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Abstract
We consider the singular boundary value problem

−div(|x|−ap|∇u|p−2∇u) = h(x) u−γ

|x|b(1−γ) + µu
p∗−1

|x|bp
∗ in Ω\{0},

u > 0 in Ω\{0},

u = 0 on ∂Ω,

where Ω ⊂ RN(N > 3) is a bounded domain such that 0 ∈ Ω, 0 < γ < 1, 0 6 a < N−p
p , a 6 b < a+ 1, p∗ := p∗(a,b) =

Np
N−(1+a−b)p , and h(x) is a given function. Based on different assumptions, using variational methods and Ekeland’s principle,
we admit that this problem possesses two positive solutions. c©2017 All rights reserved.
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1. Introduction

In this paper, we are concerned with the following problem:
−div(|x|−ap|∇u|p−2∇u) = h(x) u−γ

|x|b(1−γ) + µ
up
∗−1

|x|bp
∗ in Ω\{0},

u > 0 in Ω\{0},

u = 0 on ∂Ω,

(1.1)

where Ω is a bounded domain in RN(N > 3) with smooth boundary ∂Ω such that 0 ∈ Ω. µ > 0 is a
parameter, 0 < γ < 1, 0 6 a < N−p

p , 1 < p < N, a 6 b < a+ 1, and p∗ := p∗(a,b) = Np
N−(1+a−b)p is the

critical Hardy-Sobolev exponent. Throughout our paper, we assume that h ∈ C(Ω) and h(x) > 0.
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Let W1,p
a (Ω) be the completion of C∞0 (Ω) with respect to the norm ‖u‖a, where

‖u‖a =

∫
Ω

(
|x|−ap|∇u|pdx

) 1
p .

In recent years, considerable attention has been attracted to quasilinear elliptic problems [1, 2, 8–
10, 12–17, 25]. In [13], Ghoussoub and Yuan studied the existence of positive solutions for the following
quasi-linear equation:  −∆pu = λ|u|r−2u+ µ

|u|q−2

|x|s u, x ∈ Ω,

u(x) = 0, x ∈ ∂Ω,

where 1 < p < N, 0 6 s 6 p, p 6 q 6 N−s
N−pp and p 6 r 6 Np

N−p .
We would like to mention the results of [11, 18, 26], which motivated us to discuss (1.1). In [11], Deng

and Huang considered the following quasilinear elliptic equation

− div(|x|−ap|∇u|p−2∇u) = µ+ h(x)

|x|(a+1)p |u|
p−2u+ k(x)

|u|p
∗−2u

|x|bp
∗ , x ∈ RN, (1.2)

where 1 < p < N, 0 6 a < N−p
p , a 6 b < a+ 1, 0 6 µ <

(
N−p
p − a

)p
, p∗ := p∗(a,b) = Np

N−(1+a−b)p , and
k and h are continuously bounded functions. Under some assumptions on h and k, several multiplicity
theorems of (1.2) were established. Furthermore, Kang [18] studied the following quasilinear problem −div(|x|−ap|∇u|p−2∇u) − µ |u|p−2u

|x|p(a+1) =
|u|p

∗(a,b)−2u

|x|bp
∗(a,b) + λ

|u|q−2u

|x|dp
∗(a,d) in Ω\{0},

u = 0 on ∂Ω,

where Ω ⊂ RN is a bounded domain with smooth boundary, 0 ∈ Ω, N > 3, λ > 0, 1 < p < N,

0 6 µ <
(
N−p
p − a

)p
, 0 6 a < N−p

p , a 6 b,d < a+ 1, p 6 q < p∗(a,d) = Np
N−p(a+1−d) . He investigated

the extremal functions and gave some estimates. We should point out that Xuan [26] has provided some
properties of eigenvalues of the following quasilinear problem{

−div(|x|−ap|∇u|p−2∇u) = λ|x|−(a+1)p+c|u|p−2u in Ω,

u = 0 on ∂Ω,

where Ω ⊂ RN is an open bounded domain with C1 boundary, 0 ∈ Ω, 1 < p < N, 0 6 a < N−p
p , and

c > 0.
On the other hand, Giacomoni et al. [14] established the multiplicity result of (1.1) when h(x) ≡ λ,

a = b = 0, and µ ≡ 1 by critical point theory and a lower-upper solution method. Moreover, Loc and
Schmitt [19] studied the following singular problem:

−∆pu = a(x)g(u) + λh(u), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω,

u(x) > 0, x ∈ Ω,

(1.3)

where p > 1, g(u) is a singular term, a ∈ L∞(Ω), λ is a parameter and h(u) is a continuous function.
They constructed lower-upper solutions to show the problem (1.3) has one weak solution in W1,p

0 (Ω). We
note that when p = 2, the multiplicity of positive solutions for problem (1.1) has been considered by Sun
and Wu [22], Sun and Li [21], and Chen and Chen [6, 7].

In this paper, we will establish some existence and multiplicity theorems for (1.1) when µ ∈ (0,µ∗) for
some µ∗ > 0 and give the lower bounds for µ∗ = µ∗(Ω,γ,p∗,h(x)) > 0.
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2. Preliminaries

Throughout this paper, define ‖u‖ss =

∫
Ω

(|x|−b|u|)sdx. We denote by the first eigenfunction e1 with

−div(|x|−ap|∇u|p−2∇u) = λ1
e
p−1
1

|x|bp
in Ω, e1 |∂Ω= 0, 0 6 e1 6 1.

We set

Sa = inf


∫
Ω

|x|−ap|∇u|pdx(∫
Ω

|x|−bp
∗
|u|p

∗
dx

) p
p∗

| u ∈W1,p
a (Ω), u 6= 0

 .

The infimum can be achieved by the function U∗(x), where U∗ is the radially symmetric ground state of
the following limiting problem

−div(|x|−ap|∇u|p−2∇u) = up
∗−1

|x|bp
∗ in RN\{0},

u(x) > 0 in RN\{0},

u −→ 0 as |x| −→∞.

The functional associated to (1.1) is

Iµ(u) =
1
p

∫
Ω

|x|−ap|∇u|p − 1
1 − γ

∫
Ω

h(x)(|x|−b|u|)1−γ −
µ

p∗

∫
Ω

|u|p
∗

|x|bp
∗ , ∀ u ∈W1,p

a (Ω).

We introduce the constraint set

Nµ =
{
t(u)u : u ∈W1,p

a (Ω)\{0}
}

,

where t(u) are the zeros of the following map

t −→ ϕ(t,u) =
1

tp
∗−1

d

dt
Iµ(tu)

= tp−p
∗
∫
Ω

|x|−ap|∇u|p − t−γ−p∗+1
∫
Ω

h(x)(|x|−b|u|)1−γ − µ

∫
Ω

|u|p
∗

|x|bp
∗ .

(2.1)

In order to obtain our results, split Nµ into the following three parts

N+
µ =

{
v = t(u)u ∈ Nµ : (p− p∗)‖v‖pa + (p∗ + γ− 1)

∫
Ω

h(x)(|x|−b|v|)1−γdx > 0
}

,

N0
µ =

{
v = t(u)u ∈ Nµ : (p− p∗)‖v‖pa + (p∗ + γ− 1)

∫
Ω

h(x)(|x|−b|v|)1−γdx = 0
}

,

N−
µ =

{
v = t(u)u ∈ Nµ : (p− p∗)‖v‖pa + (p∗ + γ− 1)

∫
Ω

h(x)(|x|−b|v|)1−γdx < 0
}

.

A function u is called a solution of (1.1) if u ∈W1,p
a (Ω) such that u(x) > 0 a.e. in Ω and∫

Ω

|x|−ap|∇u|p−2∇u∇φ−

∫
Ω

h(x)(|x|−b)1−γ

uγ
φ− µ

∫
Ω

up
∗−1

|x|bp
∗ φ = 0, ∀ φ ∈W1,p

a (Ω).

Lemma 2.1. Assume that µ ∈ (0, T), where

T =

(
γ− 1 + p

γ+ p∗ − 1

)(
p∗ − p

γ+ p∗ − 1

) p∗−p
p−1+γ

(
1
‖h‖∞

) p∗−p
p−1+γ

(
Sλ

|Ω|
p(1+a−b)

N

)γ+p∗−1
p−1+γ

,

then N0
µ = {0}. Furthermore, for every u ∈W1,p

a (Ω)\{0}, ϕ(t,u) has exactly two zeros t∓(u) such that

0 < t−(u) < t+(u), t−(u)u ∈ N+
µ , t+(u)u ∈ N−

µ .
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Proof.

(1) Define ϕ : (0,∞)× {W
1,p
a (Ω)\{0}} −→ R by (2.1). Let ϕ ′(t,u) = 0, then

t =

 (p∗ − p)‖u‖pa

(γ+ p∗ − 1)
∫
Ω

h(x)(|x|−b|u|)1−γdx


− 1
p−1+γ

:= tmax,u.

We can deduce that ϕ ′(t,u) > 0 when 0 < t < tmax,u and ϕ ′(t,u) < 0 when t > tmax,u. Furthermore, we
have

ϕ(tmax,u,u) =

 (p∗ − p)‖u‖pa

(γ+ p∗ − 1)
∫
Ω
h(x)(|x|−b|u|)1−γdx


−

(p−p∗)
p−1+γ

‖u‖pa

−

 (p∗ − p)‖u‖pa

(γ+ p∗ − 1)
∫
Ω
h(x)(|x|−b|u|)1−γdx


−

(−γ−p∗+1)
p−1+γ

×
∫
Ω
h(x)(|x|−b|u|)1−γdx− µ

∫
Ω
(|x|−b|u|)p

∗
dx

=

(
p∗ − p

γ+ p∗ − 1

)−
(p−p∗)
p−1+γ

‖u‖
−p(p−p∗)
p−1+γ +p
a

[
1∫

Ω h(x)(|x|
−b|u|)1−γdx

]− (p−p∗)
p−1+γ

−

(
p∗ − p

γ+ p∗ − 1

)γ+p∗−1
p−1+γ

‖u‖
p(γ+p∗−1)
p−1+γ

a

[
1∫

Ω h(x)(|x|
−b|u|)1−γdx

]γ+p∗−1
p−1+γ

×
∫
Ω
h(x)(|x|−b|u|)1−γdx

− µ

∫
Ω
(|x|−b|u|)p

∗
dx

=

(
γ− 1 + p

γ+ p∗ − 1

)(
p∗ − p

γ+ p∗ − 1

) p∗−p
p−1+γ ‖u‖

p(p∗−1+γ)
p−1+γ

a

(
∫
Ω h(x)(|x|

−b|u|)1−γdx)
p∗−p
p+γ−1

− µ

∫
Ω
(|x|−b|u|)p

∗
dx.

Since ‖u‖pa > Sa‖u‖pp∗ for every u ∈W1,p
a (Ω)\{0}, in view of Hölder inequality, we have

∫
Ω
h(x)(|x|−b|u|)1−γdx 6

(∫
Ω
(|x|−b|u|)(1−γ) p

∗
1−γdx

) 1−γ
p∗
(∫
Ω
h(x)

p∗
p∗−1+γdx

)p∗−1+γ
p∗

6 ‖u‖1−γ
p∗ ‖h‖∞|Ω|

p∗−1+γ
p∗

6

(
‖u‖a
p
√
Sa

)1−γ
‖h‖∞|Ω|

p∗−1+γ
p∗ .

(2.2)

Therefore,

ϕ(tmax,u,u) >
(
γ− 1 + p

γ+ p∗ − 1

)(
p∗ − p

γ+ p∗ − 1

) p∗−p
p−1+γ ‖u‖

p(p∗−1+γ)
p−1+γ

a

[(
‖u‖a
p√Sa

)1−γ‖h‖∞|Ω|
p∗−1+γ
p∗ ]

p∗−p
p−1+γ

− µ

(
‖u‖a
p
√
Sa

)p∗

=

( γ− 1 + p

γ+ p∗ − 1

)(
p∗ − p

γ+ p∗ − 1

) p∗−p
p−1+γ

(
1
‖h‖∞

) p∗−p
p−1+γ ( p

√
Sa)

(1−γ)(p∗−p)
p−1+γ

|Ω|
(p∗−1+γ)(p∗−p)
p∗(p−1+γ)

−
µ

( p
√
Sa)p

∗

 ‖u‖p∗a



Y. B. Sang, X. R. Luo, J. Nonlinear Sci. Appl., 10 (2017), 4966–4982 4970

:= E(µ)‖u‖p
∗
a .

We can see that

E(µ) = 0⇔ µ =

(
γ− 1 + p

γ+ p∗ − 1

)(
p∗ − p

γ+ p∗ − 1

) p∗−p
p−1+γ

(
1
‖h‖∞

) p∗−p
p−1+γ ( p

√
Sa)

(1−γ)(p∗−p)
p−1+γ +p∗

|Ω|
(p∗−1+γ)(p∗−p)
p∗(p−1+γ)

=

(
γ− 1 + p

γ+ p∗ − 1

)(
p∗ − p

γ+ p∗ − 1

) p∗−p
p−1+γ

(
1
‖h‖∞

) p∗−p
p−1+γ

(
Sa

|Ω|
(1+a−b)p

N

)γ+p∗−1
p−1+γ

:= T .

So for µ ∈ (0, T), we have that E(µ) > 0. Thus, ϕ(t,u) has exactly two zeros 0 < t−(u) < tmax,u < t
+(u)

such that ϕ ′(t−(u),u) > 0 > ϕ ′(t+(u),u). Since ϕ(t−(u),u) = 0, ϕ ′(t−(u),u) > 0. Then t−(u)u ∈ Nµ
and

(p− p∗)[t−(u)]p−p
∗−1‖u‖pa + (γ+ p∗ − 1)[t−(u)]−γ−p

∗
∫
Ω

h(x)(|x|−b|u|)1−γdx > 0.

By (2.1), we obtain that

(p− p∗)‖t−(u)u‖pa + (γ+ p∗ − 1)
∫
Ω

h(x)(|t−(u)u||x|−b)1−γdx > 0.

That is t−(u)u ∈ N+
u . Similarly, we get that t+(u)u ∈ N−

µ .

(2) Now, we will prove that N0
µ = {0}. Assume by contradiction that there exists u∗ ∈ W1,p

a (Ω)\{0} such
that t(u∗)u∗ ∈ N0

µ, t(u∗)u∗ 6= 0. Then

[t(u∗)]
p−p∗‖u∗‖pa − [t(u∗)]

−γ−p∗+1
∫
Ω

h(x)(|x|−b|u∗|)
1−γdx− µ

∫
Ω

|u∗|
p∗dx = 0,

and
(p− p∗)‖t(u∗)u∗‖pa + (γ+ p∗ − 1)

∫
Ω

h(x)(|x|−b|t(u∗)u∗|)
1−γdx = 0. (2.3)

Hence, for µ ∈ (0, T) and u∗ ∈W1,p
a (Ω)\{0}, it follows from (2.2) and (2.3) that

0 < E(µ)‖u∗‖p
∗
a

6

(
γ− 1 + p

γ+ p∗ − 1

)(
p∗ − p

γ+ p∗ − 1

) p∗−p
p−1+γ ‖u∗‖

p(p∗−1+γ)
p−1+γ

a

(
∫
Ω h(x)(|x|

−b|u∗|)1−γdx)
p∗−p
p−1+γ

− µ

∫
Ω

|u∗|
p∗

|x|bp
∗ dx

=

(
γ− 1 + p

γ+ p∗ − 1

)(
p∗ − p

γ+ p∗ − 1

) p∗−p
p−1+γ ‖u∗‖

p(p∗−1+γ)
p−1+γ

a(
−p+p∗

γ+p∗−1 [t(u∗)]
p−1+γ‖u∗‖pa

) p∗−p
p−1+γ

−

(
p− 1 + γ

γ+ p∗ − 1

)
[t(u∗)]

p−p∗‖u∗‖pa = 0,

this is a contradiction. Therefore, t(u∗)u∗ = 0.

Lemma 2.2. Assume that µ ∈ (0, T), then Nµ has the following properties

‖V‖a > A(µ) > A0 > ‖v‖a, ∀ V ∈ N−
µ , v ∈ N+

µ ,
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where

A0 =

[(
γ+ p∗ − 1
p∗ − p

)(
1

p
√
Sa

)1−γ

‖h‖∞|Ω|
p∗−1+γ
p∗

] 1
p−1+γ

,

A(µ) =

[
(p+ γ− 1)( p

√
Sa)

p∗

µ(γ+ p∗ − 1)

] 1
p∗−p

.

Proof. If v ∈ N+
µ , then

(p∗ − p)‖v‖pa < (γ+ p∗ − 1)
∫
Ω

h(x)(|x|−b|v)|1−γdx.

From (2.2), we deduce that

‖v‖pa <
γ+ p∗ − 1
p∗ − p

∫
Ω

h(x)(|x|−b|v|)1−γdx

6

(
γ+ p∗ − 1
p∗ − p

)(
‖v‖a
p
√
Sa

)1−γ

‖h‖∞|Ω|
p∗−1+γ
p∗ ,

which yields

‖v‖a <

[(
γ+ p∗ − 1
p∗ − p

)(
1

p
√
Sa

)1−γ

‖h‖∞|Ω|
p∗−1+γ
p∗

] 1
p−1+γ

:= A0.

If V ∈ N−
µ , we have

‖V‖pa <

(
γ+ p∗ − 1
p+ γ− 1

)
µ

∫
Ω

(|x|−b|V |)p
∗
dx

6

(
γ+ p∗ − 1
p+ γ− 1

)
µ

(
‖V‖a
p
√
Sa

)p∗
,

which implies

‖V‖a >
[
(p+ γ− 1)( p

√
Sa)

p∗

µ(γ+ p∗ − 1)

] 1
p∗−p

:= A(µ).

In the following, we show that
µ = T ⇔ A(µ) = A0.

In fact

µ = T ⇔ A(µ) =

(
γ+ p∗ − 1
γ− 1 + p

) 1
p∗−p (

γ+p∗−1
p∗−p

) 1
p−1+γ

(‖h‖∞) 1
p−1+γ

× |Ω|
p(1+a−b)

N
(γ+p∗−1)

(p−1+γ)(p∗−p)

(Sa)
γ+p∗−1

(p−1+γ)(p∗−p)

(
p+ γ− 1
γ+ p∗ − 1

) 1
p∗−p

( p
√
Sa)

p∗
p∗−p

=

(
γ+ p∗ − 1
p∗ − p

) 1
p−1+γ

‖h‖
1

p−1+γ∞ | Ω |
p(1+a−b)(γ+p∗−1)
N(p−1+γ)(p∗−p)

( p
√
Sa)

p(γ+p∗−1)
(p−1+γ)(p∗−p)−

p∗
p∗−p

=

(γ+ p∗ − 1
p∗ − p

)
‖h‖∞ |Ω|

p∗+γ−1
p∗

( p
√
Sa)1−γ

 1
p−1+γ

:= A0.

Lemma 2.3. Assume that µ ∈ (0, T), then N−
µ is a closed set in W1,p

a -topology.
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Proof. The proof is identical to that of [21, Lemma 2], we omit it here.

Lemma 2.4. Given v ∈ N±µ , then for every φ ∈ W1,p
a (Ω), there exist ε > 0 and a continuous function f(w) >

0, w ∈W1,p
a (Ω), ‖w‖ < ε such that

f(0) = 1, and
v+wφ

f(w)
∈ N±µ , ∀ w ∈W1,p

a (Ω), ‖w‖ < ε.

Proof. The proof is identical to that of [20, Lemma 2.4], we omit it here.

3. Solution of (1.1) for all µ ∈ (0, T )

Theorem 3.1. Suppose that µ ∈ (0, T). Then the problem (1.1) has a solution v0 ∈W1,p
a (Ω) satisfying Iµ(v0) < 0

and ‖v0‖a 6 A0.

Proof. For every v ∈ Nµ, we deduce from (2.2) that

Iµ(v) =
1
p

∫
Ω

|x|−ap|∇v|pdx− 1
1 − γ

∫
Ω

h(x)(|x|−b|v|)1−γdx−
µ

p∗

∫
Ω

|v|p
∗

|x|bp
∗ dx

=

(
1
p
−

1
p∗

) ∫
Ω

|x|−ap|∇v|pdx−
(

1
1 − γ

−
1
p∗

) ∫
Ω

h(x)(|x|−b|v|)1−γdx

>

(
1
p
−

1
p∗

)
‖v‖pa −

(
1

1 − γ
−

1
p∗

)(
1

p
√
Sa

)1−γ

‖h‖∞|Ω|
p∗−1+γ
p∗ ‖v‖1−γ

a .

Therefore, Iµ is coercive and bounded below in Nµ.
By Lemma 2.3, we have that N+

µ ∪ {0} and N−
µ are two closed sets in W1,p

a (Ω) when µ ∈ (0, T). In terms
of Ekeland’s variational principle [3], we can find a sequence (vn) ⊂ N+

µ ∪ {0} such that

(i) Iµ(vn) < infN+
µ∪{0} Iµ + 1

n ;

(ii) Iµ(v) > Iµ(vn) − 1
n‖v− vn‖, ∀ v ∈ N+

µ ∪ {0}.

We may assume vn > 0 on Ω\{0}. Since Iµ is bounded below in Nµ, by above property (i), we know that
(vn) is bounded in W1,p

a (Ω). Going if necessary to a subsequence,

vn ⇀ v0 weakly in W1,p
a (Ω) and Lp

∗
(Ω),

vn → v0 a.e. in Ω,

vn → v0 strongly in L1−γ(Ω).

Let vn = v0 +wn with wn ⇀ 0 weakly in W1,p
a (Ω). For every v ∈ N+

µ , it follows from p > 1 that

Iµ(v) =

(
1
p
−

1
p∗

)
‖v‖pa −

(
1

1 − γ
−

1
p∗

)
p∗ − p

γ+ p∗ − 1
‖v‖pa

=
p∗ − p

p∗

(
1
p
−

1
1 − γ

)
‖v‖pa < 0,

that is,
inf

N+
µ∪{0}

Iµ = inf
N+
µ

Iµ < 0.

Moreover, Iµ(v0) 6 lim inf
n−→∞ Iµ(vn) = infN+

µ∪{0} Iµ. Hence, v0 6≡ 0 and (vn) ⊂ N+
µ .
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Claim 1. v0(x) > 0 a.e. in Ω and∫
Ω

h(x)(|x|−b)1−γv
−γ
0 φdx 6

∫
Ω

|x|−ap|∇v0|
p−2∇v0∇φdx− µ

∫
Ω

v
p∗−1
0
|x|bp

∗φdx, ∀ φ ∈W1,p
a (Ω), φ > 0.

For n sufficiently large and a suitable positive constant C1, we have

(p∗ − p)‖vn‖pa − (γ+ p∗ − 1)
∫
Ω

h(x)(|x|−bvn)
1−γdx 6 −C1 < 0. (3.1)

Let φ ∈ W1,p
0 (Ω) with φ > 0. By Lemma 2.4, we can find a continuous function fn(t) satisfying

fn(0) = 1 and 1
fn(t)

(vn + tφ) ∈ N+
µ for every vn. It follows from vn ∈ Nµ and 1

fn(t)
(vn + tφ) ∈ Nµ that

‖vn‖pa −
∫
Ω

h(x)(|x|−bvn)
1−γdx− µ

∫
Ω

(|x|−bvn)
p∗dx = 0,

and
1

f
p
n(t)
‖vn + tφ‖pa −

1

f
1−γ
n (t)

∫
Ω

h(x)[|x|−b(vn + tφ)]1−γdx− µ
1

f
p∗
n (t)

∫
Ω

[|x|−b(vn + tφ)]p
∗
dx = 0,

so we have that

0 =

(
1

f
p
n(t)

− 1
)
‖vn + tφ‖pa + (‖vn + tφ‖pa − ‖vn‖pa)

−

(
1

f
1−γ
n (t)

− 1

) ∫
Ω

h(x)[|x|−b(vn + tφ)]1−γdx

−

∫
Ω

h(x)[(|x|−b(vn + tφ))1−γ − (|x|−bvn)
1−γ]dx

− µ

(
1

f
p∗
n (t)

− 1

) ∫
Ω

[|x|−b(vn + tφ)]p
∗
dx− µ

∫
Ω

[(|x|−b(vn + tφ))p
∗
− (|x|−bvn)

p∗ ]dx

6

(
1

f
p
n(t)

− 1
)
‖vn + tφ‖pa + (‖vn + tφ‖pa − ‖vn‖pa)

−

(
1

f
1−γ
n (t)

− 1

) ∫
Ω

h(x)[|x|−b(vn + tφ)]1−γdx− µ

(
1

f
p∗
n (t)

− 1

) ∫
Ω

[|x|−b(vn + tφ)]p
∗
dx.

Dividing by t > 0 and letting t→ 0, we conclude that

0 6 −pf
′
n(0)‖vn‖

p
a + p

∫
Ω

|x|−ap|∇vn|p−2∇vn∇φdx

+ (1 − γ)f ′n(0)
∫
Ω

h(x)(|x|−bvn)
1−γdx+ µp∗f

′
n(0)

∫
Ω

(|x|−bvn)
p∗dx

= f ′n(0)
[
(p∗ − p)‖vn‖pa − (γ+ p∗ − 1)

∫
Ω

h(x)(|x|−bvn)
1−γdx

]
+ p

∫
Ω

|x|−ap|∇vn|p−2∇vn∇φdx.

(3.2)

It follows from (3.1) and (3.2) that f ′n(0) 6= +∞. Now we show that f ′n(0) 6= −∞. If no, we assume that
f ′n(0) = −∞. Since

| 1
fn(t)

− 1|‖vn‖a + t
fn(t)

‖φ‖a > ‖( 1
fn(t)

− 1)vn + t
fn(t)

φ‖a

= ‖ 1
fn(t)

(vn + tφ) − vn‖a,
(3.3)
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and fn(t) > fn(0) = 1 for n sufficiently large, using condition (ii) with v = 1
fn(t)

(vn + tφ) ∈ N+
µ , we

obtain that∣∣∣∣ 1
fn(t)

− 1
∣∣∣∣ ‖vn‖an +

t

fn(t)

‖φ‖a
n

>
1
n

∥∥∥∥ 1
fn(t)

(vn + tφ) − vn

∥∥∥∥
a

> Iµ(vn) − Iµ
[

1
fn(t)

(vn + tφ)
]

=
1
p
‖vn‖pa −

1
1 − γ

∫
Ω

h(x)(|x|−bvn)
1−γdx−

1
p∗

[
‖vn‖pa −

∫
Ω

h(x)(|x|−bvn)
1−γdx

]
−

1
p

1
f
p
n(t)
‖vn + tφ‖pa +

1
1 − γ

1

f
1−γ
n (t)

∫
Ω

h(x)[|x|−b(vn + tφ)]1−γdx

+
1
p∗

[
1

f
p
n(t)
‖vn + tφ‖pa −

1

f
1−γ
n (t)

∫
Ω

h(x)[|x|−b(vn + tφ)]1−γdx

]

=

(
1
p
−

1
p∗

)
‖vn‖pa −

(
1
p
−

1
p∗

)
1

f
p
n(t)
‖vn + tφ‖pa

+

(
1
p∗

−
1

1 − γ

) ∫
Ω

h(x)(|x|−bvn)
1−γdx

−

(
1
p∗

−
1

1 − γ

)
1

f
1−γ
n (t)

∫
Ω

h(x)[|x|−b(vn + tφ)]1−γdx

=

(
1
p∗

−
1
p

)
[‖vn + tφ‖pa − ‖vn‖pa] +

(
1
p
−

1
p∗

)(
1 −

1
f
p
n(t)

)
‖vn + tφ‖pa

−

(
1
p∗

−
1

1 − γ

)
1

f
1−γ
n (t)

∫
Ω

h(x)[(|x|−b(vn + tφ))1−γ − (|x|−bvn)
1−γ]dx

+

(
1
p∗

−
1

1 − γ

)(
1 −

1

f
1−γ
n (t)

) ∫
Ω

h(x)(|x|−bvn)
1−γdx.

Dividing by t > 0, and letting t→ 0, we know that

f ′n(0)
‖vn‖a
n

+
‖φ‖a
n

>
f ′n(0)
p∗

[
(p∗ − p)‖vn‖pa + (1 − γ− p∗)

∫
Ω

h(x)(|x|−bvn)
1−γdx

]
+

(
p− p∗

p∗

) ∫
Ω

|x|−ap|∇vn|p−2∇vn∇φdx,

that is

‖φ‖a
n

>
f ′n(0)
p∗

[
(p∗ − p)‖vn‖pa + (1 − γ− p∗)

∫
Ω

h(x)[|x|−bvn]
1−γdx−

p∗

n
‖vn‖a

]
+

∫
Ω

|x|−ap|∇vn|p−2∇vn∇φdx,
(3.4)

which contradicts with f ′n(0) = −∞ and

(p∗ − p)‖vn‖pa + (1 − γ− p∗)

∫
Ω

h(x)[|x|−bvn]
1−γdx−

p∗

n
‖vn‖a 6 −C2 < 0.

In conclusion, |f ′n(0)| < +∞. It follows from (3.1), (3.2) and (3.4) that |f ′n(0)| 6 C3 for n sufficiently large
and a suitable positive constant C3.
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Now, by (3.3) and condition (ii), we get

1
n

[∣∣∣∣ 1
fn(t)

− 1
∣∣∣∣ ‖vn‖a + t

1
fn(t)

‖φ‖a
]

> Iµ(vn) − Iµ

[
1

fn(t)
(vn + tφ)

]
=

1
p
‖vn‖pa −

1
1 − γ

∫
Ω
h(x)[|x|−bvn]

1−γdx−
µ

p∗

∫
Ω
[|x|−bvn]

p∗dx−
1
p

1
f
p
n(t)
‖vn + tφ‖pa

+ 1
(1−γ)f1−γ

n (t)

∫
Ω
h(x)[|x|−b|vn + tφ|]1−γdx+

µ

p∗fp
∗
n (t)

∫
Ω
[|x|−b|vn + tφ|]p

∗
dx

= −
1

pf
p
n(t)

[‖vn + tφ‖pa − ‖vn‖pa] +
(
f
p
n(t) − 1
pf
p
n(t)

)
‖vn‖pa

+
1

(1 − γ)f1−γn (t)

∫
Ω
h(x)[(|x|−b(vn + tφ))1−γ − (|x|−bvn)

1−γ]dx

+

(
1 − f1−γn (t)

(1 − γ)f1−γn (t)

) ∫
Ω
h(x)[|x|−bvn]

1−γdx

+
µ

p∗fp
∗
n (t)

∫
Ω
[(|x|−b(vn + tφ))p

∗
− (|x|−bvn)

p∗ ]dx+

(
µ(1 − fp

∗
n (t))

p∗fp
∗
n (t)

) ∫
Ω
(|x|−bvn)

p∗dx.

Dividing by t > 0, and passing to the limit as t→ 0+, we get

1
n

[
|f ′n(0)|‖vn‖a + ‖φ‖a

]
> f ′n(0)

[
‖vn‖pa −

∫
Ω

h(x)[|x|−bvn]
1−γdx− µ

∫
Ω

[|x|−bvn]
p∗dx

]
−

∫
Ω

|x|−ap|∇vn|p−2∇vn∇φdx

+ µ

∫
Ω

(|x|−b)p
∗
(vn)

p∗−1φdx+ lim inf
t→0+

1
1 − γ

∫
Ω

h(x)[(|x|−b(vn + tφ))1−γ − (|x|−bvn)
1−γ]

t
dx

= −

∫
Ω

|x|−ap|∇vn|p−2∇vn∇φdx+ µ
∫
Ω

(|x|−b)p
∗
(vn)

p∗−1φdx

+ lim inf
t→0+

1
1−γ

∫
Ω

h(x)[(|x|−b(vn + tφ))1−γ − (|x|−bvn)
1−γ]

t
dx,

which yields,

lim inf
t→0+

1
1 − γ

∫
Ω

h(x)[(|x|−b(vn + tφ))1−γ − (|x|−bvn)
1−γ]

t
dx

6
∫
Ω

|x|−ap|∇vn|p−2∇vn∇φdx− µ
∫
Ω

(|x|−b)p
∗
(vn)

p∗−1φdx+
|f ′n(0)|‖vn‖a + ‖φ‖a

n
.

Applying Fatou’s Lemma, we have∫
Ω

lim inf
t→0+

[
1

1 − γ

h(x)[(|x|−b(vn + tφ))1−γ − (|x|−bvn)
1−γ]

t

]
dx

6
∫
Ω

|x|−ap|∇vn|p−2∇vn∇φdx− µ
∫
Ω

(|x|−b)p
∗
(vn)

p∗−1φdx+
|f ′n(0)|‖vn‖a + ‖φ‖a

n
.

(3.5)

We take φ = e1 as a test-function in (3.5), we know that vn(t) > 0 a.e. in Ω, then∫
Ω

h(x)(|x|−b)1−γ(vn)
−γφdx 6

∫
Ω

|x|−ap|∇vn|p−2∇vn∇φdx

− µ

∫
Ω

(|x|−b)p
∗
(vn)

p∗−1φdx+
|f ′n(0)|‖vn‖a + ‖φ‖a

n
,
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and note that f ′n(0) is uniformly bounded in n, we can deduce that v0(x) > 0 a.e. in Ω, and∫
Ω

h(x)(|x|−b)1−γ(v0)
−γφdx 6

∫
Ω

|x|−ap|∇v0|
p−2∇v0∇φdx

− µ

∫
Ω

(|x|−b)p
∗
(v0)

p∗−1φdx, ∀ φ ∈W1,p
a (Ω), φ > 0.

(3.6)

For c ∈ Ω let η ∈ C∞0 (Ω) such that 0 6 η(x) 6 1 in Ω and η(x) = 1, for all x ∈ B̄r(c) ⊂ Ω for a suitable
r > 0. Set

Uε,c(x) = ε
−N−p

p η(x)U∗
(
|x− a|

ε

)
∈W1,p

a (Ω).

It is well-known that
‖Uε,c‖pa = B+O(εN−p), ‖Uε,c‖p

∗

p∗ = A+O(εN),

and Sa = B

A
p
p∗

, where B =
∫
RN |x|−ap|∇U∗|pdx, A =

∫
RN(x

−b|U∗|)p
∗
dx ([5, 23, 24]).

Claim 2. v0 ∈ Nµ with µ ∈ (0, T).
Let

a0 = ‖v0‖pa −
∫
Ω

h(x)(|x|−b|v0|)
1−γdx− µ

∫
Ω

(|x|−b|v0|)
p∗dx.

Take φ = v0 in (3.6), we have that a0 > 0. If no, and suppose that a0 > 0. There exists a unique τ0 > 0
such that τp0 B− µτp

∗

0 A = −a0. Note that Iµ(vn) → ν0 := infN+
µ∪{0} Iµ = infN+

µ
Iµ with vn ∈ N+

µ (⊂ Nµ), it
follows from Brezis-lieb Lemma [4] that

ν0 + o(1) = Iµ(vn)

=

(
1
p
−

1
1 − γ

) ∫
Ω

h(x)(|x|−b|vn|)
1−γdx+ µ

(
1
p
−

1
p∗

)
‖vn‖p

∗

p∗

=

(
1
p
−

1
1 − γ

) ∫
Ω

h(x)(|x|−b|v0|)
1−γdx+ µ

(
1
p
−

1
p∗

)
‖v0‖p

∗

p∗ + µ

(
1
p
−

1
p∗

)
‖wn‖p

∗

p∗ + o(1),

and
0 = ‖vn‖pa −

∫
Ω

h(x)(|x|−b|vn|)
1−γdx− µ

∫
Ω

(|x|−b|vn|)
p∗dx

= a0 + ‖wn‖pa − µ‖wn‖p
∗

p∗ + o(1)

> a0 + Sa‖wn‖pp∗ − µ‖wn‖
p∗

p∗ + o(1),

which means lim
n→∞ ‖wn‖p∗ exists and lim

n→∞ ‖wn‖p∗ > τ0A
1
p∗ . That is to say, we have

ν0 >

(
1
p
−

1
1 − γ

) ∫
Ω

h(x)(|x|−b|v0|)
1−γdx+ µ

(
1
p
−

1
p∗

)
‖v0‖p

∗

p∗ + µ

(
1
p
−

1
p∗

)
τ
p∗

0 A. (3.7)

For every v ∈ W1,p
a (Ω) with av = ‖v‖pa −

∫
Ω h(x)(|x|

−b|v|)1−γdx− µ‖v‖p
∗

p∗ > 0, there exists Rv > 0 such
that av + R

p
vB− µRp

∗
v A < 0, and hence

‖v+ RvUε,c‖pa −

∫
Ω
h(x)(|x|−b|v+ RvUε,c|)

1−γdx− µ‖v+ RvUε,c‖p
∗

p∗

= ‖v‖pa + Rpv‖Uε,c‖pa −

∫
Ω
h(x)(|x|−b|v+ RvUε,c|)

1−γdx− µ
[
‖v‖p

∗

p∗ + R
p∗
v ‖Uε,c‖p

∗

p∗ + o(1)
]

= av + R
p
vB− µRp

∗
v A+ o(1) < 0,

for ε > 0 small enough. Consequently, we can take 0 < dε,v < Rv to hold

‖v+ dε,vUε,c‖pa −
∫
Ω

h(x)(|x|−b|v+ dε,vUε,c|)
1−γdx− µ

∫
Ω

(|x|−b|v+ dε,vUε,c|)
p∗dx = 0. (3.8)

Thus v+dε,vUε,c ∈ Nµ. In addition, note that av > 0, let dv > 0 be the unique positive number satisfying
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d
p
vB− µdp

∗
v A = −av. By (3.6), we get

av + d
p
ε,vB− µdp

∗
ε,vA+ o(1) = 0,

and thus dε,v → dv as ε→ 0 which leads to

‖v+ dε,vUε,c‖pa = ‖v‖pa + dpvB+ o(1) > dpvB > ( BµA)
p

p∗−pB = ( 1
µ)

p
p∗−pS

N
p
a ,

for ε > 0 sufficiently small. Since

‖v+ dε,vUε,c‖a >
(

1
µ

) 1
p∗−p

p
√
Sa

N
p >

(
p+ γ− 1

µ(γ+ p∗ − 1)

) 1
p∗−p

p
√
Sa

N
p = A(µ).

By Lemma 2.2, we have v+ dε,vUε,c ∈ N−
µ . Note that infN+

µ
Iµ = infNµ Iµ, we obtain that

ν0 6 Iµ(v+ dε,vUε,c)

=

(
1
p
−

1
1 − γ

) ∫
Ω

h(x)(|x|−b|v+ dε,vUε,c|)
1−γdx+ µ

(
1
p
−

1
p∗

)
‖v+ dε,vUε,c‖p

∗

p∗

=

(
1
p
−

1
1 − γ

) ∫
Ω

h(x)(|x|−b|v|)1−γdx+ µ

(
1
p
−

1
p∗

)
‖v‖p

∗

p∗ + µ

(
1
p
−

1
p∗

)
dp
∗
ε,vA+ o(1),

i.e.,

ν0 6

(
1
p
−

1
1 − γ

) ∫
Ω

h(x)(|x|−b|v|)1−γdx+ µ

(
1
p
−

1
p∗

)
‖v‖p

∗

p∗ + µ

(
1
p
−

1
p∗

)
dp
∗
v A. (3.9)

Combining (3.7) and (3.9), we obtain that

ν0 =

(
1
p
−

1
1 − γ

) ∫
Ω

h(x)(|x|−b|v0|)
1−γdx+ µ

(
1
p
−

1
p∗

) ∫
Ω

(|x|−b|v0|)
p∗dx+ µ

(
1
p
−

1
p∗

)
τ
p∗

0 A. (3.10)

Consequently, v0 is a local minimizer for the following functional:(
1
p
−

1
1 − γ

) ∫
Ω

h(x)(|x|−b|v|)1−γdx+ µ

(
1
p
−

1
p∗

)
‖v‖p

∗

p∗ + µ

(
1
p
−

1
p∗

)
dp
∗
v A. (3.11)

For dv, let ψ ∈ C∞0 (Ω) and g(t) := dv0+tψ, we have

[g(t)]pB− µ[g(t)]p
∗
A = −

[
‖v0 + tψ‖pa −

∫
Ω

h(x)(|x|−b|v0 + tψ|)
1−γdx− µ

∫
Ω

(|x|−b|v0 + tψ|)
p∗dx

]
.

Since a0 > 0, we have that g(t) exists and g(0) = τ0. Therefore,

[g(t)]pB− µ[g(t)]p
∗
A− [g(0)]pB+ µ[g(0)]p

∗
A

t

=
[g(t) − g(0)][gp−1(t) + · · ·+ gp−1(0)]B− µA[g(t) − g(0)][gp

∗−1(t) + · · ·+ gp∗−1(0)]
t

= −
1
t

{
‖v0 + tψ‖pa −

∫
Ω
h(x)(|x|−b|v0 + tψ|)

1−γdx− µ

∫
Ω
(|x|−b|v0 + tψ|)

p∗dx

−‖v0‖pa +

∫
Ω
h(x)(|x|−b|v0|)

1−γdx+ µ

∫
Ω
(|x|−b|v0|)

p∗dx

}
t→ 0−−−→−

[
p

∫
Ω

|x|−ap|∇v0|
p−1∇ψdx− (1 − γ)

∫
Ω

h(x)(|x|−b)1−γ

v
γ
0

ψdx− µp∗
∫
Ω
(|x|−b)p

∗
v
p∗−1
0 ψdx

]
.
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It follows that g ′(0) exists and

g ′(0) =
−1

pτ
p−1
0 B− µp∗τp

∗−1
0 A

[
p

∫
Ω

|x|−ap|∇v0|
p−1∇ψdx− (1 − γ)

∫
Ω

h(x)(|x|−b)1−γ

v
γ
0

ψdx

−µp∗
∫
Ω
(|x|−b)p

∗
v
p∗−1
0 ψdx

]
.

Noting that (3.11) yields

d

dt

{(
1
p
−

1
1 − γ

) ∫
Ω

h(x)(|x|−b|v0 + tψ|)
1−γdx+ µ

(
1
p
−

1
p∗

) ∫
Ω

(|x|−b|v0 + tψ|)
p∗dx

+µ

(
1
p
−

1
p∗

)
[g(t)]p

∗
A

}
|t=0= 0,

we have(
1
p
−

1
1 − γ

)
(1 − γ)

∫
Ω

h(x)(|x|−b)1−γ

v
γ
0

ψdx

+µ

(
1
p
−

1
p∗

)
p∗
∫
Ω

(|x|−b)p
∗
v
p∗−1
0 ψdx+ µ

(
1
p
−

1
p∗

)
p∗τp

∗−1
0 A

×

{
−1

pτ
p∗−1
0 B− µp∗τp

∗−1
0 A

[
p

∫
Ω

|x|−ap|∇v0|
p−1∇ψdx− (1 − γ)

∫
Ω

h(x)(|x|−b)1−γ

v
γ
0

ψdx

−µp∗
∫
Ω

(|x|−b)p
∗
v
p∗−1
0 ψdx

]}
= 0,

(3.12)

for all ψ ∈ C∞0 (Ω). Denote dε,v0 = τ0 + δε, since dε,v −→ dv, as ε −→ 0, we have δε → 0. All the above
estimates are substituted in (3.8), we have

0 = ‖v0 + dε,v0Uε,c‖pa −

∫
Ω
h(x)(|x|−b|v0 + dε,v0Uε,c|)

1−γdx− µ

∫
Ω
(|x|−b|v0 + dε,v0Uε,c|)

p∗dx

= ‖v0‖pa + dpε,v0
‖Uε,c‖pa +

∫
Ω

[
pdε,v0∇Uε,c|x|

−ap|∇v0|
p−1 + pdp−1

ε,v0
|∇Uε,c|

p−1|x|−ap|∇v0|
]
dx

−

∫
Ω
h(x)(|x|−bv0)

1−γdx− (1 − γ)τ0

∫
Ω
h(x)(|x|−b)1−γv

−γ
0 Uε,cdx

− µ

[∫
Ω
(|x|−b)p

∗
(
v
p∗

0 + p∗cε,v0Uε,cv
p∗−1
0 + · · ·+ p∗(cε,v0Uε,c)

p∗−1v0 + (cε,v0Uε,c)
p∗
)
dx

]
+ o(ε

N−p
p )

= −(τp0 B− µτp
∗

0 A) + cpε,v0
B− µcp

∗
ε,v0

A

+

∫
Ω

|x|−ap
[
pcε,v0∇Uε,c|∇v0|

p−1 + pcp−1
ε,v0

|∇Uε,c|
p−1|∇v0|

]
dx

− (1 − γ)τ0

∫
Ω
h(x)(|x|−b)1−γ(v0)

−γUε,cdx

− µ

∫
Ω
(|x|−b)p

∗
(p∗dε,v0Uε,cv

p∗−1
0 + p∗dp

∗−1
ε,v0

Up
∗−1
ε,c v0)dx+ o

(
ε
N−p
p

)
,

which yields [
pτ
p−1
0 B− µp∗τp

∗−1
0 A+ o(1)

]
(−δε)

=

∫
Ω

|x|−ap
[
pτ0∇Uε,c|∇v0|

p−1 + pτp−1
0 |∇Uε,c|

p−1|∇v0|
]
dx

− (1 − γ)τ0

∫
Ω

h(x)(|x|−b)1−γv
−γ
0 Uε,cdx

− µ

∫
Ω

(|x|−b)p
∗
(p∗τ0Uε,cv

p∗−1
0 + p∗τp

∗−1
0 Up

∗−1
ε,c v0)dx+ o(ε

N−p
p ).
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Moreover, by (3.12), we obtain

−δε =
τ0

pτ
p−1
0 B− µp∗τp

∗−1
0 A

[
p

∫
Ω

|x|−ap|∇v0|
p−1∇Uε,cdx

]
−

τ0

pτ
p−1
0 B− µp∗τp

∗−1
0 A

(1 − γ)

∫
Ω

h(x)(|x|−b)1−γ

v
γ
0

Uε,cdx

−
τ0

pτ
p−1
0 B− τp

∗−1
0 A

µp∗
∫
Ω

(|x|−b)p
∗
v
p∗−1
0 Uε,cdx

+
τ
p−1
0

pτ
p−1
0 B− µp∗τp

∗−1
0 A

[
p

∫
Ω

|x|−ap|∇Uε,c|
p−1|∇v0|dx

]

−
τ
p∗−1
0

pτ
p−1
0 B− µp∗τp

∗−1
0 A

µp∗
∫
Ω

(|x|−b)p
∗
Up

∗−1
ε,c v0dx+ o(ε

N−p
p )

= τ0

(
1
p − 1

1−γ

)
(1 − γ)

∫
Ω
h(x)(|x|−b)1−γ

v
γ
0

Uε,cdx+ µ
(

1
p − 1

p∗

)
p∗
∫
Ω(|x|−b)p

∗
v
p∗−1
0 Uε,cdx

µ
(

1
p − 1

p∗

)
p∗τp

∗−1
0 A

+
τ
p−1
0

pτ
p−1
0 B− µp∗τp

∗−1
0 A

[
p

∫
Ω

|x|−ap|∇Uε,c|
p−1|∇v0|dx

]

−
τ
p−1
0

pτ
p−1
0 B− µp∗τp

∗−1
0 A

µp∗
∫
Ω

(|x|−b)p
∗
Up

∗−1
ε,c v0dx+ o(ε

N−p
p ).

(3.13)

Since a0 > 0, we have

pτ
p−1
0 B− µp∗τp

∗−1
0 A =

p

τ0

(
τ
p
0 B− µ

p∗

p
τ
p∗

0 A

)
<
p

τ0
(τp0 B− µτp

∗

0 A) = −
p

τ0
a0 < 0.

And then, it follows from v0 + dε,v0Uε,c ∈ Nµ, (3.10) and (3.13) that

Iµ(v0 + dε,v0Uε,c) =

(
1
p
−

1
1 − γ

) ∫
Ω

h(x)(|x|−b|v0 + dε,v0Uε,c|)
1−γdx

+ µ

(
1
p
−

1
p∗

) ∫
Ω

(|x|−b|v0 + dε,v0Uε,c|)
p∗dx

=

(
1
p
−

1
1 − γ

) ∫
Ω

h(x)(|x|−bv0)
1−γdx

+

(
1
p
−

1
1 − γ

)[
(1 − γ)τ0

∫
Ω

h(x)(|x|−b)1−γv
−γ
0 Uε,cdx

]
+ µ

(
1
p
−

1
p∗

) ∫
Ω

(|x|−b|v0|)
p∗dx

+ µ

(
1
p
−

1
p∗

)
dp
∗
ε,v0
A+ µ

(
1
p
−

1
p∗

)
p∗
∫
Ω

(|x|−b)p
∗
v
p∗−1
0 dε,v0Uε,cdx

+ µ

(
1
p
−

1
p∗

)
p∗dp

∗−1
ε,v0

∫
Ω

v0U
p∗−1
ε,c dx+ o(ε

N−p
p )

=

(
1
p
−

1
1 − γ

) ∫
Ω

h(x)(|x|−bv0)
1−γdx

+

(
1
p
−

1
1 − γ

)[
(1 − γ)τ0

∫
Ω

h(x)(|x|−b)1−γv
−γ
0 Uε,cdx

]
+ µ

(
1
p
−

1
p∗

) ∫
Ω

(|x|−b|v0|)
p∗dx+ µ

(
1
p
−

1
p∗

)
τ
p∗

0 A+ µ

(
1
p
−

1
p∗

)
p∗τp

∗−1
0 δεA
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+ µ

(
1
p
−

1
p∗

)
p∗τ0

∫
Ω

(|x|−b)p
∗
v
p∗−1
0 Uε,cdx

+ µ

(
1
p
−

1
p∗

)
p∗τp

∗−1
0

∫
Ω

(|x|−b)p
∗
v0U

p∗−1
ε,c dx

+ µ

(
1
p
−

1
p∗

)
p∗(p∗ − 1)τp

∗−2
0 δε

∫
Ω

(|x|−b)p
∗
v0U

p∗−1
ε,c dx+ o(ε

N−p
p )

= ν0 +

(
1
p
−

1
1 − γ

)[
(1 − γ)τ0

∫
Ω

h(x)(|x|−b)1−γv
−γ
0 Uε,cdx

]
+ µ

(
1
p
−

1
p∗

)
p∗τp

∗−1
0 δεA+ µ

(
1
p
−

1
p∗

)
p∗τ0

∫
Ω

(|x|−b)p
∗
v
p∗−1
0 Uε,cdx

+ µ

(
1
p
−

1
p∗

)
p∗τp

∗−1
0

∫
Ω

(|x|−b)p
∗
v0U

p∗−1
ε,c dx

+ µ

(
1
p
−

1
p∗

)
p∗(p∗ − 1)τp

∗−2
0 δε

∫
Ω

(|x|−b)p
∗
v0U

p∗−1
ε,c dx+ o(ε

N−p
p )

= ν0 + µ

(
1
p
−

1
p∗

)
p∗τp

∗−1
0

pτ
p∗−1
0 B

pτ
p∗−1
0 B− µp∗τp

∗−1
0 A

∫
Ω

(|x|−b)p
∗
v0U

p∗−1
ε,c dx

− (p∗ − 1)
[(

1
p
−

1
1 − γ

)
(1 − γ)

∫
Ω

h(x)(|x|−b)1−γ

v
γ
0

Uε,cdx

+µ

(
1
p
−

1
p∗

)
p∗
∫
Ω

(|x|−b)p
∗
v
p∗−1
0 Uε,cdx

] ∫
Ω

(|x|−b)p
∗
v0U

p∗−1
ε,c dx

+
τ
p∗−1
0

pτ
p∗−1
0 B− µp∗τp

∗−1
0 A

µp∗
(∫
Ω

(|x|−b)p
∗
Up

∗−1
ε,c v0dx

)
× µ

(
1
p
−

1
p∗

)
p∗(p∗ − 1)τp

∗−2
0

∫
Ω

(|x|−b)p
∗
v0U

p∗−1
ε,c dx+ o(ε

N−p
p ) < ν0,

which is a contradiction. This concludes the proof of Claim 2.
Claim 3. v0 is a solution of (1.1).

For ψ ∈W1,p
a (Ω) and ε > 0, we define

Ψ := (v0 + εψ)
+ ∈W1,p

0 (Ω). (3.14)

Equation (3.14) is substituted in (3.6), in view of Claim 2, we find that

0 =

∫
Ω

(
|x|−ap|∇v0|

p−2∇v0∇Ψ−
h(x)(|x|−b)1−γ

v
γ
0

Ψ− µ(|x|−bv0)
p∗−1Ψ

)
dx

=

∫
[v0+εψ>0]

[
|x|−ap|∇v0|

p−2∇v0∇(v0 + εψ)

−
h(x)(|x|−b)1−γ

v
γ
0

(v0 + εψ) − µ(|x|
−b)p

∗
v
p∗−1
0 (v0 + εψ)

]
dx

=

∫
Ω

[
|x|−ap|∇v0|

p−2∇v0∇(v0 + εψ) −
h(x)(|x|−b)1−γ

v
γ
0

(v0 + εψ) − µ(|x|
−b)p

∗
v
p∗−1
0 (v0 + εψ)

]
dx

−

∫
[v0+εψ60]

[
|x|−ap|∇v0|

p−2∇v0∇(v0 + εψ)

−
h(x)(|x|−b)1−γ

v
γ
0

(v0 + εψ) − µ(|x|
−b)p

∗
v
p∗−1
0 (v0 + εψ)

]
dx

= ‖v0‖pa −

∫
Ω
h(x)(|x|−b)1−γv

1−γ
0 dx− µ

∫
Ω
(|x|−bv0)

p∗dx
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+ ε

(∫
Ω

|x|−ap|∇v0|
p−2∇v0∇ψ−

h(x)(|x|−b)1−γ

v
γ
0

ψ− µ(|x|−b)p
∗
v
p∗−1
0 ψ

)
dx

−

∫
[v0+εψ60]

(
|x|−ap|∇v0|

p−2∇v0∇(v0 + εψ)

−
h(x)(|x|−b)1−γ

v
γ
0

(v0 + εψ) − µ(|x|
−b)p

∗
v
p∗−1
0 (v0 + εψ)

)
dx

6 ε
∫
Ω

(
|x|−ap|∇v0|

p−2∇v0∇ψ−
h(x)(|x|−b)1−γ

v
γ
0

ψ− µ(|x|−b)p
∗
v
p∗−1
0 ψ

)
dx

− ε

∫
[v0+εψ60]

(
|x|−ap|∇v0|

p−2∇v0∇ψ
)
dx.

Note that the measurement of {v0 + εψ 6 0} −→ 0 as ε → 0. Dividing by ε and passing to the limit as
ε −→ 0, and hence∫

Ω

(
|x|−ap|∇v0|

p−2∇v0∇ψ−
h(x)(|x|−b)1−γ

v
γ
0

ψ− µ(|x|−b)p
∗
v
p∗−1
0 ψ

)
dx > 0.

Therefore, v0 is a solution of problem (1.1). Note that vn ⇀ v0 weakly in W1,p
a (Ω), we know that ‖v0‖ 6

lim inf
n−→∞ ‖vn‖a 6 A0. By Claim 2 and Lemma 2.2, we see that v0 ∈ N+

µ . Thus, it follows from Iµ(vn) −→
inf
N+
µ

Iµ that

inf
N+
µ

Iµ >

(
1
p
−

1
p∗

)
‖v0‖pa −

(
1

1 − γ
−

1
p∗

) ∫
Ω

h(x)(|x|−bv0)
1−γdx = Iµ(v0).

Consequently, Iµ(v0) = inf
N+
µ

Iµ.

Theorem 3.2. Assume that µ ∈ (0, T). Then the problem (1.1) has a solution V0 ∈W1,p
a (Ω) satisfying

‖V0‖a > A(µ) > A0.

Proof. The proof of Theorem 3.2 is similar to that of Theorem 3.1, we omit it here.
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