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Abstract

By studying the properties of Green’s function, constructing a special cone and applying fixed point theorem of cone
expansion and compression of norm type, this paper investigates the existence of at least one and two positive solutions for a
coupled system of nonlinear fractional differential equations involving fractional integral conditions and derivatives of arbitrary
order. Two examples are given to illustrate our results. (©2017 All rights reserved.
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1. Introduction

In this paper, we study the existence of positive solution for a coupled system of nonlinear fractional
differential equations (FDEs) with fractional integral conditions

CDMu(t) = f1(t,u(t), v(t), u™)(t),viM™I (1), 0<t<1l, n—1<o <n,
CD%y(t) = fo(t,u(t), v(t), ™) (t),v(M™) (1), 0<t<1l n—1<a<n,
u®(0)=0, 0<k<n—2, umV(0) = p1IP1u(1), p1,B1 >0,
viK(0) =0, 0 <k<n—2, vin"D(0) = paIP2v(1), po, B2 >0,

(1.1)

where D%, { = 1,2 denote the Caputo fractional derivatives of order «; and IBi, i = 1,2 denote the
Riemann-Liouville fractional integrals of order B, f; € C([0,1] x Ry x Ry x R xR,R;), i = 1,2 and
m;e{l,2,--- ,n=2}, Tm+pBi) >pi, 1=1,2.

The study of the coupled system of fractional order is very significant because this kind of system can
often occur in various applications. Examples include distributed order dynamical [13], duffing system
[4], Lozenz systems [11], anomalous diffusion [17, 21], synchronization of coupled fractional-order chaotic
systems [9, 10]. There are also a large number of papers investigating the solvability of coupled system
of nonlinear fractional differential equations. For details, see [1, 5, 6, 15, 18, 22-24, 26, 27, 29]. Some
recent results on coupled systems of fractional-order different equations, including nonlocal and integral
boundary conditions can be found in [2, 16, 25, 28] and the references cited therein. At the same time,
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some new algorithms for finding solution of fractional differential equations are constructed based on
different boundary conditions in [3, 8, 19] and the references cited therein.

Inspired by the work of above mentioned papers, we investigate the existence of at least one and
two positive solutions for a coupled system of nonlinear FDEs (1.1). Though we make use a well-known
tool of fixed point theorem of cone expansion and compression of norm type, yet its exposition to the
given problem is new, which involves Riemann-Liouville fractional integral boundary conditions and
derivatives of arbitrary order. Further, we construct a special cone by studying properties of Green’s
function.

The paper is organized as follows. In Section 2, we present some basic concepts and lemmas. In
Section 3, the main results are formulated. In Section 4, two examples are given.

2. Preliminaries

First of all, we present some definitions and lemmas about fractional calculus, more details can be
found in [14, 20].

Definition 2.1. For at least n-times continuous differentiable function f : [0, co] — IR, the Caputo derivative
of fractional order « is defined as

CD*f(x) = 1J x—t)" 1M ()dt, n—1<a<n n=[a+1,
N'Nn—o) Jo

[«] denotes the integer part of number «.
Definition 2.2. The Riemann-Liouville fractional integral of order « for a continuous function f is defined

*® 1 £
J

M) Jo (x—t)t-«

I%f(x) = dt, o>0,
provided the integral exists.
Lemma 2.3. The fractional differential equation “D*u(t) = 0, « > 0 has a general solution
ut)=ci+cot+est?+--+ent™ !, cieR, i=1,2,---,n n=][c]+1.
Lemma 2.4. Forany t € [a, b], then
IPI9g(t) = IPT9g(t) = 191Pg(t), “DPIPg(t) = g(t), “DIIPg(t) =P 9g(t), p > q > 0.

In order to prove our main results, we need the following auxiliary lemma which is the key to define
the solution for the FDEs (1.1).

Lemma 2.5. Let x,y € L[0,1] and u,v € AC™[0,1], I'(n+ Pi) > pi. Then the unique solution of the fractional
boundary value problem

CD%y(t) =x(t), te€(0,1), n—1<o; <m,

CD%y(t) =y(t), t€(0,1), n—1<ay<mn, o
u®(0)=0, 0<k<n—2, umD(0) = pIP1u(1),

viK(0)=0, 0<k<n—2, v(n1)(0) = ppIP2y(1),

is

? (2.2)
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pil(n+Bi)
(M +B1) —p)T (o + Bi)

(1 —s) Xt Bl (t—s)xd

where A; = =12,

, 0<s<t<,

I o .
Giltss) = g _gsbiia, (o) i=12. (2.3)
t,0<t<s <],
I'(n)

Proof. Applying Lemma 2.3, the general solutions of the fractional differential equation in (2.1) can be
given by
u(t) = c1 4+ cot+cat? + - e t™ T+ I%¥x(1), (2.4)

V(t) = dy + dot + dat? 4 - - + dt™ T 4 1%y (1), (2.5)

Applying the condition u®)(0) =0, v(K)(0) =0, 0 < k < n—2in (2.1), it is easy to know that ¢; = d; =
0, 1 <i<n—1. Inview of the conditions u™ 1 (0) = p;IP1u(1) and v("1)(0) = p,IP2v(1), applying
Lemma 2.4, we get

p1l'(n+B1)

T T )T+ B1) — p1)
_ p2l'(n + B2) -+ Ba
T B —pn) O

Substituting the values of ci, di, 1 < i< nto (2.4) and (2.5), we obtain (2.2). The proof is completed. [

I<X1+l31x(1),

Remark 2.6. If 0 < j < n—2, then Green function Gi(t, s) defined in (2.3) satisfies

tn—1-j (1 _ S)“i+ﬁi_1Ai (t _ S)oq—l—j
CTn—j) Mo —j)
tn—l—] (1 _ S)oq_'_ﬁi_lAi
rn—j) '

) 0<s<t<],
G (t,s) = (2.6)

0<tgs«l.

Lemma 2.7. Function G E’t) (t, s) defined in (2.6) satisfies

) GU(t,s) € C™2([0,1] x [0,1],R ) and GU)(t,5) >0, t,5 € [0,1];

1
A; 1
0(t,s) <Ay = =—— + _, t,s€0,1];

(i) Gy Fn—) | Mo =)

) A EN(1 — &N *itBy
(i) Gi)'(t,s) > Ty = lalihxfgg

it

;s e &, &1 C(0,1).

Proof. From the definition of function Ggi)(t,s) in (2.6), the conclusion of (i) and (ii) are obvious, so we
omit them. We prove only the conclusion of (iii).
AsO0< & <s<t<g <,

At™ (1 — s)xithB N Aia{l(l—é{)“iJrﬁi

()
G' t/ > . . :T”/
b= ) M) y
as0< & <t<s<E <1,
. At (1 — g)*itBi A-EN (] — N xitBi
Gy (t,5) > = 0=s) > A& &) =Tij,

Fn—j) ~ Fn—j)

the proof of (iii) is completed. O
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We define the space X = {u(t)[u(t) € C™[0, 1]} with the norm

[ullx = max [u(t)]+ max [ul™)(t)].
te(0,1] t€(0,1]

Obviously, (X, | - ||x) is a Banach space. Also we define the space and Y = {v(t)[v(t) € C™2[0, 1]} with the
norm
[vlly = max [v(t)]+ max [v(™2)(t)].
t€l0,1] t€[0,1]

Again (Y, | - ||y) is a Banach space. Then the product space (X x Y, ||(u,Vv)||xxy) is also a Banach space
with the norm |[|(u, v)||xxy = [[ullx + [[V]]v-
In view of Lemma 2.5, we define the operator T: X x Y — X x Y by

T(w,v)(t) = (Ta(w, v)(t), T2(w,v) (1)),

where )

Ti(w,v)(t) = JO Gi(t, s)fi(s, uls), v(s), ul™)(s),v(m)(g))ds, i=1,2.

Remark 2.8. A pair of function (u,v) is said to be a positive solution of the FDEs (1.1), if u(t) > 0, v(t) >0,
forall t € (0,1) and (u,v) satisfies FDEs (1.1).

Lemma 2.9. Suppose (u,Vv) is a positive solution for FDEs (1.1), then

min (1,v) € min (ut) +u™ )+ min @) +v™2) () = v[wv)|xxy,
tel&,&] telg,&’] tel§,&’]

where & = max{&;, &2}, &’ = min{&], £}, v = min{(V1o + Vim,)/(A10 + Atm, ), (Y20 + Vom, )/ (A20 + Ao, ).

Proof. By Lemma 2.5, we can obtain immediately that (u,v) is a solution of FDEs (1.1) if and only if
(u,v) € X x Y is a solution of the operator equations T(u,v) = (u,v). So we have

1
WM =j G (1, $)f; (s, uls), v(s), ™) (s),v™) (s))ds, h =0, m.
0

Further, by Lemma 2.7, we have

[u/lx = max [u(t)]+ max [ul™)(t)]
tel0,1] tel0,1]

1 (2.7)
< (Ato+ Atmy) L f1(s,1(s), v(s), u™) (s),v(™) ) ds.
On the other hand
1
min u(t)+ min u™)(t) > J min Gy (t,s)f1(s,u(s),v(s), u™)(s),v(m)(s))ds
tel&,&]] tel&y,&]] 0 tel&,&]
1
—|—J min Gﬁnl)(t,s)fl(s,u(s),v(s),u(ml)(s),v(mZ)(s))ds
0 tel&, &l
. (2.8)
> (Y10 + Yimy) JO Fa(s,u(s), v(s), u™) (), v(m) () ds
> (Y10 + Yim, ) (A1o + Army)~ Hlulx
> yl[ulx-
Similar to (2.7) and (2.8), we can obtain
min v(t)+ min v(mZ)(t) > (Y20 + Yom,) (A + /\Zmz)_leHy = v|vily- (2.9)

tel&, &) tel&y,&)]
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From (2.8) and (2.9), we get
min (u(t) +u ™))+ min (v{t) +vM™I (1) > min  (u(t) +ul™) (1)
te(E,E] telg,E] tel&r, &yl

+ min (v(t) +vM2) (1))
tel&y,&)]

> min u(t)+ min u(™(t)
tel&y,&4] tel&,&1]

+ min v(t)+ min v(M2)(1)
telEn,E)] telEn El]

> vlullx +vlviy
=v[[(wV)|Ixxv-

The proof is completed. [

Let K = {(u,v) e XxY:u(t) >0, v(it) >0, vVt € [0,1], n?alrg ](u,v) > y||(u,v)||ny}. So, we can
telg, &’

obtain the following lemma.
Lemma 2.10. The operator T : K — K is a completely continuous operator.

Proof. We first show that operator T : K — K. Since Gi(t,s) > 0, fi > 0, for all t,s € [0,1], it is easy to
know Ti(u,v)(t) > 0, for all t € [0,1]. For all (u,v) € K, similar to (2.8) and (2.9), we know

min Ty(uw,v)(t) + min Tl(ml)(u,v)(t)>y||T1(u,v)||x,
telE,&]] teley, &)

and

min Tr(uw,v)(t)+ min TZ(mZ)(u,v)(t)>y||T2(u,v)||y.
tel&r,&)] tel&r,&)]

Further, we have
min T(u,v)(t) = min (T;(w,v)(t), T2(w,Vv)(t))
telg,&'] tel&,E']

= min (Tl(u,v)(t)+T1(m1)(u,v)(t))
tel&,&']

+ min (To(w,v)(t) + ™ (1,v) (1))
telg,&']

> min Ti(wv)t)+ min T (w,)(0)
telgy,&y] telg &gl

+ min T(uw,v)(t)+ min Tz(mz)(u,v)(t)
te(&r,8)] telgy, &)

> v Ti(w,v)[[x + Y[ T2 (w V) |ly
= YHT(u/V)HXXY/

so the operator T : K — K.
Next, we show that the operator T : K — K is completely continuous. Since Gj, f; are continuous, the
operator T is continuous. Let By ={(u,v) € K: ||(u,V)||xxy < r} be bounded set in K. Let

M, = max{f; (t, u(t), v(t), u™) (t),vm) (1) : 0 <t < 1, (w,v) €By}, i=1,2
For (u,v) € By, by Lemma 2.7, we get

IT(w,v)lixxy = T (w, v)lix + T2 0w, v)lly

— max [Ty (u,v)(t)] + max [Ty (w,v) ™) (t)]
te[0,1] tel[0,1]

+ max [To(u,v)(t) + max [To(u,v)™) (1))
tel0,1] te(0,1]
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1
< (At + Atmy) JO 10t w(t), v(0), w ™) (1), v(™2) (1)) ds

1
4+ (Aso + Aom,) j o (b, (t), v(), w™) (1), v(™) (1)) ds
0
< Mi(A1g 4+ Atmy ) + Ma(Agg + Ao, ).

Therefore, the operator T is uniformly bounded in B,.
Then, we show that the operator T is equicontinuous. Let 0 < t; < t; <1, we have

Ty (e, v) M () — Ty (w,v) M (1))

<[] 160 5 — 6 90+ [ 161 (12,5 611 (1, o)
1
1
+J 611 (t2,5) = G (1, 5)l s
ty
_ Ml |:Jt1 ((tQ _ S)(X]*l*h _ (tl _ S)(lelfh N (t?_l_h —t{l_l_h)(l o s)ocle[glf]Al)ds
0 Mo —h) Mn—h)
N Jtz ((tz _ S)cxl—l—h (t;flfh _ t?il*h)(l _ S)“1+61_1A1 ) .
S
t Moq —h) Fn—nh)
1 tnflfh_tnflfh 1— 0‘1+31*1A
_|_J ( 2 1 )( s) 1ds}
ty Mn—nh)
My q—h _oq—h AMi w1 h n1-h
T Tl —h+1) —t t —t , h=0,my,
I“(ocl—h—i—l)(t2 1 )+F(n—h)(2 1 ) my

and
1Ty (1, v) (t2) — To(w, v) (t)llx = [Ta(w, v) (t2) — To(w, v) (t)] -+ [T (w, v) ™) (1) — Ty (w, v) ) ().

Thus we know that [|T; (u,v)(t2) — T(u,v)1(t1)llx — 0 independent of u and v as t; — t;. Similarly, it is
easy to know that [[To(u, v)(t2) — T(w, v)2(t1)|ly — 0 independent of u and v as t — t;. On the other hand,
we notice

1T, v)(t2) = Tlw, ) (t)lIxx vy = T (w, v) (t2) — Tlw, v)a(t)lix + [[T2(w,v) (t2) — T2 (w,v) ()],

which implies that ||T(u, v)(t2) — T(u,v)(t1)llxxy — 0 independent of uw and v as t, — t;. So the operator T
is equicontinuous in B,. From above the arguments, we know that the operator T is completely continuous
by Ascoli-Arzela theorem. O

Lemma 2.11 ([7, 12]). Suppose E is a real Banach space and P is cone in E, and let )1, Qy be bounded open sets
in E such that © € Qq, Q1 C Qp. Let operator T: PN (Q2\Q1) — P be completely continuous. Suppose that one
of two conditions holds:

D Twl < Jul, YuePnany  [Tull > [ul, YuePnaoy;
(i) [[Tul] = [ful, YuePNdQy;  [[Tuf < uf, YuePNoQ,.
Then operator T has at least one fixed point in P N (Q\Q1).

3. Main results

In the following subsection, we establish our main results for FDEs (1.1) by using fixed point theory
of cone expansion and compression of norm type. For convenience, we set

fi(t, up, vo, ug, vy)

fiB — lim sup max
ot +vp+v—p LEDL] Up + U1 + Vo +v’
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. fi(t, ug,vo, u1,v1)
fip = lim inf min
up+ug+vo+vi—p tel0,1] Upg + U + Vo —|—v1

1
/\20 , /\ } R = W maX{YlO ,Y

111’11

where 3 = 0" or +-00. Let r = mm{/\10 ,/\;m ,

Yzo , T L

2mypJ/ 2myJ-

Theorem 3.1. Iffw, 20 € [0,7) and f1oo, f20 € (R, +00], then there exists at least one positive solution for FDEs
(1.1) in K.
Proof. At first, it follows from the condition 10,120 ¢ [0, 1) that there exist u; > 0 and a sufficiently small
g1 > 0 such that

fi(t, uo, vo, w1, v1) < (fig +e1)(up +vo +ug +vq), Vt € [0,1], (wp +vo +ug +v1) < py, 3.1)
where fig+¢1 <1, 1=1,2.

Let Q1 ={(u,v) € K: ||(u,v)|[xxy < u1}. For all (u,v) € 0Q; NK, using (3.1) and Lemma 2.7, we get
) 1

T (0] < A | filsuo,vo 1, m)ds
0

1

< Agj(fio+€1) Jo (u(s) +v(s) +ul™)(s) +vim2)(s))ds

1 1
< EHU”X + EHVHY = i”(ulv)HXXY/ 1: 1/2/ j - Olml/mZ'

Thus

1
| Th(w,v)|[x = max |T;(u,Vv)(t)] + max |T D, v) ()] < S ) [[xxy,
te[0,1] te[0,1] 2

and

1
[T2(w,v)[[y = max [Tz(w,v)(t)]+ max |T 2 () (1)) < 1w, v) I xx v
tel0,1 €0,1] 2

So, we have
IT(w, v)|xxy = [[Ta(w,v)||x + [|T2(w,V)|ly < |[(wVv)||xxy, Y(w,v) e dQ;nK. (3.2)

On the other hand, it follows from the condition 1., 2o € (R, +00] that there exist 1 > 1y > 0 and a
sufficiently small ¢, > 0, such that

fi(t, uo, vo, U1, v1) = (fice —€2)(Wp +vo +uy +v1), Vt € [0,1], (ugp+vo+uy +v1) > 1, (3.3)

where fip—¢e, > R,i=1,2.
Let Q) = {(u,v) € K: [[(u,v)|[xxy < M2}, where pup = max{2u3,1/y}. For all (u,v) € 9Q; NK, using
Lemma 2.9, we get

min ()= min (Wt)+u™©)+ min G+ (1) > v v)lxey = vH2 2 L
telg,&] tel&,&’] telg,&]

From Lemma 2.7 and (3.3), we can obtain

1
min T, 5w, v) () = Yijj fi(s, 1o, vo, U1, v1)ds
0

tel&q,&]]
a/
> Y (Froo — ez)j (u(s) +v(s) +u™)(s) +v(™) ())ds
&
> Vi (fioo — €2) (&' — E)v]| (W, V) || xxv
1 . .
2 ZH(u/V)HXXYI l:1/21 ) :Olml/mz-
Thus .
Muv)lx > min M+ min 17 0v) 0] 50,

€lEE]] te (&, E]] 2
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and
. . 1
[T2(w,v)ly = min [To(u,v)(t)|+ min ITz(mZ)(u,V)(t)\ > ~|[(w,v)|[xxy-
tel&r,&)] tel(&y,&)] 2
So, we have
[TV xxy = T (wV)|Ix + [T2(w,v)[[y = [[(w,v)[[xxy, ¥(u,v)€0Q2NK. (3.4)

Thus, from (3.2), (3.4), Lemma 2.10 and Lemma 2.11, the operator T has at least a fixed point (u,v) in
KN (Q2\ Qq). This means that FDEs (1.1) has at least one positive solution (u, v) satisfying u(t) > 0, v(t) >
0. O]

Theorem 3.2. If floo 200 < [0, 1) and f1g, f20 € (R, +00], then there exists at least one positive solution for FDEs
(1.1) in K.

Proof. The proof of Theorem 3.2 is similar to that of Theorem 3.1, so we omit it. O

Theorem 3.3. If fig, faso € (2R, +o00] and fi(t,u,v,ul™),v(M™2)) € (0,mr), i = 1,2 for all t € [0,1] and
(u,v) € 0Q3NK, where Q3 ={(u,v) € K: ||(u,Vv)||xxy < m}, then there exist at least two positive solutions for
FDEs (1.1) in K.

Proof. At first, it follows from the condition f1g € (2R, 4o0] that there exist 0 < m; < m and a sufficiently
small ¢35 > 0, such that

f1(t, uo, vo, i, v1) = (fro —e3)(wo +vo+ug +vy), Vtel0,1], (up+vo+u+vy) <my, (3.5)

where 19 — €3 > 2R.
Let Q4 ={(u,v) € K: ||(u,v)|[xxy < my}. For all (u,v) € 0Q4NK, using (3.5) and Lemma 2.9, we get

ITaV)lixxy > min Twv)(t) > min T(wv)(t)+ min T™ (w,v)(t)

telg,&'] telg,&'] telg, 8]
E/
> (f10— 3) (Y10 + Y1im,) L (u(s) +v(s) +ul™)(s) +v(M2)(s))ds (3.6)
> (f10— €3) (V10 + Vimy ) (€ — E)v[[ (W, v) [ xx v
> [|(w,v)|[xxy-

On the other hand, it follows from the condition fo, € (2R, +oco] that there exist m, > m > 0 and a
sufficiently small ¢4 > 0, such that

fa(t, uo, vo, w1, v1) = (foeo —€4) (o +vo+ug +vy1), vt e[0,1], ug+vo+u+vi =>my, (3.7)

where oo, — €4 > 2R.
Let (25 = {(u,v) € K: |[(u,V)]| < ma}, where m3 > my. For all (u,v) € 0025 N K, applying (3.7) and
Lemma 2.9, we have

IT(wv)[Ixxy = min T(w,v)(t) > min T(wv)(t)+ min T,™ (w,v)(t)
telg,&’] telg,E’] telg,E]

12

> (faoo — €4) (V20 + Vorm,) L (u(s) +v(s) +ul™(s) +v(m2)(s))ds (3.8)
> (faeo — €4) (& — E)v[| (0, V)| xx Y

>

[(w, V)l xxv-
Further, from the condition of Theorem 3.3, for all (u,v) € 0023 N K, we know
ITwV)Ixxy = [[Tai(w,v)|[x + [ T2(w, v) ||y
<rm(Aq + Atm, + Ao + Aom,) (3.9)

B
<m = [[(wv)|[xxv-
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Thus, from (3.6), (3.8) and (3.9), Lemma 2.10 and Lemma 2.11, the operator T has at least a fixed point
(ug,v1) in KN (23 \ 24) and at least a fixed point (up, v2) in KN (25 \ 23). This means that FDEs (1.1) has
at least two positive solutions satisfying m; < [[(ug, vi)llxxy < m < [[(u2, v2)llxxy < ms. O

Similar to that of Theorem 3.3, we can obtain the following results.

Theorem 3.4. If fy, fio € (2R, +00] and fi(t,w,v,ulm) vm)y ¢ (0,mr), i = 1,2 forall t € [0,1] and
(u,v) € 0Q3NK, where Q3 ={(u,v) € K: ||(u,Vv)||xxy < m}, then there exist at least two positive solutions for
FDEs (1.1) in K.

Theorem 3.5. If fi, fico € (2R, +00] and fi(t,u,v,ulm) ym2)y ¢ (0,mr), i = 1,2 for all t € [0,1] and
(w,v) € 0Q3 N K, where Q3 = {(u,v) € K: ||(u,v)|[xxy < m}, then there exist at least two positive solutions for
FDEs (1.1) in K.

Theorem 3.6. If fy, f2oo € (2R, +00] and fi(t,u,v,ulm) vm2)y ¢ (0,mr), i = 1,2 forall t € [0,1] and
(u,v) € 0Q3 N K, where Q3 = {(u,v) € K: ||(u,v)|[xxy < m}, then there exist at least two positive solutions for
FDEs (1.1) in K.
4. Some examples

In order to illustrate our results, we consider the following two examples.

Example 4.1. Consider the following coupled system of nonlinear FDEs with fractional integral conditions

CDIu(t) = (142rt) [(u+v+u”+v)2 +usin(u+v+u”’+v")], te(0,1),
CDIv(t) = Lut+v+u’+v)3, te(0,1),

u(0) =u/(0) =u”(0) =0, w”(0)=2I2u(1),

v(0) =v/(0) =v"(0) =0, v"(0) = :13v/(1),

(4.1)

where 7 11 1 3 5

X1 2/ X2 3 ;N , Mg , M2 ; P1 , P2 3/ Bl 2/ [32 3/

(1+1)
2

f1(t, Uo, vo, U1, v1) = [(wo +vo + 1y +v1)? + psin(ug +vo +ug +v1)],

1
fa(t, up, vo, ug,v1) = z(uo +vo +ug +v1)>.

It is obvious that I'(n + ;) > pi, i = 1,2. By direct calculation, we can obtain that A; = 49.9069, A, =
1.8218, r = 0.0049 and
F0_ o 2020, f1% = oo, 2% — 4oo.

Let n € [0,0.0049), Theorem 3.1 implies that FDEs (4.1) has at least one positive solution in K.

Example 4.2. Consider the following coupled system of nonlinear FDEs with fractional integral conditions

[uy

CD2u(t) = fh(u+v+u’ +v)3, te(0,1),
CD5v(t) = ﬁ(u—i—v—ku”—kv’)?’, t 42)

where 1
=g, 0= n=4 m =2 my=1 p; =2 2= 3, B1=1=, B2=7,
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1+t
f1(t, up, vo, uq,v1) = m(uo +vo+ug +v1)3,

[SSTEY

1
fa(t, up, vo, ug, v1) = m(uo +vo +ug )2

Similar to that of Example 4.1, we can obtain that r = 0.0049 and fjp = +00, fooo = +00. Let m =1, by
direct calculation, we can obtain that f; < 0.002 < mr, f, < 0.0025 < mr. Thus, Theorem 3.3 implies that
FDEs (4.2) has at least two positive solutions in K.
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