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Abstract

We consider the singular boundary value problem

1

—div(]x|"®P|Vu|P~2Vu) = h(x) ‘X‘ggiy, + u};“’b; in Q\{0},

u>0 in Q\{0},
u=0 onoQ,

where QO ¢ RN(N > 3) is a bounded domain such that 0 € Q, 0 <y < 1,0 < a < N%z, a<b<a+1,p*:=p*(ab) =
ﬁng)p’ and h(x) is a given function. Based on different assumptions, using variational methods and Ekeland’s principle,
we admit that this problem possesses two positive solutions. (©2017 All rights reserved.

Keywords: Critical exponent, p-Laplacian operator, extremal value, singular nonlinearity.
2010 MSC: 5A15, 35B33, 35]62.

1. Introduction

In this paper, we are concerned with the following problem:

—div([x| P |VuP2Vu) = h(x) iy + e in Q\(0),

u>0 in Q\{0}, (1.1)

u=0 onaQ,
where Q is a bounded domain in RN(N > 3) with smooth boundary 9Q such that 0 € Q. p > 0isa

parameter, 0 <y <1,0< a< N—;E,l <p<N,a<b<a+l, and p* ::p*(ai)) = ﬁﬁiwisthe
critical Hardy-Sobolev exponent. Throughout our paper, we assume that h € C(Q) and h(x) > 0.
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Let WP (Q) be the completion of C°(Q) with respect to the norm ||u||q, where

’d\.ﬂ

Iulle = jQ (KPP dx) 7 .

In recent years, considerable attention has been attracted to quasilinear elliptic problems [1, 2, 8-
10, 12-17, 25]. In [13], Ghoussoub and Yuan studied the existence of positive solutions for the following
quasi-linear equation:

[u|9—2

‘X‘S 4

—Apu = A" Pu+p
ux) =0, xe€0Q,

x e Q,

where 1< p<N,0<s<p,p<q< Np

We would like to mentlon the results of [11 18, 26 whlcﬁ motivated us to discuss (1.1). In [11], Deng
and Huang considered the following quasilinear elliptic equation

w—+ h(x)

p—2
NI WP~ u+ k(x)

— div(|x|"*P|[VulP~2Vu) = e x € RN, (1.2)

N— N— P . _ N
wherel <p<N,0<a< gpz, a<b<a+1,0<u< (—pB—a) ,p*=p*(a,b) = N—(1+a—b)p/and

k and h are continuously bounded functions. Under some assumptions on h and k, several multiplicity
theorems of (1.2) were established. Furthermore, Kang [18] studied the following quasilinear problem

—div((x~ e [VuP2Vu) — M = WIS in 0\,

[XPPT NN

u=0 onoQ,

where Q ¢ RN is a bounded domain with smooth boundary, 0 € O, N > 3, A > 0,1 <p <N,

_ P
0<u<(¥—a>,0<a<NT <bd<a+1,p< q<p(a,d):%.
the extremal functions and gave some estimates. We should point out that Xuan [26] has provided some

properties of eigenvalues of the following quasilinear problem

He investigated

{ —div([x|~*P|Vu[P—2Vu) = Alx|~(atlpte|y P2y in Q,

u=0 onoQ,

where Q ¢ RN is an open bounded domain with C! boundary, 0 € O, 1 <p <N,0< a< N—;E, and
c>0.

On the other hand, Giacomoni et al. [14] established the multiplicity result of (1.1) when h(x) = A,
a=b =0, and p = 1 by critical point theory and a lower-upper solution method. Moreover, Loc and
Schmitt [19] studied the following singular problem:

—Apu = a(x)g(u) +Ah(u), xe€Q,
u(x) =0, xe€0Q, (1.3)
u(x) >0, xeQ,

where p > 1, g(u) is a singular term, a € L*°(Q), A is a parameter and h(u) is a continuous function.
They constructed lower-upper solutions to show the problem (1.3) has one weak solution in Wé’p (Q). We
note that when p = 2, the multiplicity of positive solutions for problem (1.1) has been considered by Sun
and Wu [22], Sun and Li [21], and Chen and Chen [6, 7].

In this paper, we will establish some existence and multiplicity theorems for (1.1) when p € (0, u*) for
some p* > 0 and give the lower bounds for u* = u*(Q,v,p*, h(x)) > 0.
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2. Preliminaries

Throughout this paper, define ||u||{ = J (x|~ ®Jul)*dx. We denote by the first eigenfunction e; with
Q

p—1
—div(|x|~eP|VuP2Vu) = )\1% inQ, e loo=0 0<e <1.
We set

J [x|7“P|VulPdx
Q

(J |x|—bp*|u|f’*dx)
Q

The infimum can be achieved by the function U*(x), where U* is the radially symmetric ground state of
the following limiting problem

So =inf 5 | ue WiP(Q), u#0

pr

—div(i~PIVuP2Vu) = Y in RN\{0},
u(x) >0 in RN\{0},
u—0 as |[x] — oc.

The functional associated to (1.1) is

1 1 P
) = = [ e ivur - [ he Y - B I vuewira)
pPJa 1-vlJa p* Ja XI°P
We introduce the constraint set
Np = {tlwu: we WEP(Q)\{0}},
where t(u) are the zeros of the following map
d
* * p* ’
=0 [ e | ) ()Y i
Q o o [x[°P

In order to obtain our results, split N}, into the following three parts

Nf = {v = tluu e N (p=p MG+ (" +y =1 | ROl Ve > o},

4

N{})l = {V = t(u)u € NM : (p —p*)H\)HE + (.p* +v— 1) NQ h(x)(‘xrbw”lfydx —0

Ny = {v =tlwWueNy: (p—p)IVE+ P +v—1) AQ h(x) (x| P )Y dx < 0} :

A function u is called a solution of (1.1) if u € Wl(p(Q) such that u(x) > 0 a.e. in Q and

RO J up'

a [x[er”

J x|~ 9P|VuP 2VuV —J d=0, VbecWP(Q).
Q

Q uY
Lemma 2.1. Assume that u € (0, T), where

y+p*—1

T:<Y_1+p>< P —p >5ﬁ_1+%<1>g%% S p-TTy
y+pr—1d y+pr—1 M| oo |Q|w ’

then IN{& = {0}. Furthermore, for every u € wip (Q)\{0}, @(t,u) has exactly two zeros tT(u) such that

0<t (u) <t (u), t(WueN, tT(wueN,.
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Proof.

(1) Define ¢ : (0, 00) x {(W&P (Q)\{0}} — R by (2.1). Let @'(t,u) = 0, then
—5=i

(p* —p)lulla

t =
(v+p*—1)J Rix) () dx
Q

= tmaxu-

We can deduce that ¢’(t,u) > 0 when 0 < t < tmaxu and @’(t,u) < 0 when t > tmax . Furthermore, we

have
_(p—p")
p—1+y
* u P
@(tmax,u, ) = p p)H Ha ) Hu”g
by =10 | ROV dx
_ _ (y—p*+1)
p—l+ty

(0" — Pl
(y+p —1) JQ h(x)(1x| ")) dx

r

x h(X)(IXI_quI)l_de—uJ RIS
JQO Q

N _ (p—p*) o (pp®) _ (p—p*)
_ <P . ) P g P { 1 ]
Y+pr—1 J o RO (X~ Plu)) 1=y dx
y+p*—1 . y+p*—1
yp -1 o T RO (WP} dx

x J R (X [u)) ' dx
Q

—uj TR
Q

pp*—1+vy)

(2len) (2o )u e ™
VISR L e (Y a)

Since |[u|f > Sq|u|

*

| h(x)(|x|bu|>”dx<(J (x|b|u|)“—ﬂf’—1dx>’”*(J h(x) 7T dx
Q Q Q

1— * 14y
<l ool 5

173/ *_q
u P Ity
<(” ”“) TS

)75

b« for every u € W&P (Q)\{0}, in view of Holder inequality, we have

pr—lty

¥Sa
Therefore,
*_ v(p’va) .
ot 1t) > <y1+p) < P —p >p1+v lwlla® Ty _u(u”a>1’
S = *_1 *_
LR S (R 1=y | ool0) 57\ Ve
- - (1-v)(p*—p)
_ (v—1+p)< P —p )ﬁ%< 1 )ﬁ%(%a)w u
y+p*—1) \y+p*—1 oo IQIW (¥/Sa)P”

—uj (PP dx.
o

.
[ull&

2.2)
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=E(w)uk .

We can see that
P*—p (A—=y)(p*—p)

p*—p *
vy—1+ * p—1+vy 1 =1y ({/Syq) 1y +p
E(H) = O = },L = < " p ) ( p " p > ( > (p*—1+v)(p*—p)
Y V+p —1 ||h||00 |Q| P*(p—1+7v)

- *— y+p*—1
Y—1+P>( p*—p >%< 1 )é’% Sa  \ 7
Yy+p*—1) \y+p*—1 1[0 QR

So for u € (0, T), we have that E(n) > 0. Thus, ¢(t,u) has exactly two zeros 0 < t~ (u) < tmaxu < t1(u)
such that @’(t~(u),u) > 0 > @’(t*(u),u). Since p(t~(u),u) =0, ¢’(t~(u),u) > 0. Then t~ (u)u € Ny
and

|
—H

P—p)t (WP P Yu|P+ (v +p =Dt (W)Y P JQ h(x) (x|~ P! Ydx > 0.

By (2.1), we obtain that
(p— Pt (WulR + (v +p*—1) JQ RO (1t (W] )Y dx > 0.

That is t~ (uw)u € N} Similarly, we get that t*(uwu € N,

(2) Now, we will prove that N?l = {0}. Assume by contradiction that there exists u, € Wé’p (Q)\{0} such
that t(u.)u, € J\J?l, t(us)us # 0. Then

[e(w)IP P e [§ — [, )] Y 7P J R() (%]~ P e )Y dx — HJ [P dx =0,
Q Q
and
(p = p*) [t )wd|f + (v +p* —1) JQ R(x) (X~ Pt (we ) ) Y dx = 0. (2.3)
Hence, for i € (0, T) and u, € WEP (Q)\{0}, it follows from (2.2) and (2.3) that

0 < E(w)|lw®

pp*—1+vy)

p*—p - "
<<v—1+p)< P —p )wwv Juclla™" ~u wl?”
v+p =1/ \y+p -1 ([ o R (X~ hu ) -vax) ey Jo XIOP

pp*—1+vy)

- (351 G5t o W
S \y+pr—1/) \y+p*—1 o e
(B2 et IP 17 2)

p—1+vy -
— [ ——— ) [t(u. P—P *p:()’
(2o et e 2

this is a contradiction. Therefore, t(u,)u, = 0.

Lemma 2.2. Assume that pu € (0,T), then Ny, has the following properties

Vila > A(w) > Ag > [Vla, ¥V EN,, veN,
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where :
N <y+p*—1>< 1 )” pioty [PV
0= ,
P —p VSa
1
[y = DS
Alp) = " :
niy +p*—1)
Proof. 1If v € N{[, then
(p* = PIIVIE < (v+p* 1) | RG0!V d,
From (2.2), we deduce that
+p*—1 _ _
VI < TEPE | et vax
—P Ja
* 1_Y *
) (Y o 1) <\leua> el ™,
P —Pp Sa
which yields
1
+p*—1 1 1—y * gy | PTIFY
Ma< |20 (4a2)  InleloF
P —Pp Sa
= Ao.
IfVve N, we have
Y+P b
V|E < J x| 7P V)P dx
VIE < (L0 u i
. <v+p —1) . (ana) ,
p+y—1
which implies
(p +v—1)(€/§)p*]v*v
Via > = A(u).
Vi [ uly +p*—1)
In the following, we show that
=T A(n) = Ao.
In fact )
+p*—1\vr > .
pu=T< AW = (%) (%‘%) v Hy (IMleo) P= 1+v
|_O_|p(1+1\“17b) (p (;:r}llﬂ)*(;i] P) + 1 =
- B P+y-— )p -
X — " (¥/Sa)
(Sa)rlyr%(p’%m <Y+P -1
1 p(l+a—b)(y+p*—1)
B <’Y+P* 1) p—1+vy ||hHV++y | Q| N P—T+v)(p*—p)
o * _ o ply+p*-1) _ p
P P (¥/Sq) P T*—p) P —p
p*ay-1 ] Pl
<Y+p*—1) In 19 »
p*—p Z(YUSa) Y
= AQ.
O

Lemma 2.3. Assume that u € (0, T), then N, is a closed set in W%{p—topology.
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Proof. The proof is identical to that of [21, Lemma 2], we omit it here. O

Lemma 2.4. Given v € fo, then for every ¢ € W(ll’p(Q), there exist € > 0 and a continuous function f(w) >
0, w e WgP(Q), ||| < e such that

v+wo
f(0) =1, and o) € fo, Vwe WEP(Q), |w| <e.
Proof. The proof is identical to that of [20, Lemma 2.4], we omit it here. O

3. Solution of (1.1) for all u € (0,T)

Theorem 3.1. Suppose that w € (0, T). Then the problem (1.1) has a solution vy € wip (Q) satisfying 1,.(vo) < 0
and ||volla < Ap.

Proof. For every v € N, we deduce from (2.2) that

1 1 p*
Lu(v) =J |x|“P|Vv|de—1J h(x)(|x|b|v|)1vdx_ij ul
Plo —YJo p* Jao IX[PP
1 1 1
N (*)J =P IVvIP dx — () x) (x| 7P Ydx
P P Q 1—v p*

11 1 1
> <_> & — <_—> < ) Ioel ™7 V1
PP 1=y p

Therefore, 1, is coercive and bounded below in N ,.
By Lemma 2.3, we have that N:[ U{0} and N, are two closed sets in Wé’p (Q) when p € (0, T). In terms
of Ekeland’s variational principle [3], we can find a sequence (v,) C NI U{0} such that

(i) Lu(va) < infasopo) In + 55
(i) T,(v) > Lu(va) = £llv—val, VveNLU{0).

We may assume v, > 0 on Q\{0}. Since I,, is bounded below in N, by above property (i), we know that
(vn) is bounded in W}{p (Q). Going if necessary to a subsequence,

vn — vy weakly in WLP(Q) and LP"(Q),
vn — Vg a.e. in Q,

vn — Vo strongly in L'7Y(Q).

Let v, =vg +wy with wy, — 0 weakly in W}l’p (Q). For every v € N[, it follows from p > 1 that

1 1 1 1 P*—p
I — - _ — P_(_-  _ - \_ F P
W(v) (p w)wm (Lﬁ pr+p L

*— 1 1
~ER (2 i <o,
P p 1-v

inf I, =infl, <O0.
Niu{o} Ny

that is,

Moreover, I, (vy) < lTiLriiiqu(vn) = ianﬁu{O} . Hence, vo # 0 and (vy) C N:[.
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Claim 1. vg(x) > 0 a.e. in Q and

pr—1
~pdx, Ve WLP(Q), ¢ =0.

[, BOa0d g Y gdx < | o 2w v - | T
Q Q o [X[°P
For n sufficiently large and a suitable positive constant C;, we have

(P =plvallf — (¥ +p* = 1) JQ h(x) (x| Pvn)' 7Y dx < —Cy < 0. (3.1)

Let ¢ € Wlp( Q) with ¢ > 0. By Lemma 2.4, we can find a continuous functlon fn(t) satisfying
fn(0) =1and (vn +td) € N+ for every vy,. It follows from vy, € N, and (vTL +td) € N, that

[vnllg — o h(x) (x|~ Py )t Ydx — uJﬂ(lxl_bvn)p*dx =0,

and

. —-b 1—y o —b P* —
v | ROt Y |, o) ax =0,

so we have that

_ (f;m—l) [V + EBlIE + (v + ]2 — [vmI2)

1 _ _
— (W — 1) JQ h(x) x| 7% (v +td)] Y dx

= || RO (o + 1) = (v Viax
Q

- <fril(t) - 1) L (X7 (v + )P dx — “Ll[(ixrb(vn +1¢))P — (x|~ Pv)P Jdx

(g =) Im 208+ (v -+ 01 = val2)
n

( ) h(X) [X|7® (v + tp)) ' Ydx —p (
Q f

Dividing by t > 0 and lettlng t — 0, we conclude that

1 -~ .
7Y — 1) JQ[IXI ® (v, +td)]P dx.

0 < —pf,(0)vall? +pJ X[ P [V [P 2Vvy Vepdx
Q

=10 J R(x) (x| 7Py ) Y dx + pp™ £, (0) J (x|~ Py )P dx
’ ¢ (3.2)
= fn(0) [(P* —plvnllf = (v +p"—1) L h(x)(lx|bvn)1vdx]

+p J x| 4P |Vvn [P 2V, Vb dx.
Q

It follows from (3.1) and (3.2) that f] (0) # +oco. Now we show that f,(0) # —oo. If no, we assume that
7 (0) = —oc0. Since

|fn1(t) - 1|an”a + fnt(t) ||d)||a = ||(fn1(t) —1)vn + fnf{t)d)H(l

(3.3)
= || fnl(t) (Vi +td) —vnlla,
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and fn(t) > f(0) = 1 for n sufficiently large, using condition (ii) with v = %(t)(vn +td) € Nj, we
obtain that

1 [Vnlla t |[[¢lla
W0 | n TR on
1
> n‘ fn(t)(vn+t¢)_vn .
= Iu(Vn) — Iy [%{t)(vn +td))}
1 1 1
=\|vn|rg—1j RO Y= - Ivnl2 = [ RO -Ovn )t Vax
P —YlJo p* Q
1 1 1 b 1—
o IR e | RO e e e

1 v +td||P — J h(x)[IX]7° (vn + td)] Y dx]

1
+
p* [fﬁ(t | v Jo
1
[vn + oG

B O
“\p o) \p pr) fR(D

+ <1 — 1) J h(x) (x|~ Pvn ) ™Y dx
Q

L
1 1 1 Y .

1 1 1 1 1
_ (p* p) v+t — [vallB] + (p— p*) (1—%) v+t

1 1 1 - . ) .
R (P*_l—V> () |, BOOII (4 017 = (P e

1 1 1 _ _
' <P*_1—v> (1_ 3:%)) Lzh(")("" o)

Dividing by t > 0, and letting t — 0, we know that

oy valla | lblla o FR(0) [ oy e
MO+ 2 [p plvalls+ (1 —v— p)JQh(x)(M vn) de}

n (p —P ) J X[~ 9P [Ty, P2 Vv, Vb dx,
Q

*

that is
f/ 0 _ B *
[0 £o10) [t — g + (1= —p) | nixl oo Va2
P Q (3.4)
+J x| P Vv [P 2 Vv, Vi dx,
Q
which contradicts with f/, (0) = —co and

*

(P*=pllvalla +(1—v—p )JQ h(X)[IXI’bvn]lﬂdx—%IlvnHa <—C2 <.

In conclusion, [f, (0)] < 4o0. It follows from (3.1), (3.2) and (3.4) that |f],(0)| < C3 for n sufficiently large
and a suitable positive constant Cs.
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Now, by (3.3) and condition (ii), we get

g 1| onta+ i o]
> Iu(Vn) — IH [fnl(t)(vn +td))]
= Dol = [ n v s [t e L 1ol
m JQ h(x) (x| ®vn + td Y dx + m Ll[lx\*blvn + [P dx

1 fh(t)—1
e v+t = o)+ (ERE) o
1

T
1—
+ (mw) J h(x)[lxl_bvn]l_ydx
( Q

[ BOOUXI (4 117 = (v
Q

1—y)fn Y(t)
" o . u(1—fR (1) oy
p*fﬁ* G JQ[UX| (vn +td)) (x|~ °vn )P ldx + ( p*ffj @ JQ(|X| vn )P dx.

Dividing by t > 0, and passing to the limit as t — 0", we get

(IO vnlla + 91l

> f1,(0) [anllﬁ — JQ h(x) (x| "2yl ™Y dx — uL} [IXI_bvn]p*dX] — JQ X|~ 4P [V [P 2V v, Vi dx

. . —b n 1—y _ —b n 1—y
Q t—0+t 1—7vy o) t
——J XI‘“"Ianlp_ZanVCDderuJ (x| 7®)P" (v )P pdx
Q Q
—b 1—vy __ —b 1—vy
lim L, | B )Y - (P
t—0+ Y Q t
which yields,
—b 1—y _ —b 1—y
lminf - J h() (X7 (vn + ) (XI7°vn) ]dx
t—0+ —YJo t
/
e T e B T
Q o n
Applying Fatou’s Lemma, we have
L 1T h(x =" (v + )Y — (X Pvn) Y]
1m(1)r+1f T " dx
o = (3.5)

* * f/ 0
e T B O
Q Q

We take ¢ = e; as a test-function in (3.5), we know that v, (t) > 0 a.e. in Q, then

J RO (vn) Y dx 4 X[ (Vv P2V Vpdx
Q Q

—byp* *1 R O)l[vnlla + |lla
| ) - :
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and note that ], (0) is uniformly bounded in n, we can deduce that vo(x) > 0 a.e. in Q, and

j h(x)(|x|—b)1—wvo)—vq>dx<J X~ P [VvolP 2 Vve Vpdx

Q Q (3.6)

_ J (k217" (vo)? ~dx, ¥ & € WEP(Q), ¢ > 0.
Q

For c € Q letn € CF(Q) such that 0 < n(x) < 1in Q and n(x) =1, for all x € B.(c) C Q for a suitable
T > 0. Set

Uee(x) = e S neou? ("‘_ a

) e WLP(Q).
It is well-known that
[Uccllh =B+0(eN"P), [[Uecllh. =A+0(eM),
and Sq = —B-, where B = [pn X[ 79P[VU*Pdx, A = [on (x P[U*)P dx ([5, 23, 24]).
AP*
Claim 2. vg € N, with u € (0,T).

Let
ao = [voll& — Ll () (x|~ vol) 'Y dx — uJﬂ(lxlbwol)p*dx.
Take ¢ = vp in (3.6); we have that ap > 0. If no, and suppose that ag > 0. There exists a unique 19 > 0
such that T§B — ptj A = —ao. Note that I,(vn) — Vo := infyygo) In = infi Iy with vy € N (C N, it

follows from Brezis-lieb Lemma [4] that

vo+o(l) = Iu("n)

_ (1 - 11> J RGO (KoY dx + (1 - 1*> v

_ <1_ 1>J h(x) (x|~ Pvol) ' Ydx + p <1 —1*> [[vol
p 1-v/)lo p P

0 =||vn\|2—j h(x)(|x|b|vn|)”dx—uj (W~ Phval)P" dx
Q Q

p*
p*

* 1 1 *
P P
pr TR <p — p*) [wnl[5+ +0(1),

and

= ap + [[wallB — plwallB- +o(1)
> ag+ Sa[wallB. — pwnl2e +o(1),

L .
which means lim |jwy,| p+ = ToAP". That is to say, we have
n—o0

1 1 _ _ 1 1
vo > ( - ) [ meot ool v+ ( - ) vl
p 1-v/lJa P P

For every v € WP (Q) with a, = [[v[[% — [ h(x) (x| Pv)~Ydx — pHvHEz > 0, there exists R, > 0 such
that a, + REB — uRY A < 0, and hence

p+ exists and lim |jwny|
n—oo

P P
*—i—u(—*)’t A. (3.7)
p P P 0

v+ RyUec|f —JQ RO (X P + Ryl )Y dx — v+ RyUe e[|

= HVHE + RE ||ue,c||?1 - JQ h(x)(‘x|7b|" + Rvue,c‘)liydx —H {HVHE:: + RB* Hue,CHg: +o0(1)

—ay, +RPB—uRD A +0(1) <0,

for e > 0 small enough. Consequently, we can take 0 < d,, < R, to hold

[v+deyUecllh — JQ h(x) (X7 + deyUe )Y dx — HJQ(IXIblv tdeyUe)P dx=0.  (38)

Thus v+ d¢ v Ue ¢ € Ny,. In addition, note that a, > 0, let d,, > 0 be the unique positive number satisfying
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d%B — udd A = —a,. By (3.6), we get
ay +dP ,B—pdP A +0o(1) =0,

and thus d¢, — d, as ¢ — 0 which leads to

v+ deyUecllf = [[VI[R +dBB +0(1) > dfB > (-B)7 v B = (
for e > 0 sufficiently small. Since

1 1
1\ 7> ’;’ p+y—1 PF—p N
- g/ - - USa? =Aw).
||V+de,vue,c||a > <H) Sa? > <H(Y+P*—1) a (w)
By Lemma 2.2, we have v+ d¢yUe ¢ € N.- Note that ianﬁ [, = infy, I,,, we obtain that

Vo g Iu(V+ de,vue,c)

1 1 _ _ 1 1 x
= < - > J ]’L(X)(|X| b|V + de,vue,ch de + 2% (p - P> HV + de,vue,CHg*
Q

(-t b)Y (1_1>
(3= 125 ) [ moate et vaxw (5= )y

1 1 1 1
vo < < - ) [ ROE b ax ( - ) v
p 1-v/lao 2

Combining (3.7) and (3.9), we obtain that

p*+u<—> dP LA +o0(1),
P p p*) Y

ie.,

* 1 1 *
P P

p l-—vy

11 byl 11 “Olygl)P’ S
vo= (3= 2 ) | me ol aw i (3 L) (Ol a5 - ) A

Consequently, v is a local minimizer for the following functional:

1 1 _ _ 1 1 * 1 1 .
(220 ) [ mme b vaxew (2= ) it e (- 1) aa
p 1-v/lJao P P P P

For d,, let{ € C5°(Q) and g(t) := dyy+ty, we have

(3.9)

(3.10)

(3.11)

[g(t)]PB — ulg(t)P"A = — [HVO + e — JQ () (X~ P lvo + 1) Y dx — HJQ(|X|_b|VO + tll)l)p*dX} :

Since ag > 0, we have that g(t) exists and g(0) = 1¢. Therefore,

[g(t)]PB — ulg(t)]P"A — [g(0)IPB + ulg(0)]P" A
t
_ [g(t) — g(0)][gP (1) +- -+ gP " (0)IB — pA[g(t) — g(O)][gP (1) +- -+ g7 1 (0)]
t

-2 {llvo +thlla — L) () (X~ P vo + t)) Y dx — HJQ(IXI*"IVO +1p))P " dx

Tt
—[volla + JQ RO (X~ P o) Y dx + HJQ(XIvaI)p*dX}

h(x)(Ix~°) Y

t—0— Ix| =P | Vv P I Vpdx — (1 — J T pdx — J (|72 vP ~lypdx| .
|:pJQ 0 V) Q Vg/ P Q 0
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It follows that g’(0) exists and

-1 h —b\1—vy
9'(0) = —= T [pJ |x|*ap|vVo|P*1v¢dx—(1—y)J Mﬂ)dx
Pty B—uptty A Q Q Vo
[ (0O .
Q
Noting that (3.11) yields
d 1 1 1 1 x
— { < - ) J R(x) (Ix] "o + ) Y dx + ( - *> J (IxI~®vo + th)P dx
adt (\p 1-v/lJo P P /Ja
1 1 .
+u < — ) [g(t)I? A} lt=0=0,
PP
we have
1 1 h(x)(]x|~®)1—Y
(_1 )(1—v)J OIS
1% -Y (0] Vo
1 ]. _ * *—1 1 ]- * *—1
+u(—*> *J (IxI~®)P vy lj)dx—i—u(—*) A
p )V o 0 p pr )P0 612
-1 h —b\1—vy ’
R [P P ey | P Sy
pty  B—upp*ty AL Ja Q Vo

| (|x|b)p*v5’”¢dx} } _o,
Q

for all P € C5°(Q). Denote de,, = To + d¢, since de, — d., as € — 0, we have 5 — 0. All the above
estimates are substituted in (3.8), we have

0= ”VO + de,voue,c ||E - JQ h(x)(|x|7b|\’0 + de,voue,c‘)liy dx — HJQ(\leb\Vo + de,voue,ch* dx
= 0112 + €2y [Uell2 + | [Py VUl ITv0l 4 paZ T Ue P~ oPIVwgl] dx

—J h(x)uxrbvo)lﬂdx—(1—v)mj RO (X 2) Vv Y U e dx
Q [0}

N—p

—u |:J' (|X|7b)p* (Vg +p*ce,voue,cvg - +e +‘P*(Ce,voue,c)p*71"0 + (Ce,voue,c)p*) dx] +o(e 7 )
Q
=—(tyB—pt) A)+cP, B— ucgl*vOA
+ JQ x|~ P [Pce,vovue,c|v"0|p_1 +PCE;;|VUe,c|p_1\VV0|} dx

—(1-v) JQ RO ()1 (vo) Y U cdx

_ * *__ * *__ N—
[ (e Ueef R R x4 o (€757,
Q

which yields
P B upty A+ o(1)] (—5e)

= | 7 [pro VU ITsP T e U ] éx
Q

(=) JQ RO (1% 2)1Yvs Y Ue cdx

* *_ *__ * N-—p
_“J (IXI~°)P" (p*toUe, vy ' +p*h 'UP T lvg)dx +o(e 7).
Q
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Moreover, by (3.12), we obtain

5 0
e T P IB_ o
PTo HP™ T
—byl—vy
B To (1_y)J h(x)(x|™")
Q

pth B —pprtd TTA vy

[P P U

Ue cdx

To
SR -
pt 'B—1 A

p—1
To

up* JQUXb)p*Vg*_lue,ch

TP VU [P Vvoldx
p—1 e p—1 |:pJ |X| €,C 0
Pty B—wup*ty AL Jo
Tp*_l * _ * *_ N—p
_prle OHP*TP**lAWp JQ(|X| b)p U'E,c 1V0dx+0(€ r)
0 o 0

(3.13)

—by1— * P
(=) (1= o “H = Uecdxor i (§ = 5) b o (WP Ueed

= Ty (l_i) *Tp*_lA
Hip 79 )P T
! _ _
e P I o]
Pty B—wuptty A Q
o

S ap” || (X0 vodx o)
Q

Since ag > 0, we have

p'cg_lB — up*ftop*_l/\ _r <T§B — upTg*A> < E(TEB — wrop* ) = —an <0.
To P To To
And then, it follows from vg 4 de v, Ue,c € Ny, (3.10) and (3.13) that
1 1 —b 1—y
Iu(VO + de,voue,c) =\-—77— h(x) (x|~ vo + de,voue,c|) dx
P 1-v/lo

(|X|7b lvo + de,v(]ue,c”p* dx

Lﬁ

Q

R(x) (1] Pvo) 'Y dx

|

N
A/~ T |~

I =
— | | =

_ 2 T | =
< N—
\_/r

[(1 —Y)To L) h(x) (x| ~° )“Vvoyue,ch}

(1xI~®vol)P" dx

_l’_
=
I/~
< |-
|
AL

©)

he)

S~ N

o
o3
<~X-
(=)

p
+
=

A/~

1 1)\ ., bt
p—p*>P JQUX b)p Vop 1d—e,v0u€,cd—X

(1
ful=—
P

1 1 . 1 1 , 1 1 .
+u<—*>J (IxI~®vol)P dX+u(—*) U A+u<—*> prry l8eA
P P /la PP P P
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1 1 _ * *_
fu ( _ ) — J (X217 v MU cdx
P fe)

P
+u = 1P T () VOue,c dx
P P o
1 1 w % p*—2 —byp* pr—1 Nep
Ful === PP =Dy “bc | (IxI77)P woUE T“dx+o(e 7 )
p P o
1 1 _
—vort (3= ) [Ty | RO U e
p 1-vy Q
1 1 % pr—1 1 1 * —b\p*. p*—1
+u<—*> T 6A+u<—*> TOJ (XI7")P v~ Ue cdx
P P 0 p )P o 0 e
1 1 *_ * *
u ( - ) P | P Uz tax
p P o
1 1 * * p*fz —b * *_1 N-—p
(=== P P D1y “0c| (XI"7)P voUP  "dx+o(e? )
P P o)
1 1 . B . .
:vo—i—“(_*) pry *_1p ° —1 J (=" voUE ¢
PP pty  B—up*ty Ao

—b\1—
e [(R ) ey [ R,

Vo

1
0 « —byp*1pF—1
TR S— (J (X ~*)P Uz vde)
pty B —ppry A P Q e

1 1 * * * N—
- ( - ) pr(p* — 1)1 2 Jﬂ(lxrbﬂ’ Ul Mdx +ole 7)) < vo,

which is a contradiction. This concludes the proof of Claim 2.

Claim 3. vy is a solution of (1.1).
For € WXP(Q) and € > 0, we define

V= (v + )" e WP (Q). (3.14)
Equation (3.14) is substituted in (3.6), in view of Claim 2, we find that

R(x) (X —°) Y
vY

0= J (IXI_GPIVVOIP_ZVVOV‘P -
Q 0

y_ u(xrbva*—lw> ax

= J [|x|aP|Vvo|P2vVowvo +e)
[vo+e>0]
byl— i
PRI g ) — 0P v v+ e¢)] ax
0
—byl— .
- Dx-apwow—zwovwo vep) — PP T T 4 ey — 9P p o + )|
0
— J [x|ap|Vv0|p2Vv0V(v0 +e)
[vo+e<0]
—byl— .
_ M(vo +ep) — (XD VE T v + eq))] dx
0

- ||V0HE*J h(x)uxrb)l—vvé”dx—uj (IxI"Pvo)?" dx
fo} [0}
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h —b 171’ * *__
O I e (N L A O T
Q 0
*J' <|X|_ap|VVo|p_2VV0V(V0 + ey)
[vo+ep<0]
h(x)(]x|~®)—Y ke
PO ) — )P o+ ) )
0
- ) h(x)(Ix|~°)1Y —byp*.pr—1
o I e B e S TC L S E
Q 0

- eJ (le’avaolp’szOVLb) dx.
[vo+edh<0]

Note that the measurement of {vg + elp < 0} — 0 as € — 0. Dividing by € and passing to the limit as
€ — 0, and hence

h —byl1—vy .
[ (e erimvn2owwy = P g ) ax >
Q 0

Therefore, vy is a solution of problem (1.1). Note that v,;, — vo weakly in thl,p (Q), we know that ||vg]| <

lirgnf [valla < Ap. By Claim 2 and Lemma 2.2, we see that vg € N:[. Thus, it follows from I, (vn) —
n o0

infI,, that
N
1 1 1 1
infl, > -——||wlP - — — — J h(x) (x| Pve) Y dx = I,,(vo).
1> (5= ) Il = (125 — ¢ ) |, noed o) ()
Consequently, I,,(vg) = in+f L.
N
) O
Theorem 3.2. Assume that w € (0, T). Then the problem (1.1) has a solution Vy € W}l’p(Q) satisfying
[Volla = A(w) > Ao.
Proof. The proof of Theorem 3.2 is similar to that of Theorem 3.1, we omit it here.
O]
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