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Abstract

In the present paper, we introduce a new subclass related to meromorphically p-valent reciprocal starlike functions associ-
ated with the Liu-Srivastava operator. Some sufficient conditions for functions belonging to this class are derived. The results
presented here improve and generalize some known results. (2017 All rights reserved.
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1. Introduction

Let Z, denote the class of meromorphic functions of the form
fz) =z P+ ) az®?, (peN={12,}), (1.1)
k=1

which are analytic and p-valent in the punctured open unit disc U* = {z € C : 0 < |z| < 1} = U\{0},
where U is the open unit disk U = {z € C : |z| < 1}. In particular, we set £; = . Let f and g be two
analytic functions in the open unit disk U, we say that the function f is subordinate to g (written as f < g)
if there exists a Schwarz function w, which is analytic in U with w(0) = 0 and |w(z)| < 1, such that
f(z) = g(w(z)). Furthermore, if the function g is univalent in U, then we have the following equivalent
relation:

f(z) < g(z) <= f(0) = g(0) and f(U) c g(U).
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For some details see [2, 12]; see also [15].
A function f € ¥, is said to be in class 8} (@) of meromorphically p-valent starlike of order « if and

only if
!
Re (Zf (Z)> <—-a O0<a<l).
pf(z)

It is clear that 87(0) = 87, the class of p-valent starlike functions. A function f € 8 is said to be in the
class M, (@) of meromorphically p-valent starlike of reciprocal order « if and only if

Re (pf(z)> <—a O<a<l).
Re (p(z)) < 0 = Re ()

zf'(z)
B p(z)
piz)) e (no(z)F) =0

it follows that meromorphically p-valent starlike function of reciprocal order 0 is same as a meromorphi-
cally p-valent starlike function. When 0 < « < 1, the function f € Z, is meromorphically p-valent starlike
of reciprocal order « if and only if

In particular M;(©) = M(@).
Remark 1.1. In view of the fact that

1

zf'(z) N 1 1
pf(z)  2«|  2a

For p = 1, this class was studied by Sun et al. [17]. For arbitrary fixed real numbers A and B (—1 <
B < A < 1), we denote by P(A, B) the class of the functions of the form

q(z) =1+ciz+cz® +---,
which is analytic in the unit disk U and satisfies the condition

q(2) < 1+Az

1+Bz’
The class P(A, B) was introduced and studied by Janowski [5]. We also observe from (1.2) (see also [14])
that a function q (z) € P(A, B) if and only if

(z € U). (1.2)

q(z) — 11__/;]23 < f\__BBZ, (B #-1), (1.3)
and LA
Relq(z)} > _T (B =—1). (1.4)

For function f € X, given by (1.1) and g € X, given by

o0
g(z) =z"P+ Z bz P,
k=1

the Hadamard product (convolution) of f and g is given by

(fxg)(z)=2P+ Z arbz P = (gxf) (2).
k=1

For complex parameters o; and (35, wherei=1,2,---,l,j =1,2,--- ,mand 3 ¢ Z; =1{0,-1,-2,---},
the generalized hypergeometric function 1F,, is defined by

[e.¢]

. B (1) () x
13r'm(0(1,---r0(1/ Bll""ﬁm)(z) - kZ—O k! (Bl)k' e (Bm)kl '

where l<m+1, L me Np=1{0,1,2,...} and (A),, is pochhammer symbol (or shifted factorial) defined
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in terms of Gamma function by

(Mn = r(A) AA+1)--(A+n—1), neN.
Now consider the function

hploa, ..., 00;B1, -, Bmsz) =z PiFmlaa, ..., 0B, ..., Bm) (2),

then the Liu-Srivastava linear operator [8, 9] H(x1,..., &;B1,...,Bm) : Zp — L is defined by using
the Hadamard product (or convolution) as

Hplaa, ooy, 81+, Bm)f (2) = hpla, .. oq;Bl,-- ,Bm;z) *xf(z)

=z P+ Z kl BT)TB aiz" T "

For convenience, we denote Hp (&, ..., & B1, ..., Bm) & Hp 1,m [l

The Liu-Srivastava operator is studied in [1, 13, 16], is the meromorphic analogue of the Dziok-
Srivastava [3] linear operator. Special cases of the Liu-Srivastava linear operator include the meromor-
phic analogue of the Carlson-Shaffer linear operator L, (a,c) = Hp 21 (1, a,c) studied among others by
Liu and Srivastava [7], Liu [6] and Yang [20]. The analogous to the Ruscheweyh derivative operator
D™l =1L, (n+p,1) was investigated by Yang [19]. The operator

z
Jep = Zcip Jt”plf (t)dt =1L, (c,c+1), (c>0),
0

was studied by Uralegaddi and Somanatha [18].
By using operator H;, 1,m [x1], we introduce the following new class.

Definition 1.2. A function f € Z, is said to be in the class M4, (p; B;A; A1, B), if it satisfies the subordi-
nation

P (1—A) Hpp,m loa] F(2) + Az (Fp 1 [oa] £ (2)] 5) 1+Asz
1= pB z (}C’p,l,m loc] (Z))/ + Az2 (:H'P,Lm log] (Z))N 14+Bz’

where Ay = (1-x)A+aB, 0<a<1, 0<A<], —1<B<ACLO<pB <1and Hp i mloulis
defined in (1.5).

Remark 1.3. Using (1.3), (1.4) and for B # —1, the Definition 1.2 is equivalent to

P Hpim (1] Fa (2) 1-A4B] A;1—B
1.
‘1—19(3{ Fopumloal B (@) P 182 | 1-82 (1.6)
and for B = —1,
p Hpim 1] Fa (2) } } 1—Aq
R + < — , 1.7
e{l—pﬁ {z(%p,l,m ol a2y TP 2 .7
also, for B = —1, A; # 1, (1.7) reduces to
1—pp ( z(Hp1,m 1] Fa (2)) > n 1 - 1 , (18)
p FHpu,m [oal Fa (2) + Bz(FHp,1,m [oal Fa (2)) 1-A1] 1-A4
and for B=—1, A =1, we obtain
P g{p,l,m [0(1] Fa (z) > ‘
+ +1| <1, 1.9
‘ T—pp ( Hp i 0l P ()] 19)

where
Fa (z) = (1 = AN)f(z) + Azf/(2).
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By assigning particular values to parameters the class My, (p; o; B; A; A, B) generalizes many previ-
ously known classes of meromorphic functions.

(i) ForA=0,x=0,1=2m=1,0q4 = a,0 = 1,31 = ¢, the class M4, (p; B;A; A1, B) coincides with
the class studied in [10].

(i) Forp=1, A=1-2y,0<vy <1, =0, B=-1, a=c=1, the class M4, (p; B;A; A1, B) coincides
with the class studied in [17].

2. Preliminaries
We need the following lemmas for our future investigation.

Lemma 2.1 (Jack’s lemma [4]). Let the (non constant) function w (z) be analytic in U, with w (0) = 0. If |w (z)|
attains its maximum value on the circle |z| = v < 1 at a point zg € U, then zow’ (z9) = yw (z0) , where 7y is real
number and y > 1.

Lemma 2.2 ([11]). Let Q be a set in the complex plane C and suppose that ¢ is a complex mapping from C? x U

to C which satisfies ¢ (ix,y;z) ¢ Q for z € U, and for all real x,y such that y < —1+—2"2. If the function
p(z) =1+ ciz+ coz? + -+ is analytic in U and ¢ (p(z),zp’ (z);2) € Q forall z € U, then Re (p (z)) > 0.

Lemma 2.3 ([20]). Letp (z) =1+ biz+boz>+---, be analytic in U and 1 be analytic and starlike (with respect
to the origin) univalent in U withn (0) = 0. If zp’ (z) < n(z) then

p(z) < 1+J:nit)dt.

Unless otherwise mentioned, we shall assume that 0 < <1, 0 <A1, —1<B<A<L 0<pp<1
and p € IN.

3. Main results

Theorem 3.1. Let f € L. Then f € My, (p; o;; B;A; A, B) if and only if

P j'cp,l,m [0(1] Fa (Z) } _1 + Aqz
1—ph {z(%p,m FANCIAY ST &.1)
Proof. If f € My, (p; o B;A; A, B), then
P [O-NHpimloalf(2) £ Az (Hpumloal fl2)" o] 1+Asz 62
1=pB | 2 (Hpim loal £(2)) +A22 (Fppm [oa] F(2))” 1+Bz~ '
Let
Fa (z) = (1 = N)f(z) + Azf'(2),
SO
Hp,um [l Fa (2) = (1= N)Hp 1,m [oa] F(2) + AzHp 1,m (] £ (2). 3.3)

Using (3.2), (3.3) and after some simplifications we have

P j'Cp,l,m [o1] Fa (2) } _1 + Az
1—-pp {Z(j{p,l,m [o] Fa (2)) TRy 1+Bz’

the converse is straight forward. O
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Theorem 3.2. If f € L, satisfies anyone of the following conditions

(i) for B #—1
o I(k—p)Ml+
Z [p(1=B2) [(1+(k—p) B)A I+ (1—A1B) (1—pB) (k—p)A1| | Tk (ecr)l |axl A
k=1 (1-pB)([AI-B) (3.4)
< plL—A—Apl(1—[B]);
(i) for B=—1, A; #1
i( I(1+ (k—p) B)Ml+ >|F ()l
(1=A1)(1—=pB)(k=p)A1) k (X)) 1Ak
= ‘ — PR+ P (3.5)
<(1—=pB) (T—[A1])[T—=A—Apl;
(iii) for B=—1, Ay =1
- kA
). (|(k pIMal Y I (ol < p A, (36)
= —pB
then f € Miq,1(p; % B; A A, B), where Ay = 1+ A (k —p —1) with Ty (o) = m
Proof. (i): If B # —1, by the condition (1.6) we only need to show that
p (1—B?) { Hp,,m la] Fa (2) +B}+1—A18 1
(1—pB) (A1 —B) [ z(Hp,m (1] Fx (2)) A1—B '
We first observe the
P (1 — BZ) { g{p,l,m [061] F)\ (Z) B} n 1— AlB
(1—pB) (A1 —=B) [ z(FHp1,m [oal Fa (2)) A1 —B
& p(1-B2)[(1+(k—p)B)MI+(1-A1B) (1—pB) (k—p )\
pB (1—}\—)\p)+]£1 (1*Pé)(|A1‘*]13) rk((xl)akzk
P (I=A=Ap)+ > (k—p) Mk (1) az¥
k=1
2 1-B2)[(1+(k— MI+(1—A1B) (1— k—p)A
pBL—A—Ap)+ 5 PPN lep B AP PRIl iy o) fay | g (B7)
k=1
<
~ 00
plIl—A=Apl— 3 I(k—p) Al T (o) la] 2/
k=1
(1—-B2)[(1+ (k—p) B)A]+(1—A;B) (1—pB) (k—p)A
pIB(L-A—Ap)| 5 [PUPHEEOERERm ARG BN I (ag) o
< o0
PIL—=A—=Ap|— 3 [(k—p) Ml (o)l ax
k=1
Now, by using the inequality (3.4), we have
(1—-B2)[(1+ (k—p) B) A1+ (1—A1B) (1—pB) (k—p)A
pIB(1—A—Ap)l+ Z L1 ) Izl_pf;m;\”_é) P L2 M (o)l |yl

— <1,
PIL=A—=Apl— > I(k—p) Al M (1) ax
k=1

which, in conjunction with (3.7), completes the proof of (i) for Theorem 3.2.
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(ii): If B = —1, Ay # 1, by the virtue of the condition (1.8), we only need to show that
z(Hp1,m [oa] Fa (2)) ) ‘
N +1| < 1.
(j{p,l,m [0(1] Fa (Z) + BZ(Hp,l,m [0(1] Fa (Z))/

‘(1—/\1) (1—pB)
P

We first observe that
(1-A1) (1—pB) ( 2(Hp,m [1] Fa (2)) )+1‘
p Hpt,m loa] Fa (2) + Bz(Fp1,m [oa] Fa (2))
1*Pf5)(k*PJ7\1> M (o) axz

A1 (1—pB) (1—A—Ap) +Z (1 -+ (k= p) pyay + 1=Anll0=p
i (1—pf3)(1—?\—7\p)+§1(1+(k—p)B)Alrk(al)akzk

|A1||1—>\—7\p|(1_p[3)+§1(‘(1+(k_p)m7\l+ 1A (1=p)k=piy
) (1—PB)“—A—APJI—él(lﬂk—p)B)A1||rk(oq)||ak||zk|

AT =A=Apl(1=pB) + 3 (|(1++ (k=) BIAy + LEALIRBIPIN ) 1y (o)
k=1

511+ 0= p) BN e (e

k

) N (o)l lawd |24 (38)

<
(1—pR)I1—=A—Ap|—

By using the inequality (3.5), we have

EREIPIN ) I (o) axd

AL =A=Npl (1=pp)+ T (|(1+ (e—p) Iy + (A=
k=1
00 <1,
(T=pB)IT=A=Apl— > [(1+ (k—p) B)M|ITx (1)l lal
k=1
which, in conjunction with (3.8), completes the proof of (ii) for Theorem 3.2
(iii): If B =1, Ay =1, by virtue of the condition (1.9), we only need to show that
P Hpt,m o] Fa (2) ) ‘
+ +1| <1, z € U).
s Fpim 0l Fr (2] TP el
We first observe that
k
P Hp,t,m log] Fa (2) = E e (0a) 0z
1—pB \z(Hp1,m [oa] Fa (2)) TR =
P pLm —p(1-A—Xp) + z (k—p) M (o) axz®

5 P (o)l a2
(3.9

< k=1
PIL—A—Ap| — Z |k —p) Al I () a2
< |
Y 155 N (ea)llaxl
< k=1 .
pll—A—Ap| — Z |k —p) Al M (o)l |ay]

Now, by using the inequality (3.6), we have
> 1 N (o)l ad

<1,

pll—A—Ap| — Z |(k —p) A1l Il (1) ax]
k=1
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which, in conjunction with (3.9), completes the proof of (iii), for Theorem 3.2. O]
Theorem 3.3. If f € L, satisfies anyone of the following conditions:

(i) for B# -1,
(1—pB) (A1 —B)

L& F ; 3.10
S P& < T708, =8 711 7780 510
(i) forB=-1, —1<A; <0
(1—pB) (1—-Aq) (1+Aq)
X1 .
o P < g AT 20— A
(iii) for B=—1, A; =1
1-pB
1
i (FD| <31
then f € Miy,1p; o; B; A; A, B), where
o z(Hpam ol Fa(2)" 2 (Hpim ol Fa (2)
Lplm(F(Z)):lJr —— )
” (Hp,,m loa] Fi (2)) (Hp,,m Lol Fa (2))
Proof. (i) If B # —1, let
1+ 1+|B|7 . 7]9 :}Cp,l,m[‘xl}F?\(Z) ,_’_B
w (2) = 1+[Bl+A1—B ' 1-pp gi(;p,l,m[al]]:)\(z)) ) 1, (zeU), (3.11)
- 1+[B[+A;—B

then the function w is analytic in U with w (0) = 0. Using (3.11) and after some simplifications, we obtain

pPHpm Il Fa(z)  (1—pB) (A1 —B)w(z) —(1+[B]) (312)
z2(Hpm [oal Fa (2)) 1+(B| ' ’

Differentiating both sides of (3.12), logarithmically we get

o ~ (1-pB) (A1 —B)zw’ (z)
Fonm L) = =0 087 (A~ By (2 (1 + BI) 19

By virtue of (3.10) and (3.13), we find that

zw' (z)
(I—pB) (A1 —B)w (z) = (1+IB))|”

L5t ()] = (1-9B) (A1 B)|

and
(1—pB) (A —B)
(1—pB) (A1 —B)+(1+1B[)

Next, we claim that |w (z)| < 1. Indeed, if not, there exists a point zy € U such that

L (F(2)] <

max |w(z)| =|w(z0)l =1, (z0 € U).
|z <zl

Applying Lemma 2.1 to w (z) at the point zg, we have

zow' (z0) =yw(z0), (y>=1).
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By writing

and setting z = zj in (3.13), we get

L34 (F o)) | = (1 p) (A1~ B)

(1—=pB) (A1 —B)—(1+[B)) e 0|
which implies

1
(1—pB) (A1 —B)—(1+ B e |

‘Lplm (ZO))) 2 (1_]36) (Al_B)‘

This implies that

2 1— —B)?
‘Lplm F(z))‘ > . d pf)(Al ) . (3.14)
[(1—pB) (A1 —=B)I"+ (1 +IB))"—=2(1—pp) (A1 —B) (1 +[B[) cos 6
Since the right hand side of (3.14) takes its minimum value for cos 6 = —1, we have
2 1—pB) (A; —B))?
’Lgllm(F(ZO))‘ > [( PB)( 1 )] .
[(1—pB) (A1 —B)+ (1+[BJ)]
This implies that
P r]'Cp,l,m [0(1] Fa (Z) ) ‘ A1 —B
+B)+1 < ,
’1 —pp <Z(g{p,l,m loq] Fa (2)) ¥ 1+ B
then, we have
1% Hp,m [oc1] Fa (2) > 1—-A4B ’
+B) +
‘1]3(3( (Hp,u,m [1] Fa (2)) P 1—B?
P FHpu,m [oa] Fa (2) ) ‘ ‘1—A13 '
< +B ) +1|+ | —1
'1 pﬁ( (Hpm (1] Fa (2)) g 1-B2
Ar— IB| (A1 —B)
(1+ |B|) 1— B2
_A1—B
=1_p2’ (B #—1).
Therefore, we conclude that f (z) € M4, 1(p; % B;A; A, B) for B # —1.
Using similar arguments as in proof of (i), (ii) and (iii) can be easily verified. O
Theorem 3.4. If f € L, satisfies
B2 B+ <A <1
fe (L5, (F(2) <{ AL RB R i) ' (3.15)
(le ) —pzﬁ , B<A1<B+2(1 SE)
then f (z) € My, (p; &; B;A; A, B), where B2 = (1 —Aq) +pPp (A1 —B).
Proof. Let
—p g{plm[‘xln:)\ —Aq
= 7+ B
g(z) = 1-pB {Z( plm[fXﬂFA } -B . (3.16)
1713
Then g is analytic in U. Using (3.16), we have
—PpHpmloalFa(z)  (1—pB) (A1 —B)gl(z)+ ﬁz. (3.17)

Z(:Hp,l,m [(Xl] Fa (Z))/ N 1—-B
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Differentiating (3.17) logarithmically, we obtain

(1—pB) (A1 —B)zg' (2)

L A—pB) (A1—B)g(z) + B2

o (Fl2) =

==(g(2),29' (2);2),

where

(1—pB)(A1—B)s
(1—-pB) (A1 —B)r+p2

1+x2

For all real x and y satisfying y < —=~5—, we have

(1—pB) (A1 —B) Bay
(B2)2+[(1—pB) (A —B)*x2
C1+x* (1-pB)(A1—B) B2
T2 (B2 +[(1-pB) (A —B)Px2

< (r,s;t) =

Re (< (ix,y;2)) =

_ B2 1-B
| gl St
We know put
- B B4 _1-B <A; <1,
e { TR p TR IS L
{ ——op . B<AISBH gy,
then < (ix,y;z) ¢ Q for all real x,y such that y < ”X . Moreover, in view of (3.15), we know that

<(g(2),29' (z);z) € Q. Thus by Lemma 2.2 we deduce that
Re(g(z)) >0, (zel),

which shows that the desired assertion of Theorem 3.4 holds. O

Theorem 3.5. If f € L, satisfies

PHp 1,m [oa] Fa (2) 1 2(Hp1,m [oa] Fa (2))" —16 1 B2
me{z(%p,l,m (o] Fa (2)) ( T Gl ) )~ 20 e T

then £ € Mo (p; &; B; \; A, B) for n > 0, where 8, = (1—pp) (/}SBB).

Proof. Let

—p HpmlealFa(z) Al
1—pf3{z( plm[ocﬂn 7y + P ~B

h(z) = . (3.18)
1—B

Then h is analytic in U. It follows from (3.18) that

—pHpum [l Fa (2)  (1—pB) (A1 —B)h(2) + B

z2(Hp,m lal Fo (2)) 1-B , (3.19)
" (Hpam [0l FA(2))" P+ Qh(z)+Rek (2)
S I = - = 3.20
e (J{P,Lm locr] Fa (Z))I (1—pB) (A1 —B)h(z)+ B2’ ( )
where

P=-pn(1—B)+(1—-n)[(1—A1)+pB(A1—B]],
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Q=01-pB)(A1—B)(1—-m), R=—(1-pB)(A1—B)n,
combining (3.19) and (3.20), we get

z(Hpm (] Fa (2))") B P2
S Hpm [0l Fr () ) R ey
+81 (1-n)h(z) —&mzh’ (2)
=¢ (h(z),z1 (2);2),

—pHp,m Lol Fa (2)
Z(g—fp,l,m [0(1} F)\ (Z))/

where

B2
1—-B°

Rest of the proof follows by working in similar way as in Theorem 3.4 O

¢ (r,s;t) ==dms+6 (1—n)r—pn+(1—n)

Theorem 3.6. If f € L, satisfies anyone of the following conditions:
(1) for B 7& _1/

<nlz";

p(1-B?) <%p,1,m[oqm(z) +B>+1—AlB ’
(1—pB) (A1 —B) \z(Hp1,m (1] Fp (2)) A1—B

(ii) for B=—-1, A1 #1,

<1+ (1-Ay)(1—-pB) < z2(Hp1m 1] Fa (2)) >>/
p Hpum o] Fa (2) + Bz(FHp1,m o] Fa (2))

<nlzl";

(iii) for B=—1, Ay =1,

<nlzl",

N

p Hpi,m [1] Fa (2) ) },
+ +1
‘{(1—19[5) (Z(g{p,l,m lo1] Fa (2)) g
then f € M4, 1(p; o B;A;A,B), for 0 <n<t+1landt>0.

Proof. (i): If B # —1, we define the function ¥ (z) by

_ p (1-B? (%p,l,m[aﬂmz) ) 1—A:B
\y(z)_z{(l—pﬁ)(Al—B) 2 Hamloalx(2) TP) A B [

then ¥ (z) is regular in U and ¥ (0) = 0. The condition of theorem gives us that
Y(z)\’
z
2y )\ 2
-[ (1) dt’ <[ Tnra = Do,
0 t 0 T+1

v
|< Z)>‘< N <1, (0<n<t+1, t>0).

<nlzl".

It follows that

This implies that




S. Hussain, J. Bibi, M. Raza, M. Darus, J. Nonlinear Sci. Appl., 10 (2017), 4954—-4965 4964

Therefore, by the definition of ¥ (z), we conclude that

p (1-B?) < Hpm 1] Fa (2) L+ B) n 1-A4B -1
(1—pB) (A1 —B) \ z(Hp1,m [oul Fa (2)) A1—B ’
which is equivalent to
’ P < g{p,l,m (1] Fa (2) ) n 1—/\13‘ < A1 —B
(1—=pB) \z(Hp,m [oal Fa () A1 —B 1-B2°

Therefore, we conclude that f (z) € M4, 1(p; o; B;A; A, B).
(ii): If B =—1, A; # 1, we define the function

(1—Aq) (1—pB) < z2(Hp1,m [l Fa (2)) >>
% Hpm [l Fa (2) + Bz(Hp im (1] Fa (2)) ) )

then ¥ (z) is regular in U and ¥ (0) = 0.
Using similar arguments as in proof of (i) and (ii), condition (iii) can be easily verified. O

‘P(z):z<1+

Theorem 3.7. If f € L, satisfies

A1—B
1—A1’

P
Hp,m [oal Fa (2) + Bz(FHp1,m [oal Fa (2))

1=pB ., (q . F /
‘ z( .1, (1] Fa (2)) (1+MS}1,m (F(Z)))‘ <

then £ € My, (p; 0 B; N A, B), for =1 < B < Aq < %, where

!/

z(Hp,,m [oal FA (2))" 2 (Hp,um [x1] Fa (2) + Bz(Hp,u,m [x1] Fa (2)))

M (F(z) =

(Hp,i,m [l Fa (2)) Hp,m leal Fa (2) + Bz(Hp,,m [oa] Fa (2))
Proof. Let
—Pp g{p,l,m lo1] Fa (2) }
2) = +B 5. 3.21
06 = 10 sl 7 P 621
Then q (z) is analytic in U. The condition of theorem gives us that
‘Z < 1 )’ _Ai—B
q(z) 1-Ay7

that is,

1\ A -B
z =< z. 3.22
() <1 622
An application of Lemma 2.3 to (3.22) yields

~ 1—-—Aq
1-A1+(A1—B)z

ZF" (z)\ 1-A;—(A;—B)z
%(H F(2) > _%( 1—A;+ (A —B) )
o 1-A1— (A1 —B)
- 1—A;1+ (A1 —B)

148
>0 (—1<B<A1<Z>,

which implies that the region F (U) is symmetric with respect to the real axis and F is convex univalent in

q(z) =F(z). (3.23)

By noting that
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U. Therefore, we have

Re (F(z)) >F(1) = . (3.24)

P Hopt,m o] Fa (2) } } 1-A
e { 1-pB {Z(g{p,l,m [a1] Fa (2))/ Thypy<

which is equivalent to

p Hop1,m [o] Fa (2) } C1+Az
1—ppB {Z(g'fp,l,m [oc] Fa (2)) Thy= 1+Bz

This evidently completes the proof of Theorem 3.7. O
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