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Abstract
This paper focuses on the application of fractional backstepping control scheme for nonlinear fractional partial differential

equation (FPDE). Two types of fractional derivatives are considered in this paper, Caputo and the Grünwald-Letnikov fractional
derivatives. Therefore, obtaining highly accurate approximations for this derivative is of a great importance. Here, the discretized
approach for the space variable is used to transform the FPDE into a system of fractional differential equations. The convergence
of the closed loop system is guaranteed in the sense of Mittag-Leffler stability. An illustrative example is given to demonstrate
the effectiveness of the proposed control scheme. c©2017 All rights reserved.
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1. Introduction

During the last few decades, there has been a great effort from researchers to include fractional or-
der systems in control community. This could be due to two major factors. First, many engineering
applications cannot be well described by the ordinary integer order systems [21, 32]. The other reason
is that fractional controller has shown that it has more potential and more design freedom comparing
to the standard integer order controller [18, 25]. For more details on fractional calculus, please refer to
[1, 3, 6, 8, 11, 12, 15, 17, 20, 22, 30].

Relatively, a new class of nonlinear systems has been introduced, which is called fractional-order non-
linear systems (FONSs) [4, 19]. However, the Lyapunov direct method has always been a fundamental
stabilizer for the nonlinear systems, there have been few attempts done, recently, to investigate what is
known as Lyapunov-like stability for fractional-order systems (FOSs). Lakshmikantham and his collabo-
rates investigated a Lyapunov-like theory for FOSs in early 2008 [10]. Then, there was another attempt in
[13, 14] to derive Mittag-Leffler stability and generalized Mittag-Leffler stability for describing Lyapunov-
like stability of FOSs. On the other hand, Yu et al. in [31] introduced the generalized Mittag-Leffler
stability of multi-variable FOSs.
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However, there are some difficulties arising in using Lyapunov-like theory for stability even though
the application is not complicated [14]. One of these difficulties is that the parametric stability conditions
seem too parsimonious. Burton proposed some Lyapunov functional to prove the FOSs stability [5].
Additionally, Wang et al. [29] introduced the Hyeres-Ulam-Rassias and Hyeres-Ulam stability of FOSs.
Still, it is a tedious task to find an appropriate Lyapunov-like functions for FOSs. However, there are some
existing possible Lyapunov-like functions in the literature [2, 28, 33]. On the other hand, some Lyapunov-
like functions do not describe the state of the system, Mittag-Leffler stability for example, not the real state
of the system [9, 26–28]. The Lyapunov-like function which are constructed from Mittag-Leffler stability
are usually called fractional Lyapunov functions, and the techniques are referred to as the direct method
of the fractional Lyapunov.

So far, there are not many results on FONSs stabilization with the use of Mittag-Leffler stability have
been published. In [30], the authors used the eigenvalue analysis to stabilize a linearized FONSs. Another
attempt by Lan et al. [11] was to investigate robust stabilization of fractional order nonlinear complex
network using the Lyapunov indirect approach. For more details and examples, please see in [2, 10, 29, 30].

It is well-known that backstepping is an efficient methodology to stabilize nonlinear systems and
partial differential equations (PDEs) and it has been widely applied in many particular applications.

In this paper, instead of dealing with classical type of partial differential equations, we propose the
fractional-order backstepping method for stabilizing fractional partial differential equation (FPDE). To the
best of our knowledge, this is the first time in the literature that the backstepping is being used for stabi-
lizing nonlinear FPDE. The semi-discretized fractional-order backstepping approach will be introduced to
find the boundary controller function which stabilizes the FPDE by transforming it into an equivalent sta-
ble closed loop. We describe and compare two approximations of fractional derivative namely Caputo and
Grünwald-Letnikov fractional derivative for different order of q, q ∈ (1, 2]. The analytic form of feedback
control law of stabilizing FPDE with two type of fractional derivative (Caputo and Grünwald-Letnikov)
definitions are designed via fractional-order backstepping. An illustrative example will be provided to
demonstrate the efficiency of the proposed control scheme. The main aim of this contribution is to derive
a systematic method of constructing Mittag-Leffler stable closed-loop systems for FPDEs and a global
convergence is built into them.

The rest of this paper is organized as follows; some definitions for fractional order calculus and a
class of control fractional Lyapunov functions are listed in Section 2. In Section 3, we illustrate the
fractional order backstepping approach to stabilize FPDE based on fractional Lyapunov function. Finally,
Section 4 provides a numerical example and the result is illustrated and compared using two types of
approximations for fractional derivatives. The conclusions are devoted in the last section.

2. Preliminaries

In this section, we introduce some definitions of fractional calculus and the class of control Lyapunov
functions which are used in this paper.

Definition 2.1 ([16]). The fractional derivative of f(x) in Caputo sense is defined as

Dqf(x) =
1

Γ(m− q)

∫x
0
(x− s)m−q−1f(m)(s)ds

for m− 1 < q < m, m ∈ N, x > 0.

Definition 2.2 ([23]). The Grünwald-Letnikov formula, that is for q > 0, is

Dqf(x) = lim
∆x→0

1
∆xq

[ x−a∆x ]∑
k=0

(−1)k
(q
k

)
f(x− k∆x).

The Grünwald-Letnikov definition is a generalization of the ordinary discretization formulas for inte-
ger order derivatives.
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Theorem 2.3 ([24]). Assume that both f(u) and u(t) are q times differentiable with u and t, respectively. The
chain rule of fractional derivative can be described as the following equation

∂qf(u(t))

∂tq
= Γ(2 − q)uq−1∂

qf(u)

∂uq
∂qu(t)

∂tq
.

Theorem 2.4 ([14], Mittag-Leffler stability). Let u(t) = 0 be the equilibrium point of the FOS Dqu =
f(u, t),u ∈ Ω, where Ω is a neighborhood region of the origin. Assume that there exists a fractional Lyapunov
function V(t,u(t)) : [0,∞)×Rn → R and K-class functions ξi, i = 1, 2, 3, satisfying

1. ξ1 (||u||) 6 V(t,u(t)) 6 ξ2 (||u||),
2. DqV(t,u(t)) 6 −ξ3 (||u||).

Then the FOS is asymptotically Mittag-Leffler stable. Moreover, if Ω = Rn, the FOS is globally asymptote Mittag-
Leffler stable.

Definition 2.5 ([7]). A smooth function V(t,u(t)) : [0,∞)×Rn → R is called a control fractional Lyapunov
function for the FOS Dqu = f(u,U),u ∈ Rn, f(0, 0) = 0 with the control law U = α(u) if there exist three
K-class functions ξi, i = 1, 2, 3 such that

1. ξ1 (||u||) 6 V(t,u(t)) 6 ξ2 (||u||),
2. DqV(t,u(t)) 6 −ξ3 (||u||).

Lemma 2.6 ([7]). Let u(t) ∈ R be a real continuous differentiable function. Then, for any r = 2n,n ∈ N,

Dqur(t) 6 ru(r−1)(t)Dqu(t),

where 0 < q 6 1 is the fractional order.

Lemma 2.7 ([7]). For the FOS Dqu = f(u,U),u ∈ R, 0 < q 6 1, f(0, 0) = 0 with the control law U = α(u) is
asymptotically Mittag-Leffler stable if for r = 2n,n ∈ N, there exist a K-class function ξ, such that

ur−1Dqu = ur−1f(u,α(u)) 6 −ξ (||u||) .

Lemma 2.8 ([7]). For the FOS Dqu = f(u,U),u ∈ R, 0 < q 6 1, f(0, 0) = 0 with the control law U = α(u) is
stable if for r = 2n,n ∈ N,

ur−1Dqu = ur−1f(u,α(u)) 6 0,

and the system with U = α(u) is asymptotically Mittag-Leffler stable if ur−1f(u,α(u)) < 0.

3. Nonlinear Mittag-Leffler stability for FPDE

Consider the following nonlinear fractional partial differential equation

∂qu(x, t)
∂tq

=
∂βu(x, t)
∂xβ

+ f(u(x, t)), 0 < x < 1, t > 0, (3.1)

where the fractional order q ∈ (0, 1],β ∈ (1, 2],u ∈ L2(Ω),Ω = (0, 1)× [0, T ], T > 0 and f is a nonlinear
function of u, such that f ∈ C∞(R), with initial condition

u(x, 0) = g(x), 0 < x < 1. (3.2)

The boundary condition at x = 0 is homogeneous Dirichlet

u(0, t) = 0, t > 0, (3.3)

and the boundary condition at the other end

u(1, t) = U(t), t > 0, (3.4)

where U(t) : C[0, 1] → R is the unknown nonlinear feedback control function to be designed to achieve
stabilization.
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We propose the nonlinear Mittag-Leffler stabilization of systems (3.1)-(3.4) via the fractional order
back-stepping control technique. A recursive design with Caputo derivative definition for discretizing
∂βu(x, t)
∂xβ

is provided in Subsection 3.1 while the shifted Grünwald-Letnikov approximation is provided in
Subsection 3.2. The goal convergence of the closed loop control system is analyzed via indirect fractional
Lyapunov method.

3.1. Mittag-Leffler stabilization with Caputo approximation for FPDE
In this subsection the back-stepping design technique is applied to obtain the boundary control func-

tion U(t). The design procedure is divided into three stages as follows.
In the first stage, the nonlinear fractional partial differential Eq. (3.1) will be semi-discretized into an

equivalent nonlinear system of fractional differential equation as follows.

Fix n ∈ N and h =
1

n+ 1
as the step size of discretization of system (3.1)-(3.4) over the interval of

the space variable x ∈ (0, 1). Also, let ui(t) = u(ih, t) for all i = 0, 1, . . . ,n+ 1, where it is assumed that
u0(t) is the first boundary condition and un+1(t) is the control function to be evaluated, such that the
original system is asymptotically stable. The semi-discretized version of fractional system (3.1)-(3.4) using
the Caputo derivative definition is

u0(t) = 0,

dqui
dtq

=
h−β

Γ(3 −β)

i−1∑
j=0

µi,j(uj+2 − 2uj+1 + uj) + f(ui), i = 1, . . . ,n,

un+1 = U(t),

where µi,j = (i− j)2−β − (i− j− 1)2−β. We can write the nonlinear semi-discretized system of fractional
differential equations as

dqu1

dtq
=
h−βµ1,0

Γ(3 −β)
u2 −

2h−βµ1,0

Γ(3 −β)
u1 + f(u1),

dqu2

dtq
=
h−βµ2,1

Γ(3 −β)
u3 +

h−β(µ2,0 − 2µ2,1)

Γ(3 −β)
u2 +

h−β(−2µ2,0 + µ2,1)

Γ(3 −β)
u1 + f(u2),

...

dqun

dtq
=
h−βµn,n−1

Γ(3 −β)
U+

h−βµn,0

Γ(3 −β)
(u2 − 2u1)

+
h−βµn,1

Γ(3 −β)
(u3 − 2u2 + u1) + . . . +

h−βµn,n−1

Γ(3 −β)
(−2un + un−1) + f(un).

(3.5)

In the second stage we will design the needed controller according to the idea of back-stepping. The
back-stepping design procedure requires n steps, and the virtual control αi and the controller U will be
constructed. The design procedure is elaborated in the following theorem.

Theorem 3.1. Consider the plant equation (3.5) with order 0 < q < 1, 1 < β 6 2, and
h−β

Γ(3 −β)
6= 0 for all

u ∈ Rn and U : C[0, 1] → R is the nonlinear control functional. Assume that the control fractional Lyapunov
function is taken by

V(w1,w2, . . . ,wn) =
hβ

2

n∑
i=1

w2
i, (3.6)

where w1 = u1, wi = ui − αi−1, i = 2, . . . ,n and h =
1

n+ 1
> 0 is the step size of discretization of system

(3.1)-(3.4), that is there exists a nonlinear feedback control U which renders the closed loop system asymptotically
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Mittag-Leffler stable. The nonlinear feedback control functional can be designed as

U =(2 − knΓ(3 −β))un − 2un−1 −

n−2∑
j=0

µn,j
(
uj+2 − 2uj+1 + uj

)
− hβf(un) +αn−2

+ knΓ(3 −β)αn−1 + h
βΓ(3 −β)Γ(2 − q)

n−1∑
j=1

u
q−1
j

∂qαn−1

∂u
q
j

∂quj

∂tq
,

(3.7)

αi = Γ(3 −β)

(
− kiwi −

1
Γ(3 −β)

wi−1 −
1

Γ(3 −β)

i−2∑
j=0

µi,j
(
uj+2 − 2uj+1 + uj

)
−

1
Γ(3 −β)

(−2ui + ui−1) − h
βf(ui) + h

β
i−1∑
j=1

Γ(2 − q)uq−1
j

∂qαi−1

∂u
q
j

∂quj

∂tq

)
, i = 3, . . . ,n− 1,

(3.8)

where k1, . . . ,kn > 0 are constants, µi,j = (i− j)2−β − (i− j− 1)2−β.

Proof. By the use of recursion, we have the following steps

Step 1: We start with the first equation in system (3.5). Design a suitable stabilizing function α1 to stabilize
w1(t). Select the first fractional Lyapunov function

V1 =
hβ

2
w2

1.

Then the q-th order derivative of V1 is given by

DqV1 6 −k1w
2
1 +

1
Γ(3 −β)

w1w2 +w1

(
1

Γ(3 −β)
α1 + k1w1 −

2
Γ(3 −β)

u1 + h
βf(u1)

)
.

If the virtual control law α1 is designed as

α1 = Γ(3 −β)

(
−k1w1 +

2
Γ(3 −β)

u1 − h
βf(u1)

)
,

where k1 > 0 is a design parameter, w2 is to be governed to zero, then, the resulting q-th order derivative
is

DqV1 6 −k1w
2
1 +

1
Γ(3 −β)

w1w2, k1 > 0.

Step 2: Study the second equation of system (3.5) by considering α2 as a virtual control variable. The
control objective is to make w2 → 0 as t→∞. Define a second fractional control Lyapunov function as

V2 = V1 +
hβ

2
w2

2,

and its q-th order time derivative is given by

DqV2 6− k1w
2
1 − k2w

2
2 +

1
Γ(3 −β)

w2w3 +w2

(
1

Γ(3 −β)
α2 +

1
Γ(3 −β)

w1 + k2w2

+
(µ2,0 − 2µ2,1)

Γ(3 −β)
u2 +

(−2µ2,0 + µ2,1)

Γ(3 −β)
u1 + h

βf(u2) − h
βΓ(2 − q)uq−1

1
∂qα1

∂u
q
1

∂qu1

∂tq

)
.

By selecting

α2 = Γ(3 −β)

(
−k2w2 −

1
Γ(3 −β)

w1 −
(µ2,0 − 2µ2,1)

Γ(3 −β)
u2 −

(−2µ2,0 + µ2,1)

Γ(3 −β)
u1 − h

βf(u2)

+hβΓ(2 − q)uq−1
1

∂qα1

∂u
q
1

∂qu1

∂tq

)
,

where k2 > 0 is the design parameter, and w3 is to be governed to zero, we have
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DqV2 6 −

2∑
i=1

kiw
2
i +

1
Γ(3 −β)

w2w3.

Step i (i = 3, ...,n− 1): Study the i-th equation of system (3.5) with the virtual control variable αi. The
control fractional Lyapunov function is chosen as

Vi = Vi−1 +
hβ

2
w2
i.

Its q-th time derivative is given by

DqVi 6 −

i∑
j=1

kjw
2
j +

1
Γ(3 −β)

wiwi+1 +wi

(
1

Γ(3 −β)
αi + kiwi +

1
Γ(3 −β)

wi−1

+
1

Γ(3 −β)

i−2∑
j=0

µi,j(uj+2 − 2uj+1 + uj) +
µi,i−1

Γ(3 −β)
(−2ui + ui−1) + h

βf(ui)

− hβ
i−1∑
j=1

Γ(2 − q)uq−1
j

∂qαi−1

∂u
q
j

∂quj

∂tq

 .

If we choose αi as given in Eq. (3.8), wi+1 is governed to zero. Then, the resulting q-th order derivative
of Vi is

DqVi 6 −

i∑
j=1

kjw
2
j +

1
Γ(3 −β)

wiwi+1.

At this point, one can conclude that wi converges to zero asymptotically.

Step n: In the last step, Step n, the actual control U appears and is at our disposal. The aim is to design
a suitable control law to make wn → 0 as t→∞, select the fractional Lyapunov function as

Vn = Vn−1 +
hβ

2
w2
n.

Then we can obtain the q-th time derivative as

DqVn 6 −

n∑
j=1

kjw
2
j +wn

(
1

Γ(3 −β)
U+ knwn +

1
Γ(3 −β)

wn−1

+
1

Γ(3 −β)

n−2∑
j=0

µn,j(uj+2 − 2uj+1 + uj)

+
µn,n−1

Γ(3 −β)
(−2un + un−1) + h

βf(un) − h
β
n−1∑
j=1

Γ(2 − q)uq−1
j

∂qαn−1

∂u
q
j

∂quj

∂tq

 .

One control can be chosen by Eq. (3.7). So, we have

DqVn 6 −

n∑
i=1

kiw
2
i.

In this stage, it is convenient to consider, according to Lemma 2.7, that the closed-loop system is stable
regarding to the classical Lyapunov stability. Then, two cases are considered in our work.
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1. When w 6= 0, we now have DqVn < 0. There exists K-class function ξ1 such that

DqVn 6 −ξ1 (||w||) ,w = [w1, . . . ,wn]T .

2. When w = 0, we now have DqVn 6 0. According to the fractional comparison principle [14], we
know that

DqVn 6 Dqk⇒ Vn 6 k,

where k = Vn(t = 0) is a positive constant.

According to the first case in Theorem 2.4, the closed-loop system is defined to be asymptotically Mittag-
Leffler stable.

In the third stage, substitute U(t) evaluated by Eq. (3.7) back into system (3.5), for i = n, a system of
n nonlinear fractional differential equations is obtained. The solution of resulting system may be solved
by using any method for solving nonlinear system of fractional differential equations.

3.2. Mittag-Leffler stabilization with Grünwald-Letnikov approximation for FPDE
The design procedure that may be followed in general as we made in Subsection 3.1. Using the shifted

Grünwald-Letnikov formula for discretizing
∂βu(x, t)
∂xβ

, we get

u0(t) = 0,

dqui
dtq

=
1
hβ

i+1∑
j=0

µ
(β)
j ui−j+1 + f(ui), i = 1, . . . ,n,

un+1 = U(t),

where

µ
(β)
j = (−1)j

(
β

j

)
= (−1)j

β(β− 1) . . . (β− j+ 1)
j!

.

Similar to the first approximation, the nonlinear semi-discretized system of fractional differential equa-
tions is

dqu1

dtq
=

1
hβ
u2 +

µ
(β)
1
hβ

u1 + f(u1),

dqu2

dtq
=

1
hβ
u3 +

µ
(β)
1
hβ

u2 +
µ
(β)
2
hβ

u1 + f(u2),

...

dqun

dtq
=

1
hβ
U+

µ
(β)
1
hβ

un +
µ
(β)
2
hβ

un−1 + . . . +
µ
(β)
n

hβ
u1 + f(un).

(3.9)

We will design the needed controller according to the idea of back-stepping in the following theorem.

Theorem 3.2. Consider the plant equation (3.9) with order 0 < q < 1, 1 < β 6 2 and
1
hβ
6= 0 for all u ∈ Rn and

U : C[0, 1]→ R is the nonlinear control functional. If the control fractional Lyapunov function is taken by Eq. (3.6),
then, there exists a nonlinear feedback control U which renders the closed loop system asymptotically Mittag-Leffler
stable. The nonlinear control functional can be chosen by

U = −knun − un−1 −

n∑
j=1

µ
(β)
j un−j+1 − h

βf(un) + knαn−1 +αn−2

+ hβΓ(2 − q)

n−1∑
j=1

u
q−1
j

∂qαn−1

∂u
q
j

∂quj

∂tq
,

(3.10)
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αi = −kiwi −wi−1 −

i∑
j=1

µ
(β)
j ui−j+1 − h

βf(ui)

+ hβΓ(2 − q)

i−1∑
j=1

u
q−1
j

∂qαi−1

∂u
q
j

∂quj

∂tq
, i = 3, . . . ,n− 1,

(3.11)

where k1, . . . ,kn > 0 are constants, and µ(β)j = (−1)j
β(β− 1) . . . (β− j+ 1)

j!
.

Proof. The design procedure is given in the following steps.

Step 1: The first fractional Lyapunov functional is V1 =
hβ

2
w2

1, and its q-th order time derivative is

DqV1 < −k1w
2
1 +w1w2 +w1

(
α1 + k1w1 + µ

(β)
1 u1 + h

βf(u1)
)

.

By selecting
α1 = −k1w1 − µ

(β)
1 u1 − h

βf(u1),

w2 is to be governed to zero. Then, DqV1 < −k1w
2
1 +w1w2,k1 > 0.

Step 2: Consider the fractional Lyapunov function V2 = V1 +
hβ

2
w2

2, and its q-th order time derivative is
given by

DqV2 6− k1w
2
1 − k2w

2
2 +w2w3 +w2

(
α2 +w1 + k2w2 + µ

(β)
1 u2 + µ

(β)
2 u1 + h

βf(u2)

−hβΓ(2 − q)uq−1
1

∂qα1

∂u
q
1

∂qu1

∂tq

)
.

If the virtual control law α2 is designed as

α2 = −w1 − k2w2 − µ
(β)
1 u2 − µ

(β)
2 u1 − h

βf(u2) + h
βΓ(2 − q)uq−1

1
∂qα1

∂u
q
1

∂qu1

∂tq
,

w3 is governed to zero. Then, DqV2 6 −k1w
2
1 − k2w

2
2 +w2w3, where ki > 0, i = 1, 2 are the design

parameters.

Step i (i = 3, . . . ,n− 1): Study the i-th equation of Eq. (3.9) with the virtual control variable αi. The
fractional control Lyapunov function is chosen as

Vi = Vi−1 +
hβ

2
w2
i.

Its q-th order time derivative is given by

DqVi 6−

i∑
j=1

kjw
2
j +wiwi+1 +wi

αi + kiwi +wi−1 +

i∑
j=1

µ
(β)
j ui−j+1 + h

βf(ui)

−hβ
i−1∑
j=1

Γ(2 − q)uq−1
j

∂qαi−1

∂u
q
j

∂quj

∂tq

 .

If we choose αi as given by Eq. (3.11), wi+1 is governed to zero. Then, we have

DqVi 6 −

i∑
j=1

kjw
2
j +wiwi+1.
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Step n: In the last step, Step n, the actual control U appears and is at our disposal. The aim is to design
a suitable control law to make wn → 0 as t→∞, select the fractional control Lyapunov function as

Vn = Vn−1 +
hβ

2
w2
n.

Then, we can obtain the q-th order time derivative as

DqVn 6−

n∑
j=1

kjw
2
j +wn

U+ knwn +wn−1 +

n∑
j=1

µ
(β)
j un−j+1 + h

βf(un)

−hβ
n−1∑
j=1

Γ(2 − q)uq−1
j

∂qαn−1

∂u
q
j

∂quj

∂tq

 .

The controller can be chosen by Eq. (3.10). Then, the resulting q-th order time derivative of Vn is

DqVn 6 −

n∑
i=1

kiw
2
i.

The closed loop system is asymptotically Mittag-Leffler stable.

Finally, substitute U(t) evaluated by Eq. (3.10) back into system (3.9), for i = n, a system of n nonlinear
fractional differential equations is obtained.

4. Simulation results

In this section, one example is presented to illustrate and compare the obtained controller by using
Caputo and Grünwald-Letnikov approximations.

Consider the following nonlinear fractional order partial differential equation

∂qu(x, t)
∂tq

=
∂βu(x, t)
∂xβ

+ u3(x, t), 0 < x < 1, t > 0, 0 < q 6 1, 1 < β 6 2, (4.1)

u(x, 0) = (3x+ 1) cos(x), (4.2)
u(0, t) = 0, u(1, t) = U(t). (4.3)

The open loop system (4.1)-(4.3) with u(1, t) = 0 is unstable (see Fig. 1).

Figure 1: Solution of system (4.1)-(4.3) without control.
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Using the Caputo derivative semi-discretization for the space variable will give

dqu1

dtq
=

(0.2)−β

Γ(3 −β)
u2 −

2(0.2)−β

Γ(3 −β)
u1 + u

3
1,

dqu2

dtq
=

(0.2)−β

Γ(3 −β)
u3 +

(0.2)−β(22−β − 3)
Γ(3 −β)

u2 +
(0.2)−β(−23−β + 3)

Γ(3 −β)
u1 + u

3
2,

dqu3

dtq
=

(0.2)−β

Γ(3 −β)
u4 +

(0.2)−β(22−β − 3)
Γ(3 −β)

u3 +
(0.2)−β(32−β − 22−β − 23−β + 3)

Γ(3 −β)
u2

+
(0.2)−β(−2× 32−β + 22−β + 23−β − 1)

Γ(3 −β)
u1 + u

3
3,

dqu4

dtq
=

(0.2)−β

Γ(3 −β)
U+

(0.2)−β(22−β − 3)
Γ(3 −β)

u4 +
(0.2)−β(32−β − 22−β − 23−β + 3)

Γ(3 −β)
u3

+
(0.2)−β(42−β − 32−β − 2× 32−β + 22−β + 23−β − 1)

Γ(3 −β)
u2

+
(0.2)−β(−2× 42−β + 2× 32−β + 32−β − 22−β)

Γ(3 −β)
u1 + u

3
4.

(4.4)

The feedback control law can be designed as

U(t) =(2 − k4Γ(3 −β) − 22−β + 3)u4 − (32−β − 22−β − 23−β + 5

+ k4Γ(3 −β)(−k3Γ(3 −β) + Γ(3 −β)(−k1 − k2) − 23−β + 8))u3

+ (Γ(3 −β)(−k1 − k2) − 22−β + 6 − 42−β + 32−β + 2× 32−β − 23−β − 22−β

+ k4Γ(3 −β)(k3Γ(3 −β)(Γ(3 −β)(−k1 − k2) − 22−β + 5) − 32−β + 22−β + 23−β

+ Γ(3 −β)(−k1k2Γ(3 −β) + 2k1 + 2k2) + 23−β − 12 + (22−β − 3)(Γ(3 −β)(−k1 − k2)

− 22−β + 5)))u2 + (Γ(3 −β)(−k1k2Γ(3 −β) + 2k1 + 2k2) + 23−β − 8

+ 2× 42−β − 2× 32−β − 32−β + 22−β + k4Γ(3 −β)(k3Γ(3 −β)(Γ(3 −β)(−k1k2Γ(3 −β)

+ 2k1 + 2k2) + 23−β − 8) − k1Γ(3 −β) + 19 + 2× 32−β − 23−β + 22−β − 2Γ(3 −β)

× (−k1k2Γ(3 −β) + 2k1 + 2k2) − 24−β + (−23−β + 3)(Γ(3 −β)(−k1 − k2)

− 22−β + 5)))u1 +

(
− (0.2)βk2(Γ(3 −β))2 + (0.2)βΓ(3 −β)(2 − k1Γ(3 −β))

+
12(0.2)βΓ(2 − q)Γ(3 −β)

Γ(4 − q)
+ k4Γ(3 −β)

(
k3Γ(3 −β)

(
− (0.2)βk2(Γ(3 −β))2

+ (0.2)βΓ(3 −β)(2 − k1Γ(3 −β)) +
12(0.2)βΓ(2 − q)Γ(3 −β)

Γ(4 − q)

)
−

24(0.2)βΓ(3 −β)Γ(2 − q)

Γ(4 − q)

−
12(0.2)β(Γ(3 −β))2Γ(2 − q)(k1 + k2)

Γ(4 − q)
−

144(0.2)β(Γ(2 − q))2Γ(3 −β)

(Γ(4 − q))2

+ (0.2)β(Γ(3 −β))2(−k1k2Γ(3 −β) + 2k1 + 2k2) + 23−β(0.2)β(Γ(3 −β))2

− 8(0.2)βΓ(3 −β) −
6(−23−β + 3)(0.2)βΓ(2 − q)Γ(3 −β)

Γ(4 − q)
− (0.2)βΓ(3 −β)

))
u3

1

+

(
− (0.2)βΓ(3 −β) + k4Γ(3 −β)

(
− (0.2)β(Γ(3 −β))2k3 + Γ(3 −β)(−k1 − k2)
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− 22−β + 5 −
2(22−β − 3)(0.2)βΓ(2 − q)Γ(3 −β)

Γ(3 − q)

))
u3

2

+

(
−

6(0.2)2βΓ(2 − q)(Γ(3 −β))2

Γ(4 − q)
+ k4Γ(3 −β)

(
−

6(0.2)2βΓ(2 − q)(Γ(3 −β))2k3

Γ(4 − q)

+
12(0.2)2β(Γ(3 −β))2Γ(2 − q)

Γ(4 − q)
−

6(0.2)2β(Γ(3 −β))3Γ(2 − q)(k1 + k2)

Γ(4 − q)

+
72(0.2)2β(Γ(2 − q))2(Γ(3 −β))2

(Γ(4 − q))2 +
1440(0.2)2β(Γ(2 − q))2(Γ(3 −β))2

Γ(4 − q)Γ(6 − q)

))
u5

1

−
2(0.2)βΓ(2 − q)(Γ(3 −β))2k4

Γ(3 − q)
u5

2 −
720(0.2)3β(Γ(2 − q))2(Γ(3 −β))4k4

Γ(4 − q)Γ(6 − q)
u7

1

+

(
−

6(0.2)βΓ(2 − q)Γ(3 −β)

Γ(4 − q)
+

(0.2)βΓ(2 − q)(Γ(3 −β))2k4

Γ(4 − q)

(
12 − 6Γ(3 −β)(k1 + k2)

+
72Γ(2 − q)

Γ(4 − q)
+

24Γ(2 − q)

Γ(3 − q)
− 6(22−β − 3)

))
u2

1u2 − (0.2)β(Γ(3 −β))2k4u
3
3 − (0.2)βu3

4

+

(
−

720(0.2)β(Γ(2 − q))2(Γ(3 −β))3k4

Γ(4 − q)Γ(6 − q)
−

12(0.2)2β(Γ(2 − q))2(Γ(3 −β))3k4

Γ(3 − q)Γ(4 − q)

)
u4

1u2

+

(
−

12(0.2)β(Γ(2 − q))2(Γ(3 −β))2k4

Γ(3 − q)Γ(4 − q)
−

2(−23−β + 3)(0.2)βΓ(2 − q)(Γ(3 −β))2k4

Γ(3 − q)

)
u1u

2
2

−
6(0.2)βΓ(2 − q)(Γ(3 −β))2k4

Γ(4 − q)
u2

1u3 −
2(0.2)βΓ(2 − q)(Γ(3 −β))2k4

Γ(3 − q)
u2

2u3

−
6(0.2)βΓ(2 − q)(Γ(3 −β))2k4

Γ(4 − q)
u2

1u
3
2

+

(
k3Γ(3 −β)(Γ(3 −β)(−k1k2Γ(3 −β) + 2k1 + 2k2) + 23−β − 8) − k1Γ(3 −β) + 19

+ 2× 32−β − 23−β + 22−β − 2Γ(3 −β)(−k1k2Γ(3 −β) + 2k1 + 2k2) − 24−β

+ (−23−β + 3)(Γ(3 −β)(−k1 − k2) − 22−β + 5) (4.5)

+
6Γ(2 − q)

Γ(4 − q)

(
k3Γ(3 −β) − (0.2)βk2(Γ(3 −β))2 + (0.2)βΓ(3 −β)(2 − k1Γ(3 −β))

+
12(0.2)βΓ(2 − q)Γ(3 −β)

Γ(4 − q)
(1 − Γ(3 −β)(k1 + k2)) −

24(0.2)βΓ(3 −β)Γ(2 − q)

Γ(4 − q)

−
144(0.2)β(Γ(2 − q))2Γ(3 −β)

(Γ(4 − q))2 + (0.2)β(Γ(3 −β))2(−k1k2Γ(3 −β)

+ 2k1 + 2k2) + 23−β(0.2)β(Γ(3 −β))2 − 8(0.2)βΓ(3 −β) − (0.2)βΓ(3 −β)

−
6(−23−β + 3)(0.2)βΓ(2 − q)Γ(3 −β)

Γ(4 − q)

))
u2

1

+
120Γ(2 − q)

Γ(6 − q)

(
−

6(0.2)2βΓ(2 − q)(Γ(3 −β))3k3

Γ(4 − q)
+

12(0.2)2β(Γ(3 −β))2Γ(2 − q)

Γ(4 − q)

−
6(0.2)2β(Γ(3 −β))3Γ(2 − q)(k1 + k2)

Γ(4 − q)
+

72(0.2)2β(Γ(2 − q))2(Γ(3 −β))2

(Γ(4 − q))2

+
1440(0.2)2β(Γ(2 − q))2(Γ(3 −β))2

Γ(4 − q)Γ(6 − q)

)
u4

1 −
720(0.2)3βΓ(8)(Γ(2 − q))3(Γ(3 −β))3

Γ(4 − q)Γ(6 − q)Γ(8 − q)
u6

1
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+
2Γ(2 − q)

Γ(3 − q)

(
−

6(0.2)βΓ(2 − q)(Γ(3 −β))2k3

Γ(4 − q)
+

12(0.2)βΓ(2 − q)Γ(3 −β)

Γ(4 − q)

−
6(0.2)βΓ(2 − q)(Γ(3 −β))2(k1 + k2)

Γ(4 − q)
+

72(0.2)β(Γ(2 − q))2Γ(3 −β)

(Γ(4 − q))2

+
24(0.2)β(Γ(2 − q))2Γ(3 −β)

Γ(3 − q)Γ(4 − q)
−

6(0.2)β(22−β − 3)Γ(2 − q)Γ(3 −β)

Γ(4 − q)
u1u2

+
24Γ(2 − q)

Γ(5 − q)

(
−

720(0.2)β(Γ(2 − q))2(Γ(3 −β))2

Γ(4 − q)Γ(6 − q)
−

12(0.2)2β(Γ(2 − q))2(Γ(3 −β))2

Γ(3 − q)Γ(4 − q)

)
u3

1u2

+

(
12(0.2)β(Γ(2 − q))2Γ(3 −β)

Γ(3 − q)Γ(4 − q)
−

2(−23−β + 3)(0.2)βΓ(2 − q)Γ(3 −β)

Γ(3 − q)
u2

2

−
12(0.2)β(Γ(2 − q))2Γ(3 −β)

Γ(3 − q)Γ(4 − q)
u1u3 −

12(0.2)β(Γ(2 − q))2Γ(3 −β)

Γ(3 − q)Γ(4 − q)
u1u

3
2

)
× (u2 − 2u1 + (0.2)βΓ(3 −β)u3

1)

+

(
k3Γ(3 −β)(Γ(3 −β)(−k1 − k2) − 22−β + 5) − 32−β + 22−β + 23−β

+ Γ(3 −β)(−k1k2Γ(3 −β) + 2k1 + 2k2) + 23−β − 12 + (22−β − 3)Γ(3 −β)(−k1 + k2)

− 22−β + 5 +
6Γ(2 − q)

Γ(4 − q)

(
(−0.2)β(Γ(3 −β))2k3 + Γ(3 −β)(−k1 − k2) − 22−β + 5

−
2(22−β − 3)(0.2)βΓ(2 − q)Γ(3 −β)

Γ(3 − q)

)
u2

2 −
240(0.2)β(Γ(2 − q))2Γ(3 −β)

Γ(3 − q)Γ(6 − q)
u4

2

+

(
−

6(0.2)βΓ(2 − q)(Γ(3 −β))2k3

Γ(4 − q)
+

12(0.2)βΓ(2 − q)Γ(3 −β)

Γ(4 − q)

−
6(0.2)βΓ(2 − q)(Γ(3 −β))2(k1 + k2)

Γ(4 − q)
+

72(0.2)β(Γ(2 − q))2Γ(3 −β)

(Γ(4 − q))2

+
24(0.2)β(Γ(2 − q))2Γ(3 −β)

Γ(3 − q)Γ(4 − q)
−

6(0.2)β(22−β − 3)Γ(2 − q)Γ(3 −β)

Γ(4 − q)

)
u2

1

+

(
−

720(0.2)β(Γ(2 − q))2(Γ(3 −β))2

Γ(4 − q)Γ(6 − q)
−

12(0.2)2β(Γ(2 − q))2(Γ(3 −β))2

Γ(3 − q)Γ(4 − q)
u4

1

+
2Γ(2 − q)

Γ(3 − q)

(
−

12(0.2)β(Γ(2 − q))2Γ(3 −β)

Γ(3 − q)Γ(4 − q)
−

2(−23−β + 3)(0.2)βΓ(2 − q)Γ(3 −β)

Γ(3 − q)

)
u1u2

−
4(0.2)β(Γ(2 − q))2Γ(3 −β)

(Γ(3 − q))2 u2u3 −
36(0.2)β(Γ(2 − q))2Γ(3 −β)

(Γ(4 − q))2 u2
1u

2
2

)
× (u3 + (22−β − 3)u2 + (−23−β + 3)u1 + (0.2)βΓ(3 −β)u3

2)

+

(
− k3Γ(3 −β) + Γ(3 −β)(−k1 − k2) − 23−β + 8 −

6(0.2)βΓ(2 − q)Γ(3 −β)

Γ(4 − q)
u2

3

−
6(0.2)βΓ(2 − q)Γ(3 −β)

Γ(4 − q)
u2

1 −
2(0.2)βΓ(3 −β)Γ(2 − q)

Γ(3 − q)
u2

2

×
(
u4 + (22−β − 3)u3 + (32−β − 22−β − 23−β + 3)u2

+ (−2× 32−β + 22−β + 23−β − 1)u1 + (0.2)βΓ(3 −β)u3
3

)
.

Fig. 2 illustrates the solution of u1(t), u2(t), u3(t), and u4(t), while the controlled function U(t)
is presented in Fig. 3 and Fig. 4, illustrating the solution of system (4.4) with the initial condition
u(x, 0) = (3x+ 1) cos(x), which is equivalent to the solution of the original FPDE (4.1) with order q = 0.75
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and β = 1.5. In the simulation, the design parameters are set as k1 = 1, k2 = 4, k3 = 2, and k4 = 1.

Figure 2: The solutions of u1(t), u2(t), u3(t), and u4(t) of system (4.4) with q = 0.75, β = 1.5.

Figure 3: The controller U(t) of Eq. (4.5) with q = 0.75, β = 1.5.

Figure 4: Closed-loop response with controller when q = 0.75, β = 1.5.

Now, we will stabilize system (4.4) by using the shifted Grünwald-Letnikov formula for discretization
of the space variable, obtaining
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dqu1

dtq
=

1
(0.2)β

u2 +
µ
(β)
1

(0.2)β
u1 + u

3
1,

dqu2

dtq
=

1
(0.2)β

u3 +
µ
(β)
1

(0.2)β
u2 +

µ
(β)
2

(0.2)β
u1 + u

3
2,

dqu3

dtq
=

1
(0.2)β

u4 +
µ
(β)
1

(0.2)β
u3 +

µ
(β)
2

(0.2)β
u2 +

µ
(β)
3

(0.2)β
u1 + u

3
3,

dqu4

dtq
=

1
(0.2)β

U+
µ
(β)
1

(0.2)β
u4 +

µ
(β)
2

(0.2)β
u3 +

µ
(β)
3

(0.2)β
u2 +

µ
(β)
4

(0.2)β
u1 + u

3
4.

(4.6)

The feedback control law can be designed as

U(t) =(−k4 − µ
(β)
1 )u4 + (−1 − µ

(β)
2 − k1k4 − k2k4 − k3k4 − 3µ(β)1 k4)u3

+ (−µ
(β)
3 − k1 − k2 − 2µ(β)1 − k1k3k4 − k2k3k4 − 2µ(β)1 k3k4 − 2k4 − 2µ(β)2 k4

− 2k1k4µ
(β)
1 − 2k2k4µ

(β)
1 − 3(µ(β)1 )2k4 − k1k2k4)u2

+ (−µ
(β)
4 − 1 − µ

(β)
2 − k1k2 − µ

(β)
1 k2 − µ

(β)
1 k1 − (µ

(β)
1 )2 − k3k4 − µ

(β)
2 k3k4

− k1k2k3k4 − µ
(β)
1 k2k3k4 − µ

(β)
1 k1k3k4 − (µ

(β)
1 )2k3k4 − k1k4 − 2µ(β)1 k4

+ µ
(β)
3 k4 − µ

(β)
1 µ

(β)
2 k4 − k1k2k4µ

(β)
1 − (µ

(β)
1 )2k2k4 − (µ

(β)
1 )2k1k4

− (µ
(β)
1 )3k4 − µ

(β)
2 k1k4 − µ

(β)
2 k2k4 − 2µ(β)1 µ

(β)
2 k4)u1

+

(
− (0.2)βk2 + (0.2)β(−k1 − µ

(β)
1 ) −

6µ(β)1 (0.2)βΓ(2 − q)

Γ(4 − q)
− (0.2)βk2k3k4

+ (0.2)βk4(−k1k3 − µ
(β)
1 k3) −

6µ(β)1 k3k4(0.2)βΓ(2 − q)

Γ(4 − q)
−

6(0.2)βµ(β)2 k4Γ(2 − q)

Γ(4 − q)

+
6Γ(2 − q)µ

(β)
1 k4

Γ(4 − q)

(
− (0.2)βk2 + (0.2)β(−k1 − µ

(β)
1 ) −

6µ(β)1 (0.2)βΓ(2 − q)

Γ(4 − q)

)
+ (0.2)βk4(−2 − µ

(β)
2 − k1k2 − µ

(β)
1 k2 − k1µ

(β)
1 − (µ

(β)
1 )2)

)
u3

1

+

(
− (0.2)β − (0.2)βk3k4 −

6µ(β)1 (0.2)βk4Γ(2 − q)

Γ(4 − q)
+ (0.2)β(−k1k4 − k2k4 − 2µ(β)1 k4)

)
u3

2

− (0.2)βk4u
3
3 − (0.2)βu3

4 +

(
−6(0.2)2βΓ(2 − q)

Γ(4 − q)
−

6(0.2)2βk3k4Γ(2 − q)

Γ(4 − q)

−
720µ(β)1 (0.2)2βk4(Γ(2 − q))2

Γ(4 − q)Γ(6 − q)
−

6µ(β)1 (0.2)βΓ(2 − q)k4

Γ(4 − q)

)
u5

1

−
6(0.2)2βk4Γ(2 − q)

Γ(4 − q)
u5

2 −
720k4(0.2)3β(Γ(2 − q))2

Γ(4 − q)Γ(6 − q)
u7

1

+

(
−

6(0.2)βΓ(2 − q)

Γ(4 − q)
−

6(0.2)βΓ(2 − q)k3k4

Γ(4 − q)
−

6µ(β)1 k4(0.2)βΓ(2 − q)

Γ(4 − q)

+
6Γ(2 − q)k4

Γ(4 − q)

(
− (0.2)βk2 + (0.2)β(−k1 − µ

(β)
1 ) −

6µ(β)1 (0.2)βΓ(2 − q)

Γ(4 − q)

)
−

12µ(β)1 (0.2)β(Γ(2 − q))2

Γ(3 − q)Γ(4 − q)

)
u2

1u2

+

(
−

720(0.2)2βk4(Γ(2 − q))2

Γ(4 − q)Γ(6 − q)
−

12(0.2)2βk4(Γ(2 − q))2

Γ(3 − q)Γ(4 − q)

)
u4

1u2
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+

(
−

12(0.2)β(Γ(2 − q))2k4

Γ(3 − q)Γ(4 − q)
−

6µ(β)2 (0.2)βk4Γ(2 − q)

Γ(4 − q)

)
u1u2

−
6(0.2)βk4Γ(2 − q)

Γ(4 − q)
u2

1u3 −
6(0.2)βk4Γ(2 − q)

Γ(4 − q)
u2

2u3

−
6(0.2)2βk4Γ(2 − q)

Γ(4 − q)
u2

1u
3
2 +

(
− k3 − µ

(β)
2 k3 − k1k2k3 − µ

(β)
1 k2k3 − µ

(β)
1 k1k3

− (µ
(β)
1 )2k3 − k1 − 2µ(β)1 + µ

(β)
3 − µ

(β)
1 µ

(β)
2 − k1k2µ

(β)
1 − (µ

(β)
1 )2k2 − (µ

(β)
1 )2k1 (4.7)

− (µ
(β)
1 )3 − k1µ

(β)
2 − k2µ

(β)
2 − 2µ(β)1 µ

(β)
2 +

6Γ(2 − q)

Γ(4 − q)

(
− (0.2)βk2k3 + (0.2)β(−k1k3

− µ1k3) −
6µ(β)1 k3(0.2)βΓ(2 − q)

Γ(4 − q)
−

6(0.2)βµ2Γ(2 − q)

Γ(4 − q)
+

6Γ(2 − q)µ
(β)
1

Γ(4 − q)

(
− (0.2)βk2

+ (0.2)β(−k1 − µ
(β)
1 ) −

6µ(β)1 (0.2)βΓ(2 − q)

Γ(4 − q)

)
+ (0.2)β(−2 − µ

(β)
2 − k1k2 − µ

(β)
1 k2 − k1µ

(β)
1 − (µ

(β)
1 )2)

)
u2

1

+
120Γ(2 − q)

Γ(6 − q)

(
−

6(0.2)2βk3Γ(2 − q)

Γ(4 − q)
−

720µ(β)1 (0.2)2β(Γ(2 − q))2

Γ(4 − q)Γ(6 − q)
−

6µ(β)1 (0.2)βΓ(2 − q)

Γ(4 − q)

)
u4

1

−
720Γ(8)(0.2)3β(Γ(2 − q))3

Γ(4 − q)Γ(6 − q)Γ(8 − q)
u6

1 +
2Γ(2 − q)

Γ(3 − q)

(
−

6(0.2)βΓ(2 − q)k3

Γ(4 − q)

−
6µ(β)1 (0.2)βΓ(2 − q)

Γ(4 − q)
+

6Γ(2 − q)

Γ(4 − q)

(
− (0.2)βk2 + (0.2)β(−k1 − µ

(β)
1 ) −

6µ(β)1 (0.2)βΓ(2 − q)

Γ(4 − q)

)
−

12µ(β)1 (0.2)β(Γ(2 − q))2

Γ(3 − q)Γ(4 − q)

)
u1u2

+
24Γ(2 − q)

Γ(5 − q)

(
−

720(0.2)β(Γ(2 − q))2

Γ(4 − q)Γ(6 − q)
−

12(0.2)2β(Γ(2 − q))2

Γ(3 − q)Γ(4 − q)

)
u3

1u2

+

(
−

12(0.2)β(Γ(2 − q))2

Γ(3 − q)Γ(4 − q)
−

6µ(β)2 (0.2)βΓ(2 − q)

Γ(4 − q)

)
u2

2 −
12(0.2)β(Γ(2 − q))2

Γ(3 − q)Γ(4 − q)
u1u3

−
12(0.2)2β(Γ(2 − q))2

Γ(3 − q)Γ(4 − q)
u1u

3
2

)
(u2 + µ

(β)
1 u1 + (0.2)βu3

1)

+

(
− k1k3 − k2k3 − 2µ(β)1 k3 − 2 − 2µ(β)2 − 2k1µ

(β)
1 − 2k2µ

(β)
1 − 3(µ(β)1 )2 − k1k2

+
6Γ(2 − q)

Γ(4 − q)

(
− (0.2)βk3 −

6µ(β)1 (0.2)βΓ(2 − q)

Γ(4 − q)
+ (0.2)β(−k1 − k2 − 2µ(β)1 )

)
u2

2

−
720(0.2)2β(Γ(2 − q))2

Γ(4 − q)Γ(6 − q)
u4

2 +

(
−

6(0.2)βΓ(2 − q)k3

Γ(4 − q)
−

6µ(β)1 (0.2)βΓ(2 − q)

Γ(4 − q)

+
6Γ(2 − q)

Γ(4 − q)

(
− (0.2)βk2 + (0.2)β(−k1 − µ

(β)
1 ) −

6µ(β)1 (0.2)βΓ(2 − q)

Γ(4 − q)

)
−

12µ(β)1 (0.2)β(Γ(2 − q))2

Γ(3 − q)Γ(4 − q)

)
u2

1 +

(
−

720(0.2)2β(Γ(2 − q))2

Γ(4 − q)Γ(6 − q)
−

12(0.2)2β(Γ(2 − q))2

Γ(3 − q)Γ(4 − q)

)
u4

1

+
2Γ(2 − q)

Γ(3 − q)

(
−

12(0.2)β(Γ(2 − q))2

Γ(3 − q)Γ(4 − q)
−

6µ(β)2 (0.2)βΓ(2 − q)

Γ(4 − q)

)
u1u2
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−
12(0.2)β(Γ(2 − q))2

Γ(3 − q)Γ(4 − q)
u2u3 −

36(0.2)2β(Γ(2 − q))2

(Γ(4 − q))2 u2
1u

2
2

)(
u3 + µ

(β)
1 u2

+ µ
(β)
2 u1 + (0.2)βu3

2

)
+

(
− k1 − k2 − k3 − 3µ(β)1 −

(0.2)β6Γ(2 − q)

Γ(4 − q)
u2

3

−
6(0.2)βΓ(2 − q)

Γ(4 − q)
u2

1 −
6(0.2)βΓ(2 − q)

Γ(4 − q)
u2

2

)(
u4 + µ

(β)
1 u3 + µ

(β)
2 u2 + µ

(β)
3 u1 + (0.2)βu3

3

)
.

Fig. 5 illustrates the solution of u1(t), u2(t), u3(t), and u4(t), while the controlled function U(t) is
presented in Figs. 6 and 7, illustrating the solution of system (4.6).

Figure 5: The solutions of u1(t), u2(t), u3(t), and u4(t) of system (4.6) with q = 0.75, β = 1.5.

Figure 6: The controller U(t) of Eq. (4.7) with q = 0.75, β = 1.5.

Figure 7: Closed-loop response with controller by using Grünwald-Letnikov approximations when q = 0.75, β = 1.5.
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Fig. 8 illustrates the solution of u1(t), u2(t), u3(t), and u4(t), while the controlled function U(t) is
presented in Figs. 9 and 10, illustrating the solution of the system, which is equivalent to the solution of
the original FPDE (4.1) with order q = 1, β = 2.

Figure 8: The solutions of u1(t), u2(t), u3(t), and u4(t) of system (4.4) with q = 1, β = 2.

Figure 9: The controller U(t) with q = 1, β = 2.

Figure 10: Closed-loop response with controller when q = 1, β = 2.

5. Conclusions

In this paper, the discretized fractional-order back-stepping technique has been developed for sta-
bilizing the nonlinear FPDE with two types of fractional derivatives (Caputo and Grünwald-Letnikov)
definitions. With this technique an effective boundary controller can be designed for FPDE. The design
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procedures consist of three stages are constructed such that the boundary controller can always be con-
structed with appropriate choices of some design parameters. The analytical forms of control law by
using two types of fractional derivatives are presented. Through simulation, it has been established that
our results are in excellent agreement for two types of fractional derivatives, where the result obtained
by using Caputo approximation performs better, but the symbolic calculation of the virtual control be-
comes demanding computationally for increasing values of n and it is depending on the complexity of
the nonlinear function.

For future work, one can assume more applications of the proposed procedure for other types of
FPDEs, such as fractional hyperbolic and fractional elliptic partial differential equations.
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