Fourier frame multiwavelet
multiplier with dilation factor a. O

Remark 2.2. The third step of the proof of Theorem 2.1 needs using the matrix extension principle, but
if you adopt the method of the literature [14], we cannot get the result of Theorem 2.1. This is due to
the multiplier in the literature [14] is a unitary matrix, but the multiplier M (&) of Theorem 2.1 is a more
general matrix.

Theorem 2.3. Suppose that mi;(&) € L°(R), i=1,2,---,Ny, j =1,2,--- ,N, M(&) = (my;(&))n,xN is a
matrix-valued function and N1 > N. If M(&) satisfies the following conditions

(1) M*(E)IM(E) = In for £ € R;
(2) M(&) is 2m-periodical,
then M(&) is a matrix Fourier frame multiwavelet multiplier with dilation factor a.

Proof. The proof of Theorem 2.3 is similar to the proof of Theorem 2.1. O

Remark 2.4. When N =1,a =3, let M (§) = (%e*%, %e% )T . Let \ be any Parseval frame multiwavelet
with dilation factor 3 of length 1, and (1(£), W2(£))" = My (£)h(£), that is H1(£) = Lse T (&), 12(E) =
\%e%ﬁ)(&). After simple calculation, we have
2 — . 1
2D WEEP =) WMEEF =" ae £€R,
t=1jez jez
and
2 0
(€)=Y Y PIFEIBI(E+2nq) = (~1)9 Y BBFIEVIBI(E+2nq) =0, q€Z\3Z
¢=1j=0 j=0

That is, M(&) is a matrix Fourier frame multiwavelet multiplier with dilation factor 3. In fact, M(&)
satisfies three conditions of Theorem 2.1, but M (&) does not satisfy the conditions of Theorem 2.3. In fact,
M(&) is not 2m-periodical.
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Remark 2.5. When the condition M*(§)M (&) = In holds, the condition (2) of Theorem 2.3 can derive
the conditions (2) and (3) of Theorem 2.1. Conversely, the conditions (2) and (3) of Theorem 2.1 might
not yield the condition (2) of Theorem 2.3. This states the condition “M(§) is 2m-periodical” is not the
necessary condition of "M (&) is matrix Fourier frame multiwavelet multiplier with dilation factor a”.

In order to discuss the necessary conditions of the matrix Fourier frame multiwavelet multiplier, we
firstly review the concept of wavelet set and frame wavelet sets. Let E be a measurable subset of R. If
the inverse Fourier transform of {(§) = \/%XE is an orthonormal wavelet, then E is called a wavelet set.

Similarly, if the inverse Fourier transform of P(&) = \/%XE is a Parseval Frame wavelet, then E is called a

Parseval frame wavelet set. E is a wavelet set with dilation factor a if and only if [E| = 27, {E4 2l : £ € Z}
and {a"E : n € Z} form a disjoint partition of R. The conclusions of wavelet sets and frame wavelet sets
are given in [3, 4, 7, 9].

Lemma 2.6. Let a be any positive integer dilation factor, and G = AUB U CU D, where

2am 27 27 27 2arm 2a?m

_7/_71 B: 7 C: 712 7 D:2/7’
a+1 a+l) [ ) [a+1 ™ [ﬂaz—l)

A= L L
[ a2—1"a+1

then G is a wavelet set with dilation factor a.

Proof. Firstly, we know

(A+20)NB=(A+21)NC=BNC = (A+21)N(D—2n)
=BN(D—-2n) =CN(D—-2n) =0,

and
(A+2n)UBUCU (D —2m) = [0,2m).

In addition, |G| =2m. So | (G +2kn) =R.
KEZ

Secondly, {A, B, %C, %D} is a partition of set [—%ﬁ, —(f—j:l) U[a%fl, 351_“1 ). Therefore, {a"G : n € Z}is

a partition of R. Finally, let 1} = \/%&‘“*1 (xg), then {aZ{(a™t — () : n, £ € Z} constitutes the orthonormal

bases of L2(R). In summary, G is a wavelet set with dilation factor a and 1\ is an orthonormal wavelet
with dilation factor a. O

Based on Lemma 2.6, we can get the following conclusion.

Lemma 2.7. Let a be any positive integer dilation factor, then there exist N measurable sets Eq,Ep,--- , En with
measure of nonzero, which satisfy the following conditions:

(1) for any €,k € Z, we have (E; +2{m) N (Ej +2km) =0, i #j,i, j=1,2,--- ,N;
(2 let G=E1UE2U - UEN, then |G| =2mand |J (G+2kn) = R;

KEZ
(3) {a™G : n € Z} constitutes a partition of R. Furthermore, if let ' = \/%?_1()(}:_.1), then (P, >, - ,PpN)
is a Parseval frame multiwavelet with dilation factor a.
Proof. 1t is directly derived from Lemma 2.6 and Proposition 1.2. O

Remark 2.8. Lemma 2.6 and Lemma 2.7 are very useful to characterize the necessary conditions of matrix
fourier multiwavelet frames multipliers with dilation factor a. Because it ensures the existence of Parseval
frame multiwavelets with dilation factor a.

According to [7, Corollary 3], we get the following lemma.
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Lemma 2.9 ([7]). Each measurable subset of R is a countable union of intersection of pairs of wavelet sets with
dilation factor a. The family of wavelet sets with dilation factor a generates the Borel structure of R.

Lemma 2.10. Assume & € R, q is a nonzero integer. If & ¢ 2nqZ and & # 2mq j #£0,j € Z, then there exists

i—1’
€ >0suchthat E+2nq ¢ Q= |J a™[E—¢, &+l ¢
nez

Proof. The proof of Lemma 2.10 is similar to [14, Lemma 2.1]. O

Lemma 2.11. Assume that mi;(&) € L°(R), i =1,2,---,N¢, j =1,2,---,N, M(§) = (my;(E))n,xN i a
matrix-value function and N1 > N. If M(&) is a matrix Fourier multiwavelet frames multiplier with dilation factor
a, then M*(E)M(&) = In.

Proof. Let (P!, ¥?,---,b"N) be a Parseval frame multiwavelet with dilation factor a, then (m!,1?,

is also a Parseval frame multiwavelet with dilation factor a, where M(§)

Using Proposition 1.2, for any & € IR, we have

N ~ PH(dIE) P (dlE) .
> Z (&) = Z < o M*(dE)M(dE) o > =5 (2.5)
e S\ WN (g YN(dE)
and —~ —
N Yl(dE) Pl(dIE) )
ZZ|¢f(aia)|2:Z< : , : >=2n- (2.6)
e 2 Ny )\ eN(aE)
By (2.5) and (2.6), for any & € R,
1/])\1(ajé) 11’\1(0’.5)
Z< : ,(I=M*(dEM(dE)) : > =0. (2.7)

12 WN(dIE) PN(alE)
Next, we choose some special Parseval frame multiwavelets (W%, --- ,pN) with dilation factor a to
ensure that M*(E)M (&) = In.

For any nonzero & € R, there exists a wavelet set G = £ UE, U --- U Ey with dilation factor a such
that & € G, where E; satisfies the conditions of Lemma 2.7. Let {* be defined by the way of Lemma 2.7,
then (P, 2, --- , PN} is a Parseval frame multiwavelet with dilation factor a.

Because of & € G, so there exists iy, such that & € E;,. Without loss of generality, let iy = 1, then & € E;
and & ¢ AJE;, j # 0. At the same time, & ¢ aJE;, je”Z,1=2,3,---,N, so (2.7) becomes

(b1, (I—M*(E)M(&))by) =0,

where by = (1,0,---,0)T. Similarly, W2, P13, .-+ , PN} is also a Parseval frame multiwavelet with dila-
tion factor a, then
<b2/ (I_M*(Z)M(E))b2> :O/ b2 - (0/1/01"' /O)T/

and so on, we have B - B
(bn, (I=M*(E)M(E))bN) =0, by =(0,---,0,1)7,

Namely, for any N-dimensional vector b, we have
(b, (I—M*(E)M(£))b) = 0.
Therefore, M*(E)M (&) = In. O
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Theorem 2.12. Assume that mi;(£) € L°(R), i =1,2,--- ,Ny, j =1,2,--- ,N, M(&) = (my;(E))n,xN 54
matrix-value function and N1 > N. If M(&) is a matrix Fourier multiwavelet frames multiplier with dilation factor
a, then whenj >0, q € Z\ aZ, & € R, we have M*(dJ )M (d) (& + 2qm)) is a diagonal matrix.

Proof. Let

fjh(a) fjiz(a) fjm(a)
M*(ajE,)M(aj (E, +2q7_[)) _ f21'(£) fzz'(a) . sz'(a) )
(&) (&) - Fyn(8)

we need to explain that the matrix M*(a&)M(d) (& +2q)) is always related to integer g, but in order to
facilitate mark, q did not appear in the matrix elements f ,(£), the same as below.
Assume ¢ € R satisfies the condition of Lemma 2.10, then there exists ¢ > 0 such that &+ 2nq ¢ Q

and ¢ is chosen enough small to ensure Q # R, where Q = |J a™[{—¢, &+ ¢]. According to Lemma 2.9,
nez
there exist two wavelet sets G and H with dilation factor a such that & € G, £ +2nq € H.

Let E=GNQ, F=HNQS where Q° is complementary set of Q. It is obvious that O and Q€ are
a—dilaticlr\l invariant, i./e\., aQ = 0O and aQ€ = QF° because of aR = RR.

Let 1 = \/%XE, P2 = ﬁxp. G is a wavelet set with dilation factor a, so |G| = 27, {G +2{rt: { € Z}
and {a™G : n € Z} forms a partition of R. This contains that E has translation invariance of 27t and
{a"E : n € Z)} forms a partition of Q. Therefore, ! is a Parseval frame wavelet in [2(Q). Similarly,
P? is a Parseval frame wavelet in L2(Q°¢). So (0,---,0,¢%,0,---,0,--- ,2,0,---,0) is a Parseval frame
multiwavelet with dilation factor a of length N, where ! is {-th component and {? is k-th component.

M(¢&) is a matrix Fourier multiwavelet frames multiplier with dilation factor a, let

AYE),M2(E), - ,N(E))T = M(E)(0,+ -, 0,1 (£),0,---,0,--- ,2(£),0,--- ,0)".

Then, (n!,n?%,---,nN1) is also a Parseval frame multiwavelet with dilation factor a, therefore
Ny oo _
0=pq(&) = Z Hd et (d (& +2nq))
¢=1j=0
o0 $(aiE) $1(d) (£ +27q))
:Z< : M (JEM(d (& +27q)) : >
j=0 11)2((11'5) 1])2(aj(£+27-cq))

Because & € E, £+2nq € F, E(\F = ), E and F are 2m-translation disjoint, we can get that Pl(E) =
1, P& +2mq) =0, PV?(&) = 0 and P?(& 4 2mtq) = 0. Based on the translation invariance of Q and Q°€, we
get that for any j > 0,

V() =P (dd(E+2nq)) = p*(dE) = P*(d) (& +2nq)) = 0.

Therefore, (2.7) becomes

Sila E) AH(E) o ANE) \ | H
@(gia) R(E) Ru(E) - () @(afznq)
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1 ,(8) (&) - (&) 0
_< . 0,08 158) - B , >
S\ e o o R )|

This means that f(e)k(E,) =0, { # k. By the arbitrariness of £, k, M*(£)M(E + 2qm) is a diagonal matrix. For
any jo > 0, using Lemma 2.9, there exists ¢;, > 0 such that alog 4+ 27ra10q ¢ Q;,, where

Qj, = U a[aloE — Ejor aOE + €j,l-
nez
Let Gj, and H;, be two wavelet sets, such that a0 e Gj,, a0g 4+ 2maloq € Hj,. Let E5; = G, N Q;,, Fj,

Hj, N QC , and define 1])1 = \/zTrXE' , 11)2 \/Tﬂxpjo

fﬂ(&) = 0, when { # k. Utilizing the arbitrariness of jo, we have thatj > 0, q € Z\ aZ, for § € R, thus
M*(aE)M(d) (&€ +2qm)) is a diagonal matrix. O

Based on the above dlscussions we obtain that

Remark 2.13. When a > 3, we do not know that whether the conditions (2) and (3) of Theorem 2.1 are
the necessary conditions of matrix Fourier multiwavelet frames multiplier. Therefore, when a > 3, the
necessary and sufficient conditions of matrix Fourier multiwavelet frames multiplier M(£) with dilation
factor a are worth further discussion. In fact, sufficient conditions may be more important for constructing
a new Parseval multiwavelet frames with dilation factor a.

3. Numerical example

sin(§) —cos(&)
cos(&)  sin(§)

wavelet multiplier with dilation factor 2. Applying M (&) to Parseval frame multiwavelet (!, )?), where

Example 3.1. When a =2, let M4(§) = ( >, then M (&) is a matrix Fourier frame multi-

(11)\1(6),1@(5)) = (\/27()( Cam f (47 8 })(€), we can get a Parseval frame multiwavelet (n1,m2) of
length 2 which satisfies

M) ) -y ((VHE ) Z L [ SIR(EX g (8] —cos(Elxpy,
(&) N W) ) T Var \ cos(E)x s (8) +sin(E)X s,

The images of (nAl,nAZ) are shown in Figure 1.

—4pf3 =2pi3 0 4pl3 8p/3 —4p3 -pA 0 4p/3 8p/3

Figure 1: The images of HT,HE .
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Example 3.2. When a = 2, let My(§) = 5

2 cos(§, ; sin(&)
frame multiwavelet mult1p11er with dilation factor 2. Applying M;(§&) to Parseval frame multiwavelet
(P!, 9?), where (1])1( £), tbz( ) = (\/Z—nx i _m) \/%x iz })(&), we can get a Parseval frame multi-
wavelet (11,12,13) of length 2 which satlsfles

sm(é) —cos(&)
( 3 cos(&) ﬂsin(&) ), then M (&) is a matrix Fourier
)

sin(&)x_sx ZH)(E,) — cos(&)Xan 871)(5,)

ﬁ%ﬂa+§QM) s)m
2y (£) + 3 sin(&)x

3

nl(€) —
2E) | =ME) ( }tag ) - L
n3(&) 3

oy oy

cos(0) sin(0) cos(&) sin(0) sin(&)
Example 3.3. When a = 2, let M3(§) = ( sin(0) —cos(0)cos(£) —cos(0)sin(&) ), £, 0 € R are pa-
0 sin(&) —cos(&)
rameters, then M3(&) is a matrix Fourier frame multiwavelet multiplier with dilation factor 2. Applying
Mj3(&) to Parseval frame multiwavelet (!, ?,)3), where

— - - 1 1 1
(L&), WAE), W3 E)) = (=X 55 )it (E) =X 82 (E), =X 2 (£)),

nl(£) P1(E)
n(&) Ms(&) | 2(&)
n3(&) P3(&)
. €OS(O)X[_52x 4y, 1) (&) +8I(0) COS(E)X are ) (&) +5In(0) SIN(E)X 4,32 (€)
= 7= SIN(O)X[_ 3214y, i) (&) — €O8(0) COS(E)X a5 ) (€) — cOS(0) SN (E)X 4 221 (E)
SIN(E)X 47 ) (&) — COS(E)X 4y, 327 (E)

The images of ( ,n ,n 3) are shown in Figure 2. It is important to state that M3(&) is also a matrix Fourier
multiwavelet frame multiplier with dilation factor 3.

—32pr7ap —p—4pi74pTp 4pazps7 =32pi-ap —p—ap/T4piTp Ap3apli =32p/F-4p —p-apitdpTp Ap32pi?

Figure 2: The images of T/‘]T,T/‘]E,T/]E.

et 0 0
Example 3.4. When a = 3, let My(§) = 0 cos(&) sin(é) |, & € R, then My(&) is a matrix
0 —sin(&) cos(§
ly

)
Fourier frame multiwavelet multiplier with dilation factor 3. Apply M4(&) to Parseval frame multiwavelet
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(WL, W2, 1?), where (W1(&),W2(£), W3(£)) = (=X 3 5)(8), F=x(z,3)(8), Jh=X(3p o) (£)). We can get
the length of 3 and 3 scale Parseval frame multiwavelet (T]1,T]2,T]3) satisfies
(&) TRGAN ez, 1 (&)
n2(&) | =M(&) | (&) | == | cos(&)x(z,3)(&)+sin(E)X s on)(E)
~ =~ 2 . 42 5%
n3(&) P3(§&) van —sin(&)x(z,z)(&) + cos(&)X 3z o) (€)

The images of ( ,n ,n 3) are shown in Figures 3 and 4.

08 08

04p v 1 o4t //
; 7 ]
0 i ] o t /,
| #
04 | 04 /
; ) 4
:\\.\ 5l &
i i -~
5 -12 x
-3pi2 —pi2 ~3p12 —pi2

2 -2 -
P pi2 Ipi2 opie P g2 Ipi2 9

o O

Example 3.5. When a = 3, let M5(§) = , & € R, then M5(¢) is a matrix

—

0 %cos(i) sin(&)

0 —%"sin(§) cos(&)
Fourier frame multiwavelet multiplier with dilation factor 3. Applying M5(&) to Parseval frame multi-
wavelet (P!, ?,?) with dilation factor 3, where

S

1

—~ = 1 1
1 2 3 = (—— 3t m ;= X[=,T) =X |3 om) ’
(BTE)LWPHE), W) = (s, ) (8), Xig (6 iz o (&)
we can get a Parseval frame multiwavelet (11,2, M3, M4) which satisfies
/\1(&) = el X,%,%)(a)
2 | e [ e | L Lotz (E)
n’(€) B %Eg V2n %COS(&)X[%%)(E) +sin(&)X 3z 9 (€)
(&) — 2 sin(£)xi7,5) (&) + cos(E)x a9z (£)
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sin(&)  cos(§)sin(0) cos(&) cos(0)
Example 3.6. When a = 3, let M4(&) =

(6

—cos(&) sin(&)sin(0) sin(&)cos(0) |, 6 € R, then Mg(&)
0 cos(0) —sin(0)

is a matrix Fourier frame multiwavelet multiplier with dilation 3. Applying Mg(&) to Parseval frame

multiwavelet (P!, P2, 3) with dilation factor 3, where

PLE), DL, DIE)) = (——x; L (E), e s
(WHEL WHELWE) = (=i, (B) =xi ) (8 =Xisp, ) (8)),

we can get a Parseval frame multiwavelet (n;,12,113) which satisfies

ni() sin(&)X sz, _x)(&) +cos(&) sin(0)xz,7)(&) 4 cos(&) cos(0)X sz o) (&)
n2(&) = 7o —CoS(&)X[_ax _m)(&) +sin(&) sin(B)x [z, x)(&) + sin(&) cos(B)Xax ox) (&)
n3(é) § cos(0)X(3,31(&) —sin(8)x a5 ox) (€)

The images of ( ,n ,n 3) are shown in Figure 5.

P i HIEY 585 o2 i
5t k o |

~3pr2 2z 4 op2 3.90 ap/a “3p2 —pi2  pi op2 3p2 opi
Figure 5: The images of A7, M2, 3.

Example 3.7. When a = 4, let

cos(§&)sin(B)  cos(&) cos(0) sin(&) cos(0) sin(&) sin(0)

My (&) — sin(&)cos(0) —sin(&)sin(0) —cos(&)sin(0)  cos(&) cos(0)
A sin(§) sin(0)  sin(&)cos(0) —cos(&)cos(0) —cos(§)sin(0) |’

cos(&) cos(0) —cos(&)sin(0)  sin(&)sin(0)  —sin(&) cos(0)

£, 0 € R, then My(&) is a matrix Fourier frame multiwavelet multiplier with dilation factor 4. Applying
M7 (&) to Parseval frame multiwavelet (!, 2,3, {*), where

(WL(E), W2(E), W3 (), WH(E)) = o X3 (B 3,2 (8) X2 (8, Xz 3 (8))

57 5 15

we can get a Parseval frame multiwavelet (11,12,13,14) which satisfies

n'(&)
N n2(&) | _

n3(&)

n*(&)
cos(&) sin(0)X(_sx 27 (&) +cos(&) cos(0)X 2z 2z (£) +5In(E) cOS(0)X (87 5 1 (€] +sIN(E) SIN(B)X [y 527 ()
sin(&) cos(O)x|_sx _2x)(&) —sin(&) sin(0)X 2z 2x)(&) — coS(&) SIN(O)X 87 51 (&) + €O8(E) cOS(O)X 51 321 ()
sin(&) sin(0)x|_sx _ox) (&) +sin(&) cos(0)x 27 2x) (&) — c08(&) cOS(O)X 8x 5r) (&) — cOS(E) SIN(O)X 1 327 (€)
cos(&) COS(G)X[_%ﬂ 2 (&) —cos(&) sm(e)x[%,z%)(awrsin(é) sin(ﬂ)x[s%,Qn)(E)—sin(E) COS(G)X[M%)(E)
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~ ~

The images of (n1,11A2,n ,11A4) are shown in Figure 6.

—8n/s -an/s 215 2m/s 8ms 2 32115 -8m/s -2ms w15 21 8n/s 2 32w1S

-0.4
s —2us w15 205 8wS  on R2wis —8us s w15 2ws sws x2S

Figure 6: The images of n!,n2,13,n?.
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